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1. Introduction and statement of results

Let a # 0,1. For 0 < v < 1 and Schwartz functions f,g € S(R) we consider the hypersingular bilinear
integral operators H” given by

B £ = y)g(e — ay)
(£, 9)(x) gg%l |/ Ly (L.1)

In case v = 0, HY is the bilinear Hilbert transform, and Lacey and Thiele [11,12] proved that

IH(f,9)lz- < Cl flleellgllzs (1.2)

forall 1 < p,g < oo, 1/r=1/p+1/qand 2/3 < r < co. Also it is conjectured that this result is true for
r > 1/2.If a = 1, then by taking f = g we see that the inequality (1.2) holds only for » > 1. For 0 < v < 1,
one can easily check that
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H(f.9)(w) = [ [ m(&+ an) )30 & dedy (1.3
R R
where f denotes the Fourier transform of f and m? (t) = sgn(t) [t]” [ % dy (see Appendix A.1 for

the proof). By (1.3), HY is reduced to the study of the bilinear operator T,,, given by
T(£9)(w) = [ [ mteon) Fl&) gl 27 e,
R R

for some appropriate m. The purpose of this paper is to obtain some optimal estimates for the bilinear
operator T,, under certain assumptions on m. We now give some historical remarks on this type of bilinear
operators T,, according to the singularity conditions of m.

The classical Coifman—-Meyer theorem: If m satisfies the following Marcinkiewicz—Mikhlin—-Hérmander con-
dition

|07 m(&,m)| < Cp(l€] + Inl) 7!

for sufficiently many multi-indices 3, then by the classical multiplier result of Coifman—Meyer [4] T,,, maps
LP x L9 — L™ aslongas 1 <p,q < oo, 1/p+1/qg=1/r and 0 < r < co. See also [3,8,10,13] for the classical
Coifman—Meyer theorem on multilinear singular integrals.

Bilinear pseudodifferential operators: If m is replaced by the classes of symbols in bilinear pseudodiffer-
ential operators, there have been some interesting results on the boundedness on Sobolev spaces. In [1]
the boundedness on Sobolev spaces of any multiplier bounded on Lebesgue spaces is established, though
no Leibniz-type estimates are proved in such general situation. After then V. Naibo [19] obtained also the
boundedness on Besov spaces of LP bounded multipliers, this time with Leibniz-type estimates.

When the singularity of the symbol m is not at the origin but on a line, classical Littlewood—Paley
theory, and Calderén—Zygmund techniques do not suffice to study the operators T;,,. The breakthrough in
this direction is due to Lacey and Thiele [11,12] on the bilinear Hilbert transform, for which the symbol
is m(&,n) = sgn(§ — n). Later the results for the bilinear Hilbert transform were generalized for bilinear
operators with nonsmooth symbols having singularities on a line.

Bilinear operators with nonsmooth symbols: More generally, let ' be a closed one-sided cone with vertex
at the origin and m(&,n) a function having derivatives of all orders inside I' such that

0% (m(&,m))| < C(B) dist((&,m),T) "

for every (&,7) € R?\ T and sufficiently many multi-indices 3. Then the bilinear operator Tr(f, g) that is
defined by

~

Te(f.9) () = / m(E,m) F(€) Gln) 2T E D g, (1.4)
R2

maps LP x LY — L" provided that 1 < p,q < oo, 1/r =1/p+1/q, and for r > 2/3, so long as no edge of '
lies on the diagonal £ + 7 = 0 or on a coordinate axis. See [6].

The Kato—Ponce inequality (the Leibnitz rules): For Schwartz function h defined on the real line, the
fractional derivative D7h is defined for every v > 0 by DYh(§) = (2m|¢])Y h(£). Then
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D(fg)(x) = / (2n)7[€ + Y (&) G(n) 2T dedy.

R2
The following Kato—Ponce type inequality is well-known (see [7,9,14-17]):
1D7(f9) e < C() (1D fllaws gl + If 1122 D7 gl 1 ) (1.5)

for every v > 0, for every 1 < p;,q; < oo satisfying 1/r = 1/p; + 1/g; for i = 1,2, and for r > 1/(1 + ).
This result is sharp.

Hyper bilinear Hilbert transform: For the hyper bilinear Hilbert transform H” (0 <y < 1) in (1.3)

HY(f,g)(x) = d / / sgn(€ + an) |€ + an|? F(€) G(n) 2™=E+ dedy,

where d, = [, _;ryluv L dy, in [2] it was proved that

1 9ller < € (1D e lgles + 11D gl o ) (1.6)
for every 1 < p,q < 00, 1/r = 1/p+1/q with r > 2/3 which is based on the arguments for bilinear operators
with nonsmooth symbols in [6]. The range r > 2/3 is not optimal and in this paper we extend this result

up to sharp range r > 1/2.

Our model example: Consider the bilinear operators
T7(f,9) /|€ +an|? £(£) §(n) ™€ dedn, (1.7)

where v > 0 and a # 0, 1. Theses bilinear operators intervene between the classical Kato—Ponce inequality
and the bilinear Hilbert transform. For these bilinear operators one can combine arguments for Coifman—
Meyer theorem and bilinear operators with nonsmooth symbols in [6] to obtain that for v > 0 if a # 0,1,
then

177 (f, 9)]

1 £ C(2,0) (1D flloaligllzes + vz 1D gz ) (1.8)

provided that 1 < p;,¢; < o0, 1/p; +1/q; = 1/r, 1 <i <2, and 2/3 < r < oo (see Appendix A.2 for the
proof). However, in this paper we extend the result to the optimal range of r in a more general context,
which is stated in Theorem 1. The model example above is a special case of operators in Theorem 1 by
which one can immediately obtain that (1.8) holds for all 1 < p;,¢; < oo, 1/p; +1/¢; = 1/r, i = 1,2, and
1/2 <r < 0.

We are now ready to state our main result. We let m € CV (R \ {0}) with an integer A" which will be
more specified in the statement of the theorem below. We assume that for a real number +v > 0, m satisfies
the condition

|OFm(t)| < Dy [t|"™F for all t # 0 and for all k < N. (1.9)
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We now define the bilinear operator T' by
T(f,9)() = [ m(€ +an) Fl€) gn) =4 dga (1.10)
R2

It would be interesting to observe that the bilinear operators 7" in (1.10) convey singularities along two
distinct hyperplane &€ + 1 = 0 and & + an = 0 which are from e?™#(&+7) and m(§ + an), respectively. When
a = 1, the operator becomes the Leibnitz rule which gives the worst scenario for operators in this direction
because two hyperplanes are overlapped to maximize singularities along just one hyperplane £ +7 = 0 in
this case, which gives the natural restriction on r > ﬁ

In our case a # 1, however, the singularities along £ + 7 = 0 and £ + an = 0 are concentrated only on
the origin, which allows us to make use of arguments of suitable change of variables in kernel side and to
ﬁ, it is likely
that one can adapt the arguments for Coifman—Meyer theorem on the classical paraproducts with a small

extend the result to the full range of r > 1/2. It is also worthy of noticing that when r >

modification. However the complementary case leads us to totally different situation, which has forced us
to develop new idea to prove Theorem 1. This is the reason why we separately consider two cases: r > 1
and r < 1 during the proof. For the case r > 1 we use the standard arguments such as the shifted square
function and the shifted Hardy—Littlewood maximal function estimates (Theorem 4.6 in [17]). For the case
r < 1, in discretization we do not use the usual uncertainty principle, instead we decompose the space
variable x according to the size of y variable in kernel side, and then use averages in x, y variables and
associated maximal operators together with Lemma 4.2 in Section 4.

Theorem 1. Let v > 0, and N be the smallest integer so that N' > max(2,1 + ). We assume that m €

CN(R\{0}) and satisfies the derivative conditions (1.9). Let a # 0, 1, then the bilinear operator T in (1.10)
satisfies

I7(, )llsr < Cva) (1D fllzon lgllzos + 1 lr= 1D gllses )
for every 1 < p;,q; < oo, 1/r=1/p;+1/q;, 1 <i <2, and forr > 1/2.
Remark.

(1) The power v > 0 in | + an|” gives some smoothing effect near the singularity line £ + an = 0, and this
is why we could obtain the results up to full range r > 1/2. By applying the arguments for bilinear
operators with nonsmooth symbols in [6] we can only prove the results up to r > 2/3.

