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Uaf = ()/P(foa), Usf=(8)""(foB),

under the assumptions that the coefficients a, b, c,d and the derivatives o', 3" of
the shifts are bounded and continuous on Ry and admit discontinuities of slowly
oscillating type at 0 and oo.
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1. Introduction

Let B(X) be the Banach algebra of all bounded linear operators acting on a Banach space X and let
K(X) be the ideal of all compact operators in B(X). An operator A € B(X) is called Fredholm if its image
is closed and the spaces ker A and ker A* are finite-dimensional. In that case the number

Ind A := dimker A — dim ker A*

is referred to as the index of A (see, e.g., [5, Chap. 4]). For A, B € B(X), we will write A ~ Bif A—B € K(X).
Following Sarason [26, p. 820], a bounded continuous function f on R4 = (0, c0) is called slowly oscillating
(at 0 and oo) if

lim sup |f(t)— f(7)]=0 for se€{0,00}.

TS ¢ relr,2r]

The set SO(R.,) of all slowly oscillating functions forms a C*-algebra. This algebra properly contains C'(R. ),
the C*-algebra of all continuous functions on R := [0, +oc].

Suppose « is an orientation-preserving diffeomorphism of R onto itself, which has only two fixed points 0
and oo. We say that « is a slowly oscillating shift if log o’ is bounded and o’ € SO(R ). The set of all slowly
oscillating shifts is denoted by SOS(R;). By [7, Lemma 2.2], an orientation-preserving diffeomorphism
a: Ry — Ry belongs to SOS(R,) if and only if a(t) = te¥®), t € Ry, for some real-valued function
w € SO(Ry) N CY(Ry) such that (t) := tw'(t) also belongs to SO(Ry) and infyegr, (1 + tw’(¢)) > 0. The
real-valued slowly oscillating function

w(t) :=logla(t)/t], te€Ry,

is called the exponent function of o € SOS(R).
Through the paper, we will suppose that 1 < p < oco. It is easily seen that if & € SOS(R4), then the
weighted shift operator defined by

Uaf = (a)/P(foa)

is an isometric isomorphism of the Lebesgue space LP(R,) onto itself. It is clear that U;! = U,_,. Let
a,b € SO(R;). We say that a dominates b and write a > b if

ot la(®)[ >0, liminf(ja(t)] = [b(t)]) > 0, liminf(|a(t)| = [b(t)]) > 0.

Theorem 1.1 (/13, Theorem 1.1]). Suppose a,b € SORL) and o € SOS(Ry). The binomial functional
operator al — bU,, is invertible on the Lebesgue space LP(Ry) if and only if either a > b or b>> a.

(a) If a>> b, then (al —bU,) "' = Z(a‘lbUa)"a_ll.

n=0

(b) Ifb>> a, then (al —bU.) ™" = —U' > (b~ alUs)"b7'1.
n=0

Let 3ty and Sy denote the real and imaginary part of v € C, respectively. As usual, 7 = Ry — i3y denotes
the complex conjugate of . If v € C satisfies

0<1/p+Ry<1, (1.1)
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then the operators

sn0= = [ (2) {2 o= [ () LD

T T T—1 T T T+t
+ Ry

where the integrals are understood in the principal value sense, are bounded on the Lebesgue space LP(R.)
(see, e.g., [3] or [25, Propositions 4.2.11 and 4.2.15]). Put
Pf:=(I+5,)/2.

This paper is a continuation of our works [6,11,14] (see also [7-9]), where we studied Fredholm properties
of the weighted singular integral operator with two slowly oscillating shifts of the form

N = (al = bU)PS + (I — dUs) P, (1.2)

where a,b,¢,d € SO(R,), o, € SOS(R,), and v € C satisfies (1.1). In two particular cases it is known
that this operator is Fredholm and its index is available. More precisely, if a,c = 0 and b,d = —1, then by
[6, Theorem 1.1}, the operator N is Fredholm and its index is equal to zero provided that |3+y| is sufficiently
small (for v = 0 this result was obtained in [9]). Further,if a = c¢=1,1>> b, 1 > d, and v = 7, with

Ve :=1/2—1/p, (1.3)

then N is again a Fredholm operator of index zero in view of [11, Theorem 1.1]. For general coefficients
a,b,c,d € SO(R,), Fredholm criteria for the operator N were obtained only under the assumption o =
and only in the non-weighted case v = 0 (see [7,8]). However, the index of N even in this less general case
was not available. We should also note that the proof of the necessity portion of that result [7] contains a
gap, which was filled in recently (see [14]). In the latter paper, necessary conditions for the Fredholmness
were proved for the operator N with two possibly different shifts «, 8 and for all parameters ~ satisfying
(1.1).

The first aim of the present paper is to prove that the above mentioned necessary conditions for Fred-
holmness for the operator N are also sufficient, and the second (main) aim of this work is to provide a
formula for the index of N in case of its Fredholmness. To formulate our first main result, we need a little
bit more notation. By M (%) we denote the maximal ideal space of a unital commutative Banach alge-
bra 2. Identifying the points ¢ € R, with the evaluation functionals t(f) = f(t) for f € C(Ry), we get
M(C(R,)) = R,. Consider the fibers

M,(SO(RY)) = {€ € M(SO(RL)) : €l oz, , = s}
of the maximal ideal space M (SO(R,)) over the points s € {0,00}. By [17, Proposition 2.1], the set
A= My(SO(R,)) U Moo (SO(R )
coincides with closso~ Ry \R, where closgo~ Ry is the weak-star closure of Ry in the dual space of SO(R4.).
Then M (SO(R;)) = AUR,. In what follows we write a(§) := £(a) for every a € SO(R,) and every & € A.
With the operator N we associate the function

n(t, 1) = (alt) = O ONpE (@) + (elt) — AT (@), (t7) € Ry xR

where w,n € SO(R,) are the exponent functions of «, 8, respectively, and



A.Yu. Karlovich et al. / J. Math. Anal. Appl. 450 (2017) 606-630 609

pf(x) =(1+£s4(2))/2, sy(x):=cothir(z+1i/p+iy)], zeR (1.4)
Since n(-,x) € SO(Ry) for every x € R, taking the Gelfand transform of n(-, z), we obtain

n(€, @) := (al€) = b(E)e™ )pT (2) + (e(§) = d(€)e™O)pT (2),  (§,0) € (AURL) xR, (1)
which gives extensions of the functions n(-, z) to M(SO(R4)).

Theorem 1.2 (/14, Theorem 1.2]). Let 1 < p < oo and v € C satisfy (1.1). Suppose a,b,c,d belong to
SO(Ry) and «, 8 belong to SOS(Ry). If the operator N given by (1.2) is Fredholm on the space LP(R.),
then the following two conditions are fulfilled:

(i) the binomial functional operators Ay = al —bU, and A_ := ¢l — dUg are invertible on the space
LP(RJr);
(i) for every & € A, the function n given by (1.5) satisfies inf e |n(E, z)| > 0.

Now our first main result reads as follows.

Theorem 1.3 (Main result 1). Let 1 < p < oo and v € C satisfy (1.1). Suppose a,b, c,d belong to SO(R)
and a, 8 belong to SOS(R4). If conditions (1)—(ii) of Theorem 1.2 are fulfilled, then the operator N given
by (1.2) is Fredholm on the space LP(R,).

