Doctopic: Partial Differential Equations YJMAA:20505

J. Math. Anal. Appl. e e e (esoee) s o e—0oe

Journal of Mathematical Analysis and Applications

Contents lists available at ScienceDirect

MATHEMATICAL

www.elsevier.com/locate/jmaa

Optimization problems with fixed volume constraints
and stability results related to rearrangement classes

Yichen Liu®*, Behrouz Emamizadeh ", Amin Farjudian®

& Beijing International Center for Mathematical Research, Peking University, China
b School of Mathematical Sciences, The University of Nottingham-Ningbo, China
¢ Center for Research on Embedded Systems, Halmstad University, Sweden

ARTICLE INFO

ABSTRACT

Article history:

Received 1 December 2015
Available online xxxx
Submitted by H. Frankowska

Keywords:

Trace inequality
Boundary value problem
Optimization
Approximation

Stability

Rearrangement theory

The material in this paper has been divided into two main parts. In the first part
we describe two optimization problems—one maximization and one minimization—
related to a sharp trace inequality that was recently obtained by G. Auchmuty.
In both problems the admissible set is the one comprising characteristic functions
whose supports have a fixed measure. We prove the maximization to be solvable,
whilst the minimization will turn out not to be solvable in general. We will
also discuss the case of radial domains. In the second part of the paper, we
study approximation and stability results regarding rearrangement optimization
problems. First, we show that if a sequence of the generators of rearrangement
classes converges, then the corresponding sequence of the optimal solutions will also
converge. Second, a stability result regarding the Hausdorff distance between the

weak closures of two rearrangement classes is presented.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In [2], Auchmuty describes some sharp trace inequalities, amongst which one finds

[ olul @t < by [ luldo [Vl [Vl Vu e YD), (1.1)
oD D

under the following regime:

(1) D is a finite union of smooth surfaces in RY (N > 2).!
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(2) The weight function p belongs to L*(9D), in which

00>s5>s.=2(1-%) ifN=>3
oo >s>1 if N =2.

(3) kp = ﬁ Jop pdHN L.
(4) The trace weight function u, is the solution of the following boundary value problem:

1
Ay = — /pd’HNflin D,
D]
oD

@ =p on 0D, (1.2)
ov

where % denotes the outward normal derivative to the boundary.

Notation 1.1. Henceforth, dH™ ! denotes the N — 1-dimensional Hausdorff measure on D, and D, p, s,
u, is described as above.

A number of trace estimates can be derived by inserting different weight functions in (1.1). In particular,
the following cases have been mentioned in [2]:

By choosing p = 1, one can derive estimates for the norms of the trace operator I' : W17 (D) — LP(9D).
e If p is taken to be the characteristic function of proper subsets of the boundary, then inequality (1.1)
will provide restricted trace estimates.

In the first part of the paper we will develop the discussion of the inequality (1.1) further for the case
where p ranges over a particular class S of characteristic functions

S={per*@D)|p(p-1) :o,/pcmN-l —5Y, (1.3)
oD

with further assumptions of 8 > 0 and HV~1(9D) > 0. We explore the possibility of improving the inequality
(1.1) in the following sense: Is it possible to find a weight function p € S for which ||Vu,||2 is minimal? We
shall prove that when D is a ball, the answer is negative.

We will also address the question of whether there is a p € S for which ||Vu,||2 is maximal. In contrast
to the previous case, the answer to this question is affirmative in any type of domain. However, in case D
is a ball, we will see that it is possible to find an optimal solution which is spherically symmetric.

Let us set a(p) = || Vu,||3. We are interested in the following optimization problems:
supa(p), (1.4)
pES
and
inf . 1.5
inf a(p) (1.5)
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If we consider a specific subset £ of 8D such that HY _1(E) = f3, then & would be the rearrangement
class? generated by the characteristic function

It is common to write S = R(x ). For instance, the minimization problem (1.5) can be written as

inf  a(p). 1.6

et (p) (1.6)

In the second part of the paper we look at a more general rearrangement problem than (1.6) and
describe an approximation scheme. Let us elaborate this as follows. Recently, by using the well estab-
lished rearrangement theory attributed to G. R. Burton, a significant amount of research (e.g. [7,10]

and references therein) has been focused on the following type of rearrangement optimization problem
(ROP):

fegl(ffo)‘l’(f% (1.7)

in which ® is a nonlinear functional related to a partial differential equation, f; is a non-negative function
in an appropriate L? space, and R(fo) is the rearrangement class generated by fo.

Let us present two examples of (1.7) from [12] and [16]. Henceforth, D will denote a smooth bounded
domain in RV,

Example 1.1. Consider the boundary value problem

—Apu=f inD
u=20 on 0D,

where:

o A, is the classical p-Laplace operator, i.e. A,u =V - (|Vu[P72Vu), with 1 < p < co.

e fe v (D) in which p’ is the conjugate exponent of p, i.e. % + }% =1

Denoting the unique solution of (1.8) by uy € Wy*(D), we are interested in the following rearrangement
optimization problem:

nf @)= [ fusd, (1.9)
D

for some non-negative generator fy € Lp,(D).