(2) If Dy, k=0,1,--- , N, are as in (1.9), then for any positive integer so > 1/ we have

=1 (4 a))* (1 +Ja = 1])° ~ n
Clya)i= O+ (1274 ) 7 (4 '||L||<a_'1| L (laf + a5,

where the constant C' depends only on r,p1,q1,p2,q2,50, and Dg, -+, Da, N in (1.9). Note that
C(v,a) >0 asy—0ora— 1.

Corollary 1.1. For 0 <y < 1, let H” be as in (1.1) then

1 9)ller < € (D7 lullgllzos + 1 fllzrs | D7g]] ez )

for every 1 < p;,q; < o0, 1/r=1/p; +1/q;, 1 <i <2, and forr >1/2.
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For each positive integer £ and Schwartz function f € S(R) define

4
B1(w) = (1= 1)) = S0 () e~ )

where 7, f(x) = f(x — h) and I denotes identity operator. Then for 0 < v < ¢, the Marchaud fractional
derivative is given by

AZ
D)= [ fijd — i) [ € Fle)e= s

where

do(7) = /(1 — o2yt |y|df’ﬂ. (1.11)

We refer to [20,21] for details about this derivative and its applications. For Schwartz functions f, g € S(R)
we define

A (f,9) :i: <> (x — kh)g(x + kh).

=0

Then for 0 < v < £ we consider the hypersingular bilinear integral operator

= Ay(f.9)(a)
’Y — . y b
D(f,9)(x) := lim PES dy. (1.12)
ly|>e
Lemma 1.1. For 0 < v < ¢ we have
B (. 9)(a) = de(a) [ [ 1€ =P Fl€) o) 274 dea
where dg(y) is as in (1.11).
Proof of Lemma 1.1. For 0 < v < ¢, we have
A(f,9)(x)
y b)
(f7 g)(l’) - ll—% |y‘1_;'_,Y dy
ly|>e
. dy
1> (y) [ - ate i
=0 lyl>e
o Zk of ) k(e 7y 2miz(£+m)
g | [[| [ B dy | F(&)lm) =€+ agan
y|>e
(1 — e~2miv(e-m)* ~ o
G miz(E+n)
~[[m| [ Sy | F€) a0 e e,
y|>e

the result follows by change of variable y — y(§( —n) for § —n #0. O

Please cite this article in press as: Y. Heo et al., Bilinear integral operators with certain hypersingularities, J. Math. Anal.
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Corollary 1.2. For 0 < < {, let D7 be as in (1.12), then

ID(f, )l

o £ C (1D fllzes gl + 1 fllzoz | D7l o2 )
for every 1 < p;,q; < oo, 1/r=1/p; +1/q;, 1 <i <2, and forr >1/2.
2. Preliminaries

Notation. Throughout this paper, we denote by

F©) = F(P)(e) = / Fla)e=2719€ dy

R

the Fourier transform of a Schwartz function f. We also denote by F~1(f)(¢) := F(f)(—£) the inverse
Fourier transform of f. M denotes the Hardy-Littlewood maximal function, and (f, g) = [, f (z)g(x)dz. For
two quantities A and B, we shall write A < B if A < CB for some positive constant C, depending on the
dimension and possibly other parameters apparent from the context. We write A ~ Bif A < B and B < A.
For a measurable set E, |E| denotes the measure of E. For each interval I in R and b > 0, bl denotes the

interval having the same center as I with |bI| = b|I].

Lemma 2.1 (¢f. [17,18]). Let 0 <r <1 and A > 0. Then the following are equivalent:

(1) Ifllzre < A;
(2) for every set E with 0 < |E| < co, there exists a subset E' C E with |E'| ~ |E| and |(f, xz')| < A|E|V",

where 1/r+ 1/ = 1.

Lemma 2.2 (¢f. Theorem 2.7 in [17]). Let J be a finite family of dyadic intervals. For any 0 < r < oo and
any complex sequence (ar)rc7 one defines

1

||(a1)IeJ||BMO(r) = 1?2?7 [To[H/"

9

L7 (R)

> |az|2xf<x>)1/2

ICIy, I€eTJ

where x denotes the characteristic function. Then for any 0 < p < q¢ < 0o, one has

H(aI)IEJHB]WO < C(pa Q) ||(a1)lej||BMo < C/(p7 Q) ||(aI)IEJHB]\/[O s (21)
(p) (@) (p)

for some positive constants C'(p,q) and C(p,q) only depending on p and q. We write (2.1) as

||(aI)I€~7HBMO(p) = H(GI)IEJHBMO(q)'
Let J be a family of dyadic intervals. For any 0 < p < 0o, and any complex sequence (ay)rc7 define
Sizej,p((al)jeg) = H(aI)IEJHBMO(p)' (22)

Then by Lemma 2.2, for any 0 < pg < o0

Sizej,p((a[)jej) ~ Size g, p, ((Cl[)]ej). (2.3)

Please cite this article in press as: Y. Heo et al., Bilinear integral operators with certain hypersingularities, J. Math. Anal.
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Now for 0 < p < co we define
y 1/p
Energy 7 ,((ar)res) = sup2” sup ( Z |Io|) ) (2.4)
veZ D, IoED,

where D, ranges over all collections of disjoint dyadic intervals Iy € J having the property that

> |af|2xf)1/2

ICIy, I€T

1

> 2V,
|To|1/P =

Lp

Lemma 2.3 (c¢f. Corollary 2.11 in [17]). Let J be a family of dyadic intervals. Let Sizes ,((ar)rey) and
Energy 7 ,((ar)res) be as in (2.2) and (2.4). Then there exists a partition

J=J7"
VEZ

such that for any v € Z one has

2_”_1Energy‘7’p((a1)1€j) < S’iZCJV7p((a])]€‘_7V) < min (2_”Energy‘77p((a1)1€‘7), Sizejyp((a])jej)) .

Also one can write each J" as a disjoint union of subsets T € T” having the properties such that for every
T € T there exists a dyadic interval It in T having the properties that every I € T satisfies I C It and

also

> I S 2.

TeT”

On the other hand, let J be a family of dyadic intervals. For any 0 < s < 0o, and any complex sequence
(cr)reg we define

S-Sizeg, s((cr)rey) == sup (2.5)

IopeTd |IO|1/S

sup(Jer| (@)

ICIy, IeT

LS
And if we define
1/s
S-Energy 7 ,((c)reg) = suIZ) 2¥ sup ( Z |IO\) ) (2.6)
ve

Dy 1 ep,

where D, ranges over all collections of disjoint dyadic intervals Iy € J having the property that

> 2V,

sup (|CI‘XI)

1
\Io|Y/* || 1c10, 1€7

LS
Lemma 2.4 (¢f. Lemma 2.10 in [17]). Let J be a family of dyadic intervals and let J' C J such that
S-Size g, 5((01)1651) < 27" S-Energy ;. S((C[)[ej)

or a certain fived integer ng. Then there is a decomposition J' = such tha
tai d int Then there is a d ition J' = TJ"JJ" such that

S-Sizegr s((cr)ieg) <27 S-Energy 7 ((c1)1e7) (2.7)

Please cite this article in press as: Y. Heo et al., Bilinear integral operators with certain hypersingularities, J. Math. Anal.
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and such that J"" can be written as a disjoint union of subsets T € T such that for every T € T there exists
a dyadic interval It in T having the properties that every I € T satisfies I C Iy and so

> | S2mr. (2.8)

TeT

Proof of Lemma 2.4. Choose an interval Iy € J' such that |Ip] is as large as possible and such that

1

T/ > 27" S Energy 7 ,((cr)res). (2.9)

Ls

sup (Jer| xr(x))
ICIy, I€T’

Now collect all intervals I € J'" with I C Iy in a set T'. Then define I := Iy, look at the remaining intervals
in J'\ T, and repeat the procedure. Since the cardinality of 7 is finite, this algorithm ends after finitely
many steps, producing the subsets T' € T. Since J is a collection of dyadic intervals, all the intervals (I1)rer
are disjoint by construction. Define

/// — U T j” o /\._7”/.

TeT

By construction (2.7) is automatically satisfied, and it remains to check (2.8). Let v be an integer such that
2V < gm0l S-Energy s ,((cr)reg) < vt (2.10)

Since all the intervals (I7)rer are disjoint and

1

e > 2_”0_1S—Energy$S((CI)IGJ) > 27,
||

sup (\CII XI)

ICIp, I€J! Ls

by definition (2.6) of S—Energyj/m((c[)mj/) and (2.10) we have

S—Energyj,’s((cf)mj/) > 2”( Z \IT\)US > (2 no—2g. Energy 7. S( cr Iej)) (Z \IT|)

TET TET
Thus from S-Energy ; .((c1)reg) = S-Energy ;i ,((cr)reg’) we obtain

(Z \IT|)1/S <9mot2

TeT

Now, if one iterates the above Lemma 2.4, one obtains the following.

