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1. Introduction

Let A be an Archimedean f-algebra with (multiplicative) unit e # 0. It is well known that Archimedean
f-algebras are commutative. We next proceed by defining the objects we study in this paper.

Definition 1. An abelian group (H,+) is an A-module if and only if an outer product - : A x H — H is well
defined with the following properties, for each a,b € A and for each x,y € H:

(1) a-(z+y)=a-z+a-y;
(2) (a+b)-z=a-x+b-x;
(3) a-(b-z) = (ab) - x;

(4) ez =u=x.

An A-module is a pre-Hilbert A-module if and only if an inner product (, ), : H x H — A is well defined
with the following properties, for each a € A and for each z,y,z € H:
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) (@, ), >0, with equality if and only if z = 0;
6) (z,y) g = (W, @) g3

) <x+y’Z>H = <x’Z>H + <va>H;

) la-z,y)y =alz,y)p.

For A = R conditions (1)—(4) define vector spaces, while (5)—(8) define pre-Hilbert spaces. We will use
Latin letters a, b, ¢ to denote elements of A, Latin letters z, y, z to denote elements of H, and Greek letters
a, 8 to denote elements of R.

It is well known that'

(@9 < (@2)y Wy)y  Yo,yeH
We can thus conclude that each z € H induces a map f: H — A, via the formula
f(x)=(z,2)y Vx € H,
with the following properties:

— A-linearity f(a-z+b-y) =af (z) +bf (y) for all a,b € A and for all z,y € H;
~ Boundedness There exists ¢ € A, such that f (z)* < ¢ (z, x)y forall z € H.

In light of this fact, we give the following definition:

Definition 2. Let A be an Archimedean f-algebra with unit e and H a pre-Hilbert A-module. We say that
H is self-dual if and only if for each f: H — A which is A-linear and bounded there exists y € H such that

f(z)=(z,y)y Vo € H.

The goal of this paper is to provide conditions on A and H that will allow us to conclude that a
pre-Hilbert A-module H is self-dual. Our initial motivation comes from Finance. There, Hilbert modules
are the extension of the notion of Hilbert spaces that the analysis of conditional information requires,
as first shown by Hansen and Richard [24]. In particular, self-duality is key to represent price operators
through traded stochastic discount factors. Our results provide the general mathematical framework where
conditional asset pricing can be performed.

Ezamples Consider a probability space (§2, F, P) and assume that G is a sub-o-algebra of F. Denote by
LO(F) = L°(Q, F,P) and L>® (F) = L>(, F, P), respectively, the space of F-measurable functions and
the space of F-measurable and essentially bounded functions. Similarly, define £°(G) and £ (G). Define
also

£2(9Q,G6,F,P)={f €L (F):E(f*I9) € £L2(9)}
and
L2 (Q,6,F,P)={f € L2(F):E(*IG) € LX(G)} -

The inner product, in both cases, can be defined by (f,g) — E(fg||G). In Section 6, we show that
£29(Q,G, F, P) is a pre-Hilbert £° (G)-module and £ (€2, G, F, P) is a pre-Hilbert £ (G)-module. Both

! See Huijsmans and de Pagter [28, Theorem 3.4] and also Proposition 4 below.
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spaces are of particular interest in Finance. The first space is the one originally used in the seminal paper
of Hansen and Richard [24]. On the other hand, in Filipovic, Kupper, and Vogelpoth [15] (see also [36]),
the second space has been shown to represent the family of all continuous and £ (G)-linear operators
from £2 (F) to £2(G).? In other words, £ (2,G, F, P) can be interpreted as the space of all conditional
stochastic discount factors (state price densities).

Related literature The literature on self-dual modules can be roughly divided in two main streams. The
first one introduced the notion of Hilbert A-modules and considers complex C*-algebras A. In particular, it
started by considering algebras that admit a concrete representation as a space of continuous functions over
a compact space. The second focuses on a particular algebra of functions, namely, £° (G) = £° (2, G, P). The
notion of pre-Hilbert A-module was introduced by Kaplansky [30]. Kaplansky [30] considers modules over
commutative (complex) AW *-algebras A with unit and shows that a pre-Hilbert A-module H is self-dual if
and only if H satisfies some extra algebraic property (Definition 9). Paschke [39] investigates the properties
of self-dual modules defined over complex B*-algebras. Two other related papers are Frank [16] and [17]
(see also [34], for a textbook exposition). In both papers, when A is assumed to be a W* complex algebra,
a pre-Hilbert A-module H is shown to be self-dual if and only if the unit ball (properly defined) of H is
complete with respect to some linear topology. On the other hand, Guo, in [21] and [22], studies pre-Hilbert
L0 (G)-modules H, where £ (G) can either be real or complex, and shows that they are self-dual if and only
if H is complete with respect to a particular metrizable topology.® Finally, Guo [19] and [20] introduced,
among other things, the notion of random inner product module.

Our contributions We provide (topological) conditions on A and H that will allow us to conclude that a
pre-Hilbert A-module H is self-dual. We start by considering A to be an algebra of £ type (Subsection 2.1).
In this case, H can be suitably topologized with several norm topologies. In particular, two norms stand out:
|| |y and || ||, (Subsection 3.1). When A is of £*° type and H is a pre-Hilbert A-module, in Theorem 3,
we show that the following conditions are equivalent:

(i) H is self-dual;

(ii) By is “weakly” compact (where By is the unit ball induced by || || ;);
(iii) H is “weakly” sequentially complete;
(iv) Bp is complete with respect to || ||,

Conditions (ii) and (iii) are novel conditions.* On the other hand, a condition of completeness, similar to
Condition (iv), has been found also in the complex case by Frank [16] (see the proof of [34, Theorem 3.5.1]).
When A =R, it is easy to show that || ||, and || ||, are equivalent (Proposition 9). Thus, in this case, prop-
erties (i)—(iv) are well known to be equivalent and we can conclude that our Theorem 3 is a generalization
of the classical Riesz representation theorem for Hilbert spaces.

We then move to consider A to be an f-algebra of £° type (Subsection 5.3). In this case, H can be
topologized with an invariant metric dp. When A is of £° type and H is a pre-Hilbert A-module, in

Theorem 5, we show that the following conditions are equivalent:

(") H is self-dual;
(ii’) H is complete with respect to dg.

2 L2(F) = £*(Q, F, P) is the space of F-measurable and square integrable functions.

3 In this paper, we focus on Hilbert modules. For the Banach case, we refer to Cerreia-Vioglio, Kupper, Maccheroni, Marinacci,
and Vogelpoth [11] and the references therein. There are three independent pioneering works on the subject: Schweizer and Sklar
[42], Guo [18-20], and Haydon, Levy, and Raynaud [25].

4 Regarding condition (ii), at the proof stage, we found a connected result in Constantinescu [12] that provides a compactness
condition related to ours. The key difference is that our work proceeds by elementary methods, that is, it does not rely on
complexification arguments.
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We are thus able to obtain Guo’s self-duality result ([21] and [22], see also [23]). Despite being different,
our proof shares some similarities with the one that appears in [22].° The contribution of our Theorem 5
to the literature is to show the connection with the self-duality result for modules on algebras of L* type.
In fact, we show that each pre-Hilbert £%-module H contains a dense pre-Hilbert £%°-module H,. Thus,
verifying the self-duality of H amounts to verify the self-duality of H., which can then be extended to H
via a density argument, using completeness. Finally, our result applies to a larger class of f-algebras when
one focuses on the real case.

Outline of the paper Section 2 introduces the two kinds of algebras A we will consider in studying the
self-duality problem. Subsection 2.1 deals with Arens algebras, that is, real Banach algebras which admit
a concrete representation as a space of continuous functions. Algebras of £ type will belong to this class
(Definition 5). Instead, Subsection 2.2 deals with f-algebras of £° type (Definition 6).

In Section 3, we show how a pre-Hilbert A-module naturally turns out to be a vector space that can also
be topologized in several different and useful ways. In Subsection 3.2, we study the corresponding topological
duals.

Section 4 deals with the study of the dual module, that is, the set H™ of all A-linear and bounded
operators from H to A. The set H™ turns out to be an A-module which can also be topologized and
its study is key in dealing with the self-duality problem. From a topological point of view, the structure
of H~ differs depending if A is of £ type or of £° type. In Subsection 4.1, we study the first case. In
Subsection 4.2, we study the second case. Finally, in Subsection 4.3, we show that H™ can be identified
with the norm dual of some Banach space when A is of £ type.

Section 5 contains our results on self-duality. First, we discuss the case when A is of £ type. An
important subcase is when A is finite dimensional, which we discuss right after. We conclude the section by
discussing the case in which A is an f-algebra of £° type. In Section 6 we discuss five examples of pre-Hilbert
A-modules that, given our results, turn out to be self-dual. We relegate to the Appendix the proofs of some
ancillary facts.

2. Function algebras
2.1. Arens algebras

Given a commutative real normed algebra A with multiplicative unit e, we denote by || || , the norm of A.
We denote by A* the norm dual of A and by (, ) the dual pairing of the algebra A, that is, {(a, @) = ¢ (a)
for all @ € A and ¢ € A*. Unless otherwise specified, the norm dual A* of A is endowed with the weak™
topology and all of its subsets are endowed with the relative weak* topology. In the first part of the paper,
we will mostly consider commutative real Banach algebras A that admit a concrete representation. These
real Banach algebras were first studied by Arens [8] and Kelley and Vaught [31].°

Definition 3. A commutative real Banach algebra A with unit e such that

lell, =1 and [ja|% < [|a® + b? Ya,b e A

I

is called an Arens algebra.

Given an Arens algebra A, define

S={pe A" :|plls. =¢(e) =1}

5 For example, the function f,, in the proof of our Theorem 5, is conceptually similar to I~an in [22, Theorem 48].
S For two more recent studies, see also Albiac and Kanton [2] and [3]. Recall that a Banach algebra is such that ||ab|| , < [la|| 4 [Ib]l 4
for all a,b € A.
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K={peS:pab)=p(a)p(b) Va,be A}.

The set K is compact and Hausdorff. Denote by C (K) the space of real valued continuous functions on K.
We endow C (K) with the supnorm. It is well known that A admits a concrete representation, that is, the
map T : A — C (K), defined by

T (a) () = (a,p) Yo e K,Va € A,

is an isometry and an algebra isomorphism (see [31,2,3]).

The cone generated by the squares of A induces a natural order relation on A itself: a > b if and only
if a — b belongs to the norm closure of {c2 ic€E A}. By using standard techniques, the above concrete
representation of A implies that (A, >) is a Riesz space with strong order unit e and T is also a lattice
isomorphism. In particular, K coincides with the set of all nonzero lattice homomorphisms and A is an
Archimedean f-algebra with unit e. We also have that each element ¢ € K is positive. Finally, || || 4 is a
lattice norm such that

lall, = min{a > 0: |a| < ae} and ||a*| , = [la’,  Va € A.

In light of these observations, note that for each a > 0, there exists a unique b > 0 such that b? = a. From
now on, we will denote such an element by az or Va.

Note that if A admits a strictly positive linear functional ¢ : A — R, then we could also renorm A
with the norm || ||; : A — [0,00), defined by |lal|; = ¢ (]a|) for all a € A. It is immediate to see that
llall; < 11@ll 4+ llall 4 for all @ € A, and so the || || , norm topology 74 is finer than the || ||; norm topology 71;
ie., 71 € 74. We will denote the norm dual of A with respect to || ||; by A’. Finally, we have that A" C A*.
If A admits a strictly positive linear functional ¢ : A — R, then we could also consider A endowed with the
invariant metric d : A x A — [0, 00), defined by d (a,b) = ¢ (|b — a|] Ae) for all a,b € A. It is immediate to
see that d(a,b) = (b —alANe) < @ (|b—al) = ||b—al, for all a,b € A, and so the || ||; norm topology 71
is finer than the d metric topology 74; i.e., 74 C 71.

The existence of a strictly positive linear functional ¢ : A — R will play a key role in the rest of the paper.”
We conclude the section by exploring the extent of this assumption and its relation with the existence of a
measure m on K whose support separates the points of A. Before presenting the formal result, we provide
a definition:

Definition 4. Let A be an Arens algebra and m a finite measure on the Borel o-algebra of K. The measure
m separates points if and only if the support of m separates the points of A.

Proposition 1. Let A be an Arens algebra and ¢ € A*. The following statements are equivalent:
(i) The functional @ is strictly positive and such that ||@|| 4. = 1;

(ii) There exists a (unique) probability measure mg = m on the Borel o-algebra of K such that suppm = K
and

5(a) = / (@) dm(p)  Vac A 1)

141) There exists a probability measure mg = m that separates points and satisfies (1).
@

7 Without loss of generality, @ can always be assumed to be such that @l 4» = 1.
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Remark 1. From now on, when we will be dealing with an Arens algebra that admits a strictly positive
linear functional ¢ on A such that |||

4+ = 1, the measure m will be meant to be mg. Vice versa, if A
admits a measure that separates points, then ¢ will be meant to be defined as in (1).

We conclude by defining a particular class of Arens algebras which are isomorphic to some space
L>(2,G, P) (see [1, Corollary 2.2]).

Definition 5. Let A be an Arens algebra. We say that A is of £ type if and only if A is Dedekind complete
and admits a strictly positive order continuous linear functional ¢ on A.

2.2. f-algebras

Assume that A is an Archimedean f-algebra with unit e # 0 (see Aliprantis and Burkinshaw [6, Defini-
tion 2.53]). It is well known that e is a weak order unit. If A is Dedekind complete and a > Le for some
n € N, then there exists a unique b € A, such that ab = e. We denote this element a=*. If @ > 0 is such
that there exists a=! and b € A, then we alternatively denote ba~! by b/a. By [27, Theorem 3.9], if A is
also Dedekind complete, for each a > 0, there exists a unique b > 0 such that b?> = a. Also in this case, we
will denote such an element by az or v/a. The principal ideal generated by e is the set

Ac={a€ A:3a>0st. |a| < ae}.