Example 1.2. Assume that go : D — R satisfies go(z) € [0,1] a.e. in D, and let g € R(go). Consider the
boundary value problem

{ —Au+gu=f inD (1.10)

u=20 on 9D,

2 See Definition 2.4 on page 8.
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where f is a non-negative function in L?(D). Denoting the unique solution of (1.10) by u, € H} (D), we are
interested in the following rearrangement optimization problem:

inf @g(g)z/fugdx. (1.11)

9ER(g0)
D

The existence and uniqueness of solutions of (1.9) and (1.11) in their designated rearrangement classes
have already been established in [12] and [16], respectively.

Consider the problem (1.7) and for a generator fy, let fo be the unique minimizer of ®. In this paper we
will answer the following question:

Question 1.1. If a sequence of generators (f,) converges to f in an appropriate L? space, does the sequence
of minimizers (f,) also converge to f in the same space?

Aside from its theoretical implications, this question has practical relevance too. In practice, it is
not always possible to find an explicit exact solution of the rearrangement optimization problem (1.7),
in which case, one would apply numerical simulations. If the generator of the rearrangement class is a
simple function, it will simplify the computations accordingly. As every measurable function can be ap-
proximated by simple functions, an answer to Question 1.1 will be significant in approximating the real
solution.

Another reason adding to the importance of the above question is that during the process of proving
the existence of minimizers for (1.7), the zero level set of the generator, i.e. {x € D | fo(z) = 0}, is
a tricky one to deal with. Thus, it would be helpful if we could approximate the generator by positive
functions.

The weak closure of a rearrangement class is of great importance in rearrangement theory.® Motivated
by Question 1.1, it is interesting to address the following stability question as well:

Question 1.2. If f, converges to f in an appropriate L? space, does the Hausdorff distance® between the
weak closures R(f,)* and R(f)™ also tend to zero?

Structure of the paper The paper is organized as follows. In Section 2 we collect some well-known results
mostly from the theory of rearrangements of functions. Section 3 contains the main results where answers
to the two aforementioned questions will be presented.

2. Preliminaries

Let us introduce the space

H! (D)= ueHl(D)|/ud:c:0 ,
D

which is a closed subspace of H'(D). As a result, it is a Hilbert space. By using the Poincaré inequality
specialized to functions with zero mean, we infer that H! (D) remains a Hilbert space with respect to the
norm |lul| := || Vulz.

3 See item (ii) of Lemma 2.5 on page 8.
4 See Definition 2.5 on page 9.
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Definition 2.1. We say that u € H} (D) is a solution of (1.2) provided that the following integral equation
holds:

/Vu~Vvdx—/pvd’HN_1 =0, YveH} (D). (2.1)
D oD

The energy functional € : H} (D) — R associated with (1.2) is:

1
E(u) = §/|Vu|2da:—/pud’HN_1.
D

oD

The trace embedding H! (D) — L* (0D) guarantees that Vu € H! (D) : £(u) € R.
The following result is a basic one:

Theorem 2.1. The following statements hold:

(i) The minimization problem

inf & 2.2
einf (u) (2.2)

m

has a unique solution.
(ii) The function u € H} (D) is a solution of (1.2) if and only if it is a solution of (2.2). In particular,
(1.2) has a unique solution.

Proof. (i) By trace embedding [1] we have H*(D) — L* (dD), where s is the conjugate exponent of s.
Thus:

1
E(u) = §/|Vu|2das—/pucl’HN_1
D oD

1
(Holder’s inequality) > 3 / \Vul? dz = |lpll, op 1ully o1
D

(trace embedding and Poincaré) > %01 ||U||i[1(D) = C2|plls op lull g1 (py -
This shows that £(-) is coercive. As a result, if (u,) is a minimizing sequence of (2.2), we infer the
existence of a subsequence—still denoted (u,)—and a function v € H'(D) such that u, — w in
HY(D) and u,, — u in L¥ (8D). It should be clear that v € H} (D) and £(u) < liminf, o &(u,) =
inf,cp1 (p) £(v). As E(-) is strictly convex, then u must be the unique solution of (2.2).

(ii) Let u be the solution of (2.2). Then (£'(u),v) = 0, for every v € H} (D). Hence, by definition, u is a
solution of (1.2).
Conversely, let u be a solution of (1.2). Then, for all v € H},(D) we have:

= lim
t—0+ t

(as € is convex) < E(v) — E(u). (2.3)

From (2.3), we deduce that £(u) < &(v), for every v € H} (D). So, u is a solution of (2.2). O
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The admissible set S, as it is, is not particularly convenient to deal with in the context of optimization.
The common trick is to enlarge S to a superset A:

SC A= peLs(aD)|0§p§1,/deN_1:ﬁ . (2.4)
oD

The following connections between S and A are widely known, see Lemmata 2.2 and 2.3 in [5] for details:

= 8", i.e. the weak closure of S in L*(9D).
is Weakly compact and convex.
xt(A), the set of extreme points of A.
co S, the closed convex hull of S.

L%LL

The next result is crucial.

Theorem 2.2. Let ® : L*(0D) — R be strictly conver and weakly sequentially continuous. Then the maxi-
mization problem

sup ®(f) (2.5)
fes

is solvable, i.e. there exists f € S such that ®(f) = supses ®(f).