Lemma 2.5 (c¢f. Corollary 2.11 in [17]). Let S-Sizegz, s((cr)iey) and S-Energy; ,((cr)res) be as in (2.5)
and (2.6). Let J be a family of dyadic intervals. Then there exists a partition

J=J7"

VEZ

such that for any v € Z one has

27”715—E’nergy‘77 s < 8-Sizegv s <min(27"S-Energy 7 , S-Sizes ).

Please cite this article in press as: Y. Heo et al., Bilinear integral operators with certain hypersingularities, J. Math. Anal.
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Also one can write each JY as a disjoint union of subsets having the properties such that for every T € T
there exists a dyadic interval I in T having the properties that every I € T satisfies I C It and also

> Il S 2.

TeTv

Lemma 2.6 (Fefferman—-Stein [5]). Let M denote the Hardy-Littlewood mazximal operator. Then for 1 <

I(z)”

k€EZ

(= M(fk)2>l/2

kEZ

Ly
3. Discretization
Let ¢ € S(R) be a Schwartz function such that
supp(¢) € [=2,2] and  @(§) =1 on [-1,1].

Then define ¢ € S(R) so that w(f) (5(5) p(2€). Note that supp( ) C {¢:1/2 < |¢] < 2}. For each
k € Z, define 1y, (€) := 1(27%¢), then supp(dy) C {€ : 28=1 < |¢| < 281} and

S gr(©) =1 if¢A£0.

keZ

Let |a| ~ 2¢ for some i € Z and a # 0, 1. Since the bilinear operator T have singularities along the two lines
&+ an=0and £ +n =0, we consider (§,7) in the following three cases:

(1) €] > 2115}, in this case € + an| ~ [¢] and [€ +n] ~ [¢].

(2) [¢] <2715y, in this case |§ + an| ~ 2'|n| and |§ +n]| ~ [n].

(3) 27112 In| < [¢] < 212, in this case [€ + an| < 2F1+100y| and [€ + n| < 2F1+10].

Let T'(f,g) be as in (1.10), then by using >, -7 Dy () 1k, () = 1 for all € # 0 and 7 # 0, one obtains

T(f,9)(x) =1(f,9)(x) +11(f, g)(x) + I1I(f, g) (=),

where
o)@i= 3 [mietan (F700©) (57 onm) e dean
k1—ka>]i|+5p2
Wfow = Y [ mieran (F0©) (6 onm) S gy

k1 —ka<—|i|—5R2

S [ an) (F00©) (a5 dn) = dan,

[k1—ko|<|i]+5R2

II(f, 9) () :

The estimates for the first two terms I and II in (3.1) are very similar. IIT is the main term. Note that

|i]+4

(o)) = Y 3 [mie+an) (F00i©) (75 00) den (3:2)

Jj=—li| -4 k€Zp>

Please cite this article in press as: Y. Heo et al., Bilinear integral operators with certain hypersingularities, J. Math. Anal.
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Let ¥ and ® be Schwartz functions such that
supp(V) C{€: 2710 < ¢ <21}, W(¢) =1 if 279 <[¢ <2,

. (3.3)
supp(®) C {&: ¢ <2'°}, D(¢) =1 if |¢] < 2°.

For cach k € Z, define Wy(-) = ¥(27%) and ®4(-) = ®(27*-). Then if [j| < [i| +4 and (,7) lies on the
support of ¢k+g ()b (n ), then

(/I;k+|i\(§ + an) (f)k—&-\il(f +n) =1

Thus we can insert the function </I;k+‘i| (E+an) E)k+|i\ (£ +n) inside of the integral in (3.2), and then by using
the identity

/f V@s1i ()] (y) TETEDY dy = m(€ + an) Dy 3y (§ + an),

one gets

3|44

(o) = > Y [ Fine)du¢]w)

j=—li|-4 k€L

</ezwi[€(x+y)+n(x+ay)] (f*/@/;ﬂ. (§)> (g/*ﬁ(n)) $k+lil(§ +1n) dfdn> dy.

R2
Lemma 3.1. Let m be satisfied with the conditions (1.9), and let U and ® be as in (3.3), then

~ ky14+~
(1) |F[m() 8] )] S 1S
(2k 14

(2) |F[m(-)@()] )] S gy

Proof of Lemma 3.1. (1) follows by integrating by parts via (%)N (e’zﬂty) = (—2miy)N e 2™t together
with the conditions (1.9). For (2), if we integrate by parts by using the conditions (1.9), then since N' > 1+

we obtain

|F ()84 ()] )]

5> [m (B-todetn) el

1>—12
< Z (Qk—l)1+v < (Qk)1+v
¥, 2D~ (L 2Ry

4. Estimates for the main term IT1

Recall that |a| ~ 2° and a # 0,1. We claim that

(1+ |a—1))22116GH+55 5 )+2ldl

ITIL(f, g) | Lres < C(s0) o 1‘( B 2,%%) [fllze D7 gl La (4.1)

for any positive integer so > 1/7, where 1/r = 1/p+1/q, 1 < p,q < oo. For —|i| —4 < j < |i| + 4, let us
define
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I (f, g)(x) 2 ’”/J-‘ Vi ()] ()

(4.2)
/EQwi[E(m+y)+7l(x+ay)] (f%}(f)) (M(U)) By i) (€ + 1) dédn | dy.

2

Then by using
Gmdi(m) =275 (Inl"Gm) D2 *n) (27FInl) " 2= 275 (Inl"G(m)) P ()
where izk,.y (n) := @(2*’“17) (2*k|77|)77, (4.1) will follow from the estimate

(1+ |a —1))2211C+H7+55 5)+2lil
la—1](1—27""%)

IIF (f, 9)llre < C(s0) [1f1lze gl La (4.3)

for any positive integer sg > 1/v, where 1/r = 1/p+1/q, 1 < p,q < oo. In proving (4.3) we may assume
that || fllze 7# 0 # ||g]|ze. Define an “exceptional set” Q by

= {9«“ s M (f) () > t| fll e IEI‘””} U {a: M, (9) () > tgl La |E|—1/q} (4.4)

1/p
where M, (f)(z) = (supzel |7]=1 f] |f(y)|P dy> . Since [{z : Mpf(z) > t}| < Ct7F [|f(a)|P da, if ¢ is
large enough then we have | < C (t7P+¢ %) |E| < 1/100|E|. Let E' = E\ Q. Let h = xg/, then by
Lemma 2.1 it suffices to show that

(1+ |a— 1])2 olil(2++55)+215]
la—1](1—277"%)

(LI (£, g), h) < C(s0) 1F1lp llgllg | BIF P2, (4.5)

4.1. The case 1 < p,g<oo, 1/p+1/g<1

The estimate (4.5) for this case is easy compared to the case 1/p+1/q > 1. This is because if 1/p+1/q < 1,
then there exists 1 < s < oo such that 1/p+1/¢+ 1/s =1, and we can use the Minkowski’s inequality

£ ghlley <[l fllze llgllzal

Then the result follows by using the standard arguments such as the shifted square function and the shifted
Hardy-Littlewood maximal function estimates (Theorem 4.6 in [17]). By (4.2), we have

(I (£, 9), h)
_ Z 2” ’W/ [ ()i (- )]( ) (f * Yrepj (@ + y)) (g * P (T + ay)) (h * (I)k+|i\($)) dzdy.

R2
For each fixed k € Z, we decompose y variable as:
oo
R — {y y| < z—k} U ( U {y Lomhtm—l ) < 2—k+m}> : (4.6)
m=1

then by Lemma 3.1

Please cite this article in press as: Y. Heo et al., Bilinear integral operators with certain hypersingularities, J. Math. Anal.
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~ k—m\ 14~ i ~ 9—k+m.

