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Let P be a Markov operator with invariant probability m, ergodic on L2(S,m),
and let (W), >0 be the Markov chain with state space S and transition probability
P on the space of trajectories (2, Py,), with initial distribution m. Following Wu
and Olla we define the symmetrized operator Ps = (P + P*)/2, and analyze the
linear manifold H—1 := /T — P;L?(S, m). We obtain for real f € H_1 an explicit
forward—backward martingale decomposition with a coboundary remainder. For
such f we also obtain some maximal inequalities for S, (f) := Y"1 _, f(Wy), related
to the law of iterated logarithm. We prove an almost sure central limit theorem for
f € H_1 when P is normal in L2(S,m), or when P satisfies the sector condition.
We characterize the sector condition by the numerical range of P on the complex
L2(S,m) being in a sector with vertex at 1. We then show that if P has a real normal
dilation which satisfies the sector condition, then H_1 = /I — PL?(S,m). We use
our approach to prove that P is L2-uniformly ergodic if and only if it satisfies (the
discrete) Poincaré’s inequality.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let P be a transition probability on a measurable space (S, S), leaving invariant a probability m on S.
We denote also by P the Markov operator induced on L?(m) := L?(S, m), which is known [37, p. 65 to be a
contraction of L?(m), and we denote by P* its adjoint. We assume that P is ergodic (i.e. Pf = f = f = cte).

Let (Wp)n>0 be the canonical Markov chain with state space (S,S) associated with P, defined on the
canonical space of trajectories (2, A, P,,) = (SN, S®N P,,,) with initial distribution m. We denote by @ the
shift on 2, which leaves IP,,, invariant.

For f € L*(m) we denote S,,(f) :== > p_y f(Wx). The purpose of this paper is to obtain limit theorems
for (Sn(f))n>0 when f € L?(m) is centered and belongs to an appropriate subspace.
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The work of Kipnis and Varadhan [35] on the central limit theorem (CLT) for reversible Markov chains
(P = P*) inspired L. Wu [51] and Olla [45] to approach the problem for non-symmetric P by looking at the
symmetrized operator P; := %(P—I—P*). They introduced a certain linear manifold H_ 1, which turns out to be
precisely /T — P;L?(m) (see Section 2). For any f € H_;, Wu and Olla obtained a decomposition of S, (f)
into a forward and a backward martingale plus a coboundary term. When P satisfies the so-called sector
condition, they proved that if f € H_;, then the CLT holds for (S,,(f))n>1. Wu also obtained Donsker’s
invariance principle and, for symmetric operators he proved Strassen’s invariance principle in [52].

Our purpose is two-fold. Firstly, we revisit the symmetrization approach of Wu [51] and Olla [45] (used
also by Cattiaux, Chafai and Guillin [9] for continuous time Markov processes), but we define the linear
manifold H_; directly as /I — P;L?(m). This allows us to obtain an explicit forward-backward martingale
decomposition. Using recent results on martingales and backward martingales (see [10,18] or [15]), we use
the symmetrization method to obtain other limit theorems, such as Strassen’s functional law of the iterated
logarithm or the almost sure central limit theorem, for functions in a certain subspace B of H_; (see below).

Secondly, we provide additional examples of operators to which the method applies, by characterizing
the sector condition, and by studying conditions under which #_; = /T — PL%(m) (which is important,
since even for P normal H_; may be only (I — P)L?(m) [23]).

The paper is organized as follows. In Section 2 we define H_1 and derive its properties, most of them
given in [52] or [45] (sometimes implicitly). We show that #H_; is invariant under P, and define B as the
H_; closure of (I — P)H_;. In Section 3 we obtain an explicit forward-backward martingale decomposition,
and derive some tightness results for (S, (f)) when f € H_;. In Section 4 we obtain Donsker’s invariance
principle and Strassen’s invariance principle for (S, (f)) when f € B. In Section 5 we prove the almost sure
CLT, when f € B. In Section 6 we characterize the sector condition (which yields B = H_; [45]) in terms
of the numerical range of the action of P on the complex L?(m). In Section 7 we study the relationship
between H_; and v/I — PL?(m). The main tool here is the existence of a real normal dilation of P, such
that its complexification has its spectrum in a sector with vertex at 1. This yields the equality B="H_; =
VI — PL%(m) and several other characterizations. In particular, if the dilation has its spectrum in a Stolz
region, then f € H_; if and only if Y [|P"f||> < oo. In Section 8 we give several examples in which our
results imply the limit theorems for every f € /T — PL?(m). In Section 9 we discuss some counter-examples,
and show that for any Markov operator, convergence of > . ||[P™ f||? implies that f € /T — PL?*(m), but
f need not be in B. In Section 10 we use the results of Sections 2 and 3 to obtain the equivalence of (the
discrete) Poincaré’s inequality and uniform ergodicity of P.

We would like to mention that most of our results may be generalized to the case where f takes its values
in a separable Hilbert space, see Jiang—Wu [34], where the symmetrization method is applied in that setting,
with applications. Now, since few auxilliary Hilbert spaces are necessary in our analysis, we prefered not to
consider that generality here. We shall only mention from time to time the potential extensions.

2. Symmetrization and the space H _4

In this section we study the symmetrization procedure, used (independently) by L. Wu [52] and (in
continuous time only) by Olla [45] (see also [46,34] or [36]).

Recall that m is an invariant probability for P and that P is ergodic.

We shall denote by || - [lo the norm in L*(m).

Define P, = (P + P*)/2, which is symmetric (self-adjoint) on L?(m). The P-invariant probability m is
invariant for P,. By the next lemma P; is also ergodic.

Lemma 2.1. The operators P, P* and P; have the same fized points. Consequently P is ergodic if and only
if P is.
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Proof. By aresult of Riesz, the L2-contractions P and P* have the same fixed points, so Pf = f € L?(m) =
P,f = f. Conversely, if Psf = f € L?(m), then by uniform convexity, since max{|| Pf|lo, [|P*fllo} < |I.f]lo,
we see that Pf=P*f=f. O

Denote L3(m) = L&(S,m) := {f € L*(S,m) : [ fdm = 0}. By ergodicity of P and P, and the mean
ergodic theorem, we have the (orthogonal) ergodic decomposition

L?(m) = {constants} © (I — P)L*(m) = {constants} & (I — Ps)L*(m), (1)

which yields

Li(m) = (I = P)L2(m) = (I = P)L§(m) = (I — Py)L*(m) = (I — Py)Lg(m).

Following Derriennic and Lin [21], for a contraction 7" on a Banach space we define the operator I — T
by

n—1

\/I—T::]—ZanT”:Z((I—T)anZTk), 2)
k=0

n>1 n>1

where V1 —t=1-3 o ant", 0 <[t| <1, with oy, >0and > 5, ap = 1.
Define also a sequence (3,,)n>0, by the power series expansion

1
= Lt 0<|t| <1. 3
— ;}5 < |t (3)
Then 8, > 0 for n > 0 [21].

The ergodic decomposition shows that /T — PsL?*(m) = /T — PsL%(m). We then define H_; =
VI — P,L3(S,m). By [21], H_1 = /T — P;L?(m) = L%(m). Let us recall the following description of H_;
from [21], see their Theorem 2.11 and their Corollary 2.12.

Lemma 2.2. The following are equivalent:

(i) feH_1.
(i) > 2,50 BnPsf converges in L2(S,m).

(ifi) liminfy o0 || 200 Bu P2 fllo < 00.

If any of the above hold, then g := > -, BnPs f is the unique (in L3(S,m)) solution of the equation

f=+1—-Psg, and

g:Z(ﬁnPg I—Psg) :Z(%SP;“ I—Psg). (4)
n>0 n>1 k=0

By the uniqueness stated in Lemma 2.2, we may define an inner-product on H_; as follows.

Definition. Let fi, fo € H_1, and g1, g2 be the unique elements of L3(S, m), such that f; = /T — Psg;. Then,
define

(f1, f2) -1 := (g1, 92)o,

where (-,-)¢ stands for the inner-product on L%(S,m).
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Tt is not difficult to see that (-,)_; is positive-definite and that

1fllo = V1 = Psgllo < 2llgllo = 2[|f[|-1 - ()

If {fn = V/I— Psg,} is Cauchy in H_1, then {g,} is Cauchy in L3(m), so ||gn — gllo — 0 implies ||f,, —
VI — Psg||-1 = 0,50 (H_1,]| - ||=1) is a (real) Hilbert space.

Remark. Unlike [52] and [45], we have defined H_; directly, without reference to the space H; obtained from
the Dirichlet form (f, g)1 := (( — Ps) f, g)o. The fact that both definitions coincide follows from Lemma 2.3

below.

We will need the following lemma from Wu [51]. We give the proofs, for the sake of completeness and
because some arguments are needed in the sequel.

Lemma 2.3.
(i) For every f € H_1, we have
Ifloy = inf{C >0 ¢ [(f,h)ol? < C2(I — P)h, h)o, ¥h € L3(S,m)}. (6)
Moreover, if for f € L%(S,m) the right-hand-side of (6) is finite, then f € H_1, and (6) holds.
(ii) I— P and I — P* are bounded operators from L%(S,m) to H_1. More precisely, for every f € L*(S,m),

taking Q € {P, P*},

11 = Q) fll-1 < V2| fllo-
Proof. We first note (remember that we are on a real Hilbert space) that for every h € L2,
(h, (I = P)h)o = (h,(I = P*)h)o = (h, (I = P)h)o = |V/I = Pshlfg - (7)
Let us prove (i). Assume that f = /I — P,g. Then, using Cauchy-Schwarz, for every h € L2,
|<f7 h>0|2 = |<g7 V I— Psh>0|2 < HgHg«I - Ps)h7h>0 = ||fH2—1<(I - P)h>h> ) (8)
which proves that ||f||-1 is not smaller than the right-hand-side of (6). To prove the equality, we exhibit
a sequence (g,)n C L2(S,m), such that (f, gn)o — |lgll3 and ((I — Ps)gn,gn)o — |lgl|3- By Theorem 2.7 of
21] (see (1)), gn = Y- p—o BrPrg satisfies those requirements.
Let f € L?(S,m) be such that the right-hand-side of (6) is finite. Then, using (7) and [21, Theorem 2.13]
we see that f € H_;.
Proof of (ii). For every h € L(S,m), and for Q € {P, P*}, we have, by (7),
2(h, (I = Po)h)o = (I = Q)RI§ = 2(h, (I = Qh)o — I = Q)AII§ = [ILlIg — IQR]7 - (9)
Let f € L?(m). Then for h € L?(m) we have, by positivity of (9) and (7),

(I = Q)f mol* = (£, (I = Q"o < IFIBNU — QAIIE < 2II£II3¢h, (1 = P)h)o.
By (i), (I = Q)f € Hoy with [|(1 = Q)fll-1 < V2| fllo. O
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By the definitions, H_; is invariant under P,, and P, is a contraction of H_;. Since Ps has no fixed
points in LZ(m) D H_1, we have that (I — Ps)H_1 is || - || _1-dense in H_;.

