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1. Introduction and statement of results

Let a �= 0, 1. For 0 < γ < 1 and Schwartz functions f, g ∈ S(R) we consider the hypersingular bilinear 
integral operators Hγ given by

Hγ(f, g)(x) := lim
ε→0

∫
|y|>ε

f(x− y)g(x− ay)
y|y|γ dy. (1.1)

In case γ = 0, H0 is the bilinear Hilbert transform, and Lacey and Thiele [11,12] proved that

‖H0(f, g)‖Lr ≤ C ‖f‖Lp‖g‖Lq (1.2)

for all 1 < p, q ≤ ∞, 1/r = 1/p + 1/q and 2/3 < r < ∞. Also it is conjectured that this result is true for 
r > 1/2. If a = 1, then by taking f = g we see that the inequality (1.2) holds only for r > 1. For 0 < γ < 1, 
one can easily check that
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Hγ(f, g)(x) =
∫
R

∫
R

mγ(ξ + aη) f̂(ξ) ĝ(η) e2πix(ξ+η) dξdη (1.3)

where f̂ denotes the Fourier transform of f and mγ(t) = sgn(t) |t|γ
∫
R

e−2πiy−1
y|y|γ dy (see Appendix A.1 for 

the proof). By (1.3), Hγ is reduced to the study of the bilinear operator Tm given by

Tm(f, g)(x) :=
∫
R

∫
R

m(ξ, η) f̂(ξ) ĝ(η) e2πix(ξ+η) dξdη,

for some appropriate m. The purpose of this paper is to obtain some optimal estimates for the bilinear 
operator Tm under certain assumptions on m. We now give some historical remarks on this type of bilinear 
operators Tm according to the singularity conditions of m.

The classical Coifman–Meyer theorem: If m satisfies the following Marcinkiewicz–Mikhlin–Hörmander con-
dition

|∂βm(ξ, η)| ≤ Cβ(|ξ| + |η|)−|β|

for sufficiently many multi-indices β, then by the classical multiplier result of Coifman–Meyer [4] Tm maps 
Lp ×Lq → Lr as long as 1 < p, q ≤ ∞, 1/p + 1/q = 1/r and 0 < r < ∞. See also [3,8,10,13] for the classical 
Coifman–Meyer theorem on multilinear singular integrals.

Bilinear pseudodifferential operators: If m is replaced by the classes of symbols in bilinear pseudodiffer-
ential operators, there have been some interesting results on the boundedness on Sobolev spaces. In [1]
the boundedness on Sobolev spaces of any multiplier bounded on Lebesgue spaces is established, though 
no Leibniz-type estimates are proved in such general situation. After then V. Naibo [19] obtained also the 
boundedness on Besov spaces of Lp bounded multipliers, this time with Leibniz-type estimates.

When the singularity of the symbol m is not at the origin but on a line, classical Littlewood–Paley 
theory, and Calderón–Zygmund techniques do not suffice to study the operators Tm. The breakthrough in 
this direction is due to Lacey and Thiele [11,12] on the bilinear Hilbert transform, for which the symbol 
is m(ξ, η) = sgn(ξ − η). Later the results for the bilinear Hilbert transform were generalized for bilinear 
operators with nonsmooth symbols having singularities on a line.

Bilinear operators with nonsmooth symbols: More generally, let Γ be a closed one-sided cone with vertex 
at the origin and m(ξ, η) a function having derivatives of all orders inside Γ such that

|∂β(m(ξ, η))| ≤ C(β) dist
(
(ξ, η),Γ

)−|β|

for every (ξ, η) ∈ R2 \ Γ and sufficiently many multi-indices β. Then the bilinear operator TΓ(f, g) that is 
defined by

TΓ(f, g)(x) :=
∫
R2

m(ξ, η) f̂(ξ) ĝ(η) e2πix(ξ+η)dξdη, (1.4)

maps Lp ×Lq → Lr, provided that 1 < p, q < ∞, 1/r = 1/p + 1/q, and for r > 2/3, so long as no edge of Γ
lies on the diagonal ξ + η = 0 or on a coordinate axis. See [6].

The Kato–Ponce inequality (the Leibnitz rules): For Schwartz function h defined on the real line, the 
fractional derivative Dγh is defined for every γ > 0 by D̂γh(ξ) = (2π|ξ|)γ ĥ(ξ). Then
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Dγ(fg)(x) =
∫
R2

(2π)γ |ξ + η|γ f̂(ξ) ĝ(η) e2πix(ξ+η) dξdη.

The following Kato–Ponce type inequality is well-known (see [7,9,14–17]):

‖Dγ(fg)‖Lr ≤ C(γ)
(
‖Dγf‖Lp1‖g‖Lq1 + ‖f‖Lp2‖Dγg‖Lq2

)
(1.5)

for every γ > 0, for every 1 < pi, qi < ∞ satisfying 1/r = 1/pi + 1/qi for i = 1, 2, and for r > 1/(1 + γ). 
This result is sharp.

Hyper bilinear Hilbert transform: For the hyper bilinear Hilbert transform Hγ (0 < γ < 1) in (1.3)

Hγ(f, g)(x) = dγ

∫
R

∫
R

sgn(ξ + aη) |ξ + aη|γ f̂(ξ) ĝ(η) e2πix(ξ+η) dξdη,

where dγ =
∫
R

e−2πiy−1
y|y|γ dy, in [2] it was proved that

‖Hγ(f, g)‖Lr ≤ C
(
‖Dγf‖Lp‖g‖Lq + ‖f‖Lp‖Dγg‖Lq

)
(1.6)

for every 1 < p, q < ∞, 1/r = 1/p +1/q with r > 2/3 which is based on the arguments for bilinear operators 
with nonsmooth symbols in [6]. The range r > 2/3 is not optimal and in this paper we extend this result 
up to sharp range r > 1/2.

Our model example: Consider the bilinear operators

T γ
Γ (f, g)(x) =

∫
R2

|ξ + aη|γ f̂(ξ) ĝ(η) e2πix(ξ+η) dξdη, (1.7)

where γ > 0 and a �= 0, 1. Theses bilinear operators intervene between the classical Kato–Ponce inequality 
and the bilinear Hilbert transform. For these bilinear operators one can combine arguments for Coifman–
Meyer theorem and bilinear operators with nonsmooth symbols in [6] to obtain that for γ > 0 if a �= 0, 1, 
then

‖T γ
Γ (f, g)‖Lr ≤ C(γ, a)

(
‖Dγf‖Lp1‖g‖Lq1 + ‖f‖Lp2‖Dγg‖Lq2

)
(1.8)

provided that 1 < pi, qi ≤ ∞, 1/pi + 1/qi = 1/r, 1 ≤ i ≤ 2, and 2/3 < r < ∞ (see Appendix A.2 for the 
proof). However, in this paper we extend the result to the optimal range of r in a more general context, 
which is stated in Theorem 1. The model example above is a special case of operators in Theorem 1 by 
which one can immediately obtain that (1.8) holds for all 1 < pi, qi < ∞, 1/pi + 1/qi = 1/r, i = 1, 2, and 
1/2 < r < ∞.