Proof. We begin by relaxing the maximization problem (2.5) and then we consider the problem:

;1613‘1)(1”)- (2.6)

Since ® is weakly continuous, and A is weakly compact, (2.6) is solvable. Let f € A be a solution. As ® is
convex and continuous, it is subdifferentiable at f, see Proposition 4.6 in [6]. Hence, 0®(f) # (), in which:

09(F) = { g € L* (D) | &(f) > () + / o(f — FydHY 1, Vf € L*(9D)

oD

Let g € O®(f). It is known (e.g. Theorem 4 in [4]) that the linear functional L(h) := [, ghdH" ! has a
maximizer h relative to S. Since L is weakly continuous, it follows that A maximizes L relative to A as well.
Whence, in particular, L(f) < L(h). By subdifferentiability we have:

oD
> ®(f) > @(h).

Thus, ®(f) = ®(h) and h € S is a solution of (2.6), as desired. O
Since the solution of (1.2) is unique we can define the operator K : L¥(9D) — H}, (D) by K(p) = u,.

Lemma 2.3. The following statements are true.

(i) K is linear.

Please cite this article in press as: Y. Liu et al., Optimization problems with fixed volume constraints and stability results
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(i) K is symmetric in the sense that:

/ p1Kpo dHN 1 = / paKpyr dHN ™Y Vi, pe € L°(OD). (2.7)
oD oD

Proof. Assertion (i) follows from the linear nature of the boundary value problem (1.2). For assertion (ii),
we choose u = Kp1 = u,, and v = Kps = u,, in (2.1) to obtain:

[ V) Vo ds — [ prkpednt <o,
D oD

from which (2.7) follows. O
Lemma 2.4. Remember that we defined a(p) = ||Vu,|3:

(i) o is weakly sequentially continuous in L*(0D).
(it) « is strictly conver.
(#ii) « is Gateaux differentiable, moreover, o/ (p) can be identified with 2K p.

Proof. (i) Let {p,} C L*(0D) such that p, — p in L*(0D). By using (2.1), Holder’s inequality, and trace
embedding theory, we infer that:

/|VKpn|2dac: /pn.f(pn(i?'-[N_1
D oD

< ||p’ﬂ||s,8D ||Kans’,3D

< Cllpallsop 1K pnll g (py -

Since p, — pin L*(0D) and Kp,, € H} (D), it follows from Poincaré inequality that { K p,, } is bounded.
Therefore, we infer the existence of a subsequence, still denoted {K p,, }, such that Kp,, — w in H'(D)
and Kp, — w in L* (9D). So, by invoking (2.1), we deduce that

/Vw -Vvdr — /pvdHN*1 =0, YveHL(D),
D aD
which means that w is a critical point of the energy functional £(-). By strict convexity of £, we must
have w = Kp. By applying (2.1) again, we have
alpn) = [ IVKp o= [ putp, an
D oD
which implies that:

lim a(p,) = /pwdHN_l = /prd”;'-lN_1 = a(p).

n—00
oD oD

(ii) By using Lemma 2.3 (i), the strict convexity of « follows from its equivalent form a(p) = |[VK pHg

Please cite this article in press as: Y. Liu et al., Optimization problems with fixed volume constraints and stability results
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(iii) Let us fix p and p in L*(9D). By applying (2.1) and Lemma 2.3, we have:

a(p+ tp) = / (p+ tp)K(p+ tp) dHV

oD

= /ﬁKﬁdHN‘l +2t/pKﬁd’HN_1 +t2/prd7-LN_1
oD oD oD

= a(p) +2t/pK;§d’HN’1 + t2a(p).

oD

This implies that:

iy X2+ 1p) — al(p)

t—0+ t

:2/pK,adHN—1,
oD

which is the desired result. O

Henceforth, for a measurable set E, |E| denotes the N-dimensional Lebesgue measure of E. Moreover,
for a Lebesgue measurable function f : D — [0, 00), its distribution function Ay : R — R is defined as:

A(@) ={z e D: f(z) = a}|.

Definition 2.2. Let f, fo : D — [0,00) be Lebesgue measurable. We say that f is a rearrangement of fy if
and only if Va € [0,00) : Ag, (o) = A ().

Definition 2.3. For a Lebesgue measurable f : D — [0, 00), the essentially unique decreasing rearrangement
f2 is defined on (0,|D|) by f2(s) = sup {a : As(a) > s}. The essentially unique increasing rearrangement
fa of fis defined by fa(s) = f2(|D| — s).

Definition 2.4. The rearrangement class R(f) generated by f is defined as:
R(f) :=={g9: D —[0,00) | g is a rearrangement of f}.

The following are two basic results regarding rearrangement classes and essentially unique decreasing
rearrangements.

Lemma 2.5. Let 1 < p < oo, f € LP(D), and R = R(f) be the rearrangement class generated by f. Then:

(i) R C LP(D), and ||f|l, = llg|lp for all g € R. Here || - ||, denotes the usual LP-norm.
(ii) The weak closure RY of R in LP(D) is convex and weakly (sequentially) compact in LP(D). Moreover,
RY is the closed convex hull of R in LP(D), which we write as R® = @o(R).
(iii) The relative weak and strong topologies on R coincide.

Proof. See Lemma 2.1, Lemma 2.2 and Lemma 2.6 in [5]. O

Lemma 2.6. Let p, f and R be as in Lemma 2.5. Then:

(i) There is a measure preserving map p : D — (0,|D|) such that f = f* o p.
(i) HgA - hAHp <|lg = hll, for all g and h in LP(D).