Lemma 2.3(ii) yields that H_; is invariant under P and P*, with ||[I — Q| -1 < 2v/2 for Q € {P, P*} and
(I-P)YH_1C (I—P)L*S,m) CH_1.

Lemma 2.4. We have
T-P*Sm) ' =T-PH (10)

where A" denotes the closure of A C H_1 with respect to the || - || =1-norm.
When P is normal (i.e. PP* = P*P) we have H_1 = (I — P)?—Llﬂfl

Proof. One inclusion is clear. Let us show the converse inclusion. We have (I — P)L%*(S,m) = (I —
e — 2 e —
PY(I - P)LQ(S,m)L Em), Hence, if f € (I — P)L?(S,m), there exists g € (I — P)L%(S,m), (gn) C L*(S, m)
such that f = (I — P)g and (I — P)g,, — g in L?(S,m). By item (ii) of Lemma 2.3, (I — P)(I — P)g, — f
inH_; and (I — P)g, € H_1, which proves (10).
When P is a normal operator, then P commutes with P, and therefore with /I — P,. Thus, in that case,

P is a contraction of H_1, with no fixed points. Hence, by von Neumann’s mean ergodic theorem (see e.g.

370 ) Ho = T-P)H . O

In view of (10), we define B := (I — P)’H_lﬂfl. The relevance of the space B will be made clear in
Section 4.

Note that P has no fixed points in % _; C L§(m). If P is power-bounded on H_1, i.e. sup,, > || P™||-1 < oo,
then by the mean ergodic theorem (see e.g. [37, p. 73] and Lemma 2.4), B = H_;. In general, if P is not
normal, there is no reason why P should be power-bounded, but we know the following (see Corollary 3.3
below for an improvement).

fH 1

Lemma 2.5. For every f € H_1 we have | — 0. Hence sup,, 7‘ [ES R

Proof. We use Lemma 2.3(ii) and the mean ergodic theorem in L§(m) to obtain

HP"fHﬂ Hf|| 1 HHZ(I P)PFY| 1<\/—|| ZPkaO ||f7||l 1

n
k=0

The above inequalities, together with (5), yield (|P™f|_1 < (2v2+1)||f]|-1.
Similarly, [[P"(1 — P)fl| 1 < 2V2| |1, so [P"(I - P)|_1 <2v2. O

Definition 1. We say that an operator T on a Banach space X, such that limsup,, ,__ |[|T"]|"/™ < 1, is Abel
bounded if

sup (1 —A AT < o0 11
2 (VI T (1)

The Abel means Ay := (1 —X) Y2, 50 A"T™ satisty

F=AMI=T)D_N'T"f)+ Axf. (12)

n>0

Let us recall the following well-known lemma see for instance [27, Theorem 2.1] (see also [33, Sec-
tions 18.4-18.6] for the continuous time case).
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Lemma 2.6. Let X be a reflerive Banach space. Let T be Abel bounded on X. Then T has the ergodic
decomposition

X={zeX Te=2}p(I-T)X.

Remark. Actually, for any bounded T" on a reflexive Banach space X, if f € X satisfies liminfy_,;- (1 —
M nso AT fll < oo, then f e {z € X, Te =z} (I - T)X.

The following result may be found in Olla [45] in the continuous time case; see also Jiang—Wu [34]
(Lemma 4.3). We include the proof for the sake of completeness.

Proposition 2.7. (See Olla [45], sector condition.) Assume that there exists K > 0 for which
Then P is Abel-bounded on H_1, hence B =H_1.

Proof. By Lemma 2.5, sup, -||[P"||-1 < oo. Hence, for every 0 < A < 1, the Abel average operator
Ay = (1=X)>,, 50 AP is well defined on H_;.

Let f € H_y. We will use item (i) of Lemma 2.3 to bound [|Axf|_1. Let g € L3(m). By (12) and (13),
we have, writing fy =) -, A"P"f.

[(Axf, 9)ol < [(f, 900l + [{(I — P)fx, g)ol
< Hf|\f1|<(f—P)979>0|1/2+K|<(I—P)f,\afA>0|1/2|<(I—P)9,9>0|1/2~ (14)

On the other hand, using (12) again and the fact that (f), Axf)o > 0, we infer that
0 <AL = P)fa fa)o < (F. fado < IFI-a (T = P) S, f)o'
Hence,
N = P)fa S < IIf -1
To conclude we use the latter bound combined with (14). O

The sector condition (13) means that the operator P is “close” to being symmetric. This heuristic
statement will be made more precise in Section 6.

3. The forward-backward martingale decomposition

For f € L?(S,m), write S, = f(W1) + - + f(Wp).

Our goal here is to show that whenever f € H_;y, f(W;) may be written as the sum of a martingale
increment, a reverse martingale increment, and a coboundary (for the shift). Since martingales and sums of
reverse martingale increments enjoy good properties, such as maximal inequalities or the law of the iterated
logarithm, these properties shall “transfer” to (S,,), allowing us to obtain limit theorems for f € B or even
feHH_.

The novelty here is, firstly, that we obtain an explicit form of the (not necessarily unique) forward—
backward martingale decomposition. This explicit form, inspired by Derriennic—Lin [22], is not really needed
in the sequel, but it might be useful for other problems. Secondly, we obtain a maximal inequality related
the law of the iterated logarithm.
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Let (Fp)n>0 be the natural filtration, i.e. F,, = o{Wy,...,W,}, and denote the tail o-fields by G, =
O'{Wn, Wn+17 .. }

Proposition 3.1. Let f € H_1 and denote g, = Z;S Pkg, where g is the unique centered g € L*(m) such
that f = /I — Psg. Then the series

DFf =3 " anlgn(Wh) — Py, (W)

D=5 3 anlan(Wo) = P'0n(111),
Rf =5 3 anll — P)ga(W1)

converge in L*(Q, F,P,,) and

max (| D* fll 2,0 1D fll2@,)s IRf L2 @,) < (V2/2)I1f]-1-
In particular, DT is a continuous operator from H_q to L*(Q2, F1,P,,) © L*(Q, Fo,Pm), D~ is a contin-
uous operator from H_1 to L*(Q,Go,Pm) © L*(Q,G1,Py) and R is a continuous operator from H_1 to
L?(Q, F1,P,,). Moreover,
fOWV) =Drf+D f+Rf — (Rf) o6 (15)

Proof. It follows from (9), that for every h € L(S,m) and for Q € {P, P*}, we have

115 = QRIS < 2[Iv/T — Pshllg; (16)
I(I = Q)hll§ < 2/[v/T — Pshl[§. (17)
Let ¢ > p > 1. We have, using (16),
q
1Y an(gn(W1) = Pg,,(Wo))ll72(e,.) (18)
=p
q q q
= Zangn”g - szangnug <2 Zan I— ngan oo’ 0, (19)
n=p n=p n=p

by Lemma 2.2. This proves the convergence of DV f. Now, taking p = 1 and letting ¢ — oo in (18) and
using (4) we see that |D* f[I3 < 2[|gll§ = 2[If]12;.

The results about D~ f, may be proved similarly. The proof for R follows from (17).

It remains to prove (15). Let n > 1. We have

(5= P)angn(W1) = San(gn(1) — Py, (o))

+ 500 (0 (Wo) = P*gu(W1)) + 5an(l = Pgn(W1)) = Saun(l = Phga(W0)).

Summing from n =1 to p, and letting p — oo, (15) follows. O
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Write
n—1 n—1
M=) DVfofk and M, :=) D fob". (20)
k=0 k=0

Theorem 3.2. Let f € H_1. We have

| e [Skllzze,.) < 22Vl £l 21)
- ES
fim sup <V2fler P, (22)

n—+oo V2nloglogn

Moreover, for every 1 < p < 2 there exists C, > 0 such that

Jsup ol
n>3 vnloglogn
Remark. The proof makes use of the corresponding results for martingale or reverse martingale differences.

Those results hold in the context of Hilbert-valued (reverse) martingales, replacing the absolute value with
the Hilbertian norm. The construction of H_; as well as the forward—backward decomposition hold in that

lp < Cpll fll-1- (23)

context. Hence, Theorem 3.2 also holds in that context.
Proof. We have

< - -

Il max [Selllzz,) < Il max 1M Mz, + | max (M llzze,,)
k

F IRl + 1l | max  [Ro 0%l ,,) -

Notice that for every n > 1, (M; -M_ k) is a martingale. Hence, using Doob maximal inequality
<n—1

twice, we obtain

| masx (M6, < 205 2e,.) = 2VAID* fllo < 23 £l

| max M7 z2e, < BIMy e,y = 3valD™ fllo < 3v2[£]l-1 -

On the other hand

n—1
k(2 k2 n 2
o IRS o0 W are, < 32 IRS 0¥ lie, < 5112

Combining those estimates, we derive (21).

Let us prove (22). We now apply the LIL for sums of stationary and ergodic differences of martingales
or of reverse martingales. For the latter, we refer to [18], see also [52] where a bounded LIL is obtained for
differences of reverse martingales. We have

~ | M, | _

1 - n_ = D < 2 2 _ ]P)m_ 8.,
:Lrgigg 2nloglogn 1D~ fllz2e,) < (\/_/ Ml a.s

sy L e

lim sup D™ fllzze,) < (V2/2)fll-1 Pm-as.,

notoo V2nloglogn

and Rf o 0™/\/n — 0 Pp,-a.s., by the Borel-Cantelli lemma. This finishes the proof of (22).
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It remains to prove (23). Firstly, (23) holds with M, (or M, ) in place of S,,, by Theorem 2.3 of [16]. To
finish the proof it suffices to prove that || sup,,>; Rflo/z | ll, < C|IRfllo- But we have

|Rf RI 0 < rppz+ 3 E(RS 0 0"PL{iR foom 2n1/2 1R f110})

|| Zlil np/2

n>0

1
<IRfAG+E(RFF > —5) <CIRSIE,

np/2
1<n<|RfI2/IRfIIB

and the result follows. O
We easily derive the following strengthening of Lemma 2.5.
Corollary 3.3. Let P be a Markov operator on L?(m). For every n > 1, we have ||[P"||_1 <1+ 4y/n.
Proof. Let f € H_;. By (21) of Theorem 3.2,
If+ -+ P fllo = IE(SulFo)l 2@,y < I1SnllL2@,.) < 2V2vnllfll-1.