We are now ready to state our main result. We let m ∈ CN (R \ {0}) with an integer N which will be 
more specified in the statement of the theorem below. We assume that for a real number γ > 0, m satisfies 
the condition

|∂k
t m(t)| ≤ Dk |t|γ−k for all t �= 0 and for all k ≤ N . (1.9)



JID:YJMAA AID:21536 /FLA Doctopic: Real Analysis [m3L; v1.221; Prn:25/07/2017; 10:56] P.4 (1-34)
4 Y. Heo et al. / J. Math. Anal. Appl. ••• (••••) •••–•••
We now define the bilinear operator T by

T (f, g)(x) =
∫
R2

m(ξ + aη) f̂(ξ) ĝ(η) e2πix(ξ+η) dξdη. (1.10)

It would be interesting to observe that the bilinear operators T in (1.10) convey singularities along two 
distinct hyperplane ξ + η = 0 and ξ + aη = 0 which are from e2πix(ξ+η) and m(ξ + aη), respectively. When 
a = 1, the operator becomes the Leibnitz rule which gives the worst scenario for operators in this direction 
because two hyperplanes are overlapped to maximize singularities along just one hyperplane ξ + η = 0 in 
this case, which gives the natural restriction on r > 1

1+γ .
In our case a �= 1, however, the singularities along ξ + η = 0 and ξ + aη = 0 are concentrated only on 

the origin, which allows us to make use of arguments of suitable change of variables in kernel side and to 
extend the result to the full range of r > 1/2. It is also worthy of noticing that when r > 1

1+γ , it is likely 
that one can adapt the arguments for Coifman–Meyer theorem on the classical paraproducts with a small 
modification. However the complementary case leads us to totally different situation, which has forced us 
to develop new idea to prove Theorem 1. This is the reason why we separately consider two cases: r > 1
and r < 1 during the proof. For the case r > 1 we use the standard arguments such as the shifted square 
function and the shifted Hardy–Littlewood maximal function estimates (Theorem 4.6 in [17]). For the case 
r < 1, in discretization we do not use the usual uncertainty principle, instead we decompose the space 
variable x according to the size of y variable in kernel side, and then use averages in x, y variables and 
associated maximal operators together with Lemma 4.2 in Section 4.

Theorem 1. Let γ > 0, and N be the smallest integer so that N > max(2, 1 + γ). We assume that m ∈
CN (R \{0}) and satisfies the derivative conditions (1.9). Let a �= 0, 1, then the bilinear operator T in (1.10)
satisfies

‖T (f, g)‖Lr ≤ C(γ, a)
(
‖Dγf‖Lp1‖g‖Lq1 + ‖f‖Lp2‖Dγg‖Lq2

)
for every 1 < pi, qi < ∞, 1/r = 1/pi + 1/qi, 1 ≤ i ≤ 2, and for r > 1/2.

Remark.

(1) The power γ > 0 in |ξ + aη|γ gives some smoothing effect near the singularity line ξ + aη = 0, and this 
is why we could obtain the results up to full range r > 1/2. By applying the arguments for bilinear 
operators with nonsmooth symbols in [6] we can only prove the results up to r > 2/3.

(2) If Dk, k = 0, 1, · · · , N , are as in (1.9), then for any positive integer s0 > 1/γ we have

C(γ, a) := C (1 + |γ|)10
(
1 − 2−γ+ 1

s0
)−1

( (1 + |a|)2(1 + |a− 1|)2
|a||a− 1|

(
|a| + |a|−1)3+γ+ 1

s0

)
,

where the constant C depends only on r, p1, q1, p2, q2, s0, and D0, · · · , DN , N in (1.9). Note that 
C(γ, a) → ∞ as γ → 0 or a → 1.

Corollary 1.1. For 0 < γ < 1, let Hγ be as in (1.1) then

‖Hγ(f, g)‖Lr ≤ C
(
‖Dγf‖Lp1‖g‖Lq1 + ‖f‖Lp2‖Dγg‖Lq2

)
for every 1 < pi, qi < ∞, 1/r = 1/pi + 1/qi, 1 ≤ i ≤ 2, and for r > 1/2.
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For each positive integer � and Schwartz function f ∈ S(R) define

��
hf(x) := (I − τh)�f(x) =

�∑
k=0

(−1)k
(
�

k

)
f(x− kh),

where τhf(x) = f(x − h) and I denotes identity operator. Then for 0 < γ < �, the Marchaud fractional 
derivative is given by

Dγf(x) :=
∫ ��

yf(x)
|y|1+γ

dy = d�(γ)
∫

|ξ|γ f̂(ξ)e2πixξ dξ,

where

d�(γ) =
∫

(1 − e−2πiy)� dy

|y|1+γ
. (1.11)

We refer to [20,21] for details about this derivative and its applications. For Schwartz functions f, g ∈ S(R)
we define

�̃�
h(f, g)(x) :=

�∑
k=0

(−1)k
(
�

k

)
f(x− kh)g(x + kh).

Then for 0 < γ < � we consider the hypersingular bilinear integral operator

D̃γ(f, g)(x) := lim
ε→0

∫
|y|>ε

�̃�
y(f, g)(x)
|y|1+γ

dy. (1.12)

Lemma 1.1. For 0 < γ < � we have

D̃γ(f, g)(x) = d�(γ)
∫∫

|ξ − η|γ f̂(ξ) ĝ(η) e2πix(ξ+η) dξdη

where d�(γ) is as in (1.11).

Proof of Lemma 1.1. For 0 < γ < �, we have

D̃γ(f, g)(x) = lim
ε→0

∫
|y|>ε

�̃�
y(f, g)(x)
|y|1+γ

dy

= lim
ε→0

⎛⎜⎝ �∑
k=0

(−1)k
(
�

k

) ∫
|y|>ε

f(x− ky)g(x + ky) dy

|y|1+γ

⎞⎟⎠

= lim
ε→0

⎛⎜⎝∫∫ ⎛⎜⎝ ∫
|y|>ε

∑�
k=0(−1)k

(
�
k

)
e−2πiky(ξ−η)

|y|1+γ
dy

⎞⎟⎠ f̂(ξ) ĝ(η) e2πix(ξ+η) dξdη

⎞⎟⎠

=
∫∫

lim
ε→0

⎛⎜⎝ ∫
|y|>ε

(
1 − e−2πiy(ξ−η))�

|y|1+γ
dy

⎞⎟⎠ f̂(ξ) ĝ(η) e2πix(ξ+η) dξdη,

the result follows by change of variable y → y(ξ − η) for ξ − η �= 0. �
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Corollary 1.2. For 0 < γ < �, let D̃γ be as in (1.12), then

‖D̃γ(f, g)‖Lr ≤ C
(
‖Dγf‖Lp1‖g‖Lq1 + ‖f‖Lp2‖Dγg‖Lq2

)
for every 1 < pi, qi < ∞, 1/r = 1/pi + 1/qi, 1 ≤ i ≤ 2, and for r > 1/2.

2. Preliminaries

Notation. Throughout this paper, we denote by

f̂(ξ) = F(f)(ξ) :=
∫
R

f(x)e−2πixξ dx

the Fourier transform of a Schwartz function f . We also denote by F−1(f)(ξ) := F(f)(−ξ) the inverse 
Fourier transform of f . M denotes the Hardy–Littlewood maximal function, and 〈f, g〉 =

∫
R
f(x)g(x)dx. For 

two quantities A and B, we shall write A � B if A ≤ CB for some positive constant C, depending on the 
dimension and possibly other parameters apparent from the context. We write A ∼ B if A � B and B � A. 
For a measurable set E, |E| denotes the measure of E. For each interval I in R and b > 0, bI denotes the 
interval having the same center as I with |bI| = b |I|.

Lemma 2.1 (cf. [17,18]). Let 0 < r ≤ 1 and A > 0. Then the following are equivalent:

(1) ‖f‖Lr,∞ ≤ A;
(2) for every set E with 0 < |E| < ∞, there exists a subset E′ ⊆ E with |E′| 
 |E| and |〈f, χE′〉| � A|E|1/r′ , 

where 1/r + 1/r′ = 1.

Lemma 2.2 (cf. Theorem 2.7 in [17]). Let J be a finite family of dyadic intervals. For any 0 < r < ∞ and 
any complex sequence (aI)I∈J one defines

∥∥(aI)I∈J
∥∥
BMO(r) := sup

I0∈J

1
|I0|1/r

∥∥∥∥( ∑
I⊆I0, I∈J

|aI |2χI(x)
)1/2∥∥∥∥

Lr(R)
,

where χ denotes the characteristic function. Then for any 0 < p < q < ∞, one has∥∥(aI)I∈J
∥∥
BMO(p) ≤ C(p, q)

∥∥(aI)I∈J
∥∥
BMO(q) ≤ C ′(p, q)

∥∥(aI)I∈J
∥∥
BMO(p), (2.1)

for some positive constants C ′(p, q) and C(p, q) only depending on p and q. We write (2.1) as∥∥(aI)I∈J
∥∥
BMO(p) 


∥∥(aI)I∈J
∥∥
BMO(q).