Note that Theorem 1.3 can be proved by the methods of our previous work [7]. However, those methods
do not allow us to prove an index formula for the operator N. In this paper we present another proof of
Theorem 1.3. This proof relies on the reduction of the Fredholm study of the operator N to the study of a
Mellin pseudodifferential operator Op(h), for which a Fredholm criterion and an index formula are available.
Hence this new approach shed light on the problem of calculation of the index.

Further we obtain an index formula for the operator N given by (1.2) in the case of its Fredholmness. In a
sense this formula is a combination of the index formula for Mellin pseudodifferential operators with slowly
oscillating symbols (see, e.g., [19, Theorem 4.3]) and the index formula for singular integral operators with
shifts and piecewise continuous data (see [20,21] and also [22, Chap. 4, Section 2.4]). We also mention [18,
Section 6], where the index of the operator T' = VVOJPOJr + GF; related to the Haseman boundary problem
with slowly oscillating data was calculated.

By C(R) we denote the C*-algebra of all functions continuous on the two-point compactification R =
[—00, +00] of the real line. Let AP denote the C*-algebra of almost periodic functions generated in L>(R)
by all exponents ey () := ¢***, where \, x € R. Let SAP stand for the C*-algebra of all semi-almost periodic
functions generated in L>°(R) by {AP,C(R)} (see, e.g., [2, Section 1.5]). By GSAP we denote the set of all
functions f € SAP, which are invertible in L>°(R), that is, such that inf,cgr |f(x)] > 0. Then we use the
following definition of their index introduced by V.G. Kravchenko and the second author in [20,21] (see also
(22, pp. 194-195]). Given a function f € GSAP, its generalized Cauchy index indg f is defined by

inds f = o [My (1) ~ M_ ()] (1.6)
where
Mato) = tim 3 [owdy, pule) imarg fa) — ot SELO. (17

0

The generalized Cauchy index exists and is finite for every function f € GSAP.
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By GSO(R.) we denote the set of all functions f € SO(R, ), which are invertible in L (R ), that is,
such that infyer, |f(¢)] > 0. For a function f € GSO(R,.), let { arg f(t)}te[r1 . denote the increment of

any continuous branch of the argument of f when the point ¢ traces the segment [r~1 7] for 7 > 1.

Theorem 1.4 (Main result 2). Let 1 < p < oo and v € C satisfy (1.1). Suppose a,b,c,d belong to SO(R4.),
a, 8 belong to SOS(Ry), and w,n € SO(R.) are the exponent functions of a, B, respectively. Let the operator
N and the function n be given by (1.2) and (1.5), respectively. If the operator N is Fredholm on the space
LP(Ry), then

(a) n(r,-) € GSAP for all T € Ry sufficiently close to 0 and oo;
(b) the functions

1.8
b, if b>a, d, if d>c, (18)

Vo = {a, if a>Db, Ve i= {c, if ¢>d,
are well defined and belong to GSO(R4.);
(c) the index of the operator N is calculated by the formula

. 1 . . 1
Ind N = lim <%({ arg Vc’d(t)}te[fl,ﬂ — {arg Va’b(t)}te[rlx]) + indg n(r, ) — indg n(r 7))

T—+00

The paper is organized as follows. Section 2 deals with Mellin pseudodifferential operators Op(a). Here
we recall properties of the algebra & (R4, V(R)) of slowly oscillating functions of limited smoothness on R
with values in the algebra V(R) of absolutely continuous functions of finite total variation (see, e.g., [9,10,
15,19]). Further we explain how a function a € £(R,, V(R)) can be extended from R x R to its “boundary”
(Ry x {£00}) U (A x R) and recall that a Mellin pseudodifferential operator Op(a) with a € (R4, V(R))
is Fredholm if and only if its symbol a does not vanish on this “boundary”. Moreover, an index formula
for a Fredholm Mellin pseudodifferential operator Op(a) is stated. The latter results were obtained by the
second author in [15,19]. They extend previous results by V. Rabinovich [23] (see also [24, Sections 4.5-4.6]
and [10]) obtained for Mellin pseudodifferential operators with infinitely smooth slowly oscillating symbols
in C*°(Ry x R). Finally, we observe that if a € SOS(Ry), then the operators UF'R, are similar (up
to a compact operator) to Mellin pseudodifferential operators Op(ct) with ¢+ € E(Ry,V(R)) given by
¢t (t,z) = eF@®% /sinh[x(x + i/p + i7)]. This observation, made in [9] for v = 0 and then extended in [6]
for arbitrary v € C satisfying (1.1), is crucial for our analysis.

Assuming that the operators A, = al —bU, and A_ = cI — dUg are invertible, in Section 3 we prove
with the aid of results of Section 2 and [6, Theorem 1.1}, [11, Theorem 7.1] that NF ~ HV, where F is a
Fredholm operator of zero index of the form

F:=U'Pl + Uy Py, e1,62 € {~1,0,1}, (1.9)
V is a Fredholm operator of zero index of the form
Vi=(I - fUMPS + (I —gU)P,, e1,e0 € {-1,1}, (1.10)

and H is an operator similar to a Mellin pseudodifferential operator Op(h) with h € £(R,, V(R)). Hence
the operators N and Op(h) are Fredholm only simultaneously and Ind N = Ind Op(h). The operators F' and
V are of the form of the operator N, whence we can associate with them by (1.5) the functions f and v,
respectively. Further, we prove in Section 3 that n(&,z)f(&,x) = h(&, z)v(€, z) for all (§,2) € A x R. From
this identity and Theorem 1.2 applied to the Fredholm operators F' and V' it follows that h does not vanish
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for (¢,x) € A xR. Finally, we show that the invertibility of the operators A1 implies that h does not vanish
for (§,x2) € (AUR) x {£o00}. Hence the operator Op(h) is Fredholm. Thus, the operator N is Fredholm,
too. This completes the proof of Theorem 1.3.

Section 4 is devoted to the proof of Theorem 1.4. In Subsection 4.1 we collect properties of the index
of semi-almost periodic functions, known from [21, Section 2.1] and [22, pp. 194-195], and recall that the
indices of two important semi-almost periodic functions are equal to zero [12]. In Subsection 4.2 we show
that n(t,z)f(t,x) = b(t,z)v(t,z) for all sufficiently large ¢ and all # € R with a function b such that
E(f,x) = h(&, x) for all (€,z) on the “boundary” part A x R. From the former equality it follows that
indg n(t,) coincides with the Cauchy index of the function h € £(R,,V(R)). These facts are the main
ingredients in the proof of the index formula. Subsection 4.3 contains the proof of Theorem 1.4 by using
the index formula from [19, Theorem 4.3] for the Fredholm Mellin pseudodifferential operator Op(h) and
the indices of suitable semi-almost periodic functions.

2. Mellin pseudodifferential operators and their symbols
2.1. Boundedness of Mellin PDO’s

The second author [15] (see also [16]) developed a Fredholm theory of Fourier pseudodifferential operators
with slowly oscillating symbols of limited smoothness in the spirit of Sarason’s definition [26, p. 820] of slow
oscillation adopted in the present paper (much less restrictive than that in [23] and in the works mentioned
n [24]). Results of [15,16] were translated to the Mellin pseudodifferential operators setting in [16,17,19]
and [9] with the aid of the transformation defined by A — E~'AE, where E is the isometric isomorphism

E:LP(Ry,du) — LP(R), (Ef)(x):= f(e*), z€R,

and du(t) = dt/t is the normalized invariant measure on R, . For the convenience of readers, we here
reproduce necessary results for Mellin pseudodifferential operators exactly in the same form as they were
stated in [9], where more details on their proofs can be found.