The end of the proof is like the proof of Lemma 2.5, with v/n instead of n in the denominator. O

4. Martingale approximation in (I — P)L3(S, m)

In this section, we construct a martingale approximation M, of S, f, for f € B := (I — P)L(S, m)Hfl,
and show that the weak invariance principle and the functional LIL may be derived from the respective
properties of M, thanks to Theorem 3.2.

Recall that by Lemma 2.3(ii), (I — P)L?(S,m) C H_1, and by Lemma 2.4,

B.=I_P)LS,m) '=U_PH_, .

For every f € L?(S,m), define
D((I = P)f) = f(W1) — Pf(Wo).
Note that D is well-defined since, if (I — P)fy = (I — P)fa, then f1(W;) — Pf{(Wy) = fo(W1) — Pfo(Wo)
P,,-a.s. (see (24) below).
Now, writing (I — P)f = /I — Psg (which is possible by item (ii) of Lemma 2.3), we have
1F (W) = PFWo)ll 22,y = IIFIIG = IPFIIG < 2(f, (I = P)f)o; (24)

and

<f’(I_P)f>0:<fa I_Psg>0
< IVT=Poflollglo = (f, (T = P)£)s *llgllo-

Hence (f, (I — P)f)o < llgll§ = I(I = P)f||?; and

ID(( = P2y < 211 = P)f]l-1-
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Hence D defines a linear operator from (I — P)L%(S,m) C H_1 to L*(Q, F1,P.,) © L*(Q, Fo,P,,) that
may be extended continuously to B. Then

Dfllzoe,) <20fl-2 VfeB. (25)

Writing M,, = M,,(f) = Df + (Df) o8+ ---(Df) o "L, for f € B, (M,) is a martingale.
We obtain

Theorem 4.1. Let f € B. We have
| sup [Sk — Mill|2e,.) = o(v/n); (26)
1<k<n

|Sp — My, | = o(y/nloglogn) Pp,-a.s. (27)

In particular, (Sy) satisfies the Donsker invariance principle (WIP) and Strassen’s invariance principle
(ASIP).

As we shall see the proof is based on Theorem 3.2 and Banach principles. In particular, (26) and (27) hold
for f taking values in a Hilbert space, and the invariance principles hold as well in that setting (for Strassen’s
invariance principle, this follows from [16]). The WIP was obtained in [45] and [51] in the real-valued case
and in [34] in the Hilbert-valued case. The ASIP was obtained in [52] for symmetric Markov operators, in
the real-valued case.

Proof. We make use of Banach principles. To prove (26), we need a very slight modification of the usual
Banach principle (see Theorem 7.1 p. 63 of [37]), while to prove (27), we need an almost sure version of it
(see Theorem 7.2, p. 64 of [37]).

Let us prove (26). Define the maximal operators M, on H_; by

Muf =1 sup |Sk(f) = Mr(f)lll2/v/n-

1<k<n

By maximal operator we mean that M,, takes values in R* or in a set of non-negative measurable functions,
and that it is positively homogeneous and subadditive. By Theorem 3.2, those maximal operators are
uniformly bounded on H_;, hence, by (a version of) the Banach principle, the set E = {f € H_; :
lim,, M,,f = 0} is closed in H_y, for || - ||_1. But one easily sees that (I — P)L?(S,m) C E, which is the
classical Gordin-Lifshitz result [30] (note that S, ((I — P)g) — M,((I — P)g) = Pg(Wy) — Pg(Wy,,)).

Let us prove (27). Define maximal operators M,, on B by M, f = |S,(f) — M,(f)|/v/nloglogn. By
Theorem 3.2, for every f € H_1,

sup M, f < o0 P,.-a.s.
n>1

Hence, by the Banach principle the set of f € B for which (27) holds, is closed in H_;. But the result is
clear on (I — P)L%(S,m). O

5. The almost sure central limit theorem
We now give an almost sure central limit theorem for f € B. As previously, the proof will make use of

martingales and reverse martingales. The almost sure central limit theorem in the setting of martingales
may be found in Lifshits [38] and for reverse martingales in Chazottes—Gouézel [10].
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Our proof is longer than that of Theorem 4.1 by lack of maximal operators. So in some sense we redo
the proof of a Banach principle here. Note that (27) is not enough to deduce the almost sure central limit
theorem for S,, from the one for M,, (the rate o(1/y/n) would be needed in (27)).

5
Theorem 5.1. Let f € B. Then, for P,,-a.e. w € Q, the sequence of distributions (@ Sorey W)
converges weakly to the normal distribution N'(0, |Df]|r2p,,))-

Proof. For v > 0, denote by v, the probability measure associated with N(0,~), where v stands for the
Ly 1[m,y](5k/\/E))
k=1 %

log n

Pyp-a.s. to vo([z,y]) where o = [ Df||L2(p,,). Let 0 <& < (y — x)/2. We have

Dirac measure at 0. It suffices to prove that for every z,y € Q, z < g, ( converges

1 anl[w,y](sk/\/g) <! zn:l[mfe,ere](Mk/\/E) L anl]a,Jroo[('Sk_MkV\/E)
logn k ~ logn k logn k ’

k=1 k=1 k=1

and

1 o= Ly (Sk/VE) 1 = Lpiey—e) (M /VE) 1 = Lo (1Sk — My |/VE)
> = >

logn k ~ logn k ~logn k '

k=1 k=1 k=1

Applying the almost sure central limit theorem for martingales (see e.g. [38]), we obtain that

i l[xyy](sk/\/B

li — VYo )
mup S 2O )

n

. 1 " 1]5 +00[(|Sk—Mk‘/\/E)
< — +e|) + — +e])+1 ’ .
v(ly—e,y+e]) +v(x—e,x+e]) 1mT;sup logn ,;:1 3

Let n > 0 and g € (I — P)L?(S,m) be such that || f — g||-1 < 7. We have

1 = Lo joof(1Sk — My |/VE) 1 S 1eystoof(1Sk(9) — Mi(9)|/VE)
> <o)

logn k ~ logn k

k=1 k=1

1 i L /3,400 (IS (f = 9)I/VE) 1 Zn: /3,100 (| Mi(f — 9)|/VE)

logn k + logn k

k=1 k=1

We have (S, (9) — My (9))/v/n = (Pg(Wy) — Pg(W,))/+/n — 0 Pp-a.s., by the Borel-Cantelli lemma. Hence,

lim sup 1 zn:1]5/3,+oo[(‘5k(g)_Mk(g)‘/\/g)

=0 P,,-a.s. (28)
n—oo lOgmn pt k
Using Proposition 3.1 and the notation (20), we have
Sulf —9) =My (f —9) + M (f —9) + R(f —g) 00" = R(f —g) 00" (29)

Using the inequality max(||[D~(f — g)llr2@,.), IPT(f — 9)llz2,.)) < ||f — gll-1 and the almost sure central
limit theorem for martingales and sums of stationary ergodic reverse martingale differences (see [10]), we
obtain

- € o} S - k
limnsup lognl; 1)e/3,400((l kk(f 9)|/Vk) < 4v()e/(9), +00)) P, -as.
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Using ||D(f — g)llz2,.) < 2|[f — gl|-1 and applying the almost sure central limit theorem for M, (f — g),

we obtain

< 2v(Je/(6n), +o0|) P,,-a.s.

. 1 " 1. s oo('Mk(ffg)‘/\/E)
hmsup1 nz Je/3,Fo0] 3

" k=1

Combining the above estimates and letting n — 0 (along rational numbers), we obtain

- 1 - 1[z,y](Sk/\/E)
hm:“p’logn > SR )
<v(ly—ey+e]) +r(x—cex+¢]) P,,-a.s.,

which converges to 0 as e — 0 (along rational numbers) and proves the result. O

Remark. When P is normal, or when P satisfies the sector condition, the theorem applies to f € H_1 =B
(by Lemma 2.4 or Proposition 2.7, respectively).

6. A characterization of the sector condition

In this section we give a characterization of the sector condition (13), in terms of the numerical range of
P on the complex L?(m). Recall that by Proposition 2.7, the sector condition guarantees that B = H_;.
This characterization will be useful in the next section; it allows us to prove that the sector condition is
stable by convex combinations.
We begin with some equivalent formulation of (13).
Lemma 6.1. The following are equivalent for P on the real L?(m):
(i) P satisfies the sector condition: there exist K > 0 such that
(I = P)g, hol? < K{(I = P)g, q)o{(I — P)h,h)o Vg, h € L3(S,m). (30)
(ii) There exists L > 0 such that
‘<(P - P*)gah’>0|2 < L<(I - P)g?g>0<(‘[ - P)hah>0 Vg,h € L(Q)(Sam> :
(iii) There exists C > 0 such that

(P~ P)g.h)o| < C(((T — P)g.gho + (I~ P)hho) V. h € L3(S.m). (31)

Proof. By (7), on the real L?(m), (30) holds for P if and only if it holds for P*, and then (30) holds for P

(note that necessarily K > 1). Since (P — P*) = (I — P,) — (I — P), we easily obtain that (i) implies (ii).

Assume (ii). Since I — P, = (VT — PS)2, symmetry of Ps and the Cauchy—Schwarz inequality yield

(= Pg.hol < IVT=Pagllo - INT=Peblla = ({1 = P)g.ghol(1 = Pohja)

This together with (ii) yields (i), since I — P =1 — P, + 1(P* — P).
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(ii) implies (iii) since

(P — P*)g,h)o| < VL\/((I — P)g, g)o\/{(I — P)h, h)o

< SVE((I = P)g.g)o + (T~ P, o).