Please cite this article in press as: Y. Liu et al., Optimization problems with fixed volume constraints and stability results
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(#ii) The weak closure of R has the following characterization:

S S

RY = geLl(D)\/gdx:/fdx and Vse(O,|D|):/gAdt§/fAdt
D D 0

0

Proof. For (i), see Lemma 2.4 in [5] or Proposition 3 in [18]. For (ii), see Lemma 2.7 in [5] or Corollary 1
in [8]. For (iii), see Lemma 2.3 in [5]. O

The concept of Hausdorff distance will also be referred to later:

Definition 2.5. Let (X, d) be a metric space. Suppose that L and K are two non-empty subsets of X. Then,
the Hausdorff distance between L and K is defined by

o121 = max {sp (g ) oo (g ) -

recK \YE yeL zeK

Finally, let us recall the Radon—Riesz Theorem.

Theorem 2.7. Let1 <p < oo, f € LP(D) and {f.} C LP(D). If f, — f in LP(D) and limp_oc || full, = I f1],,
then f, — f in LP(D).

Proof. See section 37 in [17]. O
3. Maximization and minimization problems
8.1. Mazximization problem (1.4)
In this subsection, we focus on the maximization problem (1.4) and the first main result is the following:

Theorem 3.1. The mazimization problem (1.]) is solvable, i.e. there exists a weight function p € S for which:

a(p) = sup a(p).
pES
Proof. Since o : L*(0D) — R is strictly convex and weakly sequentially continuous, the assertion follows
immediately from Theorem 2.2. O

Remark 3.1. As « is strictly convex, one can argue as in Theorem 7 of [4] to show that if p is any solution
of (1.4), then there exists a non-decreasing function ¢ : R — {0, 1} such that p = ¢ ou, H¥ ! a.e. on dD.

Before stating the second main result of this section, we need to recall the spherical symmetrization. For
detailed treatment of this topic, we refer the reader to [3,11,14,19].> Given a measurable set K C RY we
fix a direction € with |€] = 1. Then, the spherical symmetrization of K with respect to direction &, denoted
by K*, is characterized by the following property: for every r € (0, 00), the set K* N 9B(0,r) is a spherical
cap centered at ré satisfying:

HN L (K*ndB(0,7) = HN "L (K NdB(0,r)), Y0 <r< oo,

5 Note that, in Section 3 of [3] the author presents a variety of properties of a general class of rearrangements. Spherical sym-
metrization belongs to this class.

Please cite this article in press as: Y. Liu et al., Optimization problems with fixed volume constraints and stability results
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where B(0,r) is an open ball centered at the origin with radius r. For a non-negative measurable function u,
the spherical symmetrization v* is constructed such that:

{u* >t} ={u>t}", Vt>0.

Theorem 3.2. Let D be a ball centered at origin with radius a. Then, for any direction €, the maximization
problem (1./) has a solution p € S which is spherically symmetrized with respect to it.

Before proving the theorem, we need the following known results about spherical symmetrization.
Lemma 3.3. Let D be as in Theorem 3.2, and u be a non-negative function in H*(D). Then, we have:

(i) u* € H\(D).

(ii) For any non-negative v € L* (OD), we have Jop uvdHN=E < [ S uro* dHN L
(iii) [p|Vu*?dx < [, |Vul®da.

(iv) For any v € L*(8D), we have [, [v* —u*[*dHN ™! < [ v —u|* dHN L.

We also need the following regularity result of the solution of the Neumann boundary value problem (1.2).
Lemma 3.4. If p € C=(0D), then Kp € C>®(D).

Proof. Since p € C=(9D) C H*(9D) for all k > 0, by Proposition 7.1 in [20], we have K p € H**2(D) for all
k > 0. Then, by applying Sobolev embedding theorem (Theorem 4.12 in [1]), we infer that Kp € C>°(D). O

Proof of Theorem 3.2 Let p be any maximizer of (1.4) in S, whose existence is guaranteed by Theorem 3.1.
Then, there exists a sequence {p,} C C°°(9D) such that p, — p in L*(9D) (by mollifiers). Observing that,
from Theorem 2.1 and (2.1), we have

a(p) Q/prdHN_l—/\VKdem
D

oD

= sup 2/pvd’HN71—/\Vv\2dx
D

veH?L (D)

Then, let us fix any direction € and we will perform the spherical symmetrization with respect to this
direction. From (3.1) and Lemma 3.4, we infer that

a(pn) =2 [ pupn ¥t = [ 19Kp, s
oD D

=2 [ oK+ Kl p) MY
oD

— [ IV g+ 1Kol )P =2 Kl iy [ 0™
D oD

<2 / P (K pn)” + 1K pul s p) dHY 1

9D
Please cite this article in press as: Y. Liu et al., Optimization problems with fixed volume constraints and stability results
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- / V(Epn) + 1K pull o ) do = 2| Kpall o p / pn AHN !
D oD

—2 [ (p) a9 p) P da
oD D

<2 [ ot~ [ VK da = a(p)), (3.2)
oD D

where we have used Lemma 3.3 in the first inequality. On the other hand, by Lemma 3.3 (iv), we have
pr — p* in L*(0D). So, due to the continuity of «, it follows from (3.2) that a(p) < a(p*). Recalling that p
is a maximizer of (1.4), p* must be a maximizer as well. As the direction & was chosen arbitrarily, the proof
of the theorem is complete. O

3.2. Minimization problem (1.5)
The following is the first main result of this subsection:

Theorem 3.5. The minimization problem (1.5) has a unique solution p € A.