It is immediate to see that A, is a subalgebra of A with unit e. If A is an Arens algebra, then A, = A. If
there exists a linear and strictly positive functional @ : A, — R, then we can define d : A x A — [0,00) by

d(a,b)=¢(b—alAe) Va,b e A.

As in the case of an Arens algebra, d is an invariant metric. As already noted, an Arens algebra, in particular
one of L type, is an Archimedean f-algebra with unit. In this paper, other than algebras of L type, we
focus also on another particular class of f-algebras:

Definition 6. Let A be an Archimedean f-algebra with unit e. We say that A is an f-algebra of £° type if
and only if A, is an Arens algebra of L type and A is Dedekind complete and d complete.

By [5, Theorems 2.28 and 4.7], if A is an f-algebra of LY type, d is generated by the Riesz pseudonorm
¢ — @(|e| Ae), and then it is easy to prove that the topology generated by d is linear, locally solid, and
Fatou. Moreover, it can be shown that A is universally complete and such that:

1. If a, 4 0 and b > 0, then a,b | 0 and a,,b A 0;
2. If >0 and a, i a, then ba,, i ba.

3. The vector space structure of H

In this section, we will first show that a pre-Hilbert A-module has a natural structure of vector space.
Next, we will show that the A valued inner product ( , ), shares most of the properties of standard real
valued inner products. In particular, under mild assumptions on A, we will show that it also induces a real
valued inner product on H, thus making H into a pre-Hilbert space.

We use the outer product - to define a scalar product:

“:RxH — H
(a,z) = (ae) -z’
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We next show that - makes the abelian group H into a real vector space.

Proposition 2. Let A be an Archimedean f-algebra with unit e and H an A-module. (H,+,-¢) is a real vector
space.

Proof. By assumption, H is an abelian group. For each «, 8 € R and each x,y € H, we have that

(1)
(2)
(3)
(4)

=a-r+a-y;
(@) 24 (86) = a ot B o
= ((aB)e)-z = (af) “a

af(z+y)=ae- (v+y)=(ae) z+ (ae)-y
(a+p8)“z=((a+p)e) z=(ae+pe) z=
a-©(B-°x)=(ae)-((Be)-z) = ((ae) (Be)) - x
1-¢x= T =

(Le) - e-x=z. O

From now on, we will often write ax in place of « -© x.

Corollary 1. Let A be an Archimedean f-algebra with unit e and H an A-module. If f : H — A is an
A-linear operator, then f is linear.

If A is an Arens algebra, given a probability measure m on the Borel o-algebra of K we can also define
(, ) :HxH—=Rby

@)= [y phdm () Voye
K

For each ¢ € K, we also define and study the functionals (, >v : H x H — R defined by

<$7y>¢:<<x,y>[{,§0> Va,y € H.

Note that (, ), = (, >6¢ for all ¢ € K where 0, is the Dirac measure at ¢. We next show that (, ), isa
symmetric bilinear form which is positive semidefinite on H x H.

Proposition 3. Let A be an Arens algebra and H a pre-Hilbert A-module. The following statements are true:

1. (., ),, s a positive semidefinite symmetric bilinear form;

2. (x,x), =0 implies x = 0, provided m separates points;

3. <:c,y)3n <(z,x),, (Y,y),, forallxz,y € H;

4. (x,a-y),, =(a-x,y),, forallaec A and forall x,y € H;

5. (x,y),, = ¢ ({x,y)y) for all x,y € H, provided m separates points.

Proof. We here prove points 2. and 5. and leave the remaining easy ones to the reader. Assume that m
separates points. Define ¢ as in (1). By Proposition 1, it follows that

5(a) = / (@) dm(p) VYaeA ()

is a strictly positive and linear functional.
5. By definition of (, ),, and (2), observe that for each z,y € H

@)= [ g b dm (0) =5 ((@0) ).

K
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2. By assumption, (z,z), > 0 for all z € H. By point 5., if (z,z),, =0, then ¢ ((z,x),) = 0. Since ¢ is
strictly positive, we have that (x,z), = 0, proving that + =0. O

Corollary 2. Let A be an Arens algebra and H a pre-Hilbert A-module. If A admits a measure m that
separates points, then (H,+,-,(, ),,) is a pre-Hilbert space.

Proposition 4. Let A be an Arens algebra and H a pre-Hilbert A-module. The following statements are true:

2

1' <$7 y>H S <$7 x>H1<y7 y>H1fOT a” €,y S H;

2. [, y) | < (@, 2) 5 (v, 9) iy for all x,y € H;

2
5. | )|, < 1@ @)l gl )l g Sor allz,y € H;
1 1

4 Kz vy gl g < @ 2) gl 3 1Ky, ) pll 3 for all z,y € H.
Proof. By Proposition 2 and Corollary 1 and since A is, in particular, an Archimedean f-algebra with unit,
point 1. is an easy consequence of [28, Theorem 3.4]. Since A is an Arens algebra, each positive element

admits a unique square root and point 2. also follows. Since A is an Arens algebra and || || , is also a lattice
norm, we have that for each z,y € H

2 2
Nyl = @), < 1@ e) s @vula < )l 65 a
proving points 3. and 4. O

Remark 2. If A is a Dedekind complete Archimedean f-algebra with unit e, then points 1. and 2. are still
true and their proofs remain the same.

3.1. Topological structure

Since a pre-Hilbert A-module H is also a vector space, we can try to endow H with a topology induced
by either a norm or an invariant metric. In fact, given the structure of A and H, we have several different
competing norms and topologies. The next subsections are devoted to the study of these norms and metric
and their relations. Before starting, note that if A is an Arens algebra or a Dedekind complete Archimedean
f-algebra with unit, then ( , ), defines a vector-valued norm, N : H — A ,® via the formula

N($)=<.’E,ZL‘>I%{ Vo € H.

If A were equal to R, then N would be a standard norm and we would say that

PPN N (z—z,) — 0.

Since R is always endowed with the usual topology, this definition would be unambiguous. When A # R,
such a statement is not true anymore, since we could endow A with different linear topologies changing the
meaning of N (z — x,,) — 0. In other words, by combining the topological structure of A with N we are able

8 In particular, N is such that

1. N (z) =0 if and only if x = 0;
2. N(a-z)=|a| N (z) for all a € A and for all z € H;
3. N(zx+y) < N(z)+ N (y) forall z,y € H.
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to induce different topologies on H (see point 5. of Proposition 5, point 3. of Proposition 6, equation (5),
and point 2. of Proposition 7).

3.1.1. The || ||z norm
Assume A is an Arens algebra. Define || ||, : H — [0,00) by

For each ¢ € K, define also || ||, : H — [0, 00) by

zll, = +/(z,2), Ve € H.

Proposition 5. Let A be an Arens algebra and H a pre-Hilbert A-module. The following statements are true:

- ll, s a seminorm for all p € K;

-l s a norm;

Nzl = maxper (|2, = /maxpex (z,2), for allz € H;
Na-zlly < a4 |zl for alla € A and all x € H;
Nzl = |IN (x)]| 4 for allz € H.

Gr B~ Lo v~

Proof. Points 1. and 2. follow from routine arguments.
3. Recall that T': A — C (K) is a linear isometry. Thus, we have that

Izl = 1@, @) gl y = IT (2, 2) )l = max |T ({z, 7)) (¢)| = max [{(z, 2) r , )|

:gg})({‘(l‘,@w’ = max (,2), :gleal)((HxHi Vo e H,

proving the statement.
4. Given any a € A and = € H, it holds

la- il = o~ 2,a-2) 4 = [lo® (z. 2 4 < N|a®]| 2}l < Nally 2 2) el g

proving the statement.
5. Since A is an Arens algebra, it follows that ||\/a| , = \/|lall 4 for all a € A;.? This implies that

=[IN@Iy  Veed,

lelly =Tl = |/

A

proving the statement. O
By Proposition 4, it readily follows that

Kz, ) plla <My llyly Yo,y e H 3)

9 Recall that if a > 0, then a® = b is the unique positive element such that b2 = a. Since A is an Arens algebra, it follows that
2 .
lall 4 = [|b*]|, = oIl = IVall%, proving that

[val, = \/llall,  Vae Ay
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Corollary 3. Let A be an Arens algebra and H a pre-Hilbert A-module. For each y € H, the operator
)y H— A s A-linear, || |z — || |4 continuous, and has norm ||y|| -

Proof. Fix y € H. It is immediate to see that the operator induced by y is A-linear, thus, linear. Continuity
easily follows from (3). Since the norm of the linear operator is given by

sup { [, y) |4 / I2ll = = # O},
the statement easily follows from (3) and the definition of || ||,. O

In light of these observations and since || ||; can be defined for any pre-Hilbert A-module when A is an
Arens algebra, we make the following definition:

Definition 7. Let A be an Arens algebra and H a pre-Hilbert A-module. We say that H is an Hilbert
A-module if and only if H is || ||;; complete.

3.1.2. The || ||, norm
Assume A is an Arens algebra that admits a strictly positive linear functional ¢ such that ||| ,. = 1.
Define || [, : H — [0, 00) by

lall, =& ((w.2)f)  VeeH.

Proposition 6. Let A be an Arens algebra and H a pre-Hilbert A-module. If A admits a strictly positive
functional ¢ such that |||

4« = 1, then the following statements are true:
1. [, s a norm;
2. \la-z|l, < llall 4 ]|, for all a € A and for all x € H;

3. |lzll, = @ (N (x)) = [N (2)]ly for all x € H.

Proof. Since ¢ is strictly positive, note that
1 1
=0 <= (2,2)y =0 < (z,2)5 =0 < @ ((a:7x>§1) =0 < |||, = 0.
Second, since @ is linear, observe that for each o € R and for each x € H

lazl, = ¢ ({az.a2)f) = & (Il (.27 ) = lal ¢ (. 2)) = lal a1,

Third, by Proposition 4, note that for each z,y € H

@ty e +y)y= (o) +2@ g+ Yy < (T,2)y +2<x7$>1%{ <y,y>1%{ + Wy

~ (b + k)

1 1 1
We can conclude that (x +y,z+y) 4 < (x,2)} + (y,y)} for all z,y € H. Since ¢ is positive and linear,
the triangular inequality for || ||, follows.
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2. Given any a € A and x € H, since ¢ is positive and linear, it holds
_ 1\ AP 3
la-al, = ((a-z.a-2)5) = & (lal @2)F) <& ((lallye) (2,2)7 )
< llalla @ ((,2)%) = llalLa el

proving the statement.
3. The statement follows by definition of || [|, and || [|;. O

3.1.3. The | |, norm
Assume A is an Arens algebra that admits a strictly positive linear functional ¢ such that |||

=1lor
A~ )
equivalently, a probability measure m that separates points (see Proposition 1). Define || ||, : H = [0,00)
by

el = /() = /(x,x}w dm(¢)  Vaoe H. (@)

By Propositions 1 and 3, (, ),, is an inner product on H and it is immediate to see that || |/, is a norm

ol = /& (@ 0)y) = /8 (N @)  veem (5)

and

8.1.4. The dg metric

Assume that A is either a Dedekind complete Archimedean f-algebra with unit that admits a strictly
positive linear functional ¢ : A, — R or A is an Arens algebra that admits a strictly positive linear functional
4+ = 1. Define dy : H x H — [0, 00) by

¢ : A — R. In the second case, assume also that |||
du (@)= (N (@ —y)ne)  VayeH ©)

Recall that the hypothesis of Dedekind completeness is needed to define N (x) = (x,w)%l when A is an
Archimedean f-algebra with unit.

Proposition 7. Let A be either a Dedekind complete Archimedean f-algebra with unit e or an Arens algebra
and H a pre-Hilbert A-module. If A admits a strictly positive functional ¢ : A, — R, then the following

statements are true:

1. dg is an invariant metric;
2. dy (x,y) =d(0,N (z —y)) for all z,y € H.

Proof. 1. Since ¢ is strictly positive, we have that

dp (z,y) =0 <= ¢(N(z—y)Ae)=0 < N(xz—y)Ae=0

< N(@x—-—y) =0 < z=y.
It is immediate to see that dy (z,y) = dg (y,z) for all x,y € H as well as

dg (x4 z,y+2) =dy (x,y) Vx,y,z € H.
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Finally, by [6, Lemma 1.4] and since N (x +y) < N (x) + N (y) for all x,y € H, we can conclude that

di (2,y) =@ (N (z —y)Ae) = (N ((z = 2) + (2 —y)) Ne)
P(N(x—-2)+N(z-y)re) <p(N(z—2)Aet+ N(z—y)Ae)
d

H(.'E,Z)—FdH(Z,y) V.’L',y7Z€H,

IN

proving the statement.
2. By definition of dg, d, and N, we have that

dg (z,y) =@ (N(z—y)Ne)=@(|N(x—y)—0|Ae)=d(0,N (x —y)) Vax,y € H,
proving the statement. O

3.1.5. Relations among norms
Assume A is an Arens Algebra that admits a strictly positive linear functional ¢ such that [|¢[| 4. = 1.
First, by Propositions 1 and 5 and by equation (4), we have that

lzl,, <l=ll; Vo€ H.

We can conclude that

H HH

Il
0 = =z, — 0.

The || || norm topology 7 is thus finer than the || ||,, norm topology 7p,; i.e., 7, € 7g. Similarly, by
Proposition 1, we have that

lall, =@ (te.0%) = [ (@)l ) dm o) = [ () ) dm o)

K K

/HH, Ydm (p) = |2, Ve H.
K

We can conclude that

[,
T, HJ}” 0 = z, ”—‘>p 0. (7)

The || ||,,, norm topology 7y, is thus finer than the || ||, norm topology 7; i.e., 7, C 7,. Summing up, we
have that

lzll, < llzll,, < llzlly — VoeH. (8)
Finally, note that

dg (z,y) <z —yl,  Va,yeH. (9)
The || ||, norm topology 7, is thus finer than the dy topology 7a,; i.e., 74, C 7p.