Next we decompose x variable as:

R= U {z:27Fpn<z<2Fn+1)} (4.8)
nez

By using the decompositions (4.6), (4.8) and change of variables, one gets the identity

1

//nydxdy Zz 2k//K F(n+ B),27"y) dydp

0 -1
0o 1
+ )Y ok / / “Fn+ B),27 ™y dydp.
m=1n€Z 0 1 y|<1

Thus together with (4.7), one gets

1 1
(A (f,9), )| 200070 57 525720k [ [ B, .y) Gl om0 BE(B) dy d
0 —1

m>0kEZ n€EZ

where
o (m, B,y) = | £ % s (27" (n+ B+ 27y)) ],
GE(m, B,y) = |g*vi(27"(n+ B+ a2™y))|, (4.9)
Hﬁ(ﬁ) = ok Py (277 (0 + 8)))-
Thus if we set I¥ := [27%n,27%(n + 1)], then

1 1

(T (£, g), h)| < 2010+ m>02 " O/ / Z( / y) G (m, B,y) HE (B) xp (= >dx> dyd, (4.10)

1 7

where x denotes the characteristic function. We note that

S (| Phim. 5. Ghm. ) BE(9) vy ) )

k,n

< (S o 1k [Sictm s g )] sup [5(6)] g ()]

Lemma 4.1. Let N be a positive integer. For 1 < p < co, we have

S+ N +250)) £l

1/2
H(Z|f*1/)k+g (27 kn+2N)| xrx (T ))

Lpr

See Theorem 4.6 in [17] for the case j = 0. The proof for the case j # 0 is similar. For reader’s convenience
we contain its proof in Appendix A.3.
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Corollary 4.1. Let FX(m, 3,y), GE(m, B,y) and HE(B) be as in (4.9). For 1 < p,q,s < co we have

(1) |[[ S IFE(m. B.9) M}H (L+m+ 290 f] s,

@) [|[ S C8m B P xss] || S (4 m 20 g
(3) || sup . [IHL5 (8 meUN

where the bounds are uniform if |B| <1, ly| < 1.

Proof of Corollary 4.1. (1) and (2) follow from (4.9) and Lemma 4.1. (3) follows from

[HE (B)] X1 (2) = (|h* Dpppi (277 (n+ )| xlﬁ(x)) <2 Mha(z). o
If 1/p+1/q < 1, then there exists s > 1 such that 1/p+1/¢+1/s = 1. Thus by (4.10) and Corollary 4.1,

(I (£, g), h)| < 21109 3™ 27m7 (14 m - 291)* 21| £ | g]

m>0

S B £ o g1 B,

4.2. The case 1 <p,q<oo, 1/p+1/g>1

Let ITIY and h be as in Subsection 4.1, then

(I (£, 9), h)

_ zk: 2;@1{[}—[“,)@“” ()] () (f * Ppy g (x + y)) (g * Pp(z + ay)> (h * <I>k+\i|(:n)> dzdy )

= Y2 [ FmC) @)@ (£ £ @) (5500 + @ = 09) (B By (o - ) dody.
k R2

For each fixed k € Z, we decompose y variable as:

R={y:lyl <27} J Y {w:27""" <yl <27Ftm}. (4.12)

m=1

In discretization, by the uncertainty principle, it is typical to decompose x variable as [27¥n,27%(n + 1)),
n € Z. But we decompose x variable according to the size of y variable. That is, if |y| ~ 27%¥™ then we
decompose x variable as:

R= U {a: D27y < < 27 (4 1)} (4.13)
neZ

Although we can not directly apply the previous estimates in this discretization, we conquer these difficulties
by taking averages and using maximal function estimates. By using the decompositions in (4.12) and (4.13),
and change of variables, one obtains the identity

//nyd:z:dy Z22k//K2 Fn+ B),27%y) dydp

nez

Please cite thls artlcle in press as: Y. Heo et al., Bilinear integral operators with certain hypersingularities, J. Math. Anal.
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+ Z 22 2k+2m/ / k+m(n+6)’2—k+my) dydﬁ

m=1n€Z 0 1/2<|y|<1

By applying this identity to (4.11) with (4.7), one gets

[(IIF (£, g), hy| < 201040 3™ NN gmma g=ktm gk (i) GE (m) HE (m)

m>0 k neZ

where
Fhm) = ( 0/ £ 5y (2740t 9)]3)

GF(m) := sup </|g*¢k( R+ B+ (a—1)y) )|dy) (4.14)
P Ny

Hﬁ(m) = < sup |h>x<<I>k+|¢|(2_k+m(n+ﬁ—y))|).

lyl~1, B€[0,1]

Thus if we set IF~™ := [27F+mp 27F+m (5 4 1)], then we have

(9011 21050 52 o7 S / (m) HE (m) 3 (2)der (4.15)

m>0

From now on we fix m > 0, and for any finite collection J of dyadic intervals of the form Iﬁ_m =
[27k+mp 2=kt ™ (n 4 1)], k,n € Z, we define

" (f,g.h) = > /Fk ) GE(m) HE (m) x - (2) da. (4.16)

Ik—meg

Then by (4.15), it suffices to show that

D222 e
(H‘ll 11|)| 2] e 111 (4.17)

for any positive integer sp and any finite collection J of dyadic intervals, where the constant C(sg) is
independent of J and m. Then if we take sy large enough so that so > 1/7, we obtain

_ . tla—1 222‘]" mtli| _1_1
{ITF (£.9). 1) < C(sq) 290+9 3™ ( '|a1"| 25" | o gl BI' 5

m>0

(1+ |a—1/)2 olil(1y+55)+215]
la—1](1—277"%)

< C(s0) 1£llze llgll e B ~7

By the following well-known lemma, we dominate the supremum of a Cl(I) function F(t) by

(sol P15 171

S0
Lo (1) LSO(I)) , which is one of the main ideas of this paper.

Lemma 4.2. Suppose that F € C'([—1/2,3/2]) that is supported in [—1/4,5/4]. Then for any positive integer
sg we have
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1/s0
3/2 1/ 3/2 1so
sup  |F(t)| < 50< / |F(T)|S°d7> ( / |F' ()| d7'> , (4.18)
te[—-1/2,3/2] i o

where 1/sg +1/sp = 1.

Proof of Lemma 4.2. Since F(—1/2) =0, for each ¢t € [—1/2,3/2], by Holder’s inequality

(F()* = / & (F(r)) dr =5y / F(r) F'(r) dr
1/2 1/2

3/2 , Ve, 32 /s
<sol [ iraptivar) ([ ir@ear)

—1/2 —1/2

3/2 1/sq 32 1/s0
_30< / |F(T)|S°d7'> </|F’(T)|5°d7') .0

~1/2 ~1/2

Lemma 4.3. Let 1 < p < 00, and R # 0, then for any x € I[F~™ = [27F+mp 27k+m(p 4 1)]
1/p

kb, ) 1+ |R\'? N
[ e rpra] s (S0 w0

t[<1

Proof. Let x € I*™™ and g := 27¥"™n — x, then |x(| < 27%*™. By change of variable
1
KQ "™ (n+ Rt)Pdt = ————
[ K s R =
[tI<1 [s|S2=++m R
1

= 9ktm|R] / |K (z + s)|" ds

| K (x+ xo + s)|P ds

[s—zolS27F+| R

(1 |+R|R ) SR [ Ko

[s|S2=F+m(|R|+1)

< (5 (@) s

Lemma 4.4. Let F¥(m), GE(m) and HE(m) be as in (4.14), then for any x € IF~™ we have

IN

(1) Fy(m) S M(f * Prj) (@),
(2) Ghm) 5 (1257 ) Mg+ v)(@),
(8) HE(m) < O(sg) 20m+iD/s0 M (M(R))(x) for any positive integer s.