Proof. As in the proof of Theorem 2.2, we have A = R(xg)" with H¥N~1(E) = 3, where the weak closure is
taken in L*(9D). Then, by Lemma 2.5 (ii), A is convex and weakly sequentially compact. As by Lemma 2.4
the function « is strictly convex and weakly sequentially continuous, there must exist a unique solution
p € A which solves (1.5). O

As opposed to the case of maximization, in general the solution of (1.5) is not in S. In particular, we
have the following:

Theorem 3.6. Let D be a ball centered at origin with radius a. Then, the minimization problem (1.5) has a
unique solution p € A\ S. In fact, this unique solution is the constant function:

For the proof of Theorem 3.6, we need the following result:

Lemma 3.7. Let D be as in Theorem 5.6, and assume that p € L*(0D). For any rotation map R about the
origin, we have K(po R) = (Kp) o R almost everywhere in B.

Proof. By Theorem 2.1, equation (2.1), and also Theorem 3.22 in [1], it suffices to show that
/V((Kp) o R)(x) - Vu(z)dr — /(p o R)(z)v(z)dHN Y (x) =0, Vwve H}(D)NC>®(D). (1)
D oD

Let us fix an arbitrary v € H}, (D). Since V((Kp) o R)(z) = R™!'V(Kp)(Rz) and R~! = R', the transpose
of R, we deduce that:
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Q
Il

VW@NRWWVM@M—/mom@m@wﬂﬂw

oD

R™'V(Kp)(Rzx) - Vo(x) dx — /(p o R)(x) v(x) dHN " (z)
oD

V(Kp)(Rz) - RVv(z) dx — / (po R)(x)v(x) dHN " (x).
oD

Il
O — U~ U—0

Similarly, we also have RVv(x) = V(v o R™1)(Rx). By a change of variables y = Rz, the equation above
leads to

/V Kp)(Rzx) V(UOR_1>(RJ))d.T—/(pOR)(l’)U<$)dHN_1($)
oD

V(K wu%xw@—/mwwurwwﬁﬂ*@»

oD

b\b

Now, because V(v o R71)(z) = RVu(R™'z) and |V(vo R71)(x)| = |[Vv(R™'z)|, we infer that v o R™!
H} (D)nC>(D). By (2.1), we must have J = 0 as desired. O

Proof of Theorem 3.6 Fix any rotation R and let p € S. Then, by (2.1) and Lemma 3.7 we have:

oé(poR):/(poR)K(poR)cme:/(poza)((lr(p)oR)de*1

oD oD

:/prd’HNflza(p).
oD

(3.3)

Let p € A be the unique solution of (1.5) (see Theorem 3.5). Then, we fix an arbitrary axis £ (through
origin), and consider the rotation map Ry with which g can be rotated to p o Ry by the angle —6 with
respect to the axis /.
Now consider the constant function € : 9D — R defined by:
27
Ve € 0D : €(x) = i/ﬁol’%’,gd@.
27 )

It should be clear that € € A. Now, as « is strictly convex, by (3.3) and Jensen’s inequality (see e.g. [13])
we deduce that:

2m

a(€) < % /a(ﬁo Ro)do = a(p). (3.4)
0

Since (3.4) is true for rotations with respect to any axis through origin, then g must be radially symmetric.
As p € A, we must have p = 3/HN~1(0D) which is obviously not in S. O

Remark 3.2. Theorem 3.6 implies that (1.5) is not solvable in radial domains. However, it might still be
possible for (1.5) to be solvable in non-radial domains. Let us elaborate this matter. Let p € A be the unique
solution of (1.5). Then, p satisfies the optimality condition

0 € 0a(p) + Na(p), (3.5)
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where N 4(p) denotes the normal cone to A at p. Since A is convex, N4(p) = 9€4(p), where E4(p) is the
indicator function

_Jo ifpeA

supported on A. So,

Ea(p) = { g € L¥ (D) | €ap) > Ea(p) + / glp— p)dHN 1, Vp € L(aD)
oD

Recall that do(p) = {2a}, where @ = uj. So, (3.5) implies that
g€ dEq(p): 2u4+9g=0, HN ae ondD. (3.6)
Clearly, for any p € A, [, 9(p — p) dHN = > 0. Whence, (3.6) yields
/pﬂ dHN ! > /ﬁadHN—H Vpe A (3.7)
oD oD

That is, p minimizes the linear functional I(p) = |, op PU dHN 1, relative to p € A. A well established result
in rearrangement theory [4,5] ensures that p € ext(A). This means that p € S, provided that the level sets
of the trace of @ on JD are insignificant in the following sense:

VeeR: HN"'({ze€dD|a(z)=c})=0. (3.8)

Therefore, (3.8) provides an accessible criterion to verify whether (1.5) is solvable or not. This can also be
very useful for numerical simulations, if applicable.

4. Approximation scheme

The following result provides an affirmative answer to Question 1.1:

Theorem 4.1. Assume that 1 < p < oo, fo € LP(D), {fn}, ey € LP(D), and let ® be a functional on LP(D),
all satisfying the following conditions:

(i) fo— fo in LP(D).
(it) @ is strictly convex and weakly continuous on €0 (USZ R(frn)).
(iii) There exists a unique f, € R(f,) such that

VneN: &(f,)= inf ®(f)= inf &(f).
(fn) PRLAS (f) -0y (f)

Then, fn — fo in LP(D).