Assume that (iii) holds. For A € R we replace g in (31) by Ag, and obtain
M(P = P*)g,h)o < [{(P — P*)(Ag), h)o| < N2C((I = P)g,g)o + C((I — P)h, h)o.

We thus have a non-negative quadratic real polynomial, so its discriminant is non-positive, which yields (ii)
with L =4C?. O

We shall now characterize the sector condition in terms of the numerical range. Recall that the numerical
range of an operator T on a complex Hilbert space H is defined by

o) = {{Tf, f): [Ifll =1}

The numerical range of an operator is a convex set (Hausdorff-Toeplitz Theorem) whose closure contains
the spectrum of the operator. When the operator is normal (i.e. T*T = TT™), the closure of the numerical
range is exactly the convex hull of the spectrum, see e.g. [6].

For C' > 1, define the regions

IF'c:={2€C, |z|<1,|1 -2 < CRe(l —2)}
Te:={2€C, |2/ <1, |Imz| <CRe(l-2)}.

For |z] < 1let a, € (—m,m) be the angle between the line segment [1,z] and the z-axis. Then I'c =
{|z] €1: cosa, >1/C} and Tc = {|2| < 1: |tana.| < C}. By simple trigonometry, for every C > 1,

I'ccle < INToCERINVER (32)

Lemma 6.2. Let T be an operator on a real Hilbert space H. The numerical range of the operator T acting
on the complexified Hilbert space HE is contained in T for some C > 1, if and only if for every g,h € H,

(T —T")g,h)ul < C((g — Tg,9)n + (h — Th, h)n) .
Proof. First, note that ©(T') C I'c means that, for every f € HE with || f||ge = 1,
| Im((T'f, fHue)l < C(1 = Re((Tf, fluc) = O fllfe — Re({Tf, fluc) .-
Let f € H® and write f := g+ ih with g,k € H. Then, | f||}c = ll9||3; + [|2]|% and
Re(Tf, flue = (Tg.9)u + (Th,lyn;  Im(T'f, flme = (T" = T)g, h).
Since for || f|lgc = 1 we have
1=Re(Tf, f) = lgll* + |hlI* = (Tg.g) — (Th,h) = {g — Tg,g) + (h — Th, h),

the result follows. O
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Proposition 6.3. Let P be a Markov operator. Then P satisfies the sector condition if and only if the
numerical range of P on the complexr L?(m) is contained in some Tc.

Proof. By Lemma 6.1, the sector condition (30) is equivalent to (31), which is equivalent to the numerical
range being contained in some I'c by the previous lemma. O

Corollary 6.4. Let Py,..., Py be Markov operators on L?(m) which satisfy the sector condition. Then any
convex combination P = E1§z‘gd a; P; also satisfies the sector condition.

Proof. Let O(P;) C T'¢, and put C' = max{C,...,Cq}. Then O(P) C T¢. O

As we shall see in the next proposition as well as in the next section, it is interesting to consider other
types of regions (smaller than some I'¢), known as Stolz regions.

Definition. A Stolz region is a subset of the closed unit disk which is the convex hull of the point 1 and a
disk centered at the origin with radius strictly less than 1.

Remark. A closed subset A of I'¢ (of T'¢) is included in some Stolz region if (and only if) AN {z: |z| =
1} € {1}. In particular, the numerical range of a Markov operator is in a Stolz region if and only if it is
included in some I'¢ and admits only 1 as unimodular complex number.

Stolz regions may be parametrized in the following way. Let a € [0, 7/2[ be the angle between the z-axis
and the tangent line to the disk from the point 1. Then the radius of the disk is sin a. Thus, the Stolz region,
denoted by A, is the convex hull of the disk of radius sin « centered at 0 and the point 1. The boundary
of A, consists of an arc of the circle {|z] = sina} and the two linear segments [1, z,] and [1, Z,], where
Zo = 1 — cos ae®®.

The following property is well-known, but we have no reference for a proof, so we give one below.

Lemma 6.5. Let S = A, be a Stolz region. Then there exists C > 1 such that |1 — z| < C(1 — |z|) for every
zeS.

Proof. Let r < 1 be the radius of the disk in S. Since —r is the point with |z| < r farthest from 1, we have

1 1
\1—z|§1+r:17+r(1—7')§ rr
—-Tr

].7 Z \vd < .
1 1,( ‘ |) |Z‘ T
The set of z such that |1—Z‘ < i :

(1—|z]) is convex and contains 1 and the disk of radius r, so contains S. O

It follows from the lemma that any Stolz region is contained in some I'c. On the other hand, a closed
subregion of I'c, whose intersection with the unit circle is (at most) {1}, is contained in some Stolz region.

Example 1. Let S be a Markov operator on (S,S) with invariant probability m which is ergodic, and let
{pr : k € Z} be a probability distribution on Z. Define P := pol+3_, <, (p—1S** +pxS*), which is a Markov
operator with m invariant. If {k € Z : py # 0}, the support of {pk},_is not contained in dZ for any d > 1,
then P is ergodic. In general P is not normal. Let U be the operator induced by the two-sided Markov shift
of S, and define Q = >, ., prU k. Then @ is a normal operator, and the property of the two-sided shift
yields that the projection F on S satisfies EU"™ = S™ and FU*™ = S*". A sufficient condition for o(Q) to be
contained in Stolz region was given by Bellow, Jones and Rosenblatt [5]: 3, o, k*pr < oo and Y-, o, kpi, = 0.
In that case, by normality, also ©(Q) is contained in the same Stolz region. Since EQ = P, we obtain that
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©(P) is contained in a Stolz region. When S is induced by an invertible ergodic transformation preserving
m (the case treated in [5]), we can take U = S (and then P is normal).

Next, we give a sufficient condition for the sector condition.

Proposition 6.6. Let T be an operator on a complex Hilbert space H. If for some a > 0 we have

IFIIP = ITFI1* = al{(I = T)f, ) Vf €H, (33)
then T is a contraction, the numerical range ©(T) is included in a Stolz region, and sup,, n||T"—=T" || < co.

Proof. The inequality (33) yields | Tf||* < ||f||?, so T is a contraction. The (easily checked) identity

IFIIP = T £ + (I = T)fII* = 2Re((I = T)f, f)

and (33) yield [{(I = T)f, )| < 2a"'Re((I — T)f, f) for every f. Fix ||f|| = 1 and put z = (T'f, f). Then
|1 — 2| < 2a7! Re(1 — z), which shows that a < 2. Hence ©(T) C I'y/,. To show that ©(T) is contained in a
Stolz region, we show that ©(T) intersects the unit circle at most at 1. Let |¢| = 1 and {f,} with || f.]| =1
such that z,, := (T'fn, fn) — ¢. Then | Tf,|| — 1, and by (33) z, — 1, so ¢ = 1. Hence O(T) is contained

in a Stolz region, which implies (see [11, Proposition 2.3]) that sup, n[|T™ — T"!|| < co. O

Remark. Dungey [25] proved that (33) implies sup,, n||T™ — T™ || < oo, using a semi-group “domination”,
without referring to the numerical range. The beginning of our proof follows the beginning of his proof.

Corollary 6.7. Let P be a Markov operator. If, for some a > 0, P on the complex L?(m) satisfies
£ = I PFI* = al{(I = P)f, )] ¥f e L*(m) (34)
then P satisfies the sector condition.

Theorem 6.8. Let T be a normal contraction of a complex Hilbert space. Then the following are equivalent:

(i) sup, n|T"(I —T)| < 0.
(ii) o(T) is contained in a Stolz region.

Proof. Bellow, Jones and Rosenblatt [5, p. 11] proved that (ii) implies (i), while Nagy and Zemének [44]
proved that (for any power-bounded operator on a complex Banach space) (i) implies (ii). See [11] for
additional information and references. O

7. On the relationship between 4 _; and /I — PL?(m)

Thanks to the previous section, we know conditions under which B = H_1, hence, under which Theo-
rem 4.1 and Theorem 5.1 hold for every f € H_;. Therefore it remains to find conditions (suitable in view
of applications) guaranteeing that f € H_;. In particular we shall investigate the relationship between H_
and /T — PL%(m). This study is motivated by the fact that /T — PL?(m) appears naturally in proving
the CLT for a normal Markov operator P (as proved by Gordin and Lifshitz [31,7]), and by a recent result
of Cohen—Cuny-Lin [11] (see Proposition 7.4 below) which characterizes the space v/I — PL?(m) when the
numerical range of P (not necessarily normal) is in a Stolz region.
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Throughout this section P is a Markov operator with invariant probability m, which is ergodic (the only
fixed points in L?(m) are constants). The operator P acts as a contraction on the real and on the complex
L?(m) spaces.

Recall that when P is normal, we have B = H_; by Lemma 2.4. The (annealed) central limit theorem
of Gordin and Lifshitz [31] (proved in [7, Sections IV.7-1V.9]; see also [22]) says that if P is normal and

f is real in /T — PL?*(m), then %Sn converges in distribution, in (£2,P,,), to a normal distribution. For

P symmetric, H_; = /I — PL?*(m) = /I — PL3(m) by the definition; however, an example in [23, p. 15]
shows that for P normal it is possible that

B=%H_1:=+/I— P, Lim)= (I — P)L*(m) C VI — PL*(m).

In such a case (see Proposition 9.6 below for other examples), our limit theorems apply only to coboundaries,
so have no novelty. We therefore want to study when /I — PL?(m) C H_1.
In the complex L?(m), when P is normal, a spectral characterization of f € /T — PL?*(m) [21] is

1
/ ‘I_—Z|Pf(d2) < o0, (35)
o(P)

where py is the spectral measure of f — a finite measure on the closed unit disk D supported on the spectrum
o(P), such that (P"f, f)o = fU(P) 2"ps(dz) for every n > 0.

In order to be able to use the spectral theorem, we will work in this section with the complex L?(m);
since P is positive, the real L?(m) is an invariant subspace, and the consequences of our study will apply to
real functions. Note that the series expansion [21] of the solution g of v/T — Pg = f in the complex L32(m)
shows that g is real if f is real.

Proposition 7.1. Let P be normal. Then

Hoy={f € L*(S,m) : / ﬁdpf(z) < o}, (36)

o(P)

Consequently, {f € L*(m) : 3., 5o [P"fll§ < 0o} € B =H_1 C I~ PL?*(m). If moreover, the spectrum
of P is included in some region T, C > 1, we actually have B = H_1 = /T — PL?*(m).