We next explore the continuity /boundedness properties of A-linear operators: f : H — A. We then
conclude by showing that our three norms are equivalent when A is finite dimensional.
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Proposition 8. Let A be a Dedekind complete Arens algebra and H a pre-Hilbert A-module. If A admits a
strictly positive linear functional ¢ such that ||p|| 4. =1, the following statements are true:

1. An A-linear operator f : H — A is bounded if and only if f is || || — || |4 continuous;

2. If f+ H — Ais A-linear and || ||z — || |4 continuous, then f: H — Ais || ||, — || ||, continuous;
3. If f: H— Ais A-linear and || || — || || 4 continuous, then f: H — Ais || ||, — || ||; continuous;
4. For each xz,y € H,

lo (z ) )l < @ (2, 9) pl) = e ) g lly < Nl 1yl s
5. For each x,y € H,
o (@, 9) )l < @ () g ) = Kz w) lly < Ml Nyl -

Proof. 1. By Corollary 1 and since f is A-linear, f is linear. If f is bounded, then there exists ¢ € A, such
that

2 (z) < clz,z)y Vr e H.
Since || || 4 is a lattice norm and A is an Arens algebra, this implies that

If @)% = 1|72 @), < ledw @) glly < lella e, @)glly Ve e H,

thatis, [|f (z)|| 4 < v/llcll 4 ||l g for all z € H. We can conclude that fis || || ;—]| || 4 continuous. Vice versa,
assume that f is || ||; — | || 4 continuous. It follows that there exists k > 0 such that || f (z)||, < k||z|| for
all z € H. Fix x € H. Since f is A-linear, it follows that for each a € A

a?f? @), = laf @)% = £ (a-2)|% <k [{a-za-2) ], =k [ @, 2) 4], -

Since A is a Dedekind complete Arens algebra, this implies that f2(x) < (er) (z,x).'0 Since z was
arbitrarily chosen, it follows that f is bounded.

2. By point 1. and since A is a Dedekind complete Arens algebra, if f : H — Ais || ||; — || || 4 continuous,
then there exists ¢ € A4 such that

f (@) <clea)y  VeeH
Since @ is (strictly) positive, we have that
0<If @l =5(f @D < (cle.a)h) <@ (Uelae) @ o))
= el & (@ 20%) = llella I2ll, vz e H.

3. By the proof of point 2. and (7), the statement follows.

10 For a Dedekind complete Arens algebra A, it is true that if ¢, d € A are such that

llocll o < Nodll 4 Vb e Ay,

then ¢ < d. In our case, ¢ = f2 (), d = k? (z, x) , and, given Subsection 2.1, it is enough to observe that A = {a2 ta € A}.
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4. By Proposition 4 and since @ is (strictly) positive and linear, we have that

1
2

16 (@ w)l < 2 (G w)ul) <@ (@ o)k i) e (@ (| ek

+))
= 19l (o) h) = Il o, Yo,y e H,

proving the statement, since ¢ (|(z,y) 4|) = [{z,y) y ||, for all z,y € H.
5. By point 4. and (8), the statement follows. O

Remark 3. It is important to note that in the proof of point 1. the existence of a strictly positive functional
@ did not play any role. Similarly, in the proof of points 4. and 5. the assumption of Dedekind completeness
was not used.

Proposition 9. Let A be an Arens algebra and H a pre-Hilbert A-module. If A is finite dimensional, then A

admits a strictly positive linear functional ¢ such that ||¢|| ,» = 1 and the norms | || and || || are

pr I s
equivalent.

Proof. Since A is finite dimensional, we have that K is finite (see Semadeni [43, Corollary 6.4.9 and Propo-

:ﬁforallgpeK.By

4~ = 1. Consider now a generic strictly positive

sitions 6.2.10 and 7.1.4]). Since K is finite, consider m = mg such that m ({¢})

Proposition 1, @ is strictly positive, linear, and such that |||
linear functional ¢. By Proposition 1 and since K is finite, it is immediate to see that m ({¢}) > 0 for all
¢ € K. Consider a sequence {z,},.y € H. By Proposition 1, Proposition 6, point 3. of Proposition 5, and
since K is finite, it follows that

I 1
Ty =0 = |z, =0 = /<<xmwn>?{,s@>dm(<ﬁ)—>0

K

= lzall, 20 VoK < |znlly =0 < 1 1L 0,
proving that | Hp and || ”H are equivalent. By (8), the statement follows. O

3.2. The norm duals of H

Assume A is an Arens algebra that admits a strictly positive functional ¢ such that ||¢||,. = 1. Recall
that on H we have at least two competing norms for H: || || and || ||,,- We denote by By the closed unit
ball with respect to || ||; and by B,, the closed unit ball with respect to || |,

In this subsection, we study the norm duals these norms induce. We denote them, respectively, H* and H’'.
Since ||z||,, < |||l for all z € H, we have that H' C H* and, given | € H', that

1l e = sup {|l ()] = [ll,,, <1} = sup {[L(2)] : ||zl < 1} = (1Ll - - (10)

Consider ¢ € A* and y € H. By Corollary 1, note that ¢ o (,y) is a linear functional. By Corollary 3,
the || ||;; continuity of po ( ,y), follows, since the operator ( ,y), is || || — || || 4 continuous and ¢ is || ||,
continuous. On the other hand, by Proposition 8 (see also Remark 3), if ¢ € A" C A*, || ||,,, continuity of
@ o (,y)y follows since the operator ( ,y), is || ||,, — || |l; continuous and ¢ is || ||; continuous.

Lemma 1. Let A be an Arens algebra and H a pre-Hilbert A-module. If A admits a strictly positive functional

@ such that ||¢|| ,» =1 and S: H — H' C H* is defined by

Sy=¢e, vy  VyeH,
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then:

1. S is well defined and linear;
2. ker S = {0};
3. S is such that ||S (y)|| = llyll,, for ally € H. In particular, S is || ||, — || ||z continuous.

Proof. 1. Note that ¢ € A’ C A*. By the arguments preceding the proof, we have that for each y € H the
functional S (y) is linear and || ||, and || |[,,, continuous, so that, S is well defined. For each ay, s € R and
y1,y2 € H, we also have that

S (cayr + azyz) () = @ ({(z, cay1 + azy2) ) = @ (2, a1y1) g + (7, a2y2) )

®
¢ (2, (e) - y1) g + (2, (a2¢) - y2) )
®

(
(
((e) (z,y1) pr + (aze) (x,y2) )
(

o (z, ?/1>H + o <$7y2>H)

Il
i

19 ((z,y1) ) + 20 ((2,92) )
a1S (y1) (¥) + @28 (y2) (v) Vo € H,

proving S is linear.
2. Consider y € H. Assume that S (y) = 0. It follows that

e, ) ) =S (y)(x) =0 Ve H.

By choosing = y and since ¢ is strictly positive, we have that

(v, 9)y) =0 = (Y,y)y =0 = y=0.

This yields that ker S = {0}.
3. By Corollary 2 (see also Proposition 3), recall that H with the inner product ( , )
space. It follows that

is a pre-Hilbert

m

15 () (@) = @ (&, 9) )| = (@ 9) | < Ml 19l Yo,y € H.

We can conclude that ||S (y)| . = |lyll,, forally € H. O

Next proposition shows that S : H — H* is an isometry when H is endowed with the norm || ||, and H*
is endowed with the norm || || ;..

Proposition 10. Let A be a Dedekind complete Arens algebra and H a pre-Hilbert A-module. If A admits a
strictly positive linear functional ¢ such that ||@| 4~ =1, then ||S ()|l - = ||yll, for ally € H.

Proof. Consider [ € S (H). It follows that there exists y € H such that [ (z) = ¢ ((z,y) ) for all z € H and

Ul g = sup & ({2, 9)p) -
r€EBy

1
First, consider the problem sup,cp,, (z,v)y. If € By, then |[(z,z) ;| , <1 which yields (z,z) <e. By
Proposition 4, this implies that
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(0,90 < (@, 2)% )i < 090k Vo € By

1
Since A is Dedekind complete, it follows that A > sup,cp, (z.y)y < (¥,y) - Next, we show that [ly[|, =

.

1 1
P ((y,yﬁ{) = sup,ep, P (2, 9)y) = |ll|| g« Consider a, = (y,y)f + %e > 0 for all n € N. Since (y,y)} €
AL, it is immediate to see that a, is invertible for all n € N. Define y,, = a,;! - y for all n € N.

Claim. For each n € N,

<ynayn>H'::<a;1'y7a;1'y>H'S €.

1 Il 1
Moreover, 0 < (yn,y) gy < (y,9)} for alln €N, (yn,y) g T, and (Yn,v) 5y = (Y, y) 3

Proof of the Claim. See the Appendix. O

1
We can conclude that [|y,[|;; < 1 for all n € N. Since ¢ € A* is positive and (y,y) 7, > sup,ep, (T, ¥)y >
(z,y)y for all z € By, it follows that

l — —
¢ (k) 2 0 (0 ) 2 6 (eda) Vo€ B,
r€EBy
1
that is, ( é) > Supgep, @ ({(z,y)y). Vice versa, since ¢ € A* is positive, note that
) =

1 .
SUD ey B ((,9) 1) = SUDcas @ ((Yns ¥ 3g) = 1ima & (s ) ) = & ({0 ) ), proving the statement. 0

Remark 4. Observe that, under the assumptions of the previous proposition, the completion of H with
respect to || ||, denoted by H,, can be identified with the || || . closure of S (H) in H*. We will always
adopt this identification.

We conclude the section with an ancillary lemma which will be instrumental in proving one of our main
results on self-duality.

Lemma 2. Let A be a Dedekind complete Arens algebra and H a pre-Hilbert A-module. If A admits a strictly

positive functional ¢ such that ||| 4« =1, then (, ),, = @o(, )y admils a unique bilinear extension from
H x H, to R, denoted ( , such that:

>;1,7

1. ’(:U,yﬁn’ < |zl g lyll, for allz € H and y € Hy;
2. If (x,y),, = (x,y'),, forallz € H, theny =1y'.

Proof. Denote the dual pairing of H and H* by ( , >HH Note that for each x,y € H
(@, S W) pu- =5 W () =(z,9),,

< N2l IS @)l gr- = 12l Iyl for all @,y € H. Since H, can

Moreover, by Proposition 10, ‘(m, SY)) py ge

be identified with (cly .. (S (H)), I [|g.), by defining (, ), = (, )i g+ the main statement and point 1.

follow. We next prove uniqueness. Assume that (, ), is a bilinear extension of ( , ), satisfying 1. Consider

y € Hy, and x € H. There exists {y,} C H such that y,, — y. Thus,

neN
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(@9 = @ 9)5n] < |(@ 90 = @) |+ @by, = (295

= |(@9)n = (@] + @), = (2] = 0,

proving that (z,y), = (z,y), . Since z and y were arbitrarily chosen, uniqueness follows. Finally, we have
that if y,y’ € H, are such that for each z € H

(@ Y)m = (@0 )
then, (z,y)y - = (2,Y') gy g, yielding y = y'. O
4. Dual module
Given an Archimedean f-algebra A with unit e and a pre-Hilbert A-module H, we define
Y= {f e A" : f is A-linear and bounded} .

Proposition 11. If A is a Dedekind complete Archimedean f-algebra with unit e and H a pre-Hilbert
A-module, then H™ is an A-module.

Proof. Define +: H~ x H~ — H"™ to be such that for each f,g € H™~

(f+9)(z)=f(z)+g(x) Vx € H.

In other words, + is the usual pointwise sum of operators. Define - : A x H~ — H™ to be such that for
each a € A and for each f € H™

(a-f)(z)=af (x) VreH.

It is immediate to verify that H™ is closed under + and -.!! In particular, (H,+) is an abelian group. Note
that for each a,b € A and each f,g € H™:

(@-(f+9)(z) = a((f+9)(2) = a(f(x) +g(x)) = af (x) +ag(z) = (a-f) () + (a-g)(z) =
(a-f+a-g)(x)forallz € H, that is,a-(f+g)=a-f+a-g.

((a+b)-f)(x) = (a+b) f(z) = af (x) + bf (x) = (a-f)(x) + (b f)(x) = (a-f+b-f)(z) for all
x € H, thatis, (a+b)- f=a-f+b-f.

(a-(b- ))( )=a((b-f)(x)) =a(df(z)) = (ab) f (z) = ((ab) - f) (z) for all x € H, that is, a- (b- f) =
(ab) - f

(e- f(x) forall z € H, thatis, e- f = f. DO

(Tl
\h
~
—~

8
~—

|

D
~
—~

8
~—

|

If A is Dedekind complete, then define S~ : H — H™ by

S¥(w)=(.y)y  VyeH

Given Remark 2 and the properties of (, ), the map S~ is well defined. We next study the (topological)
properties of this map and its connection to the self-duality problem. Since the topologies involved are

1 Dedekind completeness yields the existence of the square root for positive elements of A. This property is used to show that
the sum of two bounded A-linear operators is bounded.
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different, we split this study in two cases: Dedekind complete Arens algebras and f-algebras of £° type.
Before starting, we need one more definition:

Definition 8. Let H; and Hs be two A-modules and S~ : H; — Hy. We say that S~ is a module homomor-
phism if and only if

SY(a-z+b-y)=a-S"(x)+b-5(y) Ya,b € A,Vx,y € H.
We say that S™ is a module isomorphism if and only if it is a bijective module homomorphism.
4.1. Dual module: Arens algebras

If A is a Dedekind complete Arens algebra (see Proposition 8 and Remark 3), we have that
H~ ={fe A" fis Alinear and || ||, — | ||, continuous}.

In this case, we define || ||z~ : H~ — [0, 00) by
[z~ = sup [[f (@), VfeH™.
rEBg

Recall that if f € H™, then f is linear. Thus, in this case, we have that H~ C B (H, A), where the latter is
the set of all norm bounded linear operators from H to A when H is endowed with || ||;; and A is endowed
with || [

Proposition 12. Let A be a Dedekind complete Arens algebra and H a pre-Hilbert A-module. The following
statements are true:

1. H~ ={f e A" : f is A-linear and || || — || ||, continuous}.

2. H” is a | || g~ complete A-module.

3. S~ is a well defined module homomorphism and [|S™ (y)|| gy~ = ||yl 4 for ally € H.
4. If H is self-dual, then S~ is onto and H is || || complete.