Remark 4.1. From Lemma 2.5 (ii), we know that:

JRT c o (U 7Tf>> @ (U mm) | (W)

n=0
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In many cases, one can prove that ® is strictly convex and weakly continuous on a larger set F D
€0 (US2 o R(fn)) (see e.g. [12, Lemma 3.3] and [16, Lemma 3.1]). For condition (iii) in Theorem 4.1, the
uniqueness of the minimizer is ensured as a consequence of ® being strictly convex and each R(f,)* being

a convex set.

The common method of proving the existence and uniqueness of (1.7) is to first relax the problem by
extending the rearrangement class to its weak closure. In these cases the second equality in (4.1) holds (see
[12,16] for details).

Finally, if the existence and uniqueness of solution are ensured for the corresponding maximization
problem,’ then one can also replace ‘inf’ by ‘sup’ in condition (iii).

We break the proof of Theorem 4.1 into several lemmas.

Lemma 4.2. Let E be a bounded subset of LP(D), and ® be a weakly continuous functional on E™. Then,
® is uniformly continuous on E™.

Proof. We argue by contradiction. Suppose that & is not uniformly continuous on E* and that there exists
an € > 0 such that

— 1
Vn €N, Jzn,yn € B ¢ |20 — ynll, < - and |®(z,,) — P(yn)| > e (4.2)

So, we have ,, — y, — 0 in LP(D). Since E is bounded, Ev is also bounded in LP(D). Hence, there exist
subsequences {z,, } and {y,, } such that x,, — % and y,, — ¥, and it should be clear that #,9 € E*. By
using the weak continuity of ® and (4.2), we have

B() — ()| > ¢ > 0. (43)
But then z, — y, — 0 implies that & = ¢, which contradicts (4.3). O
Lemma 4.3. Let f,g € LP(D) and f € R(f). Then, there exists a §j € R(g) which satisfies:

o= 7l, = ls® - £2],, < llg - 1, (4.4
Proof. By using Lemma 2.6 (i) we can prove the existence of a measure preserving map p : D — (0,|D])
such that f = f2 o p. Then we define § := g2 o p, and we will have § € R(g) and ||§] — f||p = ||gA — fAHp.
By applying Lemma 2.6 (ii), the assertion follows. O
Lemma 4.4. Let fy and ® be as in Theorem 4.1. For o > 0 and h € LP(D), we define:

Ale,h) ={g € R(fo) : llg —hllp = o},

and

[HEN N

wmm:{m%ammﬂmﬂm if Afesh)

0
00 if A(a,h) = 0. (45)

N

If A« fo) is not empty then v(«, fo) is positive.

8 Which is often the case for radial domains, e.g. [9, Theorem 3.5].
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Proof. Let {g,} C A(a, fo) be a minimizing sequence such that

1
®(g,) < inf  D(g)+ —.
gEA(a, fo) n

By Lemma 2.5 (i), we have [|gnll, = [foll, for every n € N. Hence, there exists a subsequence, still

denoted {g,}, such that g, — g in L?(D). Observe that g € R(fo)". By weak continuity of ®, we deduce:

®(g) < inf  P(g).
g€A(a, fo)

Then, we claim § # fo, which we prove by contradiction. So, let us assume that § = fo. By condition (iii) in
Theorem 4.1 we have fo € R(fo). We can now apply Theorem 2.7 to deduce that g, — fo in L?(D), which
contradicts the definition of A(a, fo).

As a result, again by condition (iii) it follows that

PN

D(fo) < ®(g) < inf  P(g).
g€A(a, fo)

This completes the proof of the lemma. 0O

In fact, we can use rearrangement theory instead of Theorem 2.7 to prove Lemma 4.4. The following
alternative proof is presented to showcase the power of rearrangement theory.

Alternative proof of Lemma 4.4 We begin the proof with two observations. First, from condition (iii) in

Theorem 4.1, fo is the unique minimizer of ® relative to R(fo)". Second, v(a, fo) is already non-negative,
so to finish the proof of the lemma we only need to rule out the possibility of v(c, fo) being zero.

For simplicity, we set A = A(v, fo). Then, note that A¢, the complement of A relative to R(fy), is equal
to the set {g € R(fo) : llg — foll, < a}; which is a strongly open subset of R(fy). By Lemma 2.5 (iii),
there exists a weakly open set W such that fo e W C A°. Without loss of generality, we can choose
W = {g € R(fo) : [t(g) — €(fo)| < €}, for some € > 0 and £ € (LP)" = L?". Since A C W¢, clearly
inf 4 ®(g) > infyye ®(g). Hence, it suffices to show that infye ®(g) > ®(fo).

To seek a contradiction we assume that infye ®(g) = ®(fo), and let {g,} € W be a minimizing sequence.
After passing to a subsequence, if necessary, and still denoted {g,}, we infer g, — g, for some g € mw.
Since £(g,) — £(g), we have § € E = {g € R(fo)" : [t(g) — €(fo)| > €}. On the other hand, by the weak
continuity of ®, we get ®(g,,) = D(g).