Let V(R) be the Banach algebra of all absolutely continuous functions of finite total variation a : R — C
equipped with the norm

lally = llafl = &) + / o/ ()] de.
R

Let Cy(R4, V(R)) denote the Banach algebra of all bounded continuous V' (R)-valued functions on R with
the norm

a )o@y vy == sup [lalt,-)[v.
tER,

Let a € Cp(Ry, V(R)). For every t € R;, the function a(¢,-) belongs to V(R) and, therefore, has finite
limits at +oo, which will be denoted by a(¢, £00). Let C§°(R4) denote the set of all infinitely differentiable
functions of compact support on R .

Theorem 2.1 (/17, Theorem 3.1]). If a € Cy(Ry, V(R)), then the Mellin pseudodifferential operator Op(a),
defined for functions f € C§°(R4) by the iterated integral

0@ )0 = 5 [ do [ att.a) (f)fmd— for teR,,
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extends to a bounded linear operator on the space LP(Ry,du) and there exists a constant C, € (0,00)
depending only on p such that

| Op(a)||B(Lr Ry ap)) < Cpllallcy,®, vw))-
2.2. Algebra E(R4,V(R)) and products of Mellin PDO’s

Consider the Banach subalgebra SO(R, V(R)) of the algebra C, (R, V(R)) consisting of all V/(R)-valued
functions a on Ry that slowly oscillate at 0 and oo, that is,

li t,:) — Iz =0 0 .
R
Since V(R) C C(R), the latter equality implies that for every a € SO(Ry,V(R)) and every x € R the
function a(-,z) belongs to the C*-algebra SO(R.), which allows us to define the values a(¢,z) for all
(¢,7) € (AURY) x R by applying the Gelfand transform of SO(R,) to a(-,z).
Let £(R4, V(R)) be the Banach algebra of all V(R)-valued functions a in the algebra SO(Ry, V(R)) such
that

lim sup |la(¢,-) —a’(¢,- =0
\h|—>0teRIer (t,) = a" (&, )]y,
where a”(¢,2) := a(t,x + h) for all (t,z) € R, x R.
Let a € E(Ry, V(R)). Since E(R,, V(R)) € SO(R,, V(R)), we conclude that for every = € R the function
a(-, z) belongs to the C*-algebra SO(R, ), and therefore the function a can be extended to A x R by applying

the Gelfand transform of SO(R}) to a(-,x).
Similarly to [1, Proposition 4.2, Corollary 4.3] we have the following.

Lemma 2.2 (17, Proposition 2.2]). Suppose {ai}ren is a countable subset of the space SO(Ry) and s €
{0,00}. For each £ € Ms(SO(R..)) there exists a sequence {tn}nen C Ry such that t, — s as n — oo and

Elag) = ar(§) = lim ag(t,) forall keN. (2.1)

n—oo

Conversely, if {tn}nen C Ry is a sequence such that t, — s as n — oo and the limits lim, o ai(t,) exist
for all k € N, then there exists a functional & € My(SO(Ry)) such that (2.1) holds.

By analogy with [15, Lemma 2.7] with the aid of Lemma 2.2 one can prove the following assertion.

Lemma 2.3. Let s € {0,00} and {a;}ren be a countable subset of the algebra E(Ry,V(R)). For each & €
Ms(SORYy)) there is a sequence {t;}jen C Ry and functions ap(§,-) € V(R) such thatt; — s as j — oo
and

aip(§,x) = lim ag(t;, )
j—oo
for every x € R and every k € N.

This lemma gives another possibility to define the values a(¢, x) of a € E(R4, V(R)) for all (¢,7) € AxR.
Note that the latter approach was used in our works [6,9-11]. From the proof of [15, Lemma 2.7] one can
see that a(§, z) defined as the Gelfand transform of a(-,z) € SO(R) coincides with a(§, z) calculated by
Lemma 2.3, that is, both these definitions of a(¢,x) for (¢,2) € A x R are equivalent.
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Theorem 2.4 ([9, Theorem 5.5]). If a,b € E(R4, V(R)), then Op(a) Op(b) ~ Op(ab).

Lemma 2.5 (/9, Lemma 5.4]). If a,b,¢c € ERL, V(R)) are such that a depends only on the first variable and
¢ depends only on the second variable, then

Op(a) Op(b) Op(c) = Op(abc).
2.3. Algebra E(R,,V(R)) and the Fredholmness of Mellin PDO’s

Consider the Banach algebra £(R,V(R)) consisting of all functions a belonging to £(R,,V (R)) and
such that

lim sup / |0za(t, z)| dx = 0.
m—0o0 tER+
R\[—m,m]

Now we state two results on the inversion of functions in the algebra &(R_, V (R)).

Lemma 2.6 (/10, Lemma 4.2]). If a € E(Ry, V(R)) is such that

inf |a(t,z)] >0,
(t,z)eR4 xR

then 1/a € E(Ry, V(R)).
For £ > 1, put Ty := (0,07 U [¢,00).

Lemma 2.7 (/10, Lemma 5.4)). If a € ER4, V(R)) is such that
a(t,£00) #0 forall t€ Ry, a(&,z)#0 forall (&z)€ A xR, (2.2)
then there exists an £ > 1 such that

inf  |a(t,x)| > 0.
(t,m)ETgXR

By analogy with [10, Lemma 5.4] one can also prove the following.

Lemma 2.8. If a € £(R,V(R)) is such that a(é,z) = 0 for all (£,x) € A x R, then for every § > 0 there
exists an €(0) > 1 such that

sup la(t, z)| < 4.
(t,I)ETg({;) xR

The following theorem is the key ingredient in our analysis.

Theorem 2.9 (/9. Theorem 3.6]). If a € E(R,,V(R)), then the operator Op(a) is Fredholm on the space
LP(Ry,dp) if and only if (2.2) is fulfilled. In the case of Fredholmness, a(t,z) # 0 whenever (t,z) € OIl;
for all sufficiently large 7, and

. 1
IndOp(a) = lim %{arga(tm)}(t’x)eanf,

T—+00
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where I1; = [771,7] xR and {arg a(t,z)} ;) con, denotes the increment of the function arg a(t, x) when the
point (t,x) traces the boundary Oll; of IL. counter-clockwise.

This result follows from [19, Theorem 4.3]. Note that for infinitely differentiable slowly oscillating symbols
such result was obtained earlier in [23, Theorem 2.6].

2.4. Singular integral operators as Mellin pseudodifferential operators

Along with functions s, and p,f given by (1.4), consider the function r., defined by
ry(z) :=1/sinhr(z +i/p+iv)], zeR (2.3)
Lemma 2.10 (/6, Lemma 4.1]). Suppose f € SO(R;) and v € C satisfies (1.1). Then the functions
f(t,x) == f(t), sy(t,z):=s,(x), v, (t,x):=ry(z), (t,z)€eRy xR,
belong to the Banach algebra E(Ry,V (R)).
Consider the isometric isomorphism
LRy > LRy, dp), (BF)() = t7f(1), € R,

From [25, Propositions 4.2.11 and 4.2.15] (see also [3,4,23,27]) we can get the following important and well
known fact.