Proof. 1. It follows from point 1. of Proposition 8 (see also Remark 3).
2. By Proposition 11, H™ is an A-module. In particular, H™ is a vector subspace of B (H, A). Consider
a || [z~ Cauchy sequence {f,},cy € H~ C B(H,A). By [4, Theorem 6.6], we have that there exists

f € B(H, A) such that f, | ”—fﬁw f- We are left to show that f is A-linear. First, observe that f: H — A is
such that
f(x) =lim f, (z) Ve e H
n

where the limit is in || ||, norm. We can conclude that for each a,b € A and z,y € H

W r ) = afu @) "2 ar @), 0f0 () " br ()

fo@) "% r @), faw)

Ll
= afn (¥) +bfn (y) " af (z) +bf (y).
At the same time, af, (z) +bfn (y) = fu(a-xz+b-y) I s fla-z+b-y) for all a,b € A and z,y € H.
By the uniqueness of the limit, we can conclude that f(a-z+0b-y) = af () + bf (y) for all a,b € A and
x,y € H, proving the statement.
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3. Define S~ : H — H™ by
ST () (x) =(2,y)y  VreH.

By Corollary 3, it follows that S~ is well defined and such that ||S™ (y)| z~ = |lylly for all y € H. Note
also that for each a,b € A and for each y,z € H
ST (a-y+b-2)(x)=(r,a-y+b-2)g =alr,y)y +blz,2)y
= aS™ (y) (x) + 657 (2) (2)
=(a-57 () () +(b-57(2))(x) VreH,

in other words, we have that S~ (a-y +b-2) = a-S~ (y)+b-5~ (2), that is, S~ is a module homomorphism.
We can also conclude that

157 () =S~ (M~ =157 @ = 2lla~ =y = 2l

that is, S™ is an isometry.
4. If H is self-dual, it is immediate to see that S~ is onto. Consider a || || ; Cauchy sequence {z,,}, .y € H.
Since S~ is an isometry, it follows that {S™ (z,)}, ey is a || ||z~ Cauchy sequence in H™. Since H™ is || || ;~

complete and S™ is onto, it follows that there exists f € H™ such that S™ (z,,) I~ f =5~ (z) for some

x € H™. Since S™ is an isometry, we have that x,, I s x, proving that H is || ||;; complete. O

4.2. Dual module: f-algebras of L° type

In order to discuss the continuity properties of the map S~ we need to endow H~ with a topology. We
saw that if A is an Arens algebra, then the choice of topology for H™ is rather natural: the one induced by
the standard operator norm || || ;;~. The same choice cannot be made when A is an f-algebra of £° type.
Thus, first we define the operator vector-valued norm N, : H~ — A, by

N, (f) = sup (supLz”l) Vfe H™.

zeH \nen N () + e
Then, we define the metric dg~ : H~ x H™ — [0,00)
dHN(fvg):d<OaN*(f_g)) Vf,gEHN.
Lemma 3. If A is an f-algebra of L° type and H a pre-Hilbert A-module, then dg~ is an invariant metric.

Proposition 13. Let A be an f-algebra of L° type and H a pre-Hilbert A-module. The following statements
are true:

1. H~ = {f € A . f is A-linear and dg — d continuous}.

2. S~ is a well defined module homomorphism and dg~ (S~ (z),S™ (y)) = du (x,y) for all z,y € H.
8. If H is self-dual, then S™ is onto and H is dg complete.
Proof. 1. We first show that

H~C{fe A" : fis A-linear and dy —d continuous} .
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Consider f € H~. We only need to show that f is dg — d continuous. Since f is bounded, there exists
¢ € Ay such that

|f (x)] <N (x) Vo € H. (11)

By [41, Theorem 1.32] and since f is A-linear, f is linear and we only need to show continuity at 0. Consider
{#n}, ey € H such that x, ), By definition of dg, it follows that N (x,) A 0, thus ¢N (x,,) 0. By (11)
and definition of d, it follows that d (0, f (z,)) = @ (|f (xn)| Ae) < @ ((eN (x,)) Ae) = d(0,eN (x,)) — 0,
proving continuity at 0.

As for the opposite inclusion, we consider an A-linear and dy — d continuous function f and show it is
bounded. First, define By, = {x € H : N (z) < e}. Consider a sequence {z,},.y € Br, and {an}, .y SR
such that a,, — 0. It follows that there exists 7 € N such that |a,| < 1 for all n > n. This implies that for
n>n

dy (07 O‘nxn) = (N (anwn) A e) = ((‘O‘n| N (mn)) A e)

<@ (lanlene) = lanl@(e) =0,

proving that oy, g, By [41, Theorem 1.30] and [41, Theorem 1.32], we have that By, is topologically
bounded and so are f (Bg,) and {|f ()|} ,cp,, - Consider the following binary relation on By, :

vy = |f@)=]f @l

It is immediate to see that > is reflexive and transitive. Next, consider x,y € By, . Since A is an f-algebra
of £° type, it follows that there exists ¢, co € Ay such that ¢; Acy =0, ¢1,¢3 < e, and

alf @ +elf l=I1f@VIf@I."

Define z = ¢;-x+ca-y. Note that N (¢ - ¢+ c2 - y) < erN (x)+caN (y) < cre+cze < e, proving that z € By, .
At the same time, since ¢; A ca = 0, it follows that ¢yco = 0. This implies that (¢1 |f (z)|) (c2|f (y)]) = 0,
yielding that (c1|f (2)]) A (c2|f (y)]) = 0. By [4, Theorem 8.12] and since f is A-linear, we can conclude
that

[f I =f(er-z+er-y)l =lenf (2) +caf W) = erlf (@) + e f W) = f @) VIf ()]

Thus, for each z,y € By, there exists z € By, such that z > z and z > y. It follows that (Bg,,>) is
a directed set and {|f (z)|},cp, is an increasing net. By [5, Theorem 7.14 and Theorem 7.50], we can
conclude that {|f ()|},cp, is order bounded. Therefore, there exists ¢ € A, such that |f (x)| < ¢ for all

x € By, . Next, consider « € H. Define a,, = (N (x) + %e)_l and z,, = a, -z for all n € N. It is immediate
to see that x,, € By, . By the previous part of the proof, this implies that |f (a, - )| < ¢ for all n € N. Since
f is A-linear, we can conclude that

|f(x)<C(N(x)+%e> Vn € N.

12 Consider by, by € A4. By [11, Lemma 3], there exists ¢ € A such that 0 < ¢; < e, ¢c1 A(e—c1) = 0, and ¢1 (b1 — b2) =
(by — ba)™. Define ¢y = e — ¢;. It follows that

Clb1+62b2:b2+C1(b1—b2):bz-‘r(bl—b2)+:b2+(bl—b2)V0:b1Vb2.

It is enough to set by = |f (z)| and ba = |f (v)].
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By taking the limit and since the topology induced by d is solid and = was arbitrarily chosen, it follows
that

If (z)| < eN (z) Vz € H, (12)

proving the statement.
2. For each a,b € A and for each y,z € H
SY(a-y+b-2)(x)=(z,a-y+b-2)y =a(x,y)y+b(zx,2)y
=aS™ (y) (z) + 657 (2) (x)
=(a-57(y) (@) +(b-57 () (x) VreH,
in other words, we have that S~ (a -y +b-2) = a-S™ (y)+b-S™ (z), that is, S~ is a module homomorphism.

We next show that S™ is an isometry. Consider z € H. By Proposition 4 (see also Remark 2), we have that
for each € H and for each n € N

1% (2) (@) = [(2,2) | < (@, 2)% (2,2)% = N (z) N (2)

I
N
=
&
_l’_
3 |-
Q/
=
O

This implies that

ng(z) Vo e H,Vn e N,
N(z) + e
which yields that
i EMCTETy
N, (5™ (2)) = N@)+le) SNE:
e = (o e ) <N

Consider now x = z. It follows that

15~ (2) (2)] N?(2) 13
w ) e N :
nel N () + Le nell N (2) + Le ),

yielding that

13 Consider a € A . Define a,, = a + %e for all n € N. It follows that {a;l}neN
is {a;laQ}neN. Note that a < ay,, thus aa;l < e for all n € N. Note also that

is a well defined and increasing sequence, and so

1
a +—a:a<a+—e>:aan Vn € N,
n

that is,

It follows that

By [4, Theorem 8.43] and since the topology generated by d is locally solid and Hausdorff, we can conclude that sup,, (a;laz) =a.
It is enough to set a = N (z).
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~()) — 157 @) @Y S T E
N(57(=) = igg (ilég N (z) + %e) = neg N(z)+ te =N

and proving that N, (S~ (z)) = N (z). Since z was arbitrarily chosen, we have that for each z,y € H
dg~ (5™ (), 57 (y)) = d (0, N, (57 (x) = 57 (y))) = d (0, N« (5™ (z = y)))

=d(0,N(z—y)) =dg (z,y),

proving the statement.
3. If H is self-dual, it is immediate to see that S~ is onto. As for dg completeness of H, we postpone
the proof. It will be the implication “(ii) implies (i)” in Theorem 5. O

Point 1. of the previous proposition can be also found in [25, Proposition 5.6] and [22, Theorem 21]. Our
proof is based on the same idea of [22, Theorem 21]. On this matter there is a small caveat: both works
define continuity when H is endowed with the (g, A)-topology. One can verify that, in our setting when
A = L°(G) over a probability space, this topology and the one induced by dg coincide.

4.8. Dual module as a congruent space

In this subsection, we consider an Arens algebra of £> type. We show that the dual module unit ball,
Bpg~, is compact with respect to a weak topology, thus providing a sort of Banach—Alaoglu theorem for the
dual module. As a corollary, we obtain that H™ can be seen as the norm dual of a specific Banach space.

Fix x € H. Define £, : H~ — R by

t(f)=¢(f(x) VfeH™. (13)
Note that for each f,g € H~ and o, 5 € R

e (oof + Bg) = @ ((af + Bg) (v)) = ¢ (af () + By (z))
= ap (f (x)) +Be (9 (z)) = ala (f) + Blz (9),

that is, £, is linear. Similarly, we have that

bz (N)] = 2 (f @] < M|l a- I1f (@)l 4 < N2

a2l g (1 g~ VfeH™,

that is, £, € (H~)" where (H™)" is the || || ;;~ norm dual of H~. From now on, we will suppress the subscript
x whenever it is clear from the context. Define

V ={le (H™)" : (s defined as in (13)}

*

and V as the || || (7r~)= norm closure of V' in (H")

Theorem 1. If A is an Arens algebra of L™ type and H a pre-Hilbert A-module, then By~ is o (H™, V)
compact.

Proof. By definition of V, note that we need to show that for each net {f;},.; € By~ there exists f € By~
and a subnet {fij }jeJ C Bp~ such that /¢ (f%) — £(f) for all £ € V. This is equivalent to show that

o(fi, (@) =@ (f(x) VoeH
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Before starting, recall that || [|; : A — [0,00) is defined by ||al|; = ¢ (]a|) for all @ € A. Recall also that A’
denotes the || ||; dual of A. It follows that (A, A’) is a Riesz dual system. Since ¢ is order continuous, it is
immediate to verify that || ||, is indeed a well defined order continuous norm. This implies that o (A, A’)
is order continuous. Moreover, by [6, Theorem 3.57] and since A is Dedekind complete, we have that order
intervals are o (A4, A’) compact. We conclude the first part of the proof by fixing b € A and proving that
the map L : A — A, defined by L (a) = ba for all a € A, is 0 (A, A’) — o (A, A’) continuous. It is immediate
to check that L is linear. Next, we show that L is norm bounded. In fact, ||L (a)||; = ¢ (|ba]) = @ (|b] |a]) <
o (|[bll s elal) < [Ibl| 4 @ (Ja]) < ||b]| 4 |lall; for all @ € A. By [4, Theorem 6.17], we can conclude that L is
o (A, A") — o (A, A") continuous.

In this proof, we consider A endowed with the o (A4, A’) topology and A with the product topology.

Consider a net {f;},c; € Bu~. It follows that {f;};c; € A". For each z € H define

Ar={a€A:Fielst. fi(x)=a}.

Note that ||f; (x)|| 4 < || fill g~ l|z||; for all i € I and for all € H. Since {f;},.; € Bu~, we can conclude

that

icl

As C[=zlgellellpe]  VoeH.
Thus, we have that

{fi}ier S MeenAs C laen [ ||zl e |z e] € A7

where the last by one set is compact by Tychonoff’s theorem. We can thus extract a subnet { fi; }j cs ©
o(AA
{fi};c; such that f; (z) (—> ) ag € [—||z||y e ||z| 4 €] for all z € H. Define f : H— A by f(z) = a, for

all x € H. Note that f is well defined and A-linear. For, consider a,b € A and y,z € H

U(A,A

F) = af, ) S ar @), vf, ) TS br o)
a(A,A/)

= afi; (y) +bfi; (2) — "af(y)+bf(2).

o’(A A/)

B o(A,A
Ay (4,4

2y

fi; (y) fW), fi, (2) (gA')

At the same time, af;; (y) +bfi; (2) = fi, (a-y+b-2) U(i)A,) f(a-y+0b-2). By the uniqueness of the
limit, we can conclude that f(a-y+b-2) = af (y) + bf (2). Since a,b € A and y,z € H were arbitrarily
chosen, it follows that f is A-linear. In particular, we have that f is linear. We next show that f is norm
bounded. In fact, recall that f (x) € [ ||z|| e, ||| ;4 €] for all x € H. This implies that

If@)la<llzlly  VoeH, (14)

thatis, fis|| ||z —| Il 4 continuous and ||f|| ;~ < 1. Thus, f belongs to By~. Since ¢ € A’, we can conclude
that {fi,}.c, S {fitier

¢ (fi, (@) = @(f(x)) VzeH
and f € Bg~. O

Next, we show that the norm dual of (V, I H(HN)*), V*, is congruent to H™. Define J : H~ — V* by
f = J(f) where

J(f)(0)=¢(f) VfeH VeV
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Lemma 4. If A is an Arens algebra of L type and H a pre-Hilbert A-module, then J is a well defined onto
linear isometry. Moreover, J is o (H™,V) — o (V*,V) continuous.