So we must have ®(g) = ®(fy). Since @ is strictly convex, then § = fo. Whence, fo € E, which is a
contradiction. 0O

Proof of Theorem 4.1 1In order to derive a contradiction, we assume that there exists an ¢ > 0 and a
subsequence of {f,}, still denoted {f,}, such that an — foH > ¢ for all n € N. Then, by Lemma 4.3, for
P

all n there exist g, € R(fo) and h,, € R(fy) such that

Since f, — fo in LP(D), there exists N1 € N such that ‘
> €, we have

fn_fo »

fn —9n v = anA _fOAHp < an _fOHpa

R (4.6)
b= fol| =188 = 53, < 1 = ol

fn — Gn 5 for all n > Nj. As we have assumed

<
P
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Let us now refer back to Lemma 4.4. As {g,} € R(fo), we have A(g,fo) # 0, which implies that 0 <
(5, fo) < 00. Then, from condition (i), (4.6) and Lemma 4.2, we infer the existence of Ny > Ny such that

~

fn_fo fn—9n

gn_fO > %, VnZNl (47)
p

2| |
p p

@(f) — 2(9.)| < 37 (5. 50)
o) —@(fo)| < 37 (5.40).

Vn > Ny : (4.8)

Therefore, by using (4.7), (4.8) and Lemma 4.4, we get

N 1 € & A 1 € »
(f) > (g0) = 57 (5.50) 2 @) + 57 (5. fo) > @(ha), ¥n = Mo,
which is a contradiction as h,, € R(f,). This completes the proof. O

Remark 4.2. By analyzing the proof, it can be seen that the condition (i) of Theorem 4.1 may be relaxed
to fa* — f§ in LP(0,|D]).

Question 1.2 is answered in the following theorem:
Theorem 4.5. Let p € (1,00) and assume that f, — f in LP(D). Then:

lim dg(R,",RY) =0.

n—oo

Here, R, and R" are the weak closures of R, = R(fn) and R = R(f) in LP(D), respectively.

Proof. Let &, € R,,. By Lemma 2.6 (i), &, = €2 o p,,, for some measure preserving map p, : D — (0, |D|).
Thus:

”57? O Pn — fA Opn”p = Hfﬁ - fAHp = ||an - fAHp < ”fn - fH;m (4.9)

where the inequality in (4.9) follows from Lemma 2.6 (ii).
Let us now fix an € > 0. Since f,, — f in LP(D), we infer the existence of N € N such that:

160 = 2 0 pully < |l fn = fll, <€ VYn>N, (4.10)

where we have used (4.9) and the fact that &, = £20p,,. Note that f2op, € R. Hence, from (4.10) we deduce
that &, € R + B.(0), in which B.(0) = {h € LP(D) | ||h||, < €}. In particular we obtain &, € R™ + B.(0)
for all n > N. Thus, R,, € R" + B.(0) for all n > N.

Let us now fix n > N, and consider € R,,”’. Then, there exists a sequence {n;} C R, such that n;, — 7
in LP(D). Note that 1; € RY + B(0) for all i € N. Therefore there exists g; € R such that ||n; — g:[|, < €.
Since {g;} is bounded in L?(D), we can pass to a subsequence if necessary, still denoted {g;}, such that
gi — g in LP(D). This in turn implies that g € RY.

Furthermore, we have n; —g; — n—g in LP(D). Thus, from the weak lower semicontinuity of the LP-norm
we obtain || — g|, < liminf; o [|7; — gi]l, < 26. Whence, n € g + Bae(0) € R™ + Bac(0). This shows that:

R," CRY + Bo(0), Vn>N. (4.11)

Similarly, one can prove that
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RY C R," + Ba(0), Vn > N. (4.12)

From (4.11), (4.12) and Definition 2.5, we find that dg(R,"”, R?) < 2¢ for all n > N. This completes the
proof of the theorem. O

5. A note on the computational aspects

The results of this paper, though presented in a theoretical framework, have implications for the study of
computational aspects of the rearrangement optimization problems in general, and the two problems (1.4)
and (1.5) in particular.

Whether one chooses to study rearrangement optimization problems in a more theoretical setting such as
Type-2 Theory of Effectivity (TTE) [21], or the more practical framework of numerical analysis, the results
of Section 4 guarantee the soundness of any appropriate discretization scheme.

We have provided enough ingredients for implementing an algorithm for the maximization problem (1.4).
This is mainly as a result of Theorem 3.1, which guarantees that an answer can be found in the rearrangement
class S defined in (1.3). As the generator is a characteristic function, the search space is more manageable.
In fact, in a discretized setting, every element of S can (essentially) be represented as a simple array of
zeros and ones.

This is not the case with minimization. As Theorem 3.6 shows, in general the unique solution may fall
outside S. Of course one could always devise a numerical method to search the larger function space A as
defined in (2.4), but the efficiency may not be as good as the one on the smaller set S. On the other hand,
by Remark 3.2 in the special cases where condition (3.8) is satisfied on the level sets of the trace of % on 9D,
the minimizer also falls inside S.

A numerical implementation of the gradient method for the optimization problems (1.4) and (1.5) can
be written using the formula for Gateaux derivative as provided by Lemma 2.4 (iii). Of course we have
not ruled out the possibility of local (non-global) optima. This means that a simple gradient search may
get stuck in a local optimum. One way of dealing with this problem is to inject some randomness into the
algorithm so that it gets a chance to escape local optima in order to reach a global optimum. Simulated
annealing [15] is an example of such a randomized method.

Acknowledgments

The first author was supported under a PhD scholarship (Ref no.: PGRS-11-01-01) provided by Xi’an
Jiaotong-Liverpool University (XJTLU) when part of this paper is completed and he would like to thank
XJTLU for its support in this research.