Proof. The equality B = H_; is in Lemma 2.4. By the functional calculus, P; = Re P corresponds to
Rez = (z+ 2)/2. Thus, f € H_; if and only if f € v/1 — Re PL?(m), which yields (36).
Now 0 <1—Rez < |1 —z| for |z| <1 yields that fU(P) ﬁpf(dz) < oo when f € H_q, by (36).

It follows from (36) that f € L*(S,m) is in H_y if [, plfffjl) < 00, which is equivalent to
D IP I < oo (37)

In particular, (37) implies f € /T — PL?(m).
When o(P) is included in T'¢, the equality H_; = /I — PL?(m) follows from (36), (35) and the definition
of T'e. O

Corollary 7.2. Let P be a normal Markov operator. If P satisfies the sector condition, then B = H_; =

VI=PL3(m).
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In general, even for P normal which is mixing, f € v/T — PL? need not satisfy (37), as shown by the
example of [23] with H_; = (I — P)L?(m) C /I — PL?*(m).

Lemma 7.3. Let QQ be a normal contraction on a real Hilbert space H, such that its spectrum on the com-
plezxification HE is in some region T'c. Then

IVT = Qgll < VCIVI—Qugll < VC|VI—Qgll for every g€ H.

Proof. By the spectral theorem and the definition of I'c we have

IVT= gHH—/u—zmg (@) <€ [(1=Rez)py(dz) = CIVT = Qualf

Te
Similarly, normality always implies ||v/T — Q,¢9|* < |[VI — Qgl|]*. O

Definition. A contraction P on the real L?(m) admits a real normal dilation if there exists a real real Hilbert
space H containing L?(m) as a subspace and a normal contraction  on H, such that P"* = EQ", for every
n > 1, where E is the orthogonal projection from H onto L?(m). Of course, the two-sided Markov shift
of P Markovian with invariant probability is a normal dilation, so every such Markovian P has a positive
normal dilation; our interest will be in normal dilations with particular properties.

It will be important for our study that P have a real normal dilation. Of course, @ on H extends to a
normal contraction on HY, the complexification of H, still denoted by @, which is a normal dilation of P
on the complex L*(m).

Note that the numerical range of the dilation @ (on HY) contains the numerical range of P (on the
complex L?(m)).

Example 1 in the previous section is of an ergodic Markov operator P which has a real normal dilation
with spectrum in a Stolz region.

Proposition 7.4. Let P be an ergodic Markov operator on L*(m) admitting a real normal dilation Q on H
whose spectrum (on HC ) is included in a region T, C > 1. Then the following are equivalent for f € L*(m):

(i) f e VT=PL¥m);
(ii) feVI—PL*(m)="H_;
(i) sup,>; E(S7(f))/n < oo;
() 5011~ V(0 X)) <
(v) liminfy_; Zn>0 NU(f, P" f)o < 005
(vi) liminfy_; En>0 ", Q" fim < oo;
(vii) fevI—-Q:H;
(viii) f e vT— QH;

If moreover, the spectrum of Q is included in a Stolz region, then the above conditions are all equivalent to

(ix) 2,50 1P fIE < oo
(x) Donso (s P f)ol < oo.

Remarks. we will prove in Proposition 9.2 that (ix) = (i) for any Markov operator. The set of equivalences
(ii) & (iii) < (iv) < (v), for P satisfying the sector condition, was proved in [34].
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Proof. We first prove (i) = (ii). Let f € /T — PL?(m). Then there exists h € L3(m) (unique by ergodicity)
such that f = /I — Ph. Since (P"h,g)o = (Q"h, g)u for g € L?(m), using Lemma 7.3 we obtain

[{f.9)01* = (VT = Ph,g)ol* = (VI = Qh, g)ul* < I1I[lIv/I — Q*gllfx
< RISV = Qsgllix = CIRIFI = Qs)g, 9)rr = CIRIF((I = Py)g, g)o
= ClIR[I5(I = P)g. 9)o.

with the last equality by (7) since g is real valued. By Lemma 2.3(i), f € H_1.
(ii) = (iii) follows from Theorem 3.2, equation (21).
(iii) = (iv) follows from comparison between Cesaro and Abel means.
Let us prove that (iv) = (v). Let 0 < A < 1. We have

E((D A FW)") = SOXE(F(Wa)) +2 Y N HE(F(Wa) f (W)
_ 18 2

*1_)\2+1_)\2 ka<f’me>0
m>1

(v) = (vi) since the series have the same terms, by the definition of a dilation.

Let us prove that (vi) = (vii). Denote Qs = 3(Q 4+ Q*) and H_; := /T — Q,H. Since Q acts on a real
Hilbert space H, we can apply the proof of Lemma 2.3 to @) — all that we needed was that the inner product
is real — and obtain the characterization of H_;. Also the sector condition can be defined for Q on H, and
its characterization in Proposition 6.3 is valid, with the same proof.

Since @ on HC is normal, ©(Q) C I'c, and by Proposition 6.3 @ on H satisfies the sector condition (30);
hence for fixed 0 < A < 1 and every g € H we have

(T =Q) D A"Q"f,9ul* < K[(T—-Q)Y_A"Q S, Y AQ"ful (I - Q)g, g)ul .

n>0 n>0 n>0

For A fixed, the characterization of the H_j-norm in (6) and the identity (12) with P replaced by Q yield

(I =@) D> XN Q fllfr, <EKN(I—Q) Y _A"Q"f, > A"Q" f)ul

n>0 n>0 n>0
= AL N e < S N
n>0 n>0

By the Banach—Saks Theorem, using (vi), there exists A,, — 1 such that the Cesdro averages of ((I —
Q)50 AmQ" f)m>1 converge in H_y, say to h € H_;. By (5), the convergence holds also in H; but in
that case, by (12), the limit in H is known to be f, so that, f =h € H_;.

The implication (vii) = (viii) follows from Proposition 7.1.

By Derriennic-Lin [21], for any contraction T on a reflexive Banach space X, f € v/I — TX if and only
if 32, <0 BnT" f converges in X (see (3) for the definition of {#,}). Hence, (viii) = (i) follows from the
definition of a dilation.

We now assume that o(Q) is contained in a Stolz region. Then O(Q), the numerical range of @, is in a
Stolz region, so ©(P) C ©(Q) is in a Stolz region, and by [11, Proposition 6.4] (ix) < (i).

(x) = (v) is immediate.

We now prove (viii) = (x). By the spectral theorem (see [21]), f € /T — QH is equivalent to
fU(Q) |1le‘pf(clz) < o0. Since o(@Q) is contained in a Stolz region, by Lemma 6.5 there exists C' > 0
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such that |1 — z| < C(1 — |z|) for z € 0(Q), so fU(Q) 17#‘Z‘pf(clz) < oo. For any positive integer j we have

;}um fH|fnZO\ [ = dz|<Z [ e < [ e,

o(Q) =%(Q) o(Q)

Since (f, P"f)o = (f, Q" f)u, letting j — oo we obtain

Z| P fo Z| [,Q" fiu| < / P |pf(dz)<oo,
Q)

o (x) holds. O
Remarks. 1. Clearly (x) implies

(x') X psolfs P f) converges.

On the other hand, (x") = (v) follows from Abel’s Theorem for power series. Thus, when ¢(Q) is included
in a Stolz region, (x') < (x).

2. In general, even if the operator is normal, (x) does not imply (ix), nor (i). At the end of [22] there is an
example of T unitary on L?(m) (induced by a two-sided shift) and f € L*(m) such that > o, (T"f, f)| <
o0; since ||T7f|| = ||f|| for n > 1, condition (ix) cannot hold. In that example f & /T — TL2(m).

Corollary 7.5. Let P be an ergodic Markov operator with invariant probability m admitting a real normal
dilation @ on H such that o(Q) is included in a region T'c, C > 1. Then

B=H_,=+VI—-PL*m).

Proof. Since @ is normal, the assumption implies that also the numerical range 0(Q) is included in I'(C),
hence also ©(P) C T'c. Then, by Proposition 6.3, P satisfies the sector condition. Hence B = H_; by
Proposition 2.7. By the equivalence of (i) and (ii) of Proposition 7.4, H_; = /I — PL*(m). O

In order to be able to use Proposition 7.4 we shall now characterize the existence of a normal dilation
whose spectrum is included in a Stolz region.

Definition 2. For € € (0,1) and 0 < ¢ < 1 we have the expansion (1—¢)¢=1-">, a!tm, with al > 0 and
Yot agf) = 1. Then, for any power-bounded operator T' on a (real or complex) Banach space, we define
(I-T)y:=1->",a )7, In particular the series defines (1 — 2)¢ for z € D.

Lemma 7.6. Let S = A, be a Stolz region. Then there exists € € (0,1) such that sup,cg |1 — (1 —2)*¢] < 1.

Proof. Fix € and put a, = agf). We have

1—(1-2)t=1-(1-2)(1-2)F —z—i—Zan (1-2). (38)

Thus for 6 € (1,2), the function 1 — (1 — 2)? is holomorphic in the open unit disk D and continuous on D.
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We show that there exists v > 1 (close enough to 1), which depends on «, such that for any ¢ € (1,7)
and any z € A,

1-(1-2)|<1. (39)

Since the function z — 1 — (1 — 2)® is holomorphic in the interior of A, and continuous on its closure, by
the maximum modulus principle, we just have to prove (39) on the boundary of A, (which consists of an
arc and two line segments).

Let € € (0,1) and put 6 = 1 + €. Since a, = a'? s decreasing to zero [21], for |z| < r := sina the
expansion (38) yields

(oo} oo
1-(1-2)°=|z+a12— Z(an,l —an)Z"| < r+ar+ Z(%A — an)r"
n=2 n=2

<r+4ar-+ Z(a”—l —ap)r = (14 2aq)r.

n=2

But age) = € [21], so max <, |1 — (1 — 2)°| < (1 + 2€)r, which tends to 7 < 1 as e — 07, so for € > 0 small
enough (fixed) (39) holds for |z| < sina.
The points on the line segment [1, z,] are of the form z =1 — re

1Y

, with 0 < r < cosa. For such z we

have
I1—(1—2)°2 =1 -2 =141 — 2% cos(ad)
<1+ 7((cos )’ — 2cos(ad)) :== 14 r°¢4(0).
Since 14 (0) is clearly continuous on [1,2] and ¢,(1) = —cos @ < 0, there exists v > 1, such that for every

0 € (1,v) we have 1,(d) < 0, so (39) holds also on the line segments of the boundary of A,. O
Remark. The lemma is stated by Dungey [26, p. 1737], and his proof uses some semigroup theory.