Proof. The statement follows by replicating the arguments contained in [38] (see also [29] or [26, p. 211]). O
5. Self-duality
5.1. Arens algebras of L™ type

Using the results derived in Section 4, we start by observing that a necessary condition for self-duality
is the compactness of By in the o (H,S (H)) topology. In what follows, we provide the results that will
be instrumental in showing that such a condition is also sufficient. We then move to state our first result
on self-duality (Theorem 3). We conclude by giving a sufficient condition and a different necessary one for
self-duality (Propositions 16 and 17).

Proposition 14. Let A be an Arens algebra of L type and H a pre-Hilbert A-module. If H is self-dual, then
By iso (H,S (H)) compact.

Proof. Since S~ is an isometry and H is self-dual, it follows that S~ (By) = By~. Consider a net {y;},.; C
By and define {f;},.; € Bu~ to be such that f; = S~ (y;) for all i € I. By Theorem 1, we have that By~
is o (H™,V) compact. This implies that there exists a subnet {fij }jeJ - {fi}iel and f € By~ such that
C(fi,) — £(f) for all £ € V, that is, @ (fi, (z)) — @ (f (z)) for all x € H. Since S~ (By) = Bp-~, there
exists y € By such that f = S~ (y). We can conclude that ¢ (<yij,x>H) =@ (<1:,yij>H) =¢(fi, () —

_ _ _ . o(H,S(H
2(f (@) =@ (2,9) ) = @ (y,a)y) for all z € H, that is, yi, * 5 y € By. O

Corollary 4. Let A be an Arens algebra of L™ type and H a pre-Hilbert A-module. If H is self-dual, then
By is o (H,cly . (S(H))) compact. In particular, By is o (H, H') compact.

Proof. Consider {y;}
o(H,S(H))
%

ser © Bu. By Proposition 14, there exists {yij }jeJ C {Yi}ie; and y € By such that
i y. Since By is || ||;; bounded, this implies that I (y;,) — [(y) for all I € e (S (H)).
By Lemma 1 and since H is a pre-Hilbert space, clj |, (S(H)) = H'. By (10), we can conclude that

H' Celyy,,. (S(H)), proving o (H, H') compactness. O

Proposition 15. Let A be an Arens algebra of L™ type and H a pre-Hilbert A-module. If By is o (H, S (H))
compact, then S~ (H) N By~ is o (H™,V) and o (HN, V) compact.

Proof. Consider a net {f;},.; € S~ (H)N By~. By assumption and since S~ is an isometry, it follows that
ser © By such that S~ (y;) = f; for all i € I. Since By is 0 (H,S (H)) compact, we have
that there exists a subnet {yll }j ey and y € By such that

there exists {y;}

@(<yiwz>H)_>%5(<va>H) Vz € H.

Define f = (,y)y € S~ (H) N Buy~. We can conclude that {fij}jeJ C {fi}tier € S~ (H) N By~ and
f €S~ (H)N By~ are such that

¢ (fi, (2)) = @(f(z) VzeH,

proving that S~ (H) N By~ is o (H™,V) compact. Next, consider £ € V. It follows that there exists

I ey

{€n},en €V osuch that £, — (. Note that
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[CCF) =€ (fi)| S 1) = (O [0 (F) = €a (fi))| + [6n (fi;) = €(f;)]
<2 ||€ _£n||(H~)* + ‘en (f) - en (f@)‘ .

fij”H~

By taking the limit in j, we have that

Oglimsup}ﬂ(f)—ﬁ(fij)‘§2||€—€n||(H~)* Vn € N.
j

By taking the limit in n, we can conclude that
0 < liminf |€(f) —/ (f27)| < limsup |€(f) —/ (f2])| <0,
J ’ K

proving that /¢ (flj) — £ (f). It follows that S~ (H)N By~ is o (H”, ‘_/) compact. 0O

Corollary 5. Let A be an Arens algebra of L™ type and H a pre-Hilbert A-module. If By is o (H,S (H))
compact, then S~ (H) is o (HN7 V) closed.

Proof. By Lemma 4, (H™,|| || z~) can be identified with the dual of (V, I H(HN)*). It is then immediate to

see that (H™,|| || 4~) can be identified with the dual of (V, I ||(H~)*). By Proposition 15, S~ (H)N By~ is

o(H~, V) closed. By the Krein—Smulian Theorem (see [35, Corollary 2.7.12]) and since S™ (H) is a vector
subspace of H, it follows that S~ (H) is o (H~,V) closed. O

Theorem 2. If A is an Arens algebra of L type and H a pre-Hilbert A-module, then S~ (H) separates the
points of V.

Proof. We proceed by steps. Before starting, we denote by H, the norm completion of H with respect to
| |l, and A; the norm completion of A with respect to || ||; (see also Remark 4). We still denote by ¢ the
extension of @ from A to A;.

Step 1. If f is an A-linear and || ||y — || |4 continuous operator, then f admits a unique || |, — | |,
continuous linear extension f: H, — A;.

Proof of the Step. By Proposition 8 and since f is linear, the statement trivially follows. O

Il ey

Step 2. Let {ln}, ey €V and {xn},cn € H such that £, (f) = @ (f (xn)) forall fe H>. If £, — L€

I,
H™)", then x, — x € H,. Moreover, we have that
) p

((f)=¢(fx) VfeH .

Proof of the Step. Consider x € H. Define £, : H~ — R by £, (f) = ¢ (f (x)) for all f € H™. By definition
of || [|(zr~~ and the proof of Proposition 10, it follows that

[l g~y = sup @ (f (@)= sup  |o(f ()= sup [z, y)y)l =[],
feBu~ feEBuy~NS~(H) yEB
I g~y
Since £, = " ¢, then {zn},en © Hisa |l ||, Cauchy sequence which thus converges to an element in the

I 1l ey

completion. Finally, fix f € H™. Since ¢,, — ~ ¢, it follows that
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At the same time, by Step 1 and since z,, lp x € H,, we have that f (z,) = f (z,) ”ll f (x). This implies

that

Step 3. For each y € H and x € H,

@ (S“ (y) (x)) = (y,2),, -

Il
Proof of the Step. Consider y € H and z € H),. There exists {z,} C H such that z,, =" x. It follows

that

neN

~ = s o<
5™ (y) (wn) = 5~ (y) (xn) = S~ (y) (x).
This implies that
s = (@ V) = @ (@ns 1)) = B (5™ (W) (@) = & (S~ W) ()
At the same time, by Lemma 2, (y,2y),, = (Y, Tn),, = (Y, x),,, proving the statement. O

We are ready to prove the main statement. Consider ¢,¢ € V. By Step 2, it follows that there exists
x,x’ € Hy such that

((f)=¢(f(@) and O (f) =@ (f(2"))  VfeH". (15)

Assume that

It follows that

By Step 3, this implies that
v, ), = (,2"),,  VyeH
By Lemma 2, z = 2’. By (15), this proves that £ =/¢. O
We are now ready to state our first result on self-dual modules.

Theorem 3. Let A be an Arens algebra of L% type and H a pre-Hilbert A-module. The following statements
are equivalent:

(i) H is self-dual;
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(i) By is o (H,S (H)) compact;

(iii) By is o (H,cl) e (S (H))) compact;

(iv) H is o (H,cl e (S (H))) sequentially complete;
(v) By is || ||,, complete.

Proof. Before starting recall that H' (resp., H*) denotes the norm dual of H when H is endowed with the
norm || ||, (resp., || || ). We denote by H” the second dual of H (that is, the norm dual of H when H' is
endowed with the norm || ||;,). Given Corollary 2, it is well known that H’ is an Hilbert space (see [9] or
[10, Exercise pp. 149-150]). By Lemma 1, we have that S: H — H'is a || ||,,

(i) implies (ii). It is Proposition 14. (ii) implies (iii). It follows from the same arguments proving Corol-

— || | g~ linear isometry.

lary 4.

(iii) implies (i). Since S (H) C ¢y |, (S (H)), By is o (H, S (H)) compact. Recall that (H™, || [~ ) can
be identified with the norm dual of (‘_/, I ||(H~)*) and S~ (H) is a vector subspace of H~. By Theorem 2,
S~ (H) separates the points of V. By [4, Corollary 5.108], it follows that S~ (H) is o (H~, V) dense in H".
By Corollary 5, S~ (H) is o (H™, V) closed, proving S~ (H) = H".

Thus, we have showed that (i), (ii), and (iii) are equivalent.

(iii) implies (iv). By point 4. of Proposition 12 and since H is self-dual, (H,| ||5) is a Banach space.
By [29], we have that the Banach space (clj |, , (S(H)),| ||;~) has a dual that can be identified with
(H, || ). If we consider a o (H,cly,. (S (H))) Cauchy sequence in H, then it is a weakly* Cauchy
sequence. By [35, Corollary 2.6.21], we can conclude that H is o (H, cl e (S (H))) sequentially complete.

(iv) implies (v). Consider a || ||,, Cauchy sequence {2y}, € Bg. It follows that

() = L@e)| < Wl m — 2ll,, Vn k€ N,VIE B (16)

Since S (H) C H', this implies that {/ (z,)}, cyy € R is a Cauchy sequence for each I € S (H). Next, consider

led I« (S (H)). Consider & > 0. It follows that there exists [ € S (H) such that i — lHH* < ¢/4. Since
{#n}, ey € Ba, this implies that for each n,k € N

_ _ - €
(@0 — 2k) = U (zn —ax)| < |1 lHH* @n — @il < 2|1 - ZHH* < 7 (17)
At the same time, since {l (z,)}, ey € R is a Cauchy sequence, there exists n.; € N such that
1 (2n) — 1 (21)] < Z i,k > ney. (18)

By (17) and (18), we can conclude that
[ @ = )| < [ (an = w0) = Lwn = w) [+ (@) L) S 5+ 5 <6 Yk 2ne

Since € was arbitrarily chosen, it follows that {l_ (xn)}n en € Rois a Cauchy sequence. Since | was arbi-
trarily chosen, it follows that {l(z,)}, ¢y C R is a Cauchy sequence for all I € ¢l ... (S (H)). Since H is
o (H,clyy,. (S(H))) sequentially complete, we have that there exists # € H such that [ (x,) — [ (z) for
all € cly .. (S(H)). By (16) and since {zy,},cy is a || [|,, Cauchy sequence, we also have that for each
¢ > 0 and for each [ € By there exists n. € N such that

 (z0) — L (z0)] < % Y,k > n..

By taking the limit in & and since H" C ¢l ||, (S (H)), this implies that [l (z,, — )| = [l (z,,) — [ ()] < &/2
for all | € By and for all n > n.. We thus have that ||z — z,[,, = sup;cp,,, |l (z, — z)| <€ for all n > n..

It follows that z,, ”J)m x. We are left to show that x € By. Note that
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@(IN () = N (zn)]) < @ (IN (z = z0)]) = [l = 2nl, < [l = 20]l,,, =0,

proving that N (z,) I (x). Since N (z,,) < e for all n € N and the topology induced by || ||; is locally
solid and Hausdorf, it follows that N (x) < e, proving that € By.

(v) implies (ii). Since S is a linear isometry, if By is || ||,, complete, then S (Bp) is convex and || ||,
closed. It follows that S (Bg) is o (H', H") closed. Moreover, since By C By,, S (Bpy) turns out to be
contained in the unit ball induced by || ||;,. Since H' is an Hilbert space (thus, reflexive), this latter set
is o (H', H"") compact. We can conclude that S (By) is o (H’, H"”) compact. By definition of S, it is then
immediate to see that this yields the desired compactness of By in the o (H,S (H)) topology. O

We conclude by providing a sufficient condition for the self-duality of H (Proposition 16) and a necessary
one (Proposition 17).*

Proposition 16. Let A be an Arens algebra of L™ type and H a pre-Hilbert A-module. If By is dg complete,
then H is self-dual.

Proof. By Theorem 3, it is sufficient to show that By is || ||,,, complete. Consider a || ||,, Cauchy sequence
{zn},en € Bu. By (8) and (9), it follows that {x,}, o\ is a dy Cauchy sequence. Since By is dy complete,

it follows that there exists x € By such that z, U+ Define {Untnen BY Yn = %xn for all n € N and

Yy = %x Since {xn},cy € Bu and x € By, it follows that 0 < N (y, —y) < e for all n € N. Moreover,

Un d—f§ y. Next, note that

0< =yl =& (N n—9)*) = E OV @ = 1) N (g0 =) (N (3 — 1)

:Q(N(yn_y)/\e):dH(yn7y)—>0.

By (5), this implies that 0 = lim,, 2 ||y, — y||,,, = lim,, ||z, — z||,,, proving that z, Il o and that By is
| 1, complete. O

As mentioned in the introduction, Kaplansky [30] first studied self-duality for pre-Hilbert A-modules H
where A was a commutative AW *-algebra.'® In such a context, he proved that self-duality is equivalent
to H satisfying certain algebraic properties which we summarize in the next definition (see also [17]).
Proposition 17 shows that these algebraic conditions are necessary for self-duality also in the real case. It
has eluded us whether they are also sufficient.

Definition 9. Let A be an Arens algebra of £ type and H a pre-Hilbert A-module. We say that

1. {ei};c; is an orthogonal partition of the unit e if and only if e = sup;c; e; and e; A e; = 0 for all i # j.

2. H is an Hilbert-Kaplansky module if and only if for each orthogonal partition of the unit {e;},., € A
(a) for each x € H, e; -2 =0 for all ¢ € I implies z = 0;

(b) for each || || ; bounded collection {z;};,., € H there exists 2 € H such that e; - z; = ¢; - 2.

Proposition 17. Let A be an Arens algebra of L type and H a pre-Hilbert A-module. If H is self-dual, then

H is an Hilbert—Kaplansky module.

14 proposition 16 is in line with the intuition provided by Frank [16, Remark 3.9] for the complex case.