Let J be a family of dyadic intervals. For any 0 < p < ∞, and any complex sequence (aI)I∈J define

SizeJ , p

(
(aI)I∈J

)
:=

∥∥(aI)I∈J
∥∥
BMO(p). (2.2)

Then by Lemma 2.2, for any 0 < p0 < ∞

SizeJ , p

(
(aI)I∈J

)

 SizeJ , p0

(
(aI)I∈J

)
. (2.3)
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Now for 0 < p < ∞ we define

EnergyJ , p

(
(aI)I∈J

)
:= sup

ν∈Z

2ν sup
Dν

( ∑
I0∈Dν

|I0|
)1/p

, (2.4)

where Dν ranges over all collections of disjoint dyadic intervals I0 ∈ J having the property that

1
|I0|1/p

∥∥∥∥( ∑
I⊆I0, I∈J

|aI |2 χI

)1/2∥∥∥∥
Lp

≥ 2ν .

Lemma 2.3 (cf. Corollary 2.11 in [17]). Let J be a family of dyadic intervals. Let SizeJ , p

(
(aI)I∈J

)
and 

EnergyJ , p

(
(aI)I∈J

)
be as in (2.2) and (2.4). Then there exists a partition

J =
⋃
ν∈Z

J ν

such that for any ν ∈ Z one has

2−ν−1EnergyJ , p

(
(aI)I∈J

)
≤ SizeJ ν , p

(
(aI)I∈Jν

)
≤ min

(
2−νEnergyJ , p

(
(aI)I∈J

)
, SizeJ , p

(
(aI)I∈J

))
.

Also one can write each J ν as a disjoint union of subsets T ∈ Tν having the properties such that for every 
T ∈ Tν there exists a dyadic interval IT in T having the properties that every I ∈ T satisfies I ⊆ IT and 
also ∑

T∈Tν

|IT | � 2νp.

On the other hand, let J be a family of dyadic intervals. For any 0 < s < ∞, and any complex sequence 
(cI)I∈J we define

S-SizeJ , s

(
(cI)I∈J

)
:= sup

I0∈J

1
|I0|1/s

∥∥∥∥ sup
I⊆I0, I∈J

(
|cI |χI(x)

)∥∥∥∥
Ls

. (2.5)

And if we define

S-EnergyJ , s

(
(cI)I∈J

)
:= sup

ν∈Z

2ν sup
Dν

( ∑
I0∈Dν

|I0|
)1/s

, (2.6)

where Dν ranges over all collections of disjoint dyadic intervals I0 ∈ J having the property that

1
|I0|1/s

∥∥∥∥ sup
I⊆I0, I∈J

(
|cI |χI

)∥∥∥∥
Ls

≥ 2ν .

Lemma 2.4 (cf. Lemma 2.10 in [17]). Let J be a family of dyadic intervals and let J ′ ⊆ J such that

S-SizeJ ′, s

(
(cI)I∈J ′

)
≤ 2−n0S-EnergyJ , s

(
(cI)I∈J

)
for a certain fixed integer n0. Then there is a decomposition J ′ = J ′′ ⋃J ′′′ such that

S-SizeJ ′′, s

(
(cI)I∈J

)
≤ 2−n0−1S-EnergyJ , s

(
(cI)I∈J

)
(2.7)
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and such that J ′′′ can be written as a disjoint union of subsets T ∈ T such that for every T ∈ T there exists 
a dyadic interval IT in T having the properties that every I ∈ T satisfies I ⊆ IT and so

∑
T∈T

|IT | � 2n0s. (2.8)

Proof of Lemma 2.4. Choose an interval I0 ∈ J ′ such that |I0| is as large as possible and such that

1
|I0|1/s

∥∥∥∥ sup
I⊆I0, I∈J ′

(
|cI |χI(x)

)∥∥∥∥
Ls

> 2−n0−1S-EnergyJ , s

(
(cI)I∈J

)
. (2.9)

Now collect all intervals I ∈ J ′ with I ⊆ I0 in a set T . Then define IT := I0, look at the remaining intervals 
in J ′ \ T , and repeat the procedure. Since the cardinality of J is finite, this algorithm ends after finitely 
many steps, producing the subsets T ∈ T. Since J is a collection of dyadic intervals, all the intervals (IT )T∈T

are disjoint by construction. Define

J ′′′ :=
⋃
T∈T

T, J ′′ := J ′ \ J ′′′.

By construction (2.7) is automatically satisfied, and it remains to check (2.8). Let ν be an integer such that

2ν ≤ 2−n0−1 S-EnergyJ , s

(
(cI)I∈J

)
< 2ν+1. (2.10)

Since all the intervals (IT )T∈T are disjoint and

1
|IT |1/s

∥∥∥∥ sup
I⊆IT , I∈J ′

(
|cI |χI

)∥∥∥∥
Ls

> 2−n0−1S-EnergyJ , s

(
(cI)I∈J

)
≥ 2ν ,

by definition (2.6) of S-EnergyJ ′, r

(
(cI)I∈J ′

)
and (2.10) we have

S-EnergyJ ′, s

(
(cI)I∈J ′

)
≥ 2ν

(∑
T∈T

|IT |
)1/s

>
(
2−n0−2S-EnergyJ , s

(
(cI)I∈J

))( ∑
T∈T

|IT |
)1/s

.

Thus from S-EnergyJ , s

(
(cI)I∈J

)
≥ S-EnergyJ ′, s

(
(cI)I∈J ′

)
we obtain

( ∑
T∈T

|IT |
)1/s

< 2n0+2. �

Now, if one iterates the above Lemma 2.4, one obtains the following.

Lemma 2.5 (cf. Corollary 2.11 in [17]). Let S-SizeJ , s

(
(cI)I∈J

)
and S-EnergyJ , s

(
(cI)I∈J

)
be as in (2.5)

and (2.6). Let J be a family of dyadic intervals. Then there exists a partition

J =
⋃
ν∈Z

J ν

such that for any ν ∈ Z one has

2−ν−1S-EnergyJ , s ≤ S-SizeJ ν , s ≤ min(2−νS-EnergyJ , s, S-SizeJ , s).
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Also one can write each J ν as a disjoint union of subsets having the properties such that for every T ∈ Tν

there exists a dyadic interval IT in T having the properties that every I ∈ T satisfies I ⊆ IT and also∑
T∈Tν

|IT | � 2νs.

Lemma 2.6 (Fefferman–Stein [5]). Let M denote the Hardy–Littlewood maximal operator. Then for 1 <
p < ∞ ∥∥∥∥(∑

k∈Z

|M(fk)|2
)1/2∥∥∥∥

Lp

�
∥∥∥∥(∑

k∈Z

|fk|2
)1/2∥∥∥∥

Lp

.

3. Discretization

Let ϕ ∈ S(R) be a Schwartz function such that

supp(ϕ̂) ⊆ [−2, 2] and ϕ̂(ξ) = 1 on [−1, 1].

Then define ψ ∈ S(R) so that ψ̂(ξ) := ϕ̂(ξ) − ϕ̂(2ξ). Note that supp(ψ̂) ⊆ {ξ : 1/2 ≤ |ξ| ≤ 2}. For each 
k ∈ Z, define ψ̂k(ξ) := ψ̂(2−kξ), then supp(ψ̂k) ⊆ {ξ : 2k−1 ≤ |ξ| ≤ 2k+1} and∑

k∈Z

ψ̂k(ξ) = 1 if ξ �= 0.

Let |a| ∼ 2i for some i ∈ Z and a �= 0, 1. Since the bilinear operator T have singularities along the two lines 
ξ + aη = 0 and ξ + η = 0, we consider (ξ, η) in the following three cases:

(1) |ξ| > 2|i|+5|η|, in this case |ξ + aη| ∼ |ξ| and |ξ + η| ∼ |ξ|.
(2) |ξ| < 2−|i|−5|η|, in this case |ξ + aη| ∼ 2i|η| and |ξ + η| ∼ |η|.
(3) 2−|i|−5|η| ≤ |ξ| ≤ 2|i|+5|η|, in this case |ξ + aη| ≤ 2|i|+10|η| and |ξ + η| ≤ 2|i|+10|η|.