Theorem 7.7. Let T be a contraction of a real Hilbert space H. Then T admits a normal dilation @ with
a(Q) in a Stolz region if and only if there exists a contraction S on H such that T =1 — (I —S)* for some
a € (0,1).

Proof. Assume that T = I — (I — S)® for some a € (0,1), with S a contraction on H. Let U be the
unitary dilation of S on a larger real Hilbert space K (see for instance [48, Appendix, Section 4]), and
define @ = I — (I — U)®. Then @ is a normal dilation of T, and by Dungey [26, Theorem 1.1] @ satisfies
sup,, n[|Q" — Q"] < co. By Theorem 6.8 ¢(Q) on the complexification K€ is contained in a Stolz region.

Assume now that Q on K is a normal dilation of 7', with o(Q) (on K®) in a Stolz region. By Lemma 7.6
there is € € (0,1) such that sup, ¢, () [1— (1—2)17¢| < 1. Then V := I - (I —Q)'** is a (normal) contraction,
by the spectral theorem. Projecting back to the original space we obtain that S := I — (I — T)'*¢ is a
contraction on H. The functional calculus for the normal operator @Q yields I — Q = (I — V)l/ (146 so
I—T=(I-8)"/0+9 yields the assertion. 0O

Remark. Theorem 7.7 provides an effective way to build Markov operators admitting a real normal dilation
whose spectrum is included in some Stolz region: take any Markov operator R on L?(m) and define P :=
I— (I - R)* for some 0 < o < 1. Then, P is a Markov operator with the desired property, when in the
proof of Theorem 7.7 U is the two-sided shift of R.
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Proposition 7.8. Let Py,..., Py be d commuting contractions of a real space H. Assume that each P; has
a normal dilation with spectrum included in a Stolz region. Then, the product Py --- Py admits a normal
dilation with spectrum included in a Stolz region, and so does any convex combination a1 Py + ...+ agPy.

Proof. It is enough to prove the result when d = 2 and then proceed by induction.

Let P, P> be commuting contractions admitting each a normal dilation whose spectrum is included in
a Stolz region. By the proof of Theorem 7.7, there exists 1,2 > 0, such that Sy := I — (I — P;)***t and
Sy := I — (I — P,)'™2 are contractions. Clearly S; and Sy commute. Hence, by Andd’s dilation theorem [3]
(see e.g. Theorem 6.1 Chapter I of [49]; the proof is valid also for real spaces), there exist two commuting
unitary operators U; and Us on a larger real Hilbert space K containing H, such that, if F is the orthogonal
projection from K onto H, we have

SiSt = EUIU]  Vi,j>0.

Define Qy := I — (I —Uy)Y/(%1) and Qy := I — (I — Uy)*/(1+22) Then, Q1Q5 and a1Q; + a2Qy are normal,
and on the complexification K€ they have their numerical ranges in Stolz regions. By construction they are
respectively dilations of Py P, and ay Py + as Ps, hence the result. O

Remark. We needed to proceed by induction because Andd’s theorem does not extend to more than two
contractions, by a result of Parrott [47].

8. Limit theorems for functions in /T — PL?(m) and examples

In this section we combine the results of the previous sections to obtain conditions for our limit theorems
to hold for f € /T — PL?(m) (where P is a Markov operator as in the previous sections), and provide some
examples.

Theorem 8.1. Let P be a Markov operator with invariant probability m which is ergodic. Assume that
P admits a real normal dilation Q with spectrum o(Q) contained in a domain T'c. Let f € L*(m). If
f € VI—=PL*(m), in particular (see Proposition 9.2 below) if > <, [|[P"f|3 < oo, then f € B and the
conclusions of Theorems 4.1 and 5.1 hold. -

For normal operators, we have the following (see Proposition 7.1).
Theorem 8.2. Let P be a normal Markov operator with invariant probability m which is ergodic. Let f €
L?(m). If fU(P oz Py (dz) < oo, in particular if D>t |P"f||2 < oo, then f € B and the conclusions of
Theorems 4.1 and 5.1 hold.

Corollary 8.3. Let P be a normal Markov operator with invariant probability m which is ergodic. If P satisfies
the sector condition, then Theorem 8.1 applies to P.

Proof. By (32) and Proposition 6.3, o(P) is contained in some I'c. O

Remarks. 1. Under the assumptions on P in Theorem 8.1, we also have the annealed CLT for every f €
VI — PL?(m), by applying (the discrete version of) Olla’s CLT for f € B [45, p. 80]. In general, the annealed
CLT holds for every f € L?(m) satisfying the Maxwell-Woodroofe condition [41]

SIS P W)

3/2
n
n>1
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with no additional assumptions on P ergodic. If f satisfies (40), then f € /I — PL?(m) [23]. However, even
for P symmetric the converse need not be true — see examples in [17]. Note that the CLT may fail for some
P and f € /I — PL?(m) [50], while the theorem of Gordin and Lifshitz [31] for P normal applies to all
functions f € /T — PL?(m), even those which do not satisfy (40).

For o > 1/2, the rate in the mean ergodic theorem [21, Corollary 2.15] yields that (I — P)*L?(m) is
contained in the set MW of f € L?(m) satisfying (40). If (I — P)L?(m) is not closed (P is not uniformly
ergodic), then there exist functions in (I — P)*L?(m) which are not coboundaries [21], so (I — P)L?*(m)
is strictly contained in MW; thus in the example of [23] cited above H_; = (I — P)L*(m) € MW, while
under the conditions of Theorem 8.1 MW C H_; with no equality in the example of [17]. Hence condition
(40) and the condition f € H_; are not comparable, and thus Olla’s CLT gives some new information for
some non-normal P — see the first two examples below.

2. Cuny [15] obtained the law of iterated logarithm (LIL) for any f € L?(m) satisfying the Maxwell-
Woodroofe condition (40), with no additional assumptions on P. His result supersedes the previous results
of [43,53,14], who assumed on f various conditions which imply (40). For P symmetric, Wu [52] obtained
the functional LIL for f € /T — PL?(m). Theorem 8.1 and Corollary 8.3 apply also to some non-symmetric
P and functions which do not satisfy (40). This situation is somewhat similar to the annealed CLT — see
the previous remark.

3. As far as we know, the almost sure central limit theorem under projective conditions has been considered
only in Merlevede—Peligrad—Peligrad [42]. They worked under a strengthening of the Maxwell-Woodroofe
condition.

Example 2. Let S be a Markov operator with m an invariant probability which is ergodic, and let P =
S al® S", where o € (0,1) and (1 —#)® =1 — S a'®t" for |t| < 1. Then m is P-invariant and also
P is ergodic. We have P =T — (I — S)®, and by the remark to Theorem 7.7 P has a real normal dilation
Q@ with 0(Q) in a Stolz region. Hence Theorem 8.1 applies. If S is not normal, neither is P.

Example 3. Let P,..., P; be commuting ergodic normal Markov operators on L?(m) which satisfy the
sector condition and let P = Z?:l a; P; be a convex combination. If Pf = f, then uniform convexity yields
that P;f = f for every i, so f is constant; hence P is ergodic. By Corollary 6.4 P satisfies the sector
condition. By a Theorem of Fuglede [29] (see also [32]), each P; commutes also with P}, so P is normal.
Hence Corollary 8.3 applies.

Example 4. Let Py, ..., Py be commuting ergodic Markov operators on L?(m) admitting real normal dilations
Ny, ..., Ngwitho(Ny),...,0(Ny) contained in Stolz regions. Define P = Py --- Pyand R = a1 Py +- - -+aqPy.
By Proposition 7.8, P and R are a Markov operators admitting real normal dilations, M and N respectively,
with o(M) and o(N) in Stolz regions.

Hence Theorem 8.1 applies to P and to R, provided we show that those operators are ergodic. The fact
that R is ergodic follows from uniform convexity. Let us prove that P is ergodic. It suffices to consider the
case d = 2.

By Theorem 6.8, we have sup, n||[N{* — NJ"™!|| < oo and sup,, n|Ny — N&T!| < co. Projecting back
to the original space, it follows that sup, n||P}* — P/""|| < co and sup,, n||Py — P3| < co. Then by
commutativity

supn|[P" — P"H| < supn||Pl'(Py — Py )| + supn|| B (P] — PPY| < oo
n n n

Hence also P has spectrum in a Stolz region, by Theorem 6.8. Denote Ig = [gdm for g € L?(m). By
ergodicity and the above estimates, P{'g — Ig and Pj'g — Ig in norm for every g € L?(m). Since constants
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are invariant, we have
[P"g — Ig|| = |1PI"(P3'g — Ig)|| < |1P3'g — Igl| — O,

which shows that P is ergodic. Hence Theorem 8.1 applies to P.
Note that if Py,..., Py are normal, then each P; commutes with each P} by [29], so P is normal.

Example 5. Let G be a locally compact Abelian (LCA) o-compact group G with dual group G, and let
{6(t) : t € G} be a continuous probability preserving ergodic action of G in (S, S, m). For a probability x on
G define the p-average of the action by Pf = fG foB(t)du(t). Then P is a Markov operator preserving m. We
assume that the smallest closed group containing the support of u is G, so P is ergodic (the Choquet—Deny
theorem). Since G is commutative, the transformations {6(¢)} induce commuting unitary operators. Hence
P is normal. If ;i has a bounded angular ratio, which means that |fi(y)| < 1 for 0 # v € G and

-
Sup| ()|

— =C < oo,
0y 1 — (7))

then o(P) is contained in a Stolz region [11, Proposition 5.3] (for G = Z see [5]). Hence Theorem 8.1 applies.
9. On sufficient conditions for limit theorems for Markov chains

Let P be an ergodic normal Markov operator on L2?(m). We know that the CLT holds for f €
VI — PL%*(m) [31], and by Lemma 2.4 and Proposition 7.1 B = H_; C /I — PL?(m), so the CLT holds
for f € H_1. In Theorem 8.2 we have shown that the WIP as well as the ASIP hold for f € H_;. A natural
question is whether for normal Markov operators those results still hold for f € /T — PL?(m). We answer
below in the negative.