Theorem 2.11. Let 1 < p < 0o and v € C be such that 0 < 1/p+ Ry < 1. Then
S, =®'0p(s,)®, R, = 'Op(t,)D.

This result together with Lemmas 2.5 and 2.10 implies, in particular, that the operators Pf, Péi, Ry,
and Rj are pairwise commuting whenever v, € C satisfy 0 < 1/p + Rv,1/p + RJ < 1. The next lemma
provides more relations for these operators.

Lemma 2.12 (/6, Lemma 2.4]). Let 1 < p < oo and 7,8 € C be such that 0 < 1/p+ Ry < 1 and 0 <
1/p+R6 < 1. Then for every x € R,

1 1 cos[m(y — 6) _ et (0=
Py (@)py (x) = 5py (@) + 505 () + %m(@m(w)’ Py (@)p; (x) = ————ry(@)rs(@)  (24)
and
1 1 cos[m(y — 4)] _ eim(6—7)
PFPF =P+ §P5i +——— RyRs, PIP=-——RR; (2.5)

2.5. Some important functions in the algebra (R, V (R))
By analogy with [9, Lemma 4.3], one can prove the following.
Lemma 2.13. Let v € C satisfy (1.1) and w € SO(Ry) be a real-valued function. Then the function

b(t,z) := e“O%r (z), (t,z) € Ry xR,
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belongs to the Banach algebra E(Ry,V(R)) and there is a constant C(p,~) € (0,00) depending only on p
and ~ such that

[6llcyry vy < Cp,7) (1 + sup Iw(t)|> :

teRy

Recall that Cp(Ry) denotes the space of all bounded continuous functions on Ry with the supremum
norm.

Lemma 2.14. Let v € C satisfy (1.1) and f,w € SOR,). If || fllc,®,) <1 and w is a real-valued function,
then the functions

a(t,z) = (1 — f(1)e“D)r (x), c(t,z):=(1— f(t)eiw(t)z)_lry(x), (t,x) e Ry xR,
belong to the algebra E(R, V (R)).

Proof. From Lemmas 2.10 and 2.13 we immediately get a € £(R., V(R)). Since Il fllc,®) <1, we have

o0 o0

() = S (FO) e O (1) = 3 cult,a), (o) €Ry xR,

n=0 n=0

where ¢, (t,z) := (f(t))"e™®r_(z). From Lemmas 2.10 and 2.13 it follows that ¢, € E(R,,V(R)) for all
n, and

Ry

lenllcy®, vry < Clo, VIS, ®,) <1 + n sup |w(t)|> :

Taking into account the fact that || f||c,®,) < 1, we have

1/n
. 1/n . .
lim sup [leall e, vy < 1oy lim sup C(p, 7)™ lim sup (1 +n sup Iw(t)|>

n—00 n—00 teR L

= Iflley@y) <1

Thus the series Y~ ¢, is absolutely convergent in the norm of Cy(R4,V(R)), whence the function ¢ =
>0 o ¢n belongs to the Banach subalgebra E(Ry, V(R)) of Cy(Ry, V(R)) along with each function ¢,,. O

2.6. Operators UoR and U,UgR,, as Mellin pseudodifferential operators

It was observed in [9] that the product of U, and Ry can be realized as a Mellin pseudodifferential
operator with symbol in the algebra (R, V(R)). In this subsection we formulate a slight generalization of
that result and some of its consequences.

Lemma 2.15 (/6, Lemma 4.4]). Let v € C satisfy (1.1). Suppose a« € SOS(R;.), w is its exponent function,
and U, is the associated isometric shift operator on LP(Ry). Then the operator Uy R~ can be realized as the
Mellin pseudodifferential operator:

UaRy = ® 1 Op(cy )@,
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where the function ¢, 5, given by
Coq(t,z) = (1 +t () /Pe 2 (2),  (t,x) € Ry xR,
belongs to the algebra E(R,V (R)).

From the above lemma, making minor modifications in the proof of [9, Lemma 4.5], we can get the
following two lemmas.

Lemma 2.16. Let v € C satisfy (1.1). Suppose o € SOS(R), w is its exponent function, and U, is the
associated isometric shift operator on LP(R. ). Then the operators Ua R, and Uy 'R, can be realized as the
Mellin pseudodifferential operators up to compact operators:
UE'R, ~ &7 Op(cq)®,

where the functions ¢*, given by

ci(t,x) = W% (2), (t,z) € Ry xR,
belong to the Banach algebra E(R., V(R)).
Lemma 2.17. Let v € C satisfy (1.1). Suppose a, 8 € SOS(R;.), w,n are their exponent functions, respec-

tively, and Uy, Upg are the associated isometric shift operators on LP(R,). Then the operators UaUgﬂRv
and UoleBﬂR,Y can be realized as the Mellin pseudodifferential operators up to compact operators:

UsUgRy ~ ®7 1 Op(cy4)®,  UsUz 'R, ~® 1 Op(c; )@,
U;'UsR, ~ &' Op(c_4)®, Uy'U;'R,~®'Op(c__)®,
where the functions cy4,cp—,c_4,c__, given for (t,z) € Ry x R by

cip(t,z) = e@Wzem®zy (1) ¢ (t,x) = BTz (),

¢t (t,x) = e ey () _(t,z) 1= emWOTemMWTy (),
belong to the Banach algebra E(Ry,V (R)).
3. Sufficient conditions for the Fredholmness of the operator N
8.1. Notation

We suppose that v € C satisfies (1.1), v, is defined by (1.3), a,b, ¢,d belong to SO(R}), «, 3 belong

to SOS(R4), and w,n are the exponent functions of «, 3, respectively. Suppose the functional operators
Ay =al —bU, and A_ = ¢l — dUp are invertible on the space LP(Ry). Then, according to Theorem 1.1,
we have four mutually exclusive possibilities:

(A)a>»bande>d; (B)b>»aande>d; (C)a>»bandd>»c¢; (D)b>aandd>c.

In this case we put
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. a, if a > b, e b, if a > b, . 1, if a > b, 0 . = 0, if a > b, (3.1)
ab " Y p ifbs>a, T )a ifbsa P ) oL ifbs>a, 0T ) <1, ifb>a

The functions I/i:d and the numbers . 4, 0. 4 are defined analogously. Note that V;:b, I/:d coincide, respec-
tively, with v, 4, ve.q given by (1.8). Further, we set
91 = Ha’b, 92 = HC,d, €1 ‘= €a,b; €2 1= E¢,d, Vit = I/(:ltb, Vg: = I/étd. (32)

)

8.2. First operator relation

Recall that multiplication operators and shift operators commute with singular integral operators up to
compact operators. More precisely, from [11, Lemmas 2.8 and 3.1] we immediately obtain the following.

Lemma 3.1. Let v € C satisfy (1.1). If a € SO(R) and o € SOS(R), then
aPf ~ Pfal, U,PFf~PfU,, U;'PF¥~PIU;"

Now we establish a relation between the operator N given by (1.2), an operator F' of the form (1.9), a
weighted singular integral operator without shifts B, an operator V of the form (1.10), some operator M,
and the operator R, .