Proof of Lemma 4.4. (1) and (2) are clear from (4.14) and Lemma 4.3. For (3), let ¢ be a positive smooth
function supported in [—4,4] and that is equal to 1 on [—3, 3], then

lyl~1, B€[0,1]
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Thus by applying Lemma 4.2 and 4.3 with

F(t) = (ht @uppy (277 (0 + 1)) 6(0),
for any positive integer sy one gets

S0/,

HE (m) < C(so) KMSO (h ‘I’k+li|)(37)) (MSU (B @pyy) (2) + 2m+mMSO (h* (q)l)k+|i|)(x))] -

< C(s0) 20 %0 My, (M(R)) (2). O

Lemma 4.5. Let FX(m), GE(m) and HE(m) be as in (4.14), and sq be a fized positive integer. Then for any
1< p,qg<ooandsy<s<oo, wehave

. ) 1/2
(1) [[(Zen FEExGg) || S 1S,

@ || (Senletompr )" 5 ( '1;‘;1) ol
(3) || supgn [HE@] xpgn] || < Cls0) 2

Proof of Lemma 4.5. For (1), by Lemma 4.4 and 2.6, if 1 < p < oo, then

[(Z s em @) [ 5| (M s e @ @) |
k,n k,n
<[ (S maes )™
k

= (gufwkmﬁ)”]

S [ fllze-

A

Lp Lp

Lp

Lp

(2) follows as in (1). For (3), if sg < s < oo, then by Lemma 4.4

< C(s0) 20 HD/50 ML, (M(R))]

st [ (m) X )] |

k,n

LS
< C(s) 20mHD %0 IM(B)|| .
C(s0)2 9(m+li D/SO”hHLS' 0O

IN

Recall that m > 0 is fixed. Let J be any finite family of dyadic intervals, then for 1 < p, ¢, s < oo with
s > sg we define

81zef71)p< (Fﬁ(m))lﬁ,mej) = Sizej’p( (Fi(m))z,’rmej ),
Slzef7 ( (Gk( ))Iﬁ*mej> = Sizey, q( (GZ(m))Iﬁ,meJ )7
812657)5 ( (Hﬁ(m))mfmej ) = S-Sizey, s( (Hﬁ(m))mwzej )7

and

Please cite this article in press as: Y. Heo et al., Bilinear integral operators with certain hypersingularities, J. Math. Anal.
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energy?%( (Fﬁ(m))m*me‘y ) = Energy 7, p( (Fn (m))lﬁ’mej )’

energy})q( (Gfb(m))lﬁ_me‘j ) := Energy s, q< (Gﬁ(m))m—me‘y ),

energyfj)s ( (Hﬁ(m))m*mej ) = S-Energy ;. S( (Hﬁ (m))lli*’”ej )
Then by Lemma 2.3 and 2.5 we have the following lemma.

Lemma 4.6 (¢f. Lemma 2.10 in [17]). Let J be a family of dyadic intervals, let 1 = 1,2,3. Then there exists
a partition

J=Ua

vEZ
such that for any v € Z one has

2_”_1energy‘(71,)p < sizef;z,l » < min (2 energyg)p7 51ze‘(71)p>

Z*Vflenergyg)q < Size‘(;l2 , < min (2 energyg)q, 81zef7)q)

2_”_lenergy‘(}3)S < Size\(}o’l3 ; < min (2_”energy‘(5’)87 size‘(;’)s) .

Also one can write each JV7 as a disjoint union of subsets T € T*J such that for every T € T"7 there
exists a dyadic interval Ip in T having the properties that every I € T satisfies I C I and also

Solger, Y ilgen Y il g2

TeTv! TeTv:? TeT3
Proposition 4.1 (¢f. Proposition 2.12 in [17]). For 1 < p,q,s < oo, let us denote

(3)

) )S, Es = energy ;..

; B :=energy 7’ , Ss 1= = size®

1) €)) )

Si = SIZGJ , By = energy ;. , Sy = 81ze(
Then
U™ (f, g, h) S S P EY Sy 12 B3 Sy 0 3%, (4.19)
for any 0 < 0y, 6, 03 < 1 such that
0, +0:+603=1and1—pb; >0,1—¢qby >1,1—s63>0. (4.20)
In particular if 1/p+1/q > 1, then for any 1 < s < oo, there are 0 < 0y, 03, 05 < 1 satisfying (4.20).
Proof of Proposition 4.1. For i = 1,2,3, let T™ be as in Lemma 4.6, and let

Tnm2ns . — {T: TNTyNTs : T, € TV 1<i< 3}

For each T' € T™-™2"s_ there are finite number of disjoint dyadic intervals Iy,---,In, in T so that every
I € T is contained in some unique Iy for some 1 < ¢ < Np. For each 1 < ¢ < Nrp, define

TW):={I€T:ICI}.
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Let I7 := Iy, N I, N I, then we have

Nt
S L] < |1z
=1

Now we have

o (fgh) = 3 / FE (1m) G (m) HE (1) X oo () da

I "™eg R

Nt
Z Z Z Z /Fﬁ(m) Gﬁ(m) Hﬁ(m) Xpk—m (x) dx.

ni,n2,n3 TET?1:"2,73 (=1 I’Tf*meT(Z) R

Since 1 < s < 0o, we can choose 1 < pg,go < oo so that 1/po+ 1/go + 1/s = 1. Then for each T'(¢), we have

S [ Ehm) Ghm) B m) g () da

IF~™eT() R

al

< size

1
2 2

IFﬁ(m)IZXI;;—m)

( 2. |sz(m)|2xm-m)

IE=™eT(e)

sup |Hﬁ(m)|x1§_m

LPo Lao ll Ik=™eT(0) Ls

IF=mer()

m @)
T po SiZ€7 00 smeT e

By Lemma 2.2

sizegp{)pO ( (Fﬁ(m))lﬁ,meT ) ~ size%)p( (Fﬁ(m))m,meT ),
sizeg?,)qo ( (Gﬁ(m))m_meT) ~ sizegg,)q< (Gﬁ(m))lﬁ_meT ),

and so we get

HI?} (f,9,h) Z Z size(Tl,) Slzeg)q 51zeT < 7l

ni,ne,ng TeTr1.n2:n73

Thus by Lemma 4.6

IIIJm (f,g,h) Z Z smegq) s1ze§?)q smeéii) |I7|

ni,na2,n3 T'eTn1,n2,n3

< F\EyFs Z PG Z |I7|

ni,n2,ng TeTn1:m2:m3
where the summations run over those indices n1,no, n3 for which

S
M e, =123

Lemma 4.6 allows us to estimate ) ;.cqny ny.ng |I7]| in three different ways

n n ns3s
E ‘[T|§21P’22q723'
TETn1:m2:m3
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In particular

§ |IT| < 2n1p91+n2q92+n3593
~Y
TEeTn1:m2,73

where 0 < 601,605,035 < 1 and 61 + 05 + 03 = 1. Using all this information, if 1 — pf; > 0, 1 — gf3 > 0,
1 —sf3 > 0, then

IIIgm(f’ g, h) 5 E1E2E3 Z 27711(17p01)27n2(17q92)27n3(17503)

mn1,Nn2,n3
171)91 17(]192 17893
< E\EyF; S 52 53
E, Es Es
S S TPEY ST B By O

Lemma 4.7. Let FE(m), GE(m) and HE(m) be as in (4.14). If 1 < p,q < o0 and 1 < s9 < s < oco. Let
I:=2(1+|a—1|)I, then for any N >0 we have

p

—N
< On 20N [ |f(a)p (1+2mdl“|“’| I>) dz,

—N
1+]a—1| q m dist(T, dist(/, =)
ngcN(\a ll) J 1ot (1+2meie2) s,

—N
S CN750 QSTTL/SQ f |h((£)|s ( 4 om dlbt‘(l‘ m)) da.

1/2
(1) (z |F’Z(m)|2xmm)

Lp
q

1/2
(2) (Z[ﬁmgj |Gﬁ(m>|2xl,f§m>

(5) | (supis ey 5l

Ls

Proof of Lemma 4.7. For (1), by splitting the real line as a disjoint union (Jy)secz having the same length
as I and dist(Z, J;) ~ |£||I|, it suffices to show that

H(

1/2\p

/ P @ 0 8] 4] e o))

k-mcy Lr

S @), (@) Pdz, if 0= 0;
O (20N [ |f (), (@)|Pda, i £ # 0.

The case £ = 0 and 1 < p < oo follows from Lemma 4.5. For the case |[¢| > 0, by using I*~™ C I and
dist(1, Jy) ~ |¢||I], if 2o € I¥~™ then we have

2k+j
P b ao)] < Ox [ 10x0@) "
k+j
< Cn (142"~ ’ d
<t 290) ™ [ e T——e

< O (1+ 2591001 1)) "V M(fr,) (o).

Thus if # € I¥~™ then by Lemma 4.3

1
/|th $ Yy 27FT (n + B))|dB < On (1 + 28H71e)|1]) ™ /M X))@ (0 + B)) dB
0

< On(L+ 2" 121 =M MM (£ X7, ) (2).
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Hence if |¢] > 0 and 1 < p < oo, then

I

1/2
<on|(( X S a0 @) o))

k:2-k+tm<|T| nEL

1 2

1/2
S | | tss s 5] | xigno))

I=mCr|o

Lp

Lr

1/2
son|( X aeRem R

k:2-ktm ]|

Lp
< On ™)™ IMM(f X7 | o
<N ™) 1 xa o -

For (2), let I := 2(1 + |a — 1])I, then by splitting the real line as a disjoint union (.J;)sez having the same
length as I and dist(I, J;) ~ [¢]|], it suffices to show that

1/21q
(2 s / s (2 4 5+ (o= 1) o] g 0))
- mCIﬁG[Ol lyi La(dx)
(2D T lg@)xa @)1 d, if £ = 0;

<

O (1) (1 4+ 2716) [ (), (@) de, if £ 0.