Let T (f, g) be as in (1.10), then by using 
∑

k1,k2∈Z
ψ̂k1(ξ)ψ̂k2(η) = 1 for all ξ �= 0 and η �= 0, one obtains

T (f, g)(x) = I(f, g)(x) + II(f, g)(x) + III(f, g)(x),

where

I(f, g)(x) :=
∑

k1−k2≥|i|+5

∫
R2

m(ξ + aη)
(
f̂ ∗ ψk1(ξ)

)(
ĝ ∗ ψk2(η)

)
e2πix(ξ+η) dξdη,

II(f, g)(x) :=
∑

k1−k2≤−|i|−5

∫
R2

m(ξ + aη)
(
f̂ ∗ ψk1(ξ)

)(
ĝ ∗ ψk2(η)

)
e2πix(ξ+η) dξdη,

III(f, g)(x) :=
∑

|k1−k2|<|i|+5

∫
R2

m(ξ + aη)
(
f̂ ∗ ψk1(ξ)

)(
ĝ ∗ ψk2(η)

)
e2πix(ξ+η) dξdη.

(3.1)

The estimates for the first two terms I and II in (3.1) are very similar. III is the main term. Note that

III(f, g)(x) =
|i|+4∑

j=−|i|−4

∑
k∈Z

∫
m(ξ + aη)

(
̂f ∗ ψk+j(ξ)

)(
ĝ ∗ ψk(η)

)
dξdη. (3.2)
R2
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Let Ψ and Φ be Schwartz functions such that

supp(Ψ̂) ⊆ {ξ : 2−10 ≤ |ξ| ≤ 210}, Ψ̂(ξ) = 1 if 2−9 ≤ |ξ| ≤ 29,

supp(Φ̂) ⊆ {ξ : |ξ| ≤ 210}, Φ̂(ξ) = 1 if |ξ| < 29.
(3.3)

For each k ∈ Z, define Ψ̂k(·) = Ψ̂(2−k·) and Φ̂k(·) = Φ̂(2−k·). Then if |j| ≤ |i| + 4 and (ξ, η) lies on the 
support of ψ̂k+j(ξ)ψ̂k(η), then

Φ̂k+|i|(ξ + aη) Φ̂k+|i|(ξ + η) = 1.

Thus we can insert the function Φ̂k+|i|(ξ+aη) Φ̂k+|i|(ξ+η) inside of the integral in (3.2), and then by using 
the identity ∫

R

F
[
m(·)Φ̂k+|i|(·)

]
(y) e2πi(ξ+aη)y dy = m(ξ + aη) Φ̂k+|i|(ξ + aη),

one gets

III(f, g)(x) =
|i|+4∑

j=−|i|−4

∑
k∈Z

∫
R

F
[
m(·)Φ̂k+|i|(·)

]
(y)

(∫
R2

e2πi[ξ(x+y)+η(x+ay)]
(

̂f ∗ ψk+j(ξ)
)(

ĝ ∗ ψk(η)
)

Φ̂k+|i|(ξ + η) dξdη
)
dy.

Lemma 3.1. Let m be satisfied with the conditions (1.9), and let Ψ̂ and Φ̂ be as in (3.3), then

(1) |F
[
m(·)Ψ̂k(·)

]
(y)| � (2k)1+γ

(1+2k|y|)N ,

(2) |F
[
m(·)Φ̂k(·)

]
(y)| � (2k)1+γ

(1+2k|y|)1+γ .

Proof of Lemma 3.1. (1) follows by integrating by parts via 
(

d
dt

)N (
e−2πity) = (−2πiy)N e−2πity together 

with the conditions (1.9). For (2), if we integrate by parts by using the conditions (1.9), then since N > 1 +γ

we obtain ∣∣∣F[
m(·)Φ̂k(·)

]
(y)

∣∣∣ =
∣∣∣∣ ∑
l≥−12

∫
m(t)

(
Φ̂(2−kt)ψ̂(2−k+lt)

)
e−2πity dt

∣∣∣∣
�

∑
l≥−12

(2k−l)1+γ

(1 + 2k−l|y|)N � (2k)1+γ

(1 + 2k|y|)1+γ
. �

4. Estimates for the main term III

Recall that |a| ∼ 2i and a �= 0, 1. We claim that

‖III(f, g)‖Lr,∞ ≤ C(s0)
(1 + |a− 1|)2 2|i|(3+γ+ 1

s0
)+2|j|

|a− 1|
(
1 − 2−γ+ 1

s0

) ‖f‖Lp ‖Dγg‖Lq (4.1)

for any positive integer s0 > 1/γ, where 1/r = 1/p + 1/q, 1 < p, q < ∞. For −|i| − 4 ≤ j ≤ |i| + 4, let us 
define
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IIIj(f, g)(x) :=
∑
k

2−kγ

∫
R

F
[
m(·)Φ̂k+|i|(·)

]
(y)

⎛⎝∫
R2

e2πi[ξ(x+y)+η(x+ay)]
(

̂f ∗ ψk+j(ξ)
)(

ĝ ∗ ψk(η)
)

Φ̂k+|i|(ξ + η) dξdη

⎞⎠ dy.

(4.2)

Then by using

ĝ(η)ψ̂k(η) = 2−kγ (|η|γ ĝ(η)) ψ̂(2−kη)
(
2−k|η|

)−γ := 2−kγ (|η|γ ĝ(η)) ψ̂k,γ(η)

where ψ̂k,γ(η) := ψ̂(2−kη) 
(
2−k|η|

)−γ , (4.1) will follow from the estimate

‖IIIj(f, g)‖Lr,∞ ≤ C(s0)
(1 + |a− 1|)2 2|i|(2+γ+ 1

s0
)+2|j|

|a− 1|
(
1 − 2−γ+ 1

s0
) ‖f‖Lp ‖g‖Lq (4.3)

for any positive integer s0 > 1/γ, where 1/r = 1/p + 1/q, 1 < p, q < ∞. In proving (4.3) we may assume 
that ‖f‖Lp �= 0 �= ‖g‖Lq . Define an “exceptional set” Ω by

Ω :=
{
x : Mp(f)(x) > t ‖f‖Lp |E|−1/p

}⋃{
x : Mq(g)(x) > t ‖g‖Lq |E|−1/q

}
(4.4)

where Mp(f)(x) :=
(

supx∈I |I|−1
∫

I
|f(y)|p dy

)1/p

. Since 
∣∣{x : Mpf(x) > t

}∣∣ ≤ Ct−p
∫
|f(x)|p dx, if t is 

large enough then we have |Ω| ≤ C (t−p + t−q) |E| ≤ 1/100|E|. Let E′ = E \ Ω. Let h = χE′ , then by 
Lemma 2.1 it suffices to show that

〈IIIj(f, g), h〉 ≤ C(s0)
(1 + |a− 1|)2 2|i|(2+γ+ 1

s0
)+2|j|

|a− 1|
(
1 − 2−γ+ 1

s0
) ‖f‖p ‖g‖q |E|1−1/p−1/q. (4.5)

4.1. The case 1 < p, q < ∞, 1/p + 1/q < 1

The estimate (4.5) for this case is easy compared to the case 1/p +1/q ≥ 1. This is because if 1/p +1/q < 1, 
then there exists 1 < s < ∞ such that 1/p + 1/q + 1/s = 1, and we can use the Minkowski’s inequality

‖f g h‖L1 ≤ ‖f‖Lp ‖g‖Lq ‖h‖Ls .

Then the result follows by using the standard arguments such as the shifted square function and the shifted 
Hardy–Littlewood maximal function estimates (Theorem 4.6 in [17]). By (4.2), we have

〈IIIj(f, g), h〉

=
∑
k

2−kγ

∫
R2

F
[
m(·)Φ̂k+|i|(·)

]
(y)

(
f ∗ ψk+j(x + y)

)(
g ∗ ψk(x + ay)

)(
h ∗ Φk+|i|(x)

)
dxdy.

For each fixed k ∈ Z, we decompose y variable as:

R =
{
y : |y| < 2−k

}⋃( ∞⋃
m=1

{
y : 2−k+m−1 ≤ |y| < 2−k+m

})
, (4.6)

then by Lemma 3.1
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∣∣∣F[
m(·)Φ̂k+|i|(·)

]
(y)

∣∣∣ �
{

(2k−m)1+γ , if |y| ∼ 2−k+m;
(2k+|i|)1+γ , if |y| < 2−k.