15 Recall that the main distinction with the current work is the focus on complex algebras A.
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Proof. Consider {e;},.; € Ay such that |le;|| , < 1foralli € I and such that sup,c;e; = e and e;Aeyr = 0 for
all i # i’. Note that e;e;; = 0 for all i # '. Moreover, we can also conclude that tp =), pe; = Vicpe; Te
where B is a finite subset of I and this finite subsets are directed by using the inclusion relation. This
latter observation yields that e;e; = e; for all i € I.'° Finally, since ¢ is order continuous, observe that
OS@(eftB)J,O.

We start by providing a construction which will be instrumental in proving the statement. Assume that
{i};e; € H is || ||y bounded. Call 2§ the collection of all finite subsets of I. Direct 2§ with the inclusion
relation. Define {sp}pcor € H by

SB:ZQZ"Z‘i VBEQé.
i€B

Note that (sp,sB)y = > .cp €i (i, @)y for all BT Since {x;},.; € H is || ||; bounded, we have that
there exists M > 0 such that ||z;||,, < M for all i € I. By Proposition 5 and since each ¢ in K is an algebra
homomorphism, it follows that for each p € K

0<o((sprsp)p) =@ | D eilwiy | = elei(wizi)y)

i€B i€B
16 Note that for each i € I and B

le; —eitg| = leie —eitg| = lei|lle—tp| =e; (e —tp) < (e —tg).
By passing to the order limit, we have that e;tp 1 e; for all ¢ € I. Since e;tg = e;e; for all B such that {i} C B, the statement

follows.
17 First, consider B and i’ ¢ B. Observe that

€y’ <SB7-?U1">H = ey <Z €q ‘mi7xi'> = €4 Z <6i ‘mi7xi'>H
H

i€B i€EB

= ey Z ei (@i, i)y = Z (eireq) (@i, i)y = 0.

i€B i€eB
Thus, we have that:

~ if |B| =1, then

(sB,8BY gy = (€1 Tivei Ti)y = €& (Ti, @)y = € (T, Ti) gy 5

— if the statement is true for ‘B/| = m, then consider B such that |B| = m + 1. It follows that
B=Bu{i}.
‘We thus have that

(sB,sB)y = (Sp’ + e Tir,sp +ei Ti)y
= (sp,sp +ey -zTi)yg+{ey Ty, s + ey Ti)y
= (spr,sp/)py +2ey (sp, Ty ) g + (€ - Tir ey - Ty )
= (sp,sp/ )y + e (Tir, Ter) gy

D eimiwi)y +ew (i) = Y e (@i widy

i€B’ i€B

proving that the statement is true for m + 1. The whole statement follows by induction.
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=N wle) (i) <> wled llzilly <3 ¢ er) M?

i€B i€B i€B

= M?p <Zei> < M?p(e)=M?  VBe2l.
i€B

By Proposition 5, this implies that

sy = \/maxso<<sB,SB>H> <M vBe2l
peK

Since By is o (H,S (H)) compact, it follows that there exist a subnet {sp, }jeJ and Z € H such that

G(HE;H)) T € H, that is,

95(<83j,y>H) = P ((Z,9)5) Vy € H.

1. Consider x; = x for all 4 € I. It is immediate to see that {z;},.; is || || ; bounded. Next, we show that
x = Z. Note that for each j € J and for each y € H

2 (@, y) i) — 2 ((s8,,9) ) | = |2 ((e -

Il
i
—

j) <x,y>H)’ <y (|<xvy>H (e _tBj)D

=0z, ) ylle—ts,]) <@ (= vyl e (e —ts,))

Il

A

-~ =
—

o

\

~

o)

= ||<x73/>H||A95(6_tBj) :

By passing to the limit with respect to j, we obtain that @ (<53j,y>H) — @ ({x,y) ) for all y € H. By the
uniqueness of the limit, we obtain that z = z. Thus, if €; - @ = 0 for all 7 € I, then sp, = 0 for all j € J,
implying that x =z = 0.

2. Assume that {z;}
follows that

ser © H is || || bounded. Consider z € I. Consider j € J such that B; D {i}. It

-8B, = € - E e -z | = E (ez€;) i | = e7- 27

i€B; i€ B,
We can conclude that, for each y € H, eventually
@ ((e5 - SBj7y>H) =p (e 0,9 y)
thus, proving that

o(H,S(H))
[ SB]. — €y - T3.

At the same time, since ¢ ((sB,,¥),) = @ ((Z,y)) for all y € H, we have that for each y € H

lijr.n<ﬁ(<ef-83j,y>H) = lijr.n<ﬁ(<813j,ea-y>H) =p (T, ey ) =2 (e T,y) ),



1000 S. Cerreia-Vioglio et al. / J. Math. Anal. Appl. 446 (2017) 970-1017

G(Hi(H))

that is, e; - sp, e7 - T. By the uniqueness of the limit, we can conclude that e; - 7 = e; - T. Since @

was arbitrarily chosen, the statement follows. 0O
5.2. Finite dimensional case

In this subsection, we discuss separately the case in which A is a finite dimensional Arens algebra, that
is, A is isomorphic to some R™. It is immediate to see that if A is finite dimensional, then it is of £
type. At the same time, the finite dimensional case merits to be discussed separately. First, the result of
self-duality can be obtained via more direct methods. Second, it is the only case in which we can show that
Hilbert A-modules are indeed self-dual. In other words, we can show that || ||, completeness is necessary
and sufficient for self-duality.

Theorem 4. Let A be a finite dimensional Arens algebra and H a pre-Hilbert A-module. The following
statements are equivalent:

(i) H is | ||y complete, that is, H is an Hilbert A-module;
(it) H is || ||,, complete;
(iii) H is self-dual.

Proof. Before starting, observe that, since A is finite dimensional, it is Dedekind complete and admits a
strictly positive functional ¢ (see Proposition 9).

(i) implies (ii). By Proposition 9 and since A is finite dimensional, || ||,, and || || are equivalent. It
follows that H is || ||,, complete.

(ii) implies (iii). By Corollary 2 and since H is || ||,, complete, it follows that H is an Hilbert space with
inner product (, ),.. Consider f: H — A which is A-linear and bounded. By Proposition 8, it follows that
f+H — Ais A-linear and || ||,, — | ||; continuous. Consider the linear functional I = ¢ o f. Since ¢ is
| I|l; continuous and f is || ||,, — || ||; continuous, we have that [ is || ||, continuous. By the standard Riesz
representation theorem, there exists (a unique) y € H such that [ (z) = (z,y),, for all z € H. It follows
that

@ (f(x) = (z,y)g) = (f (@) —e((z,9)y) =1 (z) = (z,9),, =0  VzeH (19)

Fix z € H. Define a = f () — (Z,y) 5 € A. By (19), we have that

Since ¢ is strictly positive, this implies that a? = 0. Since A is an Arens algebra, we can conclude that
f(z) = (Z,y)y = a = 0. Since = was arbitrarily chosen, it follows that f () = (x,y) for all x € H, proving
that H is self-dual.

(iii) implies (i). By point 4. of Proposition 12, it follows that H is || ||;; complete. O

5.8. f-algebras of L° type

If Ais an f-algebra of £° type and H is a pre-Hilbert A-module, then the inner product (, ), still
satisfies the Cauchy—Schwarz inequality as in points 1. and 2. of Proposition 4 (see also Remark 2). By
Proposition 7, we can endow H with the invariant metric dg. We define

He:{er:@c,m)I%_IeAe}.
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Finally, we define
HY = {f e Al : f is A.-linear and bounded} .
By f € H. being bounded, we mean that there exists 0 < ¢ € A, such that f? (z) < ¢ (z,z), for allz € H,.

Proposition 18. Let A be an f-algebra of L° type and H a pre-Hilbert A-module. The following statements
are true:

1. A. is an Arens algebra of L™ type;
2. H. is a pre-Hilbert A.-module;

3. H. is dy dense in H;

4. HZ is the dual module of H,.

Proof. 1. and 2. By definition, A, is an Arens algebra of L type. Next, we show that H, is closed under +.
Consider z,y € H.. By the Cauchy—Schwarz inequality, we have that

Tty z+y)y=(,2)y+2(x,y)y + U Yg

<(z,z)y +2<3«“w> <yy> + (¥, 9) g € Ae.

1
2

Next, we show that if a € A, and « € H,, then a-z € H.. Since a, (z,z)}; € A. and A, is an Arens algebra, it

follows that (a - z,a - x);; = a® (z,x),; € A., proving that (a - z,a - ﬂ):)l € A.. The closure of H. with respect
to 4+ and - yields that (H.,+) is an abelian (sub)group and propertles (1)—(4) of Definition 1 automatically
follow. Finally, note that if z,y € H., then (x, J:)H,<y y>H € A. and [(z,y) 4| < (w, )}l{ (y,y)% € A,
proving that (z,y)y € Ae. Thus, (, )y is (, )y restricted to He x H.. Then, properties (5)—(8) of
Definition 1 automatically follow. 4

3. Since A is an f-algebra of LY type, it follows that for each ¢ € A there exists {en}, ey © Ae such

that 0 < e, 1 e, €2 = e, and e,c € A, for all n € N. Consider ¢ = (x,x)l%{ = N (z) for some x € H. Define
ZTp = e, -z for all n € N. It follows that N (z,,) = e, N (z) € A, that is, x,, € H.. Moreover, note that
((e —en) N (z)) Ae | 0. Since @ is order continuous, it follows that

dig (z,2,) =@ (N(z—zp)Ne) =@ (N(e-x—ep-z)Ne)=p(N((e—e,) -x)Ae)

proving that z,, U 4. Since = was arbitrarily chosen, it follows that H. is dy dense in H.
4. It follows by definition of dual module. O

Our proof of self-duality for a pre-Hilbert A-module H where A is an f-algebra of £° type hinges on our
self-duality result for a pre-Hilbert A-module H where A is an algebra of £ type. This latter pre-Hilbert
module will be H, and the algebra will be the subalgebra A..

Theorem 5. Let A be an f-algebra of LO type and H a pre-Hilbert A-module. The following statements are
equivalent:

(i) H is dg complete;
(it) H is self-dual.
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Proof. (i) implies (ii). By Proposition 18, we have that H, is a pre-Hilbert A.-module and A, is an Arens
algebra of £ type. We can thus define || || and Bp,. It follows that x € By, if and only if (z,2) <e.
We proceed by steps.

Step 1. If f € H™, then f is dg — d continuous.
Proof of the Step. By point 1. of Proposition 13, the statement follows. O
Step 2. By, is dg complete.

Proof of the Step. Consider a dg Cauchy sequence {,}, .y € Bp, . Since H is dg complete, it follows that

there exists # € H such that z,, %% 2. We next show that z € By, . By one of Birkhoff’s inequalities (see [6,
Theorem 1.9]) and since (x,,, 2, ) < e for all n € N, we also have that

le—N(z)Ve|=|N(zn)Ve—N(x)Ve| <|N(xz,)—N(x)| <N((@,—2z) VneN
It follows that
le—N(z)VelAe<N(z,—x)Ae Vn e N.
We have that
0<@(le=N(z)VelAe) <@(N (z,—2x)Ne)=dy (xn,z)— 0.
This implies that
p(le—=N(x)VelAe)=0 = |e—N(x)Ve|lAe=0 = |e—N(z)Vel=0
= e=N(zx)Ve = N (z) <e,
that is, (z,z); <eand x € By,. O

Step 3. The pre-Hilbert A.-module H, is self-dual, that is, for each f € H' there exists z € H. such that
fz)={(z,2)y forall x € H,.

Proof of the Step. By points 1. and 2. of Proposition 18, Step 2, and Proposition 16, the statement fol-
lows. O

Step 4. For each f € H™ there exists z € H such that f(x) = (x,z)y for all x € He.

Proof of the Step. Consider f € H™. It follows that there exists ¢ € A4 such that f? (z) < ¢ (z,z)y for all
x € H. Since A is an f-algebra of £° type, it follows that there exists a sequence {en},en € Ae such that
0<e,te, €2 =ep, and e,c € A, for all n € N. Define f,, = e, - f for all n € N. Note that for each x € H

d(fn (@), f(2)) = @(If () = fn (@) N e) = @ (((e = en) |f (2)]) Ae) = 0. (20)

Fix n € N. By Proposition 11, we have that f, is A-linear. In particular, f2 (z) < e2c(z,2)y = cn (T, 2) g
for all x € H where ¢, = e,c € A.. Thus, f, restricted to H. belongs to H’". By Step 3, there exists a
unique z,, € H, such that

(en-f)(x)=enf(x) = fn(x) = <x,zn>H Vo € He.
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Note that for each n > k and for each =z € H,

(o = fi) @)* = (enf (@) = enf (2))* = (en —er)” 2 (@) < (en —er)’ ¢ (@,2)p

It follows that

=

(@20 — =) gy < |(fu = Ji) (@)] < (en —ex) ¢ (2, 2)f Vo € He. (21)

Since A is an f-algebra of £° type, we have that

N

Ac> sup (2,2 —2k) g < (en —ex)c2.
r€BH,

By the claim contained in the proof of Proposition 10, there exists a sequence {z;},.y € B, such that

(Nl 1
(@1, 2n — 2i) gy T and (g, 2n — 21) g e (2n — 2Ky 2n — 2k) - 1t follows that

[l 1
(1, 2n — 2) g Ne e (2n — 2,20 — 2) g N e

By [6, Theorem 1.8] and (21), we have that

(1, 2n —2z)g Ne < sup ((x,2n — 2k)g N e) = ( sup (x, zn —zk)H> ANe
z€BH, z€BH,

§(en—ek)c%/\e Vi e N.
We can conclude that
1
dy (zn,2k) = @ ((zn — 2k, Zn — Zk) g N e) = lilm(ﬁ ((x1, 20 — 21y gy N €)
_ 1 1 1
< ((en —ep)cz A e) =d (ekc2,enc2) .