The case £ = 0 and 1 < ¢ < oo follows from Lemma 4.5. For the case |¢] > 0, by using dist(1, J;) ~ [¢|1], if
xo € I, then dist(zg, Jo) ~ |€||I] and we have

2k
9 @) < Ox [ 1) T
N\ — k
< CN(l + 2’f|€‘|]|) N/I(ng,j)(y)l 2 dy (4.21)

(1 +2¢]zo — yl)"
< On (1+25141171) ™" M(ga, ) (o).

If I¥=™ C I, then zo := 275t (n+ B+ (a — 1)y) € I for |B],|y| < 1. Thus by (4.21) and Lemma 4.3 if
x € IF=™ C I, then

[(gx) * ¥i(27F™ (n+ B+ (a — 1)y)) | dy
ly|~1

1
< Cn(1+2%01)) N/M 9x7,)(27F ™ (0 + B+ (a — 1)y)) dy
0

< ot 2T~ () st ) o),
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Hence if |¢] > 0 and 1 < ¢ < oo, then

2

1/2
H( sup / 9xs, * V(27T (n+ B+ (a— 1)y) ’dy Xph—m (2 ))
k- mCIﬂE[Ol La(dx)
1+]a—1] kg1 TN—2N 2 1z
son (ST (X Sa i o) @) - 0)
k:2-ktm<J|I| n€EL La(dx)
1+]a—1 _— 1/2
son (B (00X avai e @)
k:2—k+m<|]] La(d)
1+]a— m
<o (S @i o,
1+ |a—1| mig —
<y (7) C
To treat (3) we first observe that if I¥=™ C I and |3], |y| < 1, then
[(hxg,) * @, (27" (n+ B — )|
()0 >
<y [ Joao dt
T (2R k(4 B —y) — 1)
k N | ‘ 2k
< ClL+ 29607 [ [0 .
2k (o B —y) — 1)

If x € IF"™, then we apply the same argument for the proof of Lemma 4.4 (3) to obtain that for any
positive integer sq,

2k
J1000] e

sup t| < C(s0)2™ My, (M(hx.s,))(z),

18], ly|<1

and so

P (I(hxse) * @27 ™ (4 B = y))]) X g (@) < O (14 27[€)) V270 M,, (M(hxs,)) (2)-
YIS

We therefore obtain that if s > sg, then
< O oo (1427 ]) N2/ %0 Mg M(hix 1, |
LS
< Cp,so (1 +2[0]) N2/ %0 | M(hx g, ) |12
< Onso (142 N2m/%0 || hx 1, |11

sup(HS (m)lx 5 )

Iﬁfrngl

O

Corollary 4.2. Let F¥(m), GF(m) and HE(m) be as in (4.14). For 1 < p,q < oo, and so < s < oo. Let
I:=2(1+|a—1|)I, the for any N >0

] et \—N 1/p
(1) 51zej)p<(Fk( ))IS—'"LGJ) < On2VW supre 4 <ﬁf|f(x)|p (1+2m%) dx) ,
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/
(2) sizel?, ((Gh(m )),ﬁmej)scN(lya;)suplej(%, Jlg@)le (1+2m i) dx)

1/s
m/s m dist(I,x
(3) s1ze ((Hk( ))Iﬁ""ej> < Ch,so 2™/%0 sup e 5 (}f |h(z) <1+2 t‘(I‘ )> daz) :
Lemma 4.8. Let F%(m), GE(m) and HE(m) be as in (4.14). For 1 < p,q < 0o, and sp < 8 < o0

(1) energy?), ((FE(M)) ey ) S 22901 fr,
2 a 1+1/q
(2) eneray 2, ((GE (M) ey ) < % lllze,

(3) energyg?s< (Hﬁ(m))m,mej) < C(s0)

Proof of Lemma 4.8. For (1), recall that

1/p
1
energyg)p( (Fﬁ(m))wimej) = sg;z) Sﬂl)}p ( Z |IO\)

v v IhED,

where D, ranges over all collections of disjoint dyadic intervals Iy € J having the property that

1

> oV,
[Io|Y/P

. ) 1/2
( S Fim) x)

IE"mClo, I e

Lr

Thus by applying Lemma 4.7 with N = 2 we have

(5 wl) =] T 2

IoeD, IpeD,,

Ll,oo

1 1/2p
<m0 = ) | w
loeD, 0 Iy Clo, IV eT Ly L=
j m dist (Lo, -2
< 2%l i (/If Ip 1+2 I(IT )) dy> XIo
Io e]D Io 0 1,00
2|jlp P
S || 30 MO x|,

IpeD,

S 22| FP) = 220 | £

The proof of (2) follows similarly by using Lemma 4.7 and the fact

1 dist(Io, N -
II_o/g@)'q(l”m%) dy < (1+la—1)M(lgl") (@) if z € I,
0

where Iy := 2(1 + |a — 1|) . For (3), recall that

1/
energyg?s( (H,:L(m))sz*mej) = 51611;2) sﬂl;p ( Z |Io\)
v v IoeD,

where D, ranges over all collections of disjoint dyadic intervals Iy € J having the property that
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L swp  (HE(m)xgen) | =20
[k-m > 2V,
1o/ N~ CIo, I ™ ed " Ls
Thus for s > sy we have
2( > IO') = X 2"xa
IoED, IoED, Lo
1 S

<|| > o \ sup  (JHR ) ge) | X

IyeD, | O| I CIo, IV e Ls JARES

S CN,SO QSm/SO

dist(Io, )\~
/Ih ( gm distfo,y) y)) dy | xr,
To G]DJ 0| o]

< Cnsy 9sm/s0 ’ Z M(|A1*) X1, .
S

< Onso 220 |1 |l = Cv,sy 2™/ [IB]J3-. O

Ll,oo

Let © be as in (4.4). Split the collection of dyadic intervals J as |J 4 Ja where
Ja o= {1 :1+dist(I,9°)/|I| ~ 2%} .
If I € Jy, then 247 N Q° # 0, and so for 1 < p,q < oo and sy < s < oo one has
Si(d) = sizef;d)yp( (Fﬁ(m))m*%yd) < 2d22\j|”f||Lp|E\f1/p,
Sald) = e, (GE00) e, ) <20 (ST gt
S3(d) := smef;d) s( (H’fl(m))lﬁ_me% ) < CO.gy 27 Ndgm/so,
and

Bi(d) := energy D), ((FE0m) o, ) S 2291,

1+ |a— 1])1*1/a
Ey(d) : —energyj q<(Gk( ))mfmejd) < <( ||a—1||) >||9an

Ey(d) = energy’y) ,((HE(m)) jome s, ) < Clso) 27/ [E]2.

Then if 1/p 4+ 1/q > 1, by Proposition 4.1, for any positive integer sy and any sy < s < oo, there are
0< 01,02,93 < 1 such that

™ (f, g, h) < ZIH“" frg.h)
S Y S1(d) TP E ()P Sy (d)' 9% By ()17 Sa(d) 0% By ()

1+ a—1])? s 1/pe
G a2l amisl aalglae B0,
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5. Estimates for the terms I and II

The terms I and IT in (3.1) are very similar. For instance, one can write the second term as follows:

D=3 [mcran( X FOh©) (@ndom) g
k2 g

ky<ko—|i|—5

=3 [ i+ an) (F©2-10-5(6)) (3000 () 2 g

k2 g2

where 5(€) = 3(27%¢). Let ¥ and ® be Schwartz functions with supp(¥) C {¢ : 1/210 < [¢] < 21°}. Note
that

Upri(€+an)Ti(E+n) =1

if (£, n) lies in the support of @y_|;—5(&) m (n). Thus by inserting the function \T/kﬂ-(f + an)@k(f +n) inside
of the integral in (5.1) we have

II(f, 9)(x

=3 [ (sl + anBusste + an) (FOP-1i-5(©)) (APn)) Bule +n) 7= ey
k e

= Z/(/f[m(-)@k+i(~)](y) (f *Eﬁ\mfs(f)) (M(n))@(n))@k@ + ) QQﬂi[é(r+y)+n(m+ay)]dgdn> dy
kR \ge

Let

() = 270 [F 0ROl

( | (roims(©) (7 0nm) Bue + n)ez’”[’““y’*"(““y”dfdn) dy,

R2
then it suffices to show that

(1+al)?