(4.7)

Next we decompose x variable as:

R =
⋃
n∈Z

{
x : 2−kn ≤ x < 2−k(n + 1)

}
. (4.8)

By using the decompositions (4.6), (4.8) and change of variables, one gets the identity

∫
R

∫
R

K(x, y) dxdy =
∑
n∈Z

2−2k
1∫

0

1∫
−1

K
(
2−k(n + β), 2−ky

)
dydβ

+
∞∑

m=1

∑
n∈Z

2−2k+m

1∫
0

∫
1/2≤|y|<1

K
(
2−k(n + β), 2−k+my

)
dydβ.

Thus together with (4.7), one gets

|〈IIIj(f, g), h〉| � 2|i|(1+γ)
∑
m≥0

∑
k∈Z

∑
n∈Z

2−mγ2−k

1∫
0

1∫
−1

Fk
n(m,β, y) Gk

n(m,β, y) Hk
n(β) dy dβ

where

Fk
n(m,β, y) :=

∣∣f ∗ ψk+j

(
2−k(n + β + 2my)

)∣∣,
Gk

n(m,β, y) :=
∣∣g ∗ ψk

(
2−k(n + β + a2my)

)∣∣,
Hk

n(β) :=
∣∣h ∗ Φk+|i|

(
2−k(n + β))|.

(4.9)

Thus if we set Ikn := [2−kn, 2−k(n + 1)], then

|〈IIIj(f, g), h〉| � 2|i|(1+γ)
∑
m≥0

2−mγ

1∫
0

1∫
−1

∑
k, n

(∫
Fk
n(m,β, y) Gk

n(m,β, y) Hk
n(β) χIk

n
(x) dx

)
dydβ, (4.10)

where χ denotes the characteristic function. We note that

∑
k, n

(∫
Fk
n(m,β, y) Gk

n(m,β, y) Hk
n(β) χIk

n
(x) dx

)

�
∫ [∑

k, n

|Fk
n(m,β, y)|2χIk

n
(x)

] 1
2
[∑

k,n

|Gk
n(m,β, y)|2χIk

n
(x)

] 1
2 sup

k, n

[
|Hk

n(β)|χIk
n
(x)

]
dx.

Lemma 4.1. Let N be a positive integer. For 1 < p < ∞, we have

∥∥∥∥(∑
k, n

∣∣f ∗ ψk+j

(
2−k(n + 2N )

)∣∣2 χIk
n
(x)

)1/2∥∥∥∥
Lp

�
(
1 + N + 2|j|

)
‖f‖Lp .

See Theorem 4.6 in [17] for the case j = 0. The proof for the case j �= 0 is similar. For reader’s convenience 
we contain its proof in Appendix A.3.
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Corollary 4.1. Let Fk
n(m, β, y), Gk

n(m, β, y) and Hk
n(β) be as in (4.9). For 1 < p, q, s < ∞ we have

(1)
∥∥∥[∑k, n |Fk

n(m, β, y)|2 χIk
n

] 1
2
∥∥∥
Lp

� (1 + m + 2|j|)‖f‖Lp ,

(2)
∥∥∥[∑k, n |Gk

n(m, β, y)|2 χIk
n

] 1
2
∥∥∥
Lq

� (1 + m + 2|j|)‖g‖Lq ,

(3)
∥∥∥ supk, n

[
|Hk

n(β)|χIk
n

] ∥∥∥
Ls

� 2|i| ‖h‖Ls ,

where the bounds are uniform if |β| � 1, |y| � 1.

Proof of Corollary 4.1. (1) and (2) follow from (4.9) and Lemma 4.1. (3) follows from

∣∣Hk
n(β)|χIk

n
(x) =

(
|h ∗ Φk+|i|

(
2−k(n + β)

)∣∣χIk
n
(x)

)
� 2|i| Mh(x). �

If 1/p +1/q < 1, then there exists s > 1 such that 1/p +1/q+1/s = 1. Thus by (4.10) and Corollary 4.1,

|〈IIIj(f, g), h〉| � 2|i|(1+γ)
∑
m≥0

2−mγ
(
1 + m + 2|j|

)2 2|i| ‖f‖Lp ‖g‖Lq ‖h‖Ls

� 2|i|(2+γ)+2|j| ‖f‖Lp ‖g‖Lq |E|1/s. �
4.2. The case 1 < p, q < ∞, 1/p + 1/q ≥ 1

Let IIIj and h be as in Subsection 4.1, then

〈IIIj(f, g), h〉

=
∑
k

2−kγ

∫
R2

F
[
m(·)Φ̂k+|i|(·)

]
(y)

(
f ∗ ψk+j(x + y)

)(
g ∗ ψk(x + ay)

)(
h ∗ Φk+|i|(x)

)
dxdy

=
∑
k

2−kγ

∫
R2

F
[
m(·)Φ̂k+|i|(·)

]
(y)

(
f ∗ ψk+j(x)

)(
g ∗ ψk(x + (a− 1)y)

)(
h ∗ Φk+|i|(x− y)

)
dxdy.

(4.11)

For each fixed k ∈ Z, we decompose y variable as:

R = {y : |y| < 2−k}
⋃ ∞⋃

m=1

{
y : 2−k+m−1 ≤ |y| < 2−k+m

}
. (4.12)

In discretization, by the uncertainty principle, it is typical to decompose x variable as [2−kn, 2−k(n + 1)), 
n ∈ Z. But we decompose x variable according to the size of y variable. That is, if |y| ∼ 2−k+m, then we 
decompose x variable as:

R =
⋃
n∈Z

{
x : 2−k+mn ≤ x < 2−k+m(n + 1)

}
. (4.13)

Although we can not directly apply the previous estimates in this discretization, we conquer these difficulties 
by taking averages and using maximal function estimates. By using the decompositions in (4.12) and (4.13), 
and change of variables, one obtains the identity

∫ ∫
K(x, y) dxdy =

∑
n∈Z

2−2k
1∫ 1∫

K
(
2−k(n + β), 2−ky

)
dydβ
R R 0 −1
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+
∞∑

m=1

∑
n∈Z

2−2k+2m
1∫

0

∫
1/2≤|y|<1

K
(
2−k+m(n + β), 2−k+my

)
dydβ.

By applying this identity to (4.11) with (4.7), one gets

|〈IIIj(f, g), h〉| � 2|i|(1+γ)
∑
m≥0

∑
k

∑
n∈Z

2−mγ 2−k+m Fk
n(m) Gk

n(m) Hk
n(m)

where

Fk
n(m) :=

( 1∫
0

∣∣f ∗ ψk+j

(
2−k+m(n + β)

)∣∣dβ),
Gk

n(m) := sup
β∈[0,1]

( ∫
|y|∼1

∣∣g ∗ ψk

(
2−k+m(n + β + (a− 1)y)

)∣∣ dy),
Hk

n(m) :=
(

sup
|y|∼1, β∈[0,1]

∣∣h ∗ Φk+|i|
(
2−k+m(n + β − y)

)∣∣).
(4.14)

Thus if we set Ik−m
n := [2−k+mn, 2−k+m(n + 1)], then we have

|〈IIIj(f, g), h〉| � 2|i|(1+γ)
∑
m≥0

2−mγ
∑
k, n

∫
Fk
n(m) Gk

n(m) Hk
n(m)χIk−m

n
(x)dx. (4.15)

From now on we fix m ≥ 0, and for any finite collection J of dyadic intervals of the form Ik−m
n :=

[2−k+mn, 2−k+m(n + 1)], k, n ∈ Z, we define

IIIj,mJ (f, g, h) :=
∑

Ik−m
n ∈J

∫
Fk
n(m) Gk

n(m) Hk
n(m)χIk−m

n
(x) dx. (4.16)

Then by (4.15), it suffices to show that

IIIj,mJ (f, g, h) ≤ C(s0)
(1 + |a− 1|)2 22|j|

|a− 1| 2
m+|i|

s0 ‖f‖Lp‖g‖Lq |E|1− 1
p− 1

q (4.17)

for any positive integer s0 and any finite collection J of dyadic intervals, where the constant C(s0) is 
independent of J and m. Then if we take s0 large enough so that s0 > 1/γ, we obtain

|〈IIIj(f, g), h〉| ≤ C(s0) 2|i|(1+γ)
∑
m≥0

2−mγ

(
(1 + |a− 1|)2 22|j|

|a− 1| 2
m+|i|

s0 ‖f‖Lp‖g‖Lq |E|1− 1
p− 1

q

)

≤ C(s0)
(1 + |a− 1|)2 2|i|(1+γ+ 1

s0
)+2|j|

|a− 1|
(
1 − 2−γ+ 1

s0
) ‖f‖Lp‖g‖Lq |E|1− 1

p− 1
q .