Proposition 9.1. Let 0 < & < 1. There exists a normal Markov operator on some L?*(m) and f €
VI — PL*(m), such that maxi<k<yn |Sk|/\/nlog®n —_— +oo. In particular, the WIP and the ASIP
cannot hold (so f ¢ H_1 = B).

Proof. Let (X, X, m,0) be an invertible and ergodic dynamical system. We define a unitary (hence normal)
operator P on L?(m) by setting Pf := f o for every f € L?*(m). Let (W,)nen be the corresponding
canonical Markov chain. It is well-known that for any f € L%(m), since P is given by a transformation,
the law of the process (f(Wp,)nen under P, is the same as the law of the process (f(00™),en under m. It
follows from the proof of Theorem 2.5 of [13] that for any 0 < ¢ < 1, that the exists f € L?(m), such that

maxi<g<n |f + ...+ f o 9”71‘
+00 m-a.s. ,
v/nlog®n n—oo

and the first assertion follows. The fact that the ASIP does not hold is obvious. To see that the WIP does not
hold, notice that otherwise we should have sup,,~; P(maxi<p<n [f + ...+ fo 0" 7| > Ay/n) 50 O

The next proposition was needed in Theorem 8.1.
Proposition 9.2. If f € L?(m) satisfies Y., ||P"f||3 < oo, then f € /I — PL*(m).

Proof. Recall that P admits a unitary dilation, that is, there exists a Hilbert space H containing L?(m)
and a unitary operator U on H such that for every n € N, and every f € L?(m), EU"f = P"f where E is
the orthogonal projection onto L?(m).
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We first make two observations.

Lemma 9.3. For every n € N and every £ > 1, the spaces U " *P"t*L2(m) and (U "P" —
U1 P L2(m) are orthogonal (in H).

Proof. Let f,g € L?(m). Let n € N and ¢ > 1. We have

<(U7np’n _ Uﬁnilanrl)f’ U*ﬂ*lpﬂ%»lg)?{
= (UP"f,P" " g)q — (U PMHLE, P gy
= <Pn+ef7 pn+ég>H - <Pn+zf7 pn+€g>H =0. o

Lemma 9.4. Let f € L?(m). The following conditions are equivalent.

(1) ZTLEN ||Pnf||(2) < o0y
(ii) |1P™fllse — 0 and 3, .y nl|[UP"f — U1 P L f|13, < .

Proof. Notice that if (i) holds, then ||P™f|| — 0. Hence, in any case, we may assume that ||P"f|| — 0.

Hence, for every n € N, we have (with convergence in H)

Pnf _ Z(UkanJrkf _ UflcflanrkJrlf) ) (41)
k>0

By the above lemma the terms of that series lie in orthogonal spaces. Hence,

1P fll5 = D UTFPrR f — U=k PR,
k>0

— Z ||U—kPkf _ U—k—lpk—i—l ||%{ ,

k>n

where we used that U~1! is an isometry (and a change of variable) for the last identity. The desired result,
then follows by Fubini. O

Continuation of the proof of Proposition 9.2. Let f € L%*(m) be such that Y. |[|[P"f|3 < oo. By
lemma [21], we just have to prove that the series Y. [, P" converges in L?(m), which is equivalent to
convergence of >~ P"f/\/n [21]. We shall check Cauchy’s criterion.

Let ¢ > p > 1 be integers. Denote V,, ,f := i:p P—\/ﬁf Using (41) and that U~! is an isometry, we see

that

Voaflli =Y U FP* Vo f —UF 1P 1|,
k>0
||U7kpn+kf _ UfkflanrkJrlf”,H/
<2 (X )
k>0 n>p ﬁ

_ Z( Z ||U—n—kpn+kf _ U_”_k_1P"+k+1f||H )2 .
k>0 n>p \/ﬁ
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For every m € N, denote u,, := |[U~"P™f —U~-"~1pPm+lf|,, By Lebesgue dominated theorem for the
counting measure on N, we just have to prove that

Un+k
Z Jn pEeo 0

and that

Let £ > 0. By Cauchy—Schwarz we have

Un+k; C 2
CURP < rmmp LV R < 5 3 vk g0 (13

nzp nzp

3

by assumption.
Let us prove (42). We first notice that, by Cauchy—Schwarz,

k+1 w k+1 1 k+1 k+1

n+k\2 n+k 1/2 n+k
By < (O gim Y ek < Cle Y
n=1 7j=1 n=1

Now, interverting the order of summation twice, we see that

k+1 k+1
/2 Tk (n+k+ 1) 7+k
2 (k1) 3 ?/Q—ZZ nl/g :
£>0 k>0n=1
D IFLRD (RN SSINATATED DL DRSSIRY
n>1 k>n—1 n>1 k>2n 1
1
=> (k+1)"2up Y —75 < C> (k+1uj < oo,
E>1 1<n<(k+1)/2 E>1
by assumption. Hence
1
k2
YO TE) <. (44)
k>0 n=1 \/ﬁ

On the other hand, by (43) with p = k + 2, we see that

Z( Z u\n/tk Z\/ﬁ Z \/ﬁuiSC’Znui<oo. (45)
k>0

k>0 n>k+2 n>2k+2 n>2
Combining (44) and (45) with the identity (a + b)? < 2(a® + b?), we see that (42) holds. O

By Proposition 9.2, the condition Y. [P"f|2 < oo is always stronger than the condition f €
VI — PL?(m). For normal operators, or for operators admitting a normal dilation with spectrum in a
sector, the condition ), ||P"f||3 < co implies that f € H_; (see Proposition 7.1 or Proposition 7.4), so for
such operators convergence of > ||P"f||2 is sufficient for the WIP (and the ASIP).

One may wonder whether this is also true for other operators.
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Proposition 9.5. (See Dedecker [20].)

(i) There exists a Markov operator P on some L*(m) and f € L*(m) with >, -, (logn)||P™f||3 < oo, such
that ﬁ”sn(f)HLZ(]pm) —— = too. In particular, by Theorem 3.2, f ¢H_y.

(ii) There exists a Markov operator P on some L?*(m) and f € L*(m) with Y., (logn)||P"f||3 < oo,
such that ﬁHSn(f)HLz(Pm) — 1 but the CLT fails. In particular, f does not satisfy the Mazwell-
Woodroofe condition (40).

Proof. Part (i) of Proposition 9.5 follows from Remark 3 of [20], and part (ii) follows from Corollary 2.4(ii)
there. The paper [20] is written in the setting of dynamical systems but, as observed for instance in [19], it
has an equivalent formulation in terms of Markov chains. In that case the Markov operator is a co-isometry
(P* is an isometry). O

Remarks. 1. Volny [50] constructed an example of a (non-normal, of course) Markov operator P
with f € /I — PL?(m) for which the CLT does not hold. In his example the asymptotic variance
limy, ||y (f)[|L2(p,.)/+/7 does not exist. In view of Proposition 9.2, in Dedecker’s example given by Propo-
sition 9.5(ii), f is in /T — PL?(m) and has a finite asymptotic variance, but the CLT still does not hold.

2. The function f in Proposition 9.5(ii) is not in B, since by Olla [45, p. 80] the CLT holds for functions
in B. By the next proposition, f ¢ H_;.

As we shall see now, for co-isometries the symmetrization method does not bring any novelty.

Proposition 9.6. Let P be a Markov operator on L*(m) which is a co-isometry. Then, H_1 =
(I — P)L?*(m) = B.

Proof. We already know that (I — P)L?(m) C B C H_;. Let f € H_1. We have to prove that f €
(I — P)L%(m). By a result of Browder [8], it suffices to prove that

sup||[f + Pf+ ...+ P"fllo < o0.
n>1

Define V,, ;= I + P+ ...+ P" and f,, := V,,f. Let g € L?(m) be such that f = /T — P,g. Using (7), we
obtain

1£alls = (VoI = Pag, £a)8 < M9l 1V1 = PV;; full§
= lglIg (I = PY* Vi fu, Vit fado = llglI3 (fu — (P*)™ ! 0, Vi Fudo

= lgllg (fo, (T = PPV, fu)o -
By the assumption PP* = I we have P"T'V* =V, ;1 — I, hence (on the real L?)

|<fna (I - Pn+1)V:fn>0| = |<fnvvrjfn>0 - <fn7 (Vn+1 - I)fn>0|

(s Vi Fndo = (frs (Vi = D) fadol < 201 £l -

Hence, || f. |3 < 2/lgl12 || £.]13, and the result follows. O
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10. Poincaré’s inequality and uniform ergodicity

In this section we use the properties of H_; to show that P (ergodic with invariant probability m) is
uniformly ergodic if and only if P satisfies Poincaré’s inequality: there exists C' > 1 such that

IFII§ < C{f. (I =P)f)o  Vreal fe Li(m). (46)

Remark. Originally, Poincaré’s inequality was with I — P replaced by —A, where A is the Laplacian (and
the functions f taken in the domain of A), as a tool for estimating the eigenvalues of A. For the history
of the inequality we refer to Allaire [2]. The book [4] treats the inequality with A replaced by a general
symmetric infinitesimal generator A of a (necessarily reversible) Markov semi-group.

Lemma 10.1. Let P be an ergodic Markov operator with invariant probability m. Then the following are
equivalent.

(i) P satisfies Poincaré’s inequality (46);
(i) H_1 = L&(m).

Moreover, if any of the above holds, then P is power-bounded on H_j, with sup,, ||P"||-1 < 2/C. In
particular B =H_; = LE(m).

Proof. Assume (i). Let f,h € L3(m). By (46) we have
(f.0)* SIS IRIG < ClFNG R, (I = P)h) .

Hence by Lemma 2.3(1), f € H_y and || f||—1 < V/C| f|lo- Hence, (ii) holds and the norms ||-||o and ||-||_; are
equivalent. In particular P is power bounded on #_;. By (5), ||P™||-1 < 2V/C. For the equality B = H_;
see end of the proof of Lemma 2.4.