Lemma 3.2. If the functional operators Ay = al —bU, and A_ = cI — dUg are invertible on the space
LP(Ry), then

NF ~BV+MR,,, (3.3)
where
F:=UlP +URP;, (3.4)
B:= e Pf 4 e Py (3.5)
V= ( - V—lUgl) Pt + (I - Ving) P, (3.6)
v Vs vy Vs
and
Moe eiﬂ'(’y_'\/*) + 7 l/; o 7 b 0,
= e - gUB —(al = bUa)Ug*| Ry
et (V=) N vy 0
+ — | I——=Ug ) = (el —dUg)U,! | R, (3.7)
g

Proof. From Lemma 3.1 it follows that
6 0 oy
NF =~ (al —bU,)US P P + (eI — dUg)Ug? Py Py,
+ (aI = bUL)UG P Py + (eI — dUs)US Py Py (3.8)
and

BV ~¢ey(vi —vy UM )PP +ea(vf — vy U) P P

+ ey (I - Z%U?) PP +eovy <I - Z—1+U§1> PP (3.9)
2 1
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Taking into account (3.1)—(3.2), it is easy to see that
(oI —bUL)US =er(vf — vy USY), (eI — dUs)UR* = ea(vif — vy US?). (3.10)
Combining (3.8)—(3.10) with the second identity in (2.5), we obtain

V.

NF — BV ~ [(a[ — W)U — ey (1 - —2+U§2)] Pl P
vy

+ [(CI — dUB)UY — eqvy <I - V—1+U§1>] PP
4

im(y—"x) -
GT [slyf' (1 - Z%ng) — (al — bUa)ng] R,R.,,
2

im (e —) -
+ ET [Eguj (I — V—LU&‘) — (eI — dUg)U21:| R,R,,.
)

From the above relation and (3.7) we immediately get (3.3). O
3.83. Main operator relation

The following theorem is the heart of the proof of Theorem 1.3 and the index formula in Theorem 1.4.

Theorem 3.3. Let v € C satisfy (1.1) and ~y,. be given by (1.3). Suppose a,b,c,d belong to SOR;), o,
belong to SOS(Ry), and w,n € SO(Ry) are the exponent functions of «, 8, respectively. If the functional
operators Ay = al —bU,, and A_ = cI — dUg are invertible on the space LP(Ry), then

NF ~ HV, (3.11)

where

a) fori=1,2, the functions v; and the constants €;, 0; are defined by (3.1)—(3.2);

b) the operator F defined by (3.4) is Fredholm on the space LP(R,) and its index is equal to zero;
c) the operator V defined by (3.6) is Fredholm on the space LP(Ry) and its index is equal to zero;
d) the operator H is of the form

(
(
(
(
H=a""0p(h)®,
where h € ER4, V(R)) is given by
B(t, ) = b(t,2) + m(t, 2)a(t,2), (47) € Ry xR, (3.12)
with the functions b,m € g(RJr, V(R)) given by
b(t,z) := e ()3 (x) + e2v (1)p5 (2) (3.13)

and

et (y=+) v ) ) )
m(t,x) == — leluf(t) <1 - V}Eg e’””mx) — (a(t) — b(t)e“’(t)z)eww(t)m] ()

et (V=) v (t) . . .
M [szv;u) (1 - ;Eti “) = (e(t) - d(t)em“”)e“’l“ﬂ ry(2), (3.14)
1
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and some function g € E(R, V(R)) satisfying

(@) (&,2) € A xR,

g(&x) = v(& ) (3.15)
0, Zf (é?x) € (A U RJr) X {ioo},
where
v(€,2) = <1 _ ?Tgeia1w(€)z> p’-;-* (z) + <1 _ Z2+_86i8277(5)m> P, (z) # 0 (3.16)

for (§,z) € A x R.

Proof. Part (a) is trivial. Parts (b) and (c) follow from [6, Theorem 1.1] and [11, Theorem 7.1], respectively.
Let us establish relation (3.11) and part (d). From Theorem 2.11 and Lemmas 2.5, 2.10 we immediately get
the following description of the operator B given by (3.5) via a Mellin pseudodifferential operator:

B=3®"10p(b)®, (3.17)

where the function b given by (3.13) belongs to the Banach algebra (R, V(R)). From [11, Theorem 7.2
it follows that there is a function g € £(R4, V(R)) such that

(@' Op(g)®)V ~ R, (3.18)

and (3.15)—(3.16) are fulfilled.
From Lemmas 2.5, 2.10, and 2.16 we obtain

eyt (I - %U;) R, ~ &1 Op(m)®, ey (I - Z—1+U§1) R, ~ &1 Op(my)®, (3.19)
2 1
where the functions my, mo, given for (¢,z) € Ry x R by

vy (1)
my(t,z) = ervy (2) <1 - I/zi_(t) 6’62’7(t)’”> ry (), (3.20)

—)
my(t, ) := eqvy (t) (1 - ”1+( )eww(ﬂw) . (z), (3.21)

vy (t)

belong to the algebra & (R4, V(R)). Analogously, applying the above mentioned lemmas and Lemma 2.17,
we get

(aI —bUL)US R, ~ & Op(ma)®, (eI — dUs)US Ry ~ &' Op(my)®, (3.22)
where the functions ms, my, given for (¢,z) € Ry x R by

m3(t, x) == (a(t) — b(t)e )il (4) (3.23)
my(t,x) == (c(t) — d(t)en®)etre®zy (1) (3.24)

belong to the algebra £(R., V(R)). Combining (3.7) and (3.14) with (3.19)—(3.24), we arrive at

M ~ &1 Op(m)®. (3.25)
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From Lemma 3.2, relations (3.17)—(3.18) and (3.25) we get

NF ~ BV + MR, ~ BV + M(® ' Op(g)®)V
~ [®1 Op(b)® + (¢~ Op(m)®)(®~" Op(g)®)]V. (3.26)

By Theorem 2.4,
Op(m) Op(g) ~ Op(mg). (3.27)
From (3.26) and (3.27) we obtain
NF =~ (27 Op(b +mg)®)V = (7" Op(h)®)V,
where b € E(Ry, V(R)) is given by (3.12), which completes the proof of (3.11) and part (d). O

Let X be a Banach space. Recall that an operator B, € B(X) (resp. B; € B(X)) is said to be a right
(resp. left) regularizer for A if

AB, ~1 (resp. BjA~1I).

It is well known that an operator A is Fredholm on X if and only if it admits simultaneously a right and
a left regularizers. Moreover, each right regularizer differs from each left regularizer by a compact operator
(see, e.g., [5, Chap. 4, Section 7]). Therefore, we may speak of a regularizer B = B, = B; of a Fredholm
operator A.

Corollary 3.4. Suppose a,b,c,d belong to SO(R,), «, 8 belong to SOS(R,), and the functional operators

AL =al —bU, and A_ = cI — dUs are invertible on the space LP(Ry). Then the operator N is Fredholm
on the space LP(Ry) if and only if the operator Op(h) is Fredholm on the space LP(Ry,du), where h €

E(R4,V(R)) is defined in Theorem 3.3(d). In the case of Fredholmness,
Ind N = Ind Op(h).