By the following well-known lemma, we dominate the supremum of a C1(I) function F (t) by(
s0‖F‖s0/s

′
0

Ls0 (I)‖F ′‖Ls0 (I)

)1/s0
, which is one of the main ideas of this paper.

Lemma 4.2. Suppose that F ∈ C1([−1/2, 3/2]) that is supported in [−1/4, 5/4]. Then for any positive integer 
s0 we have
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sup
t∈[−1/2,3/2]

|F (t)| ≤

⎡⎢⎣s0

( 3/2∫
−1/2

|F (τ)|s0dτ
)1/s′0( 3/2∫

−1/2

|F ′(τ)|s0 dτ
)1/s0

⎤⎥⎦
1/s0

, (4.18)

where 1/s0 + 1/s′0 = 1.

Proof of Lemma 4.2. Since F (−1/2) = 0, for each t ∈ [−1/2, 3/2], by Hölder’s inequality

(F (t))s0 =
t∫

−1/2

d

dτ
(F (τ)s0) dτ = s0

t∫
−1/2

F (τ)s0−1F ′(τ) dτ

≤ s0

( 3/2∫
−1/2

|F (τ)s0−1|s′0 dτ
)1/s′0( 3/2∫

−1/2

|F ′(τ)|s0 dτ
)1/s0

= s0

( 3/2∫
−1/2

|F (τ)|s0dτ
)1/s′0( 3/2∫

−1/2

|F ′(τ)|s0 dτ
)1/s0

. �

Lemma 4.3. Let 1 ≤ p < ∞, and R �= 0, then for any x ∈ Ik−m
n = [2−k+mn, 2−k+m(n + 1)]⎛⎜⎝ ∫

|t|�1

|K(2−k+m(n + Rt))|p dt

⎞⎟⎠
1/p

�
(

1 + |R|
|R|

)1/p

Mp(K)(x).

Proof. Let x ∈ Ik−m
n and x0 := 2−k+mn − x, then |x0| ≤ 2−k+m. By change of variable∫

|t|�1

|K(2−k+m(n + Rt))|p dt = 1
2−k+m|R|

∫
|s|�2−k+m|R|

|K(x + x0 + s)|p ds

= 1
2−k+m|R|

∫
|s−x0|�2−k+m|R|

|K(x + s)|p ds

≤
(

1 + |R|
|R|

)
1

2−k+m(|R| + 1)

∫
|s|�2−k+m(|R|+1)

|K(x + s)|p ds

�
(

1 + |R|
|R|

)(
Mp(K)(x)

)p

. �
Lemma 4.4. Let Fk

n(m), Gk
n(m) and Hk

n(m) be as in (4.14), then for any x ∈ Ik−m
n we have

(1) Fk
n(m) � M(f ∗ ψk+j)(x),

(2) Gk
n(m) �

(
|a−1|+1
|a−1|

)
M(g ∗ ψk)(x),

(3) Hk
n(m) ≤ C(s0) 2(m+|i|)/s0 Ms0(M(h))(x) for any positive integer s0.

Proof of Lemma 4.4. (1) and (2) are clear from (4.14) and Lemma 4.3. For (3), let φ be a positive smooth 
function supported in [−4, 4] and that is equal to 1 on [−3, 3], then(

sup
∣∣h ∗ Φk+|i|

(
2−k+m(n + β + y)

)∣∣) ≤
(

sup
∣∣h ∗ Φk+|i|

(
2−k+m(n + t)

)
φ(t)

∣∣).

|y|∼1, β∈[0,1] t
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Thus by applying Lemma 4.2 and 4.3 with

F (t) :=
(
h ∗ Φk+|i|

(
2−k+m(n + t)

))
φ(t),

for any positive integer s0 one gets

Hk
n(m) ≤ C(s0)

[(
Ms0

(
h ∗ Φk+|i|

)
(x)

)s0/s
′
0
(
Ms0

(
h ∗ Φk+|i|

)
(x) + 2m+|i|Ms0

(
h ∗ (Φ′)k+|i|

)
(x)

)]1/s0

≤ C(s0) 2(m+|i|)/s0 Ms0

(
M(h)

)
(x). �

Lemma 4.5. Let Fk
n(m), Gk

n(m) and Hk
n(m) be as in (4.14), and s0 be a fixed positive integer. Then for any 

1 < p, q < ∞ and s0 < s < ∞, we have

(1)
∥∥∥(∑

k,n |Fk
n(m)|2χIk−m

n

)1/2∥∥∥
Lp

� ‖f‖Lp ,

(2)
∥∥∥(∑

k,n |Gk
n(m)|2χIk−m

n

)1/2∥∥∥
Lq

�
(

|a−1|+1
|a−1|

)
‖g‖Lq ,

(3)
∥∥∥ supk,n

[
Hk

n(m)] χIk−m
n

] ∥∥∥
Ls

≤ C(s0) 2(m+|i|)/s0‖h‖Ls .

Proof of Lemma 4.5. For (1), by Lemma 4.4 and 2.6, if 1 < p < ∞, then

∥∥∥(∑
k, n

|Fk
n(m)|2χIk−m

n
(x)

)1/2∥∥∥
Lp

�
∥∥∥(∑

k, n

|M(f ∗ ψk+j)(x)|2χIk−m
n

(x)
)1/2∥∥∥

Lp

�
∥∥∥(∑

k

|M(f ∗ ψk+j)|2
)1/2∥∥∥

Lp

�
∥∥∥(∑

k

|(f ∗ ψk+j)|2
)1/2∥∥∥

Lp

� ‖f‖Lp .

(2) follows as in (1). For (3), if s0 < s < ∞, then by Lemma 4.4∥∥∥ sup
k,n

[
Hk

n(m)χIk−m
n

(x)
] ∥∥∥

Ls
≤ C(s0) 2(m+|i|)/s0 ‖Mr0(M(h))‖Ls

≤ C(s0) 2(m+|i|)/s0 ‖M(h)‖Ls

≤ C(s0) 2(m+|i|)/s0‖h‖Ls . �
Recall that m ≥ 0 is fixed. Let J be any finite family of dyadic intervals, then for 1 < p, q, s < ∞ with 

s > s0 we define

size(1)
J , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
:= SizeJ , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
,

size(2)
J , q

( (
Gk

n(m)
)
Ik−m
n ∈J

)
:= SizeJ , q

( (
Gk

n(m)
)
Ik−m
n ∈J

)
,

size(3)
J , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
:= S-SizeJ , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
,

and
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energy(1)
J , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
:= EnergyJ , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
,

energy(2)
J , q

( (
Gk

n(m)
)
Ik−m
n ∈J

)
:= EnergyJ , q

( (
Gk

n(m)
)
Ik−m
n ∈J

)
,

energy(3)
J , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
:= S-EnergyJ , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
.

Then by Lemma 2.3 and 2.5 we have the following lemma.

Lemma 4.6 (cf. Lemma 2.10 in [17]). Let J be a family of dyadic intervals, let i = 1, 2, 3. Then there exists 
a partition

J =
⋃
ν∈Z

J ν,i

such that for any ν ∈ Z one has

2−ν−1energy(1)
J , p ≤ size(1)

J ν,1, p ≤ min
(
2−νenergy(1)

J , p, size(1)
J , p

)
,

2−ν−1energy(2)
J , q ≤ size(2)

J ν,2, q ≤ min
(
2−νenergy(2)

J , q, size(2)
J , q

)
,

2−ν−1energy(3)
J , s ≤ size(3)

J ν,3, s ≤ min
(
2−νenergy(3)

J , s, size(3)
J , s

)
.