lal

where 1/r =1/p+1/q, 1 < p,q < oo. In proving (5.2) we may assume that || f||z» # 0 # ||g||L«. Define an
“exceptional set” (2 by

(. 9)]

Lree < O, 201G+ ( ) | £l llg|l e (5.2)
Q= {o: My (@) >t fllor BV U {o Mag(a) > tlgllel B/ (5.3)
1/p
where M, f(z) := <supx€[ \_}I fl f(y)|pdy> _ Since

Hx M, f(z) > t}‘ < Ct_p/|f(x)|pdx,

if ¢ is large enough, we have || < C (t7P4+¢79) |E| < 1/100|E|. Let E' = E \ , then |E’| ~ |E|. Let
h = xg’, then it suffices to show that
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A+ Ja)*

(IT'(f, ), h) < C,21G+Y) ( o
a

) 1Al gl o B0,
where

(I (f,9),7)
=y | [ F im0 (7 + oro-slo+ ) (975 vl + aw)) (s Wi (0)) dody,

By using Lemma 3.1 we obtain
(IS X3 Y et g2 P m) Gh () H )
m>0 ne

where

F¥(m) = sup ‘f * Sﬂk—|i|—5(2_k+m(n +B8+y)),
‘y|N17BE[071]

Gfl(m) = sup (/ ‘g*wk(2k+m(n+ﬂ+ay))‘dy),
se.\ (5.4)

1

H (m) /|h*\yk( (4 8))| dB.

0

Thus if we set I¥~™ = [27k+mp 27k+m (5 4 1)], then we have
(I (f, 9), >\
k( k k
NZ 1+2m+1 1Z/F ) Gy H()[’“W()dx

: Z +2m+l (A+2mi / [Skup|Fﬁ(m)\XIﬁ,m(x)} {Z|Gﬁ(m)|le,";*m($>}% {Z |HZ|2X13‘;*m(I)}1/2d$.

m>0 i k,n k,n
Thus it suffices to show that

5" (f,g,h) == Y / F(m) G (m) H)y (m) X i (z) da

rmeg

ot (L4 Ja])? o
<2 +'(T 1 llzo g ol BP0

for any finite collection J of dyadic intervals.
Lemma 5.1. Let F¥(m), GE(m) and HE (m) be as in (5.4). If x € IF~™ = [27F+mp, 27F+m(n 4 1)), then

(1) Fh(m) S (1+ 2 MO ) (@),
(2) G(m) S () Mg+ i) (@),
(3) H(m) S M(h+ W) (@),

~

Proof. The proof is similar to Lemma 4.4. 0O
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Lemma 5.2. Let F¥(m), GE(m) and HE(m) be as in (5.4). Let 1 < p,q,s < oo then

(1) || supn (FECm) ) ||| S @27 f) o,
@) (e G xm—m)l/ | s (%) lghso,
() |( S 52 xpin) | < I
Proof. The proof is similar to Lemma 4.5. O

Let J be a family of dyadic intervals, then for 1 < p, ¢, s < oo we define

s1zef7>p( (FS0m) s mey ) = S-Sz'zej,p< (Fﬁ(m))m,mw)
Slzej q( (GR(m)) jg-me s ) = Sizeg, ‘I( (Gu(m) p-mey )’
sizey) (ML) o ) = Sizeg o (H0m) gy )
and
et (P50 ) = S B (P50 ).
energy})q( (Chm) ey ) o= Enerng o ((CHM) ey )
eners 9, (400} ) = Ener, o (50) e, )
Proposition 5.1 (cf. Proposition 2.12 in [17]). Let us denote

€3]

Sy 1= size s’ 2 (3) (3)

o Br= energyg?p, So 1= sizes. ., B2 = energyg?q, S3 :=sizey , B3 := energy ;..
Then

5" (f£,9,h0) S Sy B Sy~ By 857 By, (5.6)
for any 0 < 01, 05, 05 < 1 such that
01 +02+63=1and1l—pbh >0,1—qby >1,1—s65>0. (5.7)

In particular for any 1 < p,q < oo, there exists 1 < s < oo such that 1/p + 1/q+ 1/s > 1. For such
1< p,q,s < oo, there are 0 < 0y, 09, 05 < 1 satisfying (5.7).

Proof. The proof is similar to Proposition 4.1. O

Lemma 5.3. Let F¥(m), G (m) and HE (m) be as in (5.4). Let I := 2(1+|a|)I. For 1 < p,q,s < oo, we have

p
(1) Sup[’:jmg[ (|F]7€L(m)|X1’7§*m)

-N
m—|i m—|q| dist(I,x
< COn(1+2m7li) [ f@p (1+2m i drn) gy,
1/2)1q -N
k 2 mdlht([ dist(I,z)
(2) (zm@|en<m>| Xﬂ;m) <Oy ()" [l (1+2m o) gy,
1/2 N
S T)’Ldi 17
(3) (z IH’Z(m)IQXI,:fm) O [P (1)
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Proof. The proof is similar to Lemma 4.7. O

Corollary 5.1. Let FX(m), GE(m) and HE (m) be as in (5.4). Let I := 2(1 + |a|)I. For 1 < p,q,s < co, we
have

o _N 1/p
(1) 51zej)p<(Fk I" '"ej) S (142l sup e, (%lff(acﬂp (1+2m—|2|%> dx) ,
_N 1/q
(2) 51ze ((Gk Ik mej) (H‘;“a‘) SUprcs (%f|g(x)|q (1+2mdls‘°‘y‘ x)> dx) ,

1/s
(3) s1ze ((H’c )pk-mes ) SSUPres (II f|h (14—2’”%) da:) .

A

Lemma 5.4. Let F¥(m), GE(m) and HE (m) be as in (5.4). Let I := 2(1+a|)I. For 1 < p,q,s < oo, we have

(1) energy?), ((Fh(m)) ome s ) S (L4277 B(L 4 27 ) £ S 2m W ] 1,
ait1i/a

(2) energyg)q( (Gﬁ(m))ﬂc mej> (%) lgllze,

(3) energy( ) ((Hﬁ(m))ﬂi*mej>

Proof. For any R > 0, note that

v dist(I,z)\ N 1 »
I|/|f( (14 RESES) e S04 REMOP) @) (@),

By using this estimate, the proof is similar to Lemma 4.8. O
Let © be as in (5.3). Split the collection of dyadic intervals J as |J 4 Ja where
Ja o= {1 :1+dist(,Q°)/|I| ~2%}.
If I € Jy, then 27 N Q° # 0, and so by Corollary 5.1 and the definition of the set £ one has
S1(d) == Sizegd),p( (Fr(m)) jpm ez, ) < 2927 £ o | )7,
Sald) = siae?), ((Ghm) e ) 52 (S Halonig
S3(d) = size?j, S( (Hﬁ(m))lk,mejd ) < 9 Nd,

and

Ei(d) = energygj,p( (Fo(m)) gz, ) S 27 Fl o

(1 + la])**1/a

E»(d) := energy';) q((Gk( ))15*m63d> 5( lal

Es(d) .= energyg’; s( (Hﬁ(m))mﬂnejd ) < B,

) llgllzo,

By Proposition 5.1, for any 1 < s < oo with 1/p+1/g+1/s > 1, there are 0 < 01, 65, 05 < 1 satisfying (5.7)
and
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15" (f,9,h) ZH“”” f.9.h)

S Si(d) P B (d)P? So(d) 9% By (d)12 S5 (d) % Ba(d) %

m—|t 1+ a > - -
<2 +'(<|T')) WAl llglzel B2 Ve, g

Appendix A
A.1. Proof of (1.3)

Let 0 <y <1and H” be as in (1.1). Since [, dy = 0, we have

ly|>e y\ylw
HY(f, g —hm/ f@ =) xfay)d
9 =0 ylyl
ly|>e
— lim </ J/c\(g)eQTrl(;c—y){ df) (//g\(,’,})e%rl(x—ay)n dn) dy
e—0 y|y|’y
ly|>e
e—2miy(§+an) _ q ~ )
lim / - —dy | f(&)G(n) 2m=EEM gedn.
~ [/ 1im e (©n) :

y|>e
Thus for ¢ := £ 4+ an # 0, by change of variable y — y/t
—2miyt __ 1 —2miy __ 1
m7(t) ;= lim eidy = sgn(t) [t]” | lim / eidy

e—0 yly|Y =0 yly|
ly|>e lyl>elt|

—2miy __ 1
=sonio e ([ ).
A.2. Proof of (1.8)

Let |a| ~ 2! for some i € Z and a # 0, 1, then

E+an" = > ¢+ an] p27FE)p(2 o)

k1,ko€Z

-y iy ey

k1>ko+i+4d  ki1<ko+i—4  ko+i—4<ki<kz+i+4

=my(&,n) +ma(&,n) +ms(&,n).