Proof. By Theorem 3.3, the operators F' and V are Fredholm and have zero indices. If the operator N is
Fredholm, then the operator NF is Fredholm. Hence there exist operators R; and Rs such that

Ry (NF)~(NF)Ry ~1I, RV ~VRy~I.
From these relations and (3.11) it follows that
(VR1)H ~ (VR)(NF)Ry ~VRy~I, H(VR;)~(NF)R:(VRy) ~(NF)R; ~ 1,
that is, the operator V R; is a regularizer of H. Therefore, the operator H = ®~! Op(h)® is Fredholm, whence
the operator Op(h) is Fredholm. Analogously it can be shown, that if the operator Op(h) is Fredholm, then
the operator N is Fredholm. From the relations NF ~ HV and Ind F = Ind V = 0 we deduce that

IndN =IndN + Ind F = Ind(NF) = Ind(HV) = Ind H + Ind V = Ind H.

It remains to observe that Ind H = Ind Op(h). O



A.Yu. Karlovich et al. / J. Math. Anal. Appl. 450 (2017) 606-630 621

8.4. Functional identities

With the operators F' and V defined by (3.4) and (3.6), respectively, we associate the functions

f& x) = Ompt (z) 4 €107 (), (3.28)
75 ictw(é)x 75 €0 x —
v(E.a) = (1+§§§ <f>)p;<x>+<1jz‘+ggie 197 b (o), (3.29)

defined for all (§,z) € (AUR,) x R. Notice that both F and V are particular cases of the operator N given
by (1.2) and the functions f and v are particular cases of the function n defined by (1.5).

Lemma 3.5. Suppose a,b,c,d belong to SO(Ry), «, B belong to SOS(Ry), and the functional operators
Ay =al —bU, and A_ = cI —dUg are invertible on the space LP(R.). For every (t,z) € Ry xR, we have

n(t,z)f(t, ) = b(t,z)v(t,x) + m(t, z)r,, (x), (3.30)

where the functions n, f,b,v,m, and r,, are defined by (1.5), (3.28), (3.13), (3.29), (3.14), and (2.3), re-
spectively.

Proof. This proof resembles the proof of Lemma 3.2. We suppose that (¢,z) € Ry x R. Obviously,

n(t,z) f(t,x) = (a(t) = b(t)e™ ") OpX (2)p2 (2) + (c(t) — d(t)e™ )" (x)p3 (x)

+ (a(t) = b(t)e ") =1 O pE (@)p] (@) + (et) — d()e ") O (2)p2 (2)  (3.31)

and

ez’aw(t)ac) py (x)p—vi-* (2). (3.32)

(a(t) — b(t)e®)t1w®r — o (uF (1) — vy (£ BT, (3.33)

T
(c(t) — d(t)eM®®) 2102 — oo (1 (1) — vy (t)et=21BT), (3.34)

From (3.31)—(3.34), (2.4), and (3.14) we obtain

0. 0) ) = B(t2)0(t.3) = [(a(8) = b)) ey o) (1= e | o (o)

¢ _ ein(t)a: ei w(t)e v _ Vl_(t) eislw(t)z —(x x
[ felt) =ty - i) (1 B0 | @)t o

= m(t7 :IZ)?%Y* (3’]),

which completes the proof. O
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Lemma 3.6. Suppose a,b,c,d belong to SO(R,), a,p belong to SOS(R.), and the functional operators
Ay =al —bU, and A_ = cI — dUp are invertible on the space LP(Ry). For every (§,z) € A x R, we have

n(€7x)f(§7x) = h(f,x)v(é,x),
where the functions n, f,h, and v are defined by (1.5), (3.28), (3.12), and (3.29), respectively.

Proof. For each fixed z € R, the functions n(-,z), f(-,z), b(-,z), v(-,x) and m(-,x) belong to SO(R).
Then, for every = € R and every functional £ € A, we immediately infer from (3.30) that

n(§,z)f(§,z) = b(&, 2)v(§, ) + m(&, 2)ry, (2). (3.35)
Analogously, from (3.12) we obtain
b(& ) =b(& x) +m(§ z)a(§,z), (§2) € AXR, (3.36)
where g € E(Ry, V(R)) satisfies
9 2)v(€, ) =y (2),  (§7) € AXR, (3.37)
in view of (3.15). Combining (3.35)(3.37), we obtain
n(& x)f(§ x) = b(&, x)v(€ x) + m(&,2)g(§, x)v(E, x) = b z)v(E, ),
which completes the proof. O

Lemma 3.7. Suppose a,b,c,d belong to SO(R,), a, belong to SOS(R.), and the functional operators
Ay =al —bU, and A_ = cI — dUg are invertible on the space LP(Ry). For every £ € Ry UA, we have

h(fa —OO) = Ec,ch,d(£)7 b(§7 +OO) = €a,bya,b(§)a (338)

where the function b is defined by (3.12), the functions vep,veq € SO(RL) are defined by (1.8), and the
numbers €q.p, Ec,a are given by (3.1).

Proof. Since r,(+o0) = 0 and the functions in the brackets in (3.14) are bounded, we have m(t,+o0) =0
for every ¢ € Ry. From this observation and (3.12) we obtain

h(t, £oo) = b(t, £oo0), te€ R, (3.39)

On the other hand, pf(:Foo) =0 and pf(:l:oo) = 1. Then from (3.13), (3.1)=(3.2) and (1.8) it follows that
for t € Ry,

b(t, —00) = v (t) = Ec,dV;_d(t) = &c,dVe,d(t), (3.40)

b(t, +00) = e1vy (t) = eapvy ,(t) = €apvap(t)- (3.41)
Combining (3.39)—(3.41), we arrive at
h(ta 700) = 5c,ch,d(t); h(t’ +OO) = Ea,bya,b(t)a te R+~

Since the functions (-, £00), V4 b, Ve,a belong to SO(R), we immediately conclude from the above equalities
that (3.38) holds for all £ € Ry U A, which completes the proof. 0O



A.Yu. Karlovich et al. / J. Math. Anal. Appl. 450 (2017) 606-630 623

3.5. Proof of Theorem 1.3

If the functional operator Ay = al — bU, (resp. A_ = cI — dUp) is invertible, then, by Theorem 1.1,
either a > b or b > a (resp. either ¢ > d or d > b). Hence the function v, (resp. v.q) is well defined by
(1.8). Moreover, Vg p, Ve,q € GSO(RL). Then from Lemma 3.7 it follows that

h(€,+oo) A0 forall &€ RLUA. (3.42)

From Theorem 3.3(b)—(c) we know that the operators F' and V given by (3.4) and (3.6), respectively, are
Fredholm. Then from Theorem 1.2 we conclude that

inf |[f(&2)] >0, inf |[v(§x)] >0 forall £e€A, (3.43)
z€R z€R
where the functions f and v are given for (£, 2) € AXR by (3.28) and (3.29), respectively. By the hypothesis,
inf [n(§,z)| >0 forall £eA. (3.44)
z€R
From (3.43)—(3.44) and Lemma 3.6 it follows that
h(&x)#£0 forall (§,x) € AxR. (3.45)
Combining conditions (3.42) and (3.45) with Theorem 2.9, we deduce that the pseudodifferential operator
Op(h) is Fredholm on the space LP(R,,du). Hence, in view of Corollary 3.4, the operator N is Fredholm
on the space LP(R, ). The proof of Theorem 1.3 is completed. O
4. Index of the operator IV
4.1. On indices of semi-almost periodic functions
First we collect basic properties of the index of semi-almost periodic functions.
Lemma 4.1 (/21, Section 2.1], [22, pp. 194-195]).