Assume that H_; = L§(m). By Lemma 2.2 it follows that /T — Ps is a bijection of LZ(m). By the open
mapping theorem it admits a continuous (with respect to || - ||o) inverse, say Gs. Then for f € LZ(m) we
have

113 = 1Gs VI = Pofllg < G5l (f. (I = P) fho = G5 (f. (I = P)fo,
i.e. P satisfies Poincaré’s inequality. 0O

For p € [1,00), the Markov operator P is called LP-uniformly ergodic if %22:1 P* converges in the
operator norm on LP. If P is L?-uniformly ergodic, then it is LP-uniformly ergodic for any 1 < p < oo (by
the Riesz—Thorin theorem; see also [24, Corollary 3.5]).

Theorem 10.2. Let P be an ergodic Markov operator with invariant probability m. Then P is L?-uniformly
ergodic if and only if it satisfies Poincaré’s inequality.

Proof. Assume first the P satisfies Poincaré’s inequality. By Lemma 10.1(ii), H_; = L3(m). Then the
inequality (21) in Theorem 3.2 yields that

1 n
sg}i ﬁ” Zf(Wk)HL2([p>m) < 00 for every f € L(Q)(m).
n= k=1

Thus condition (iii) of [24, Theorem 2.2] holds, so P is uniformly ergodic by that theorem.
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Assume now that P is uniformly ergodic. Then I — P is invertible on L3(m) (since |2 Y7, P* I 22(m) —
0), and (I — P)L*(m) = (I — P)L3(m) = L(m). Using Lemma 2.3(ii) we obtain

H_y C LE(m)= (I - P)L3(m) C H_1,
which yields H_1 = LZ(m). By Lemma 10.1 P satisfies Poincaré’s inequality. O

Remark. For P symmetric (and ergodic), it has been known for some time that Poincaré’s inequality (46)
is equivalent to P on the complex L?(m) having a spectral gap at 1, i.e. o(P) C [~1,0] U {1} for some
0 < 6 < 1. Since we have not found a reference for the proof, we give one which is independent of our
previous results. Let L2 be the subspace of the complex L?(m) of functions with integral zero, and let T
be the restriction of P to L3. Since P is symmetric (Pf, f)o is real on the complex L?(m), and it is easy
to check that (46) implies the same inequality also for every complex valued f € L?(m) with [ fdm =0.
Then (46) means

sup{(Tf, flo: f € L3, IIflo=1} <1- g

Since T is a symmetric contraction on L3, this is equivalent, see [48, Section 107], to o(T) C [-1,1 — &]
which, by ergodicity, is equivalent to P having a spectral gap. In particular I — T is invertible on L2, so the
ergodic decomposition yields the uniform ergodicity of P.

Corollary 10.3. Let P be an ergodic Markov operator with invariant probability m. Then P is L?-uniformly
ergodic if and only if Ps is L?-uniformly ergodic.

Proof. By (7), Poincaré’s inequality is the same for P and for P;. O

Remark. In continuous time, we have a Cy-semi-group {P;};>o of Markov operators with infinitesimal
generator A, and the quadratic form (f, (I — P)f)o in (46) is replaced by the Dirichlet quadratic form
(f,—Af)o, defined for real f in the domain of A; Ligget [39, Theorem 2.3] proved that Poincaré’s inequality
is equivalent in that case to L2-operator norm convergence of P, as t — oo, with exponential rate (without
averaging). In the discrete case, uniform ergodicity still allows for periods, even when P is symmetric (take
any finite state reversible ergodic Markov chain which is 2-periodic; see [24, Proposition 3.3]).

Proposition 10.4. Let P be an ergodic Markov operator with invariant probability m. Then the following are
equivalent.

(i) P satisfies Poincaré’s inequality;
(ii) P is L2-uniformly ergodic;
(iii) There exists d > 1 such that {P"},>1 converges in L? operator norm.

In particular, with the same d > 1 as in (iii), there exist C > 0 and 0 < p < 1, such that |PY" f — Eq4(f)|lo <
Cp"|fllo, for every f € L?(m), where E4 is the orthogonal projection on the functions invariant by P<.

Proof. The equivalence of (i) and (ii) follows from Theorem 10.2. The exponential convergence follows easily
from (iii).

Let us prove that (ii) is equivalent to (iii).

If P is L2-uniformly ergodic, the averages converge also uniformly on the complex L?(m). As shown in
the proof of [24, Proposition 3.3], all unimodular spectral points of P are simple poles (hence isolated in the
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spectrum), so there are only a finite number of them. Since P is a positive operator, they are roots of unity,
and there is d > 1 such that o(P?) N {\ € C : |\| = 1} = {1}, by [40, Proposition 1]. Hence the spectral
radius of P? restricted to (I — P?)L2 is less than one, which implies that {P},>; converges in operator
norm.

The converse follows easily from the operator norm convergence of %2221 P+ias n — oo, for each
0<j<d-1. O

The smallest d for which (iii) of Proposition 10.4 holds is called the period of P; when d = 1 we say that
P is aperiodic.

Remark. As mentioned above, the analogue of this proposition in continuous-time, the equivalence of
Poincaré’s inequality and the exponential L?-operator norm convergence of P;, is well-known [39]. We
know of no reference for our discrete time result.

Lemma 10.5. Let P be an ergodic Markov operator with invariant probability m. Assume that P satisfies
(Pf, fYo > —1/2 for every real f € L*(m) with ||f|jo =1. (47)

Then P (on the complex L*(m)) has no unimodular eigenvalue other than 1. In particular, if P is in addition
uniformly ergodic, it is aperiodic.

Proof. Since P is an ergodic Markov operator, it is well known that the set of unimodular eigenvalues
of P is a group (see e.g. [1] or [12]). Assume that P on the complex L? has a unimodular eigenvalue e*
with eigenfunction f # 0. Equality in the Cauchy-Schwarz inequality implies that P*f = e~ % f. Hence
P,f =cosf - f.

If €% is not a root of unity, it generates a dense subgroup of the circle, contradicting (47).

If e is a d-th root of unity with (minimal) d > 2, then for k € {0,...,d — 1}, the numbers e**7/¢ are
eigenvalues. If d = 2s for some s > 1, taking k = s, we see that —1 is an eigenvalue of P, contradicting (47).
If d = 2541 for some s > 1, taking k = s, we see that cos(2kn/d) = — cos(w/(2s+1)) < —cos(n/3) = —1/2,
contradicting (47). O

Our next task is to estimate the exponent p in Proposition 10.4(iii) when P is L?-uniformly ergodic and
aperiodic.
When P is symmetric positive definite, i.e. satisfies (47), the proof of uniform ergodicity in the remark
1

preceding Corollary 10.3 yields that Cy, the smallest C in Poincaré’s inequality (46), satisfies p =1 — o

Next, observe that if we have Poincaré’s inequality for the multiplicative symmetrization, i.e.

Hf||(2) < K(f,I— P*Pf)g for every real f e Lg(m),

then || Pfllo < +/(K —1)/K]| f]lo, so P is aperiodic with p < /(K —1)/K.

The next result is inspired by the work of Fill [28] on Markov chains with finite state space.

Proposition 10.6. Let P be an ergodic Markov operator with invariant probability m, which satisfies Poinca-
ré’s inequality (40) with constant C > 1, and assume that for some v > (C' —1)/C we have

(Pf, fYo = ~(Pf,Pf)o  Vf e L*m). (48)
Then, for every f € L3(m)

C

n —1\m
1P 71 < () IR vz,



C. Cuny, M. Lin / J. Math. Anal. Appl. 434 (2016) 52-83 81

Proof. Let f € L2(m). Using (46) and (48) we have

17115 < CIFIE —CIPAIIE -
Hence,

Cc-1
12713 <~ 113,

and the result follows by induction. 0O

Remarks. 1. Since P1 = 1, necessarily v < 1.

2. Let Cj be the smallest constant for which (46) is satisfied, and put ps = (Co—1)/Cp. If (48) is satisfied,
then Py is positive-definite, so it is aperiodic and ps yields its rate of convergence. Minimality of Cy yields
that v > ps, so the proposition yields the estimate p < ps/7.

3. The hypothesis (48) may be rewritten as (Psf, f)o > v{(P*Pf, f)o.

Example 6. Let QQ be an ergodic L2-uniformly ergodic Markov operator with invariant probability m, and
define P = %(I + Q). By Theorem 10.2 @ satisfies Poincaré’s inequality with a constant C, and it is easily
checked that P satisfies it with a constant 2C; hence P is L?-uniformly ergodic.

4| PFIIG = 115 + I1QFIE +2(QF, Fho < 2(IIfIl5 + (QF. f)o) = 4(PF, o (49)

shows that P satisfies (48) with v = 1, so by the above p < p;.

Note that if we define P = al + (1 — @)Q with a € (3,1), we can reduce it to P = 1(I + Q') for some
other Markovian contraction @', so P satisfies (48) with v = 1.

A special case is when P is a finite-dimensional ergodic Markov matrix with p; ; > % for every i (called
strongly aperiodic in [28]). @ = 2P — I is then Markovian since it is positive and Q1 = 1.

Remarks. 1. Let P satisfy (48) with v = 1, and define @ = 2P — I. Then the computation in (49) shows
that necessarily ||Q|| < 1. If P satisfies Poincaré’s inequality, so does Q. Since I — Q = 2(I — P), we have
(I — Q)L?*(m) closed, so Q is L?-uniformly ergodic, and Qf = f implies f constant by ergodicity of P.

2. If @ is as in Example 6, but there is some f with (Qf, f)o < 0 (i.e. Qs is not positive definite), then for
a > 0 small enough P(®) := ol +(1—a)Q does not satisfy (48), nor even (47), since limq_,o+ (P f, f)o < 0.
When @ on {0,1} is given by ¢;; = 1 — &; j, then P(® does not satisfy (47) for any a < 3.

3. The operator P = ol + (1 —«)Q with @ as in Example 6 and « € (0, 1) is always L2-uniformly ergodic
aperiodic. Since I — P = (1 — a)(I — Q), we have (I — P)L? closed, and invertible on L3. By Foguel-Weiss
[P (I = P)|| = 0, so [[P"| 2 — 0, which yields aperiodicity.

4. A Markov operator P has the representation P = ol 4+ (1 — a)Q with @ Markovian and « € (0,1) if
and only if Pf > af for every f > 0. Indeed, if Pf > af for every f > 0, we define Q := (P — ol)/(1 — a).
Then Qf >0 for f >0, Q1 =1, and Q(x, A) := QLla(x) is a transition probability with m@ = m. Hence Q
is a contraction of L?(m). The converse is obvious.
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