It follows that {2y}, oy is a dg Cauchy sequence. Since H is d complete, it follows that there exists z € H

such that z, dif z. At the same time, for each x € By, we have that

({22 = 2n) g A€)

®
1 1 1
<& (o) (2= 2m2— 2y Ae) <6 (5= 2,2 — 2y Ae)

It follows that f (x) = (z,z), for all x € By, . This implies that f (x) = (z,2), forallz € H.. O

By Step 4, if f € H™, then there exists z € H such that f (z) = (z,2) for all z € H.. By Proposition 18,
H. is di dense in H. By Step 1, f is dg — d continuous. This implies that f (z) = (z,z), for all z € H,
proving that H is self-dual.

(ii) implies (i). Consider a dy Cauchy sequence {y, } Define {fn},cn @s fn = 5™ (yn) for all n € N.

neN’
Step 1. There exists f : H. — A such that f, (x) 4 f(z) for all x € H,.
Proof of the Step. By Proposition 4, we have that

| fr () = fon ()] < N () N (Yn — Ym) Vn,m € N,Vx ¢ H. (22)
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Fix z € By,. We can conclude that
[fn (%) = frm (@) A e < (N (@) N (yn = ym)) Ae <N (yn — ym) Ae,
yielding that
d(fu (@), frm () = @ (Ifn (2) = fin ()| Ae)

<O(N(Yn —ym)ANe) =dg (Yn,ym) Yn,m e N.

We thus have that {f,, (z)}, oy € A is a d Cauchy sequence. Since A is complete, this yields that f, (z) LA
€ By, . We have that f, (Z) % az. Thus, we can conclude

X

Next, note that if x € H,\Bpy,, then z = T
H€
that there exists a, € A such that

_\ d
fn () = Hx”He fn(T) = quHe Az = Qg-
By the uniqueness of the limit and since x was arbitrarily chosen, we can define a map f : H, — A such

that f(x) =a, forall x € H.. O

Step 2. The map f is such that
fla-z+b-y)=af (x)+0bf (v) Va,b € Ae,Vx,y € He.
Proof of the Step. Consider a,b € A, and x,y € H.. We have that a- x4+ b-y € H.. By Step 1 and since

each f, is A-linear, this implies that

afn (@) +bfn(y) = fula-z+b-9) S fla-z+b-y).

At the same time, since f, (x) 4 f(z) and f, () A f (y), we have that

d
afn () +bfn (y) = af () +0f (y).
By the uniqueness of the limit, we can conclude that f (a-z+b-y) = af (x) + bf (y), proving the state-

ment. 0O

Step 8. There exists ¢ € Ay such that
|f (x)] <N (z) Vr € H,. (23)

In particular, f is uniformly continuous on H..

Proof of the Step. Since N is a vector-valued norm, we have that

IN (yn) = N (Ym)| < N (Yn — Ym) Vn,m € N.

It follows that {N (yn)},cn € Ay is a d Cauchy sequence. Since A is d complete, it follows that there exists
¢ € A such that N (y,) e By Proposition 4, we also have that

|fn (2)] < N (yn) N () Vz € H.,Vn € N.
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By passing to the limit and since the topology induced by d is linear and locally solid, we can conclude that
|f(z)] <eN(z) Ve H,, (24)

proving the statement. Finally, by [4, Lemma 5.17], it is enough to show continuity at 0. Consider z,, g,
It follows that N () 4 0. This implies that ¢N (x,,) 0. By (24), we have that

d(0, f (zn)) = & (If (zn)| Ae) <@ ((cN (zn)) Ae) = d(0,cN (zn)) =0,
proving continuity at 0. O

Step 4. f admits a unique extension to H which is A-linear and bounded. In particular, there exists y € H
such that f =S5~ (y).

Proof of the Step. Since f is uniformly continuous and H, is dgy dense in H, it is well known that f admits
a unique uniform continuous extension to H. For the moment, we denote such extension by f. Then, we
will simply denote it f. Since f was additive, it is a routine argument to show that so is f. Next, consider
a € A. and © € H. There exists a sequence {xn}neN C H, such that x,, dj z. It follows that a - x,, dj a-x.
Since f is a continuous extension of f and by Step 2, we can conclude that

af (@) = fla @)= fla-2.) % fla-2).

At the same time, we have that f(z,) = f(gcn) A f(x), thus, af (z,) = af (z,) 4 af (x). By the

f(x). Next, consider a € A and x € H. There
d

% a-x. Since f is continuous, we can conclude

uniqueness of the limit, we can conclude that f(a-z) =

a
exists {a,} C A, such that a, < 4. We have that an - T

that

neN

anf (@) = flan-2) % Fla-2).

At the same time, we have that a, f (z) 4 g f (). By the uniqueness of the limit, we can conclude that

f(a-z)=af (z), proving A-linearity. Finally, consider € H. There exists a sequence {z,,} nen © He such

that 2, 4 z. In particular, N (x,) 4N (z). By (23) and since f is a uniform continuous extension of f
and the topology induced by d is locally solid, we have that

f d |7 d
|f(@)| <= [f (@n)| = |f (@n)] < eN (2n) = eN (2).
The last part of the statement follows since H is self-dual. O
dH~
Step 5. f, = f.

Proof of the Step. By (22), we have that

This yields that

d (O, |fn (2) = fm (x
N +



1006 S. Cerreia-Vioglio et al. / J. Math. Anal. Appl. 446 (2017) 970-1017

Consider ¢ > 0. Since {yn}neN is a dy Cauchy sequence, there exists n. € N such that

d(&M) <e VkeN\Vm,n>n.,Vz e H.
N (z) + e

By taking the limit in n, we have that

d (o, W) <e VkeNVm>n.,VzeH.

Ee

f@=fm (@) 5,

Next, consider the sequence { } . This sequence is bounded by e and increasing. Thus,
ke

N(z)++e
W Ae T supgen (% A e) = SUPgen (%) Ae. Since @ is order continuous, we can

conclude that

1 (0mm (gt ) ) = (o (M) o)

By the proof of point 2 of Proposition 13, we also have that

_ _ ~ _q~ _ ~ _ = su |<y_ymay_ym>H‘
Ne(f = fm) = N (57 (y) = 57 (ym)) = N (57 (y = ym)) = sup Ny —ym) + Le

We can conclude that

:d<0’sup<f(y—ym)—fm(yl—ym)>> <c Vm>a.
keN N(yfym)jLEe

proving the statement. 0O
By point 2 of Proposition 13 and Steps 4 and 5, we have that
drr (Y, yn) = du~ (f, fn) = 0,
proving completeness of H. 0O
6. Examples
Consider a nonempty set €2, a o-algebra of subsets of €2 denoted by F, a sub-c-algebra G C F, and a

probability measure P : F — [0, 1]. Two F-measurable random variables are defined to be equivalent if and
only if they coincide almost surely. Define:
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A= LY(G), that is, A is the space (of equivalence classes) of real valued and G-measurable functions;®

b > a if and only if b (w) > a (w) almost surely;

e = lg, that is, e is the function that takes constant value 1;

It follows that A, = L (G), that is, A, is the space of all essentially bounded and G-measurable
functions;

L@ L%(G) > Ras

= 0 o=

ot

L,E(a):/adP Va € L7 (G);
6. d: L°(G) x L°(G) — R as
d(a,b) = @ (|b—a| Ae) :/(|b—a| ne)dP  Va,be £0(G).
Note that the topology induced by d is the one of convergence in probability P.

It is immediate to verify that £ (G) is an Arens algebra of £L* type and A = LY (G) is an f-algebra of
L0 type.

6.1. The module £L>° (2, G, F, P)

We denote by £° (F) = L% (Q, F, P) the space of real valued and F-measurable functions. We call z, y,
and z the elements of L% (F). Given an F-measurable function z :  — R such that z > 0, we denote by
E (z]|G) its conditional expected value with respect to P given G (see Loeve [32, Section 27]). Denote by

H=r*(9,G,F,P)={xeL(F):E(?G) € £°(G)}
- {ac e £L°(F) : VE (22][) € L° (g)}.

We endow H with two operations:

1. +: H x H — H which is the usual pointwise sum operation;
2. -: Ax H — H such that a - r = ax where ax is the usual pointwise product.

The space £2° (Q,G, F, P) was introduced by Hansen and Richard [24]. Finally, we also define an inner
product, namely, (, ) : H x H = £L%(G) by

(r,9)y =E(zyllG)  Vo,yeH.
Hansen and Richard [24, p. 592] show that ( , ), is well defined. They also prove the next result.
Proposition 19. (H,+,-,( , )5) is a pre-Hilbert L° (G)-module.

Note that dyg : H x H — R

dH(x,y)z/<1/E<(x—y)2||g>/\e> dP Yo,y € H.

18 As usual, we view the equivalence classes as functions. This convention will apply throughout the rest of the paper.
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Theorem 6. H is self-dual.

This result is essentially due to Hansen and Richard [24, Theorem 2.1] and it plays a fundamental role
in asset pricing. More precisely, they prove that if f : H — A is A-linear and dy — d continuous at 0,
then there exists y € H such that f(z) = (z,y), for all z € H."” Since any A-linear and bounded map
f:H — Ais dg — d continuous at 0, Theorem 6 follows. The original proof of [24] is based on a projection
theorem for £29(Q, G, F, P), while ours relies on a direct self-duality result. In this perspective, note that
Theorem 6 is also an immediate consequence of [22, Theorem 48].

Proof. By Theorem 5, it is enough to check that H is dg complete. This follows from [24, Theorem A.1]. O
6.2. The module L>* (Q,G,F, P)

We denote by £2 (F) = L2 (2, F, P) the space of F-measurable and square integrable functions. Denote
by

He.=L£>*(Q,G,F,P)={z e L0(F):E(2||G) € L2 (G)}
={ve(F): VEQG) € £ (@)} € £2(F).

Since £2°° (Q,G,F, P) C L*Y(Q,G, F, P), we endow H, with the two operations + and - of Subsection 6.1.
We also restrict (x,y) — E (zy||G) to H.. By Proposition 18, it follows that £2° (2, G, F, P) is a pre-Hilbert
L (G)-module.

Note that [| || : He — [0, 00) is such that

lally, = /IE@19)llgng) Vo€ He.

Similarly, we have that

Il = \//E(x2||g) P = \//xzdp —ollpsry Vo€ H.

Theorem 7. H, is self-dual.

Proof. By Theorem 3, we only need to show that By, is [ ||, = || [z2(F) complete. To this end, it is
H Hz;2(]r)

enough to show that By, is || || z2(# closed in L? (F). Thus, consider {2y}, € Bp, such that z,

x € L2 (F). This implies that there exists a subsequence {#n, }en such that x,, %8 2. By the conditional
Fatou’s lemma (see [14, p. 340]), we have that

E (2*|G) =E <limkinf xik|g) < limkinfE (22,116) <1 < o0,
proving that x € By,. O

19 Hansen and Richard have an extra assumption (Assumption 2.4) that can be easily dispensed with.
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6.3. The module L*>* (Q,G, F, P; E)

Consider an infinite dimensional separable Hilbert space E (for example, [ (N)).?" Define ( , ), to be
the inner product of E. Let us denote by d and d’ generic elements of E. Since FE is separable, it admits a

countable orthonormal basis: {d,,} Given a function, z : Q2 — F we say that x is weakly measurable if

neN”
and only if the real valued function

wr (2 (W), d)g
is F-measurable for all d € E. By [7, Theorems 34.2 and 34.4], if z,y : Q — E are weakly measurable, then

W e (@) (@) e =D {2 W),d)p{y (@) du)g

is real valued and F-measurable. In particular, by Perseval’s identity,

we (@ W),z@)g =Y [@W),d)gl> Vwen
n=1
is real valued and F-measurable. Given this observation, we denote by £% (F) = £? (2, F, P; E) the space

L% (F) = {x € E : 1z is weakly measurable and /(m,x)E dP < oo} .

As before we identify the elements of £2 (F) whenever they coincide almost surely. At the same time, as
usual, we view the equivalence classes as functions. Thus, z € £% (F) if and only if z is weakly measurable

and w — (z (W), x (w))]%; belongs to £2 (F). Consider z,y € L% (F), we showed that w — (z (w),y (w)) is
F-measurable, we next show it is also integrable. Since E is an Hilbert space, observe that

(2 @),y (@) p] < (@ (W), 2 @)E ), yw);  VYwe. (25)

Since z,y € L% (F), it follows that

Jlewelar < [ @nk wakap < \/ [@atpap [ () pdp <. (26)

In this way, for each x,y € L% (F), we can define the G-conditional expectation of w — (z (w),y (w)) 5, that
is, E ((z,y)  ||G). We thus define

H = [£**(Q,G,F,P;E) = {x € L3 (F):/E((z,2)5|G) € L (g)} .
Define A to be the Arens algebra £ (G) = L (Q,G, P), we endow H with two operations:

20 A similar analysis can be carried over when FE is finite dimensional.
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1. +: H x H — H which is the usual pointwise sum operation, that is, (z + y) (w) = z (w) + y (w) for all
we
2. -1 Ax H — H such that (a-z) (w) = a (w) z (w) for all w € O.%!

Finally, we also define an inner product, namely, (, ), : H x H — L (G) by
(z,y)y =E((z,9)pllg)  V(z,y)e HxH.
Proposition 20. (H,+,-,(, )y) is a pre-Hilbert L (G)-module.

Proof. Consider z,y € H. It is straightforward to verify that « + y is weakly measurable. By (26), it follows
that = +y € L% (F). Similarly, by (25) and the conditional Cauchy—Schwarz inequality, we have that

E(@+y,2+y)pll9) =E(z,2)59) + 2E(z,9) 5 19) + E (4, y) g |19)

<E((@,2)519) + 2E ((z,2) (v 9) 4 9) + E (4, 1) 5 1I6)

<E({(z,2)g9) +2\/E(<$>$>E IDE (w92 19) +E(y, ) 19) -

This implies that H is closed under +. It is then easy to prove that (H,+) is an abelian group. Similarly,
ifa€ A and x € H, then

E((a 2,0 2)p|lg) =E (a* (z,2)5G) = a’E ((z,2) 5 |G) € L= (9),
proving that H is closed under -. Properties (1)—(4) of Definition 1 are then easily verified. This shows that
H is an £ (G)-module.