(a) If g € C(R) and inf,cr |g(x)| > 0, then

. 1
inds g = 5 {arg (1)}, e

(b) If g € AP and inf,cg |g(z)| > 0, then indg g = 0.
(c) If f,g € GSAP, then fg € GSAP and

indg(fg) = indg f + indg g.

(d) If f € GSAP, then for every e > 0 there exists a § > 0 such that for all functions g € SAP such that
sup,cp | f(x) — g(z)] < 6 one has g € GSAP and |indg f — indr g| < €.

From [12, Theorems 1.1-1.2] we immediately get the following results.

Lemma 4.2. Let 7, be defined by (1.3). If w,n € R, then the semi-almost periodic function
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h(z) := ei‘”zpi'* (z) + e”’mp;* (z), =€eR,
belongs to GSAP and indg h = 0.

Lemma 4.3. Let v, be defined by (1.3). If w,n € R\ {0} and 21,22 € C with |z1| < 1, |22| < 1, then the
semi-almost periodic function

w(@) = (1= z1e™)p] (x) + (1 — 2e™)p (), z€R,
belongs to GSAP and indg w = 0.
4.2. Indices of the functions n(t,-) for sufficiently small and sufficiently large t € Ry
Given a € Cand r > 0, let D(a,r) :={z € C: |z —a| <7}

Lemma 4.4 ([11, Lemmas 2.9-2.10]). Let v, be defined by (1.3), w,n € R, and z1,22 € C be such that
|z1] < 1, |22 < 1. If the semi-almost periodic functions w and u are given by

w(z) = (1= 21e™7)p] (2) + (1 = 226" )p7, (w),

u(x) == (1 — 21™*)"'pd (x) + (1 — 20€") " 'p (x)
for z € R, then w(R) C D(1,7) and u(R) C D((1 —r?)~L, (1 —r?)71r), where r = max(|z1|,|22|)-
Now we prove two auxiliary results.

Lemma 4.5. Suppose v, is defined by (1.3) and c,d,w,n € SOR,). If |[clc,r,) < 1, ld]lc,®,) < 1 and
w,n are real-valued functions, then the functions

w(t,z) = (1= () O)pl (2) + (1= d(t)e"" " )p] (x),

ult, @) = (1= e()e ") p3 (2) + (1 = d(t)e™ ") 7' p3, (2),

defined for (t,x) € Ry x R, satisfy

inf t inf t 4.1
(m)lenmxua‘w( 2)[ >0, (t@)len]RerR‘u( @) >0, (4.1)
and the function
(o) = =0 e Ry xR (4.2)
) w({;’ :L')’ 3 )

belongs to the algebra E(R,V(R)).

Proof. From Lemma 4.4 we immediately get
w(Ry xR) CcD(1,7), u®; xR)cD((1—7r3)"1 (1 —7r?)"1r)

with r = max(||c[|c, &), ld]lc,®,)) <1, whence (4.1) holds. By Lemma 2.14, the functions
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ay(t,z) = (1 =)Dy (2),  cp(t,2) = (1= c(t)e™ D), (2),
a_(t,z) = (1 —d(t)e"D%)r, (z), o (t,x):=(1—dt)e"D)"1r (),

defined for (t,z) € Ry x R, belong to the algebra £(R,,V(R)). Taking into account identities (2.4), we
easily get for (t,x) € Ry x R,

w(t,x)ult,x) = (pF, (@) + (1 = () O) (1 = d()e" D) " 'pF (@)p3, (@)

+ (p3, (@))% + (L — e(t)e™ ") (1 — d(t)e " *)pd (2)p3, (2)

= PE () + (. ()7 — F( = e OR) 1= (O (i (1))
5. () 30 (@) = (1= ()0 7 (1= (D) O (. (2))?

=1+ 3[2(7"% (@))* = ax(t,z)e—(t,2) — ey (t, x)a_(t, 2)].

From Lemmas 2.10 and 2.14 it follows that wu, ur., € E(R,V(R)). From Lemma 2.6 and (4.1) we deduce
that 1/(wu) € E(Ry, V(R)). Hence w = r,, /w = (ur,,)/(wu) € ER4, V(R)). O

For ¢ > 1, put Ty := (0,7} U [¢,00) and

_ In¢+Int

La(t)i= =5, telt4.

Lemma 4.6. If f € SO(R,.) is such that 1 > f, then there exists an £ > 1 such that the function

_[ro, ey,
fe(t) := {f(é—l)L(t) + f(O)Ly(t), te [;‘1,13], 4

belongs to SO(Ry) and || fellc,m,) < 1.
Proof. Tt is clear that f, € SO(R,) for every £ > 1. Since 1> f, we have

limsup|f(t)] <1 for s e {0,00}.
t—s

Hence there exists an ¢ > 1 such that sup,cq, | ()] < 1. Then we have sup,cq, [fe(t)] < 1. If t € [(71,4],
then

£ < LFEDIL(0)+ 17 OL+(0) < sp | £OIL-(0) + Lo (1) = sup £i1)] < 1

Thus Hfl||Cb(R+) <1l O
Taking into account Theorem 1.1, from Lemmas 4.5 and 4.6 we immediately get the following.

Lemma 4.7. Let 7, be given by (1.3). Suppose a,b,c,d belong to SO(R,), «, belong to SOS(R), and
w,n € SO(R) are the exponent functions of «, B, respectively. If the functional operators Ay = al — bU,
and A_ = cI — dUg are invertible on the space LP(R.), then there exists an £ > 1 such that the function
vg, defined for (t,z) € Ry xR by
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vy ; Vo ;
ve(t,x) = (1 - (—1+> (t)ewl"’(t)m> P (x) + (1 - (%) (t)ewwmz) p,.(7), (4.4)
Vi /e Vo /o
where €;,v; are defined by (3.1)~(3.2) and (v; /v;"), are defined according to (4.3) for i = 1,2, satisfies
inf t 4.
ot o) >0, (4.5)
and the function
~ oy, (T)
ta) = —= t Ry xR 4.6
g(,l‘) Ue(t,l’)’ (,JI)E + X K, ( )

belongs to the algebra E(R,V (R)).
Now we are in a position to construct a required substitute for the function b given by (3.12).

Lemma 4.8. Let 7y satisfy (1.1) and 7, be given by (1.3). Suppose a,b, c,d belong to SO(R,), a,  belong to
SOS(R4), and w,n € SO(R) are the exponent functions of «, 3, respectively. If the operator N given by
(1.2) is Fredholm on the space LP(R.), then there exist numbers €1 > £ > 1 such that the function vy given
by (4.4) satisfies (4.5); the function

h(t,z) :=b(t, z) + m(t,x)g(t, x), (t,z) € Ry xR, (4.7)

where b, m, and § are given by (3.13), (3.14) and (4.6), respectively, belongs to the algebra E(R, V(R)) and
satisfies

h(&,z) =h(&,z) forall (£,2)€AxR, (4.8)

where § is given by (3.12), and

inf _|p(t,z)| > 0. (4.9)
(t,x)ETzl xR

Proof. From Theorem 1.2 it follows that Theorem 3.3 and Lemma 4.7 are applicable. Hence we have
b,m,g € E(R4,V(R)). Thus the function b given by (4.7) belongs to the algebra £(Ry,V(R)). Since
Ty, (£00) =0, from (3.15)—(3.16) and (4.6) we obtain

g(t,+00) = g(t,+o0) forall teRy, g(&z)=g(¢x) forall (£z)€AxR.
From these equalities and (3.12), (4.7) we get (4.8) and