Also one can write each J ν,j as a disjoint union of subsets T ∈ Tν,j such that for every T ∈ Tν,j there 
exists a dyadic interval IT in T having the properties that every I ∈ T satisfies I ⊂ IT and also∑

T∈Tν,1

|IT | � 2νp,
∑

T∈Tν,2

|IT | � 2νq,
∑

T∈Tν,3

|IT | � 2νs.

Proposition 4.1 (cf. Proposition 2.12 in [17]). For 1 < p, q, s < ∞, let us denote

S1 := size(1)
J , p, E1 := energy(1)

J , p, S2 := size(2)
J , q, E2 := energy(2)

J , q, S3 := size(3)
J , s, E3 := energy(3)

J , s.

Then

IIIj,mJ (f, g, h) � S1−pθ1
1 Epθ1

1 S1−qθ2
2 Eqθ2

2 S1−sθ3
3 Esθ3

3 , (4.19)

for any 0 ≤ θ1, θ2, θ3 < 1 such that

θ1 + θ2 + θ3 = 1 and 1 − pθ1 > 0, 1 − qθ2 > 1, 1 − sθ3 > 0. (4.20)

In particular if 1/p + 1/q ≥ 1, then for any 1 < s < ∞, there are 0 ≤ θ1, θ2, θ3 < 1 satisfying (4.20).

Proof of Proposition 4.1. For i = 1, 2, 3, let Tn,i be as in Lemma 4.6, and let

Tn1,n2,n3 :=
{
T = T1 ∩ T2 ∩ T3 : Ti ∈ Tni,i, 1 ≤ i ≤ 3

}
.

For each T ∈ Tn1,n2,n3 , there are finite number of disjoint dyadic intervals I1, · · · , INT
in T so that every 

I ∈ T is contained in some unique I� for some 1 ≤ � ≤ NT . For each 1 ≤ � ≤ NT , define

T (�) := {I ∈ T : I ⊆ I�}.
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Let IT := IT1 ∩ IT2 ∩ IT3 , then we have

NT∑
�=1

|I�| ≤ |IT |.

Now we have

IIIj,mJ (f, g, h) =
∑

Ik−m
n ∈J

∫
R

Fk
n(m) Gk

n(m) Hk
n(m)χIk−m

n
(x) dx

=
∑

n1,n2,n3

∑
T∈Tn1,n2,n3

NT∑
�=1

∑
Ik−m
n ∈T (�)

∫
R

Fk
n(m) Gk

n(m) Hk
n(m)χIk−m

n
(x) dx.

Since 1 < s < ∞, we can choose 1 < p0, q0 < ∞ so that 1/p0 + 1/q0 + 1/s = 1. Then for each T (�), we have

∑
Ik−m
n ∈T (�)

∫
R

Fk
n(m) Gk

n(m) Hk
n(m)χIk−m

n
(x) dx

≤
∥∥∥∥( ∑

Ik−m
n ∈T (�)

|Fk
n(m)|2χIk−m

n

) 1
2
∥∥∥∥
Lp0

∥∥∥∥( ∑
Ik−m
n ∈T (�)

|Gk
n(m)|2χIk−m

n

) 1
2
∥∥∥∥
Lq0

∥∥∥∥ sup
Ik−m
n ∈T (�)

|Hk
n(m)|χIk−m

n

∥∥∥∥
Ls

≤ size(1)
T, p0

size(2)
T, q0

size(3)
T, s |I�|.

By Lemma 2.2

size(1)
T, p0

( (
Fk
n(m)

)
Ik−m
n ∈T

)

 size(1)

T, p

( (
Fk
n(m)

)
Ik−m
n ∈T

)
,

size(2)
T, q0

( (
Gk

n(m)
)
Ik−m
n ∈T

)

 size(2)

T, q

( (
Gk

n(m)
)
Ik−m
n ∈T

)
,

and so we get

IIIj,mJ (f, g, h) �
∑

n1,n2,n3

∑
T∈Tn1,n2,n3

size(1)
T, p size(2)

T, q size(3)
T, s |IT |.

Thus by Lemma 4.6

IIIj,mJ (f, g, h) �
∑

n1,n2,n3

∑
T∈Tn1,n2,n3

size(1)
T, p size(2)

T, q size(3)
T, s |IT |

� E1E2E3
∑

n1,n2,n3

2−n12−n22−n3
∑

T∈Tn1,n2,n3

|IT |

where the summations run over those indices n1, n2, n3 for which

2−ni � Si

Ei
, j = 1, 2, 3.

Lemma 4.6 allows us to estimate 
∑

T∈Tn1,n2,n3 |IT | in three different ways

∑
|IT | � 2n1p, 2n2q, 2n3s.
T∈Tn1,n2,n3
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In particular ∑
T∈Tn1,n2,n3

|IT | � 2n1pθ1+n2qθ2+n3sθ3

where 0 ≤ θ1, θ2, θ3 < 1 and θ1 + θ2 + θ3 = 1. Using all this information, if 1 − pθ1 > 0, 1 − qθ2 > 0, 
1 − sθ3 > 0, then

IIIj,mJ (f, g, h) � E1E2E3
∑

n1,n2,n3

2−n1(1−pθ1)2−n2(1−qθ2)2−n3(1−sθ3)

� E1E2E3

(
S1

E1

)1−pθ1 ( S2

E2

)1−qθ2 (S3

E3

)1−sθ3

� S1−pθ1
1 Epθ1

1 S1−qθ2
2 Eqθ2

2 S1−sθ3
3 Esθ3

3 . �
Lemma 4.7. Let Fk

n(m), Gk
n(m) and Hk

n(m) be as in (4.14). If 1 < p, q < ∞ and 1 < s0 < s < ∞. Let 
Ĩ := 2(1 + |a − 1|)I, then for any N > 0 we have

(1)
∥∥∥∥(∑

Ik−m
n ⊆I |Fk

n(m)|2χIk−m
n

)1/2∥∥∥∥p
Lp

≤ CN 2|j|N
∫

|f(x)|p
(
1 + 2m dist(I ,x)

|I|

)−N

dx,

(2)
∥∥∥∥(∑

Ik−m
n ⊆I |Gk

n(m)|2χIk−m
n

)1/2∥∥∥∥q
Lq

≤ CN

(
1+|a−1|
|a−1|

)q ∫
|g(x)|q

(
1 + 2m dist(Ĩ, x)

|Ĩ|

)−N

dx,

(3)
∥∥∥∥( supIk−m

n ⊆I |Hk
n(m)|χIk−m

n

)∥∥∥∥s

Ls

≤ CN,s0 2sm/s0

∫
|h(x)|s

(
1 + 2m dist(I, x)

|I|

)−N

dx.

Proof of Lemma 4.7. For (1), by splitting the real line as a disjoint union (J�)�∈Z having the same length 
as I and dist(I, J�) ∼ |�||I|, it suffices to show that

∥∥∥∥( ∑
Ik−m
n ⊆I

∣∣∣ 1∫
0

|fχJ�
∗ ψk+j(2−k+m(n + β))| dβ

∣∣∣2χIk−m
n

(x)
)1/2∥∥∥∥p

Lp

�
{ ∫

|f(x)χJ�
(x)|pdx, if � = 0;

CN (2m+j |�|)−N
∫
|f(x)χJ�

(x)|pdx, if � �= 0.

The case � = 0 and 1 < p < ∞ follows from Lemma 4.5. For the case |�| > 0, by using Ik−m
n ⊆ I and 

dist(I, J�) ∼ |�||I|, if x0 ∈ Ik−m
n then we have

|fχJ�
∗ ψk+j(x0)| ≤ CN

∫
|(fχJ�

)(y) | 2k+j(
1 + 2k+j |x0 − y|

)2N dy

≤ CN

(
1 + 2k+j |�||I|

)−N
∫

|(fχJ�
)(y)| 2k+j(

1 + 2k+j |x0 − y|
)N dy

≤ CN

(
1 + 2k+j |�||I|

)−NM(fχJ�
)(x0).