References

[1] R.A. Adams, J.J.F. Fournier, Sobolev Spaces, second ed., Pure and Applied Mathematics, vol. 140, Elsevier/Academic
Press, Amsterdam, 2003.

[2] G. Auchmuty, Sharp boundary trace inequalities, Proc. Roy. Soc. Edinburgh Sect. A 144 (1) (2014) 1-12.

[3] F. Brock, Rearrangements and applications to symmetry problems in PDE, in: Handbook of Differential Equations:
Stationary Partial Differential Equations, vol. IV, in: Handb. Differ. Equ., Elsevier/North-Holland, Amsterdam, 2007,
pp. 1-60.

[4] G.R. Burton, Rearrangements of functions, maximization of convex functionals, and vortex rings, Math. Ann. 276 (2)
(1987) 225-253.

[5] G.R. Burton, Variational problems on classes of rearrangements and multiple configurations for steady vortices, Ann. Inst.
H. Poincaré Anal. Non Linéaire 6 (4) (1989) 295-319.

[6] F. Clarke, Functional Analysis, Calculus of Variations and Optimal Control, Graduate Texts in Mathematics, vol. 264,
Springer, London, 2013.

[7] C. Cosner, F. Cuccu, G. Porru, Optimization of the first eigenvalue of equations with indefinite weights, Adv. Nonlinear

Stud. 13 (1) (2013) 79-95.

Please cite this article in press as: Y. Liu et al., Optimization problems with fixed volume constraints and stability results
related to rearrangement classes, J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2016.06.017



http://refhub.elsevier.com/S0022-247X(16)30247-5/bib41463033s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib41463033s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4175633134s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib42726F3037s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib42726F3037s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib42726F3037s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4275723837s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4275723837s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4275723839s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4275723839s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib436C613133s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib436C613133s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4343503133s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4343503133s1

ARTICLE IN PRE

18 Y. Liu et al. / J. Math. Anal. Appl. e e e (e e o) oo e—000

[8] J.A. Crowe, J.A. Zweibel, P.C. Rosenbloom, Rearrangements of functions, J. Funct. Anal. 66 (3) (1986) 432-438.

[9] F. Cuccu, B. Emamizadeh, G. Porru, Nonlinear elastic membranes involving the p-Laplacian operator, Electron. J. Dif-
ferential Equations (49) (2006) 1-10.

[10] F. Cuccu, G. Porru, S. Sakaguchi, Optimization problems on general classes of rearrangements, Nonlinear Anal. 74 (16)
(2011) 5554-5565.

[11] J. Denzler, Windows of given area with minimal heat diffusion, Trans. Amer. Math. Soc. 351 (2) (1999) 569-580.

[12] B. Emamizadeh, Y. Liu, Constrained and unconstrained rearrangement minimization problems related to the p-Laplace
operator, Israel J. Math. 206 (1) (2015) 281-298.

[13] L.C. Evans, Partial Differential Equations, second ed., Graduate Studies in Mathematics, vol. 19, American Mathematical
Society, Providence, RI, 2010.

[14] B. Kawohl, Rearrangements and Convexity of Level Sets in PDE, Lecture Notes in Mathematics, vol. 1150, Springer-Verlag,
Berlin, 1985.

[15] S. Kirkpatrick, C.D. Gelatt, M.P. Vecchi, Optimization by simulated annealing, Science 220 (4598) (1983) 671-680.

[16] Y. Liu, B. Emamizadeh, A. Farjudian, M. Marras, How to construct a robust membrane using multiple materials, preprint.

[17] F. Riesz, B. Sz.-Nagy, Functional Analysis, Frederick Ungar Publishing Co., New York, 1955, translated by Leo F. Boron.

[18] J.V. Ryff, Measure preserving transformations and rearrangements, J. Math. Anal. Appl. 31 (1970) 449-458.

[19] E. Sperner Jr., Spherical symmetrization and eigenvalue estimates, Math. Z. 176 (1) (1981) 75-86.

[20] ML.E. Taylor, Partial Differential Equations I. Basic Theory, second ed., Applied Mathematical Sciences, vol. 115, Springer,
New York, 2011.

[21] K. Weihrauch, Computable analysis. An introduction, in: Texts in Theoretical Computer Science, in: An EATCS Series,
Springer-Verlag, Berlin, 2000.


http://refhub.elsevier.com/S0022-247X(16)30247-5/bib435A523836s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4345503036s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4345503036s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4350533131s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4350533131s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib44656E3939s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib454C3135s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib454C3135s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4576613130s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4576613130s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4B61773835s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4B61773835s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib4B69726B7061747269636B47656C6174745665636368693A53696D756C617465645F416E6E65616C696E673A31393833s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib52533535s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib5279663730s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib5370653831s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib546179313161s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib546179313161s1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib576569687261756368323030303A626F6F6Bs1
http://refhub.elsevier.com/S0022-247X(16)30247-5/bib576569687261756368323030303A626F6F6Bs1

	Optimization problems with ﬁxed volume constraints and stability results related to rearrangement classes
	1 Introduction
	2 Preliminaries
	3 Maximization and minimization problems
	3.1 Maximization problem (1.4)
	3.2 Minimization problem (1.5)

	4 Approximation scheme
	5 A note on the computational aspects
	Acknowledgments
	References