B(t, +00) = h(t, £oo) forall teR,. (4.10)

Since the operator N is Fredholm, from Corollary 3.4 we deduce that the pseudodifferential operator Op(h)
is also Fredholm. Then from (4.8), (4.10) and Theorem 2.9 it follows that

ht,£00) #0 forall tc Ry, h(&x)#0 foral (&,2)eAxR. (4.11)

From (4.11) and Lemma 2.7 we deduce that there exists an ¢; > 1 such that (4.9) is fulfilled. Obviously, ¢;
can be chosen so that /1 > /. O
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The following lemma is the main result of this subsection.
Lemma 4.9. If the operator N is Fredholm on the space LP(R.), then
(a) there exist an € > 1 such that
n(t,z)f(t,z) = h(t,x)o(t,z) for all (t,z) € Ty xR, (4.12)

where the functions n, f, E and v are defined by (1.5), (3.28), (4.7) and (3.29), respectively;
(b) there exists an 1 > £ such that n(t,-) € GSAP and

1 -~
indg n(t,-) = —{argh(t, z = forall teTy,. 4.13
2 reR 1
™

Proof. (a) From Theorem 1.2 we deduce that Lemmas 3.5 and 4.7-4.8 are applicable. From Lemma 4.7, the
construction in Lemma 4.6, and (4.6)—(4.7) we deduce that there exists an £ > 1 such that

v ()] |ve () D
sup max , <1, 4.14
teTy ( v @) | vy (1) i
inf t,z)| >0, 4.15
e LU (4.15)

and

<3

2 (2) for all (t,z) € Ty x R.

b(t,x) = b(t,z) + m(t, z) o)

Combining this equality with (3.30), we arrive at (4.12). Part (a) is proved.

(b) Taking into account that h € E(R,, V(R)), we deduce that h(t,-) € V(R) ¢ C(R) C SAP for all
t € Ry. By Lemma 4.8, there exists an ¢; > ¢ such that (4.9) holds, whence the functions H(t, -) belong to
GSAP for all t € Ty,. By Lemma 4.1(a),

. 1 =
indg b(t,-) = %{argb(t, T)ber t €Ty (4.16)
By Lemma 4.2, f(t,-) € GSAP for all t € R} and
indg f(t,) =0, teR,. (4.17)

Since the slowly oscillating shifts «, 8 : R4 — R4 have only two fixed points at zero and infinity, we see
that

w(t) =logla(t)/t] #0, n(t) =log[B(t)/t] #0 forall teR,.
Then from (4.14)—(4.15) and Lemma 4.3 it follows that v(¢,-) € GSAP for every t € Ty, and
indgo(t,") =0, te&Ty,. (4.18)

Since b(t,-), f(t,-),v(t,-) € GSAP for all t € Ty, , from (4.12) we deduce that n(t,-) € GSAP for t € Ty,.
Moreover, from (4.12), (4.16)—(4.18) and Lemma 4.1(c) we obtain (4.13). O
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4.8. Proof of Theorem 1.4

Part (a) of Theorem 1.4 follows from Lemma 4.9(b).

(b) We note that if the operator N is Fredholm, then the operators Ay = al —bU, and A_ = ¢l — dUp
are invertible in view of Theorem 1.2. In turn, the invertibility of A, (resp. A_) implies by Theorem 1.1
that either a >> b, or b > a (resp., either ¢ > d, or d >> ¢). Hence the functions v, ; and v, 4 are well defined
by (1.8). It is obvious that vg 4, veq € GSO(Ry). The proof of part (b) of Theorem 1.4 is completed.

(c) If the operator N is Fredholm, then from Corollary 3.4, Theorem 2.9 and Lemma 2.7 it follows that
there exists an ¢ > 1 such that

inf _|h(¢t, )] >0 (4.19)
(t,x) €Ty xR
and
. 1
Ind N = TEI-iI-loo %{arg h(tv $)}(t,z)ean,a (420)

where I, = [r~1,7] x R and the function b € E(Ry,V(R)) is defined by (3.12). Let 7 € (£,00). Then,
obviously,

{argb(t, )} t,0ycom, = {argh(r,2)},cx — {argh(v7",2)},cq

+ {arg h(ta 700)}t€[‘r*1,'r] - {arg h(ta +OO)}te[r*1,'r]~ (421)

From Lemma 3.7 we obtain
{argb<t7 _OO)}tE[‘rfl,T] = {arg@adyc,d(t))}te[-r*l,T] = {arg Vc,d(t)}tE[Tfl,Tb (4‘22)
{argh(t, +00) biefr—1.r) = {arg(€a,pvab(t)) eer—1 7] = {arg vab(t) befr—1.7- (4.23)

On the other hand, by Lemmas 4.8 and 4.9(b), there exists an ¢ > ¢ > 1 such that for all ¢ € T;, we have

inf _[p(t,z)| >0 (4.24)
(t,:v)ETgl xR

and
1 -
indg n(t,) = Q—{argb(t, z)},er forall teTy, (4.25)
T
where n(t,-) € GSAP for all t € Ty, and the function h € ER,, V(R)) is defined by (4.7). Moreover,

b(gax) = H(§,$)7 (f,{L‘) e AxR. (426)

From (4.19) and (4.24) we conclude that h(t,-),h(t,-) € C(R) N GSAP for t € Ty,. Fix € > 0. Then in view
of Lemma 4.1(d), (a) one can choose a § = §(¢) > 0 such that for all ¢ € T, the inequality

162, = bt )| ooy < 8 (4.27)

implies that

finds b(t, ) — inde (1, )| = 5| (arg h(t, )} — {argD(t, )} pem| < = (4.28)
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Since h — b € E(R,, V(R)), from (4.26) and Lemma 2.8 we deduce that for the chosen d > 0 there exists
an fy = l5(d) > ¢1 > 1 such that (4.27) holds for all ¢ € Tj,. Hence, for every € > 0 there is an ¢ > 1 such
that if ¢ € Tp,, then (4.28) holds. Thus

tim = (fargb(t, 2)},ex — {arsb(t,2)},ex) = 0, s € {0,00}.

t—s 27

From these equalities and (4.25) it follows that

lim (%{arg h(r*h, @)} ,em — indg n(rE, )) =0. (4.29)

T—+00

Finally, applying (4.20)—(4.23) and then (4.29), we get

Ind N =
1

= lim o ({arg b(7,2)}er — {argb(77 ', )}, o + {arg h(t, —00) }refr—1,,) — {arg b(t, +OO)}te[rl,T])
1

= lim o ({arg b(7,2)}per — {arg (7", 2)},eq + {arg ve.a(t) e, — {arg Va,b(t)}te[rl,ro

— lim (%{arg b(7,2)},cx — indr n(T, )) + lim (%{arg f)(T*l7 z)},eg — indr n(Tﬁl, ))

T—+00 T—-+00

. 1 . . -
= lim o ({ arg chd(t)}te[rfl,ﬂ — {arg V“rb(t)}te[rl,r]> + indg n(7,-) — indg n(771,-) |,

T—+00
which completes the proof of Theorem 1.4. O
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