Note that

BN\ ~
men=( X R (55) detoie )6 = me e,

§

k1>ko+i+4

~ k2 ’YA
men=( X I (1) Bt )l = m

k1<ko+i—4
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If ky > ky+i+4 and (275 ) (27%2n) # 0, then [€+an| ~ €] ~ 25 ~ |(€,7)|, and so for any multi-indices
8 we have

0% [ (&, m)]| S 1€ m) 7L (A1)

Similarly, if k1 < ko +4 — 4 and @(2‘“5)@(2_’“277) # 0, then € + an| ~ |an| ~ |a|2¥2 ~ |(&,7)], and so for
any multi-indices 8 we have

0% [mia (&, m)]] S 1(&m)]~1PL (A2)
For the part mgs, we have
vy Ei\7Y __ -
men=( ¥ ERR(E) Gehgde ) i - mele

koti—4<ki<ko+i+4

Ifhko+i—4<ki <ko+i—4and 12(2*’“15)15(2”627]) # 0, then |¢ + an| < 2%, thus for any multi-indices 3

0% [ (€, ]| S JE + an| 181, (A.3)
‘We have
T, 9)(x) = Ton, (£ 9)(%) + Tony (£, 9)(x) + Tony (f, 9) (),
where
T, (f.9) / i (€,) (IE] F(€)) G(n) e+ dean,
Tona(frg) / a(€,m) F©) (IPF0n) 7=CE dedn,
Tpo(f.9) / s (€,m) (IE] F(€)) G(n) =&+ dean,

By (A.1) and (A.2), the multipliers m; and ma satisfy the classical Marcinkiewicz—Mikhlin-Hérmander
condition, thus by applying the Coifman—Meyer theorem we obtain

[Ty (F; e S ND7 fllzellgl za,

[Ty (f; Olr S W F e D79l Lo,

provided that 1 < p,qg < 00, 1/p+1/g=1/r and 0 < r < co. For the operator T,,,, by (A.3) we can apply
the results for bilinear operators with nonsmooth symbols (1.4) to obtain

1T (f,9)llzr < CIDY fllo[lgll La

for 1 < p,q < oo satisfying 1/r = 1/p+ 1/q and for r > 2/3.
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A.3. Proof of Lemma /.1

Let

1/2
SN (f)(x) = (Z gy (20 29 s <x>) ,
k,n

then we aim to prove that
1SN (F)ller S (1 +N+2|j|)||f\|Lp for 1 < p < oo.
For p =2,

2

H <k§; £ % g (27 (n+2Y) P x e (x)) N

L2

=S |F # s (27 (4 2V)) P27

k,n

=D 270 fr (27 (4 2) gy (27K (n + 2V)).
k n

Since {Yr4;}rez is a lacunary family, it is enough to prove that

Let agjn = f * Ypy;(27%(n 4+ 2V)), then
Z |ag jn|® = Z A [ Ura; (275 (n +22))
= /f(z) Zak,j,nwcﬂ(?*k(n +2N) —2)dz

< 1Nz

D kg Vi (27 +2V) = 2)

L2(dz)
On the other hand

2

Z i (27 (n+2N) = 2)

L2(dz)

o Fr 274+ 2M) £ s 27 (n 4+ 29)) | S 28| £117 -

T o / Vs (275 (n 4+ 2Y) — 2) Gy @ F (4 29) — 2) dz

n,n’
= Zak,j,nm/ ‘@(2—’@—1‘5) ‘2€2wi2*’f(n_n/)5 i

2k+j
(14 27|n —n'|)10

S lakjnl lar gl
n,n’

<2 Z ‘ak,j,n|2-
n
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Thus we obtain
1/2
S ol S 11222 (3 lannl?)
n n

and so (A.4) follows. If p = 1, then by a Calderén—Zygmund decomposition with height A, there are disjoint
dyadic intervals {J} such that

> =

S 33 [ 1f@lde < L0l
J J g

Set Q = J,
[f(x)] <A for z € Q°.

Write f = g + b where

1
9= fxaec+ = [ fx)dx | x
w32 f e

and b= f—g=>,b; with

by = f—|—;|/f($)d$ XJ-
7

Then since

5 [ Ir@lde < o [ 1) de < 22
— z)|der < — z)| de <
7 27l

J

we have ||g||L= < 2A. These properties imply that
{z: SN f(x) > N < [{z: SNg(x) > A/2} + [{z : SVb(x) > A/2}. (A.5)
To estimate the first term we use the L2-boundedness of SV and write

4 1 1 1
{z: 9%g(2) > A/2} < Z 1% dllZe S 55l9lZe S 5 (Mglle) S 1 flles (A.6)

For the second term, for any dyadic interval J, there are only (N + 1) disjoint dyadic intervals
JY J% - JNF! having the same length as J and such that, if |I| < |J| and Iy C J, then I be comes
subinterval in one of J', J2 ... JN*1 (see page 152 in [17]). Define

Qy:=5JUBJLUBJ2U---UbJNHL
We write
Ha: SNb(z) > A/2} < o € UsQy: SVb(x) > A/2} + {z € (Us0Q5)¢ : SNb(x) > A/2}]. (A.7)
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We estimate the first term by

1
{z € sy : SVb(e) > N2} < [Us QI SN IS Nl flle
J

For the second term

>N

|{1:€(UJQJ)C:SNb(x)>)\/2}|S; / S¥B) (@) dr <23 / SN (b)) () da

(UsQs)e 7 (UsQg)e

1Y [ sMen@ s

We claim that

/ SNb(x) de < A2191).7).
(Qy)e

Assuming (A.10), one gets
> [ $Vbserde £ 229 Y1 £ 191 £ 220,
T (o) J

and so by (A.7), (A.8), (A.9) and (A.11)

1]
o+ () > A2} £ 22D
By (A.5), (A.6) and (A.12)
|1
o V() > M2} T2 e

The left-hand side of (A.10) is smaller than

S [ ot @ = Y+ Y =A+E

ke kn:2-*<|J|  km:2-F>|J]

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

Estimates for A. Since |I¥| < |J| and I¥ N (Q)¢ # (), one must have dist(27%(n +2V),J) > 2|.J|. Using this

D D Ve A P
k,n:2—k<|g], ()
dist(2—F (n+2N),7)>|J|

27
S S e eI e KL

k27 k <)), O
dist(2—k (n+2N), 1) > 7\

1 2J
S Y vy ) bJ(y)(;<1+2k+j|2—k<n+2N>—y>|>5)dy

k:27k<|J| (Qs)°
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1
S Z m / b (y)| dy
k:2=k<|J| (Qs)°

S 27 byll e S 277N

Estimates for B. Let y; be the center of the interval J, then

by x ey (27 (n+2N)) = /bJ(y) [¢k+j(27k(” +2N) —y) — s (27 (n +2N) — y{;)} dy

Z/bJ(y) /% [brrs (27F(n+2Y) —t)] dt | dy

:/bJ(y) /22<’“+J‘>zp’(2k+i(2*k(n+2N)—t)) dt | dy.

J
Thus
B= > b (277 (n +2M) | x e (2) d
k,n:2fk>|J|(QJ)c
y )
2k+2] d d
<
- k~22k:>J / |bJ(y)| /zn: (1 + 2k+j|27k(n + 2N) - t|)10 ' Y
: J

SO 2P bl S 2 bl S 27N
k:2=k>|J|

For 1 < p < 2, the result follows by interpolating weak-L! and L? estimates. Let {ej ,,} be independent and
identically distributed random variables with P(ex,, = £1) = 1/2. We consider the operators

SNF(@) =" ehmn [ xthryy * (275 (n+2V)) xpe ().

k,n
As for SV we obtain
ISX llze = 1Y fllze S NUfllze,  and [[SY fllzree $ (N + 291 1s,
which holds uniformly in e ,, = £1. Thus by interpolation for 1 < p < 2 we have
ISY fllzr S (N +2U0)] £l 2o (A.13)

And by duality we obtain (A.13) for 2 < p < oo. Then by Khinchine’s inequality, if we take average over
all €, = £1, we obtain

1™ fIL = GoE (IS11%0) < (N + 2021 £117,.
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