Next, by (25) and the conditional Cauchy-Schwarz inequality, we have that (, ), is well defined, and:

5. Consider € H. Since (z (w),x (w))g > 0 for all w € Q, we have that (z,z),; = E ((z,z)5||G) > 0. At
the same time, we can conclude that

(x,2)y =0 <= E((z,2)5]|G) =0 <= (z,2); =0 <= 2z =0.
6. Consider x,y € H. We have that

(@9 g =E(z,9)519) =E({y,2)5|9) = (y,2) 5 -

7. Consider x,y,z € H. We have that

(z+y,2)p=E({z+y,2)19) =E({z,2)5 + (y,2) £ |19)
E({(z,2)5 1) + E({y, 2) 19) = (2, 2) iy + (¥, 2) gy -

8. Consider a € A and z,y € H. We have that

(@ 2,9)yp =E(a- 2,9)p19) =E(a(r,y)5|9) = aE (2,9)g |I9) = a (@,9)p -

We can conclude that H is a pre-Hilbert £ (G)-module. O

21 Observe that for each w € Q, a (w) € R and = (w) € E. Thus, a (w) z (w) is the scalar product of a (w) with z (w).
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Note that for each x € H

lll,, = \/@((%@H) = \//E(<xax>E |G) dP = \// (z,2) pdP = ||xHL2E(]~')'

Theorem 8. If G is generated by a finite partition where each atom has strict positive probability, then H is
self-dual.

Proof. Since G is generated by a finite partition, £ (G) is finite dimensional. Moreover, we have that
H = % (F). By Theorem 4, we only need to show that H is || ||,, complete. Since H = L% (F) and
.. =1 HE%(H, the statement follows by Neveu [37, p. 104] (see also Diestel and Uhl [13, p. 50]). O

One can show that the above result also holds for a generic sub-o-algebra G. Nevertheless, the proof of
this more general result is different. Indeed, on the one hand, the current version only makes use of the
completeness of £% (F) (a well known fact) and the easier self-duality result for finite dimensional algebras
A (Theorem 4). On the other hand, the proof of the more general result relies on an argument similar to
that of Theorem 7, paired with the self-duality result obtained in Theorem 3.%?

6.3.1. A Finance illustration

oo
Let § € (0,1] and define E = {d € R : Zétdg < oo}. The space E is an infinite dimensional separable

Hilbert space where t=1

(dd)y=> d'dd;  Vd,d €E.
t=1
For each t € N, define also 7 : E — R such that m; (d) = d; for all d € E.
Consider a filtration space ((27 {Fitien F, P) where F = o (UsgenFy). Let G = Fy. Define
H =70 (U {F}en, P E) = {z € L (G, F,P;E) imox € LO(F)}.

In words, H is the space of processes in L2 (Q,G, F, P;E) that are adapted to the filtration. Since H
is a subset of L% (Q,G,F,P;E), we endow H with the same + and - operations of Subsection 6.3.
Similarly, we consider (z,y) — E ((z,y) 5 ||G) restricted to H. It is standard to show that H is a pre-Hilbert
L (G)-module. By Theorem 8, it easily follows that if F; is generated by a finite partition where each atom
has strict positive probability, then H is self-dual.

Remark 5. In Finance, this module can be used to price infinite streams of payoffs.

6.4. The module M?*> (G)

Consider a filtration space (Q, {Fitien» F> P) where F = 0 (UtenFt). Assume that G is a sub-o-algebra
of F. We denote by M? the space of £? bounded martingales. Recall that = € M? (see, e.g., [33, p. 209]) if
and only if there exists a unique (terminal variable/final value) xo, € £2 (F) such that

Define A = £ (G) and

22 We thank a referee for suggesting this argument.
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H=M>>*(G)={ze M E22]|G) € L2(G)}.
We endow H with two operations:

1. +: H x H — H which is the usual pointwise sum operation;
2. -: Ax H — H such that a - x is defined by

(a-2), =E(azs||F)  VtEN.
We also define (, ), : Hx H— Aas

Proposition 21. (H,+,-,(, )y) is a pre-Hilbert L> (G)-module.

Proof. By the conditional Cauchy—Schwarz inequality, it is immediate to see that H is closed under + and
(H,+) is an abelian group. The outer product - is also well defined. In fact, by [33, p. 209] and (27), a- x is
an element of M?. At the same time, since the terminal value of a -  is unique, (a-2)_ = aze € L2 (F)

and E ((a : w)io \|g) =E (a?22||G) = a’E (2%||G) € L (G). Observe also that:
1. Consider a € A, z,y € H, and a - (x + y). It follows that

(a-(z+y);, =E(a(z+y) lF) =E(a(re +yoo) |[F)
=E (aZoo + a¥oo||Ft) = E (a0 || Ft) + E (ayoo||Ft)
=(a-z),+ (a-y), vVt e N,

proving that a- (x +y) =a-x+a-y.
2. Consider a,b € A, x € H, and (a + b) - z. It follows that

((a+b)-2), =E((a+b) || Ft) = E (0200 + brc||F2)

= E(ar||Ft) + E (broo||Ft) = (a-2), + (b 2), vt e N,

proving that (a+b)-z =a-x+0b-x.
3. Consider a,b€ A, x € H, and a - (b- ). It follows that

(a-(b-z)), =E(a(b-z), [|F) = E(a(br) | F)
=E((ab) || F) = ((ab) - x), vt € N,

proving that a - (b-z) = (ab) - x.
4. Consider e € A and = € H. It follows that

(e-2), =E(exc||Ft) = E (20| Ft) = a4 Vvt € N,

proving that e - x = x.

This shows that H is an £ (G)-module. Next, by the conditional Cauchy—Schwarz inequality, we have

that (, ), is well defined, and:
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5. Consider z € H. We have that (z,z),; = E (z4||G) > 0. At the same time, we can conclude that

(2,2); =0 <= E(22]|G) =0 < 20 =0

— z=0.
6. Consider z,y € H. We have that
(,9) i = E(Too¥oo||G) = E (Yoot |9) = (Y, ) s -
7. Consider z,y,z € H. We have that

(+y,2) gy =E((@+Y)y 2|9) = E (0 + Yoo) 20|9)
= E (Too2oo + Yoo 20|19) = (z, Z>H + (v, Z>H

8. Consider a € A and x,y € H. We have that

(@ 2,9 g =E((a-2)y YoollG) = E ((a00) Yool 9) = E (@ (Tocyoo) [|9) = a (z,y) 4

We can conclude that H is a pre-Hilbert £ (G)-module. O

Note that || ||, : H — [0, 00) is such that

o]l = \/H 2,2) gl poe gy = \/||E 2D gy Vo€ H

Similarly, we have that

lell = /% (@ ab) = ) [ B9V 4P = ol oy Vo€ B

Theorem 9. H is self-dual.

Proof. By Theorem 3, we only need to show that By is || ||, complete. Consider a sequence {z,}, .y € Br
which is [| [, Cauchy. It follows that {(zn).},cy I8 a || || z2(7) Cauchy sequence and
‘u«: ((xn)io ||g)‘ <e=1lg VneNl. (28)

I
It follows that there exists an element z, € £2 (F) such that () 59 go. This implies that there

exists also a subsequence {zy, };cy such that (z,,). “¥ zo. By (28) and the conditional Fatou’s lemma
(see [14, p. 340]), we have that

E (choﬂg) =E (limkinf (:Cm)io |Q> < limkinf]E ((Jcnk)io |\g) <1< oo.
If we define  as the element in M2 (G) such that
21 =E(zsl|F)  VEEN,

then z, ”L’"’ x as well as x € By, proving the statement. O
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Remark 6. An important example of M2 (G) is when G is a stopping time o-algebra, that is,
G={FeF:En{r=t}e€F VteN}

where 7 : Q@ — N is a (finite valued) stopping time. An important bounded A-linear operator is the map
(see [40, p. 391]) f: H — A such that

flx)=2, Vo € H.

Remark 7. We could have defined M?°° (G) dealing with continuous time. In that case, we would have needed
a filtration space <Q, {ft}tG[O,oo) , F, P) where F = o (Ute[o,oo)]:t)~ With this specification, M? would have

been the space of cadlag £? bounded martingales. Our results would have remained the same.
Appendix

Proof of Proposition 1. (i) implies (ii). Define l = o T~! : C (K) — R. Since ¢ and T~ are both linear
and continuous, [ € C* (K). Since ¢ and T~! are positive and such that @ (¢) =1 and T~ ! (1) =, [ is
positive and such that [ (1x) = 1. By [4, Theorem 14.14], this implies that there exists a (unique) regular
probability measure m on the Borel o-algebra of K such that

l(g)=/9(s0)dm(so) Vge C(K).

K

It follows that

5(a) = (T (a) = / T (a) () dm. () = / (a.g)dm(p) Yae A (20)
K

K

By [4, Theorem 12.14] and since m is regular (thus, tight), it follows that suppm exists. By contradiction,
assume that suppm # K. Thus, there exists ¢ € K\suppm. By Urysohn’s Lemma (see [4, Theorem 2.46])
and since K is compact and Hausdorff, there exists a function 0 < § € C (K) such that §(¢) = 1 and
g (p) = 0 for all p € suppm. Since T is a lattice isomorphism, there exists @ € A such that T (a) = § > 0.
It follows that @ > 0. Since ¢ is strictly positive, we can conclude that

0= [ Gerdno) = [ (o) dn(e) =@ >0

suppm K

a contradiction.

(ii) implies (iii). Since it is immediate to see that K separates the points of A, the statement trivially
follows.

(iii) implies (i). It is immediate to see that (1) defines a functional @ : A — R which is linear, positive,
and || || , continuous. Since ¢ is positive and m a probability measure, we have that ||¢|| ,. = ¢ (e) = 1. We
just need to prove that @ is strictly positive. Consider a € A such that a > 0. Since suppm separates the
points of A, it follows that (a, @) > 0 for some @ € suppm C K. This implies that there exists a nonempty
open set V of K such that {(a, ) > 0 for all p € V and m (V) > 0. We can conclude that
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2@ = [(ep)dn (o) [(ap)dn (o) >0
V

proving the implication. O

1015

1 1
Proof of the Claim in Proposition 10. Since for each n € N, 0 < (y,9)}; < (v, 9)} + %e = a,, it follows that

(Y, )y <a,  VneN,
Since y,, = a; ! -y for all n € N, this implies that (a;1)2 (y,y)y < e, that is,

(Yn,Yn) gy < € Vn € N.

Fix n € N. We have that (y,,v) ; = a,, ' (y,y) ;. First, observe that a,, > a,,11. This implies that a;}_l > at

and (Yn,y) g = an* (y,y)y 1. Note that
1 1 1 1 1 1
Wvin<ygt+ (Wyn= (<y7y>?{ + Ee> YNl =an Y G-
It follows that

1
W g =" W)y < (W) %

Also note that

-

1 1
S <y7y>jg—[ + Ee:a’rh

janiSlE

(Y, v)

which yields
1 1
0<a, (y.u)j <e

Moreover, we can conclude that

1 1
an (W) i -

3|

1 1
0< (Wi —ay Wy y=a," (an W) i — <y,y>H) <

Since || || 4 is a lattice norm, it follows that

1 1
a, Y i

< Llel
— ||€e .
A n A

1 1

2 <
H(y,y>H <yn,y>HHA < ‘
Since n was arbitrarily chosen, the statement follows. 0O

Proof of Lemma 3. We first show, by steps, that IV, is a vector-valued norm.

Step 1. N, (f) =0 if and only if f=0.

Proof of the Step. It is immediate to see that if f = 0, then N, (f) = 0. Vice versa, note that if N, (f) =0,

then
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sup <supM> <0 = sup Lf (@)l <0 Ve € H,
e

zeH \neN N (z) + nen N (z) + Le
M%”f'%em VneN.VreH,

= |f(@)|<0 VzeH,

= f(x)=0 Vo € H,

proving that f =0. O
Step 2. Ny (a- f) = |a| N (f) for all a € A and for all f € H™.

Proof of the Step. Consider a € A and f € H™. It follows that
laf (z)| > <( lal |f () ))

Ny (a-f)=sup | sup ———=— ] = su sup —————=—

( f) wEII;(nEII\)IN( )"‘%6 9:62 nEII\)IN( )"’%

s (1ol (s sy 2 )) =l (s 5 o))

= la[N. (f),

proving the statement.’® 0O
Step 3. Ny (f +9) < N (f) + Nu(g) for all f,g€ H™.

Proof of the Step. Consider f,g € H™. It follows that

N +0) = s (sup WD) o (s 22020 )

zeH \nen N (z) + z€EH neN N ( )—i—;e

(Nf ++Igi(e)|>)

\ /\

o
o (
(

)| > ( lg (x) )>
< su + [ sup ——————
(nell\)T +Le nEII\)IN( )+ Le
lg ()] )
< sup | su —&—sup(sui =N, (f)+ N.(9),
IEII')I neII\)IN %e) weH negN(xH-}Le /) (9)

proving the statement. 0O

Steps 1-3 prove that N, is a well defined vector-valued norm. Finally, observe that
di~(f.9) =0 < d(0,N.(f—g)) =0 < N.(f—g)=0
= f-9g=0 = f=g.

It is immediate to see that dg~ (f,g) = dg~ (g, f) forall f,g € H~ aswellasdg~ (f + h,g + h) =dg~ (f,9)
for all f,g,h € H™. Finally, by definition of d and [6, Lemma 1.4] and since N, (f +¢g) < N, (f) + N« (9)
for all f,g € H™, we can conclude that

23 1n Step 2, we implicitly used the fact that if a nonempty subset B of A is bounded from above and ¢ € A, then sup ¢cB = csup B
(see [11, Footnote 26]).
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du~(f,9) =d(0,N.(f —g)) = o (N (f —g) Ne) = o (N ((f =h) + (h —g)) Ne)
SN (f=h)+ Nu(h—g))Ne) <@(N.(f —h)Ae+ No(h—g)Ae)
d

HN(f7h)+dH~ (hag) Vf,g,hEHN,

proving the statement. O
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