Thus if x ∈ Ik−m
n , then by Lemma 4.3

1∫
0

∣∣(fχJ�
) ∗ ψk+j(2−k+m(n + β))

∣∣ dβ ≤ CN

(
1 + 2k+j |�||I|

)−N

1∫
0

M(fχJ�
)(2−k+m(n + β)) dβ

≤ CN (1 + 2k+j |�||I|)−NMM(fχJ�
)(x).
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Hence if |�| > 0 and 1 < p < ∞, then

∥∥∥∥( ∑
Ik−m
n ⊆I

∣∣∣∣∣∣
1∫

0

∣∣∣fχJ�
∗ ψk+j(2−k+m(n + β))

∣∣∣ dβ
∣∣∣∣∣∣
2

χIk−m
n

(x)
)1/2∥∥∥∥

Lp

≤ CN

∥∥∥∥( ∑
k : 2−k+m≤|I|

∑
n∈Z

(1 + 2k+j |�||I|)−2N |MM(fχJ�
)(x)|2χIk−m

n
(x)

)1/2∥∥∥∥
Lp

≤ CN

∥∥∥∥( ∑
k : 2−k+m≤|I|

(1 + 2k+j |�||I|)−2N |MM(fχJ�
)|2

)1/2∥∥∥∥
Lp

≤ CN (2m+j |�|)−N ‖MM(fχJ�
)‖Lp

≤ CN (2m+j |�|)−N ‖fχJ�
‖Lp .

For (2), let Ĩ := 2(1 + |a − 1|)I, then by splitting the real line as a disjoint union (J�)�∈Z having the same 
length as Ĩ and dist(Ĩ , J�) ∼ |�||Ĩ|, it suffices to show that

∥∥∥∥( ∑
Ik−m
n ⊆I

sup
β∈[0,1]

∣∣∣ ∫
|y|∼1

|gχJ�
∗ ψk

(
2−k+m(n + β + (a− 1)y)

)
| dy

∣∣∣2χIk−m
n

(x)
)1/2∥∥∥∥q

Lq(dx)

�

⎧⎨⎩
(

1+|a−1|
|a−1|

)q ∫
|g(x)χJ�

(x)|q dx, if � = 0;

CN

(
1+|a−1|
|a−1|

)q

(1 + 2m|�|)−N
∫
|g(x)χJ�

(x)|q dx, if � �= 0.

The case � = 0 and 1 < q < ∞ follows from Lemma 4.5. For the case |�| > 0, by using dist(Ĩ , J�) ∼ |�||Ĩ|, if 
x0 ∈ Ĩ, then dist(x0, J�) ∼ |�||Ĩ| and we have

|gχJ�
∗ ψk+j(x0)| ≤ CN

∫
|(fχJ�

)(y)| 2k(
1 + 2k|x0 − y|

)2N dy

≤ CN

(
1 + 2k|�||Ĩ|

)−N
∫

|(gχJ�
)(y)| 2k(

1 + 2k|x0 − y|
)N dy

≤ CN

(
1 + 2k|�||Ĩ|

)−NM(gχJ�
)(x0).

(4.21)

If Ik−m
n ⊆ I, then x0 := 2−k+m(n + β + (a − 1)y) ∈ Ĩ for |β|, |y| ≤ 1. Thus by (4.21) and Lemma 4.3 if 

x ∈ Ik−m
n ⊆ I, then

∫
|y|∼1

∣∣(gχJ�
) ∗ ψk(2−k+m

(
n + β + (a− 1)y)

)∣∣ dy

≤ CN

(
1 + 2k|�||Ĩ|

)−N

1∫
0

M(gχJ�
)
(
2−k+m(n + β + (a− 1)y)

)
dy

≤ CN (1 + 2k|�||Ĩ|)−N

(
1 + |a− 1|
|a− 1|

)
MM(gχJ�

)(x).
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Hence if |�| > 0 and 1 < q < ∞, then

∥∥∥∥( ∑
Ik−m
n ⊆I

sup
β∈[0,1]

∣∣∣∣∣∣∣
∫

|y|�1

∣∣∣gχJ�
∗ ψk

(
2−k+m(n + β + (a− 1)y)

)∣∣∣ dy
∣∣∣∣∣∣∣
2

χIk−m
n

(x)
)1/2∥∥∥∥

Lq(dx)

≤ CN

(
1 + |a− 1|
|a− 1|

) ∥∥∥∥( ∑
k : 2−k+m≤|I|

∑
n∈Z

(1 + 2k|�||Ĩ|)−2N |MM(gχJ�
)(x)|2χIk−m

n
(x)

)1/2∥∥∥∥
Lq(dx)

≤ CN

(
1 + |a− 1|
|a− 1|

) ∥∥∥∥( ∑
k : 2−k+m≤|I|

(1 + 2k|�||Ĩ|)−2N |MM(gχJ�
)(x)|2

)1/2∥∥∥∥
Lq(dx)

≤ CN

(
1 + |a− 1|
|a− 1|

)
(2m|�|)−N ‖MM(gχJ�

)‖Lq

≤ CN

(
1 + |a− 1|
|a− 1|

)
(2m|�|)−N ‖gχJ�

‖Lq .

To treat (3) we first observe that if Ik−m
n ⊆ I and |β|, |y| ≤ 1, then∣∣(hχJ�

) ∗ Φk

(
2−k+m(n + β − y)

)∣∣
≤ CN

∫ ∣∣(hχJ�
)(t)

∣∣ 2k(
1 + 2k|2−k+m(n + β − y) − t|

)2N dt

≤ CN (1 + 2k|�||I|)−N

∫ ∣∣(hχJ�
)(t)

∣∣ 2k(
1 + 2k|2−k+m(n + β − y) − t|

)N dt.

If x ∈ Ik−m
n , then we apply the same argument for the proof of Lemma 4.4 (3) to obtain that for any 

positive integer s0,

sup
|β|,|y|≤1

∣∣∣∣∣
∫ ∣∣(hχJ�

)(t)
∣∣ 2k(

1 + 2k|2−k+m(n + β − y) − t|
)N dt

∣∣∣∣∣ ≤ C(s0)2m/s0Ms0(M(hχJ�
))(x),

and so

sup
|β|,|y|≤1

(
|(hχJ�

) ∗ Φk(2−k+m(n + β − y))|
)
χIk−m

n
(x) ≤ CN,s0(1 + 2m|�|)−N2m/s0Ms0(M(hχJ�

))(x).

We therefore obtain that if s > s0, then∥∥∥∥ sup
Ik−m
n ⊆I

(
|Hk

n(m)|χIk−m
n

)∥∥∥∥
Ls

≤ CN,s0(1 + 2m|�|)−N2m/s0‖Ms0M(hχJ�
)‖Ls

≤ CN,s0(1 + 2m|�|)−N2m/s0‖M(hχJ�
)‖Ls

≤ CN,s0(1 + 2m|�|)−N2m/s0‖hχJ�
‖Ls . �

Corollary 4.2. Let Fk
n(m), Gk

n(m) and Hk
n(m) be as in (4.14). For 1 < p, q < ∞, and s0 < s < ∞. Let 

Ĩ := 2(1 + |a − 1|)I, the for any N > 0

(1) size(1)
J , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
≤ CN2|j|N supI∈J

(
1
|I|

∫
|f(x)|p

(
1 + 2m dist(I,x)

|I|

)−N

dx

)1/p

,
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(2) size(2)
J , q

( (
Gk

n(m)
)
Ik−m
n ∈J

)
≤ CN

(
1+|a−1|
|a−1|

)
supI∈J

(
1
|I|

∫
|g(x)|q

(
1 + 2m dist(Ĩ,x)

|Ĩ|

)−N

dx

)1/q

,

(3) size(3)
J , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
≤ CN,s0 2m/s0 supI∈J

(
1
|I|

∫
|h(x)|s

(
1 + 2m dist(I,x)

|I|

)−N

dx

)1/s

.

Lemma 4.8. Let Fk
n(m), Gk

n(m) and Hk
n(m) be as in (4.14). For 1 < p, q < ∞, and s0 < s < ∞

(1) energy(1)
J , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
� 22|j|‖f‖Lp ,

(2) energy(2)
J , q

( (
Gk

n(m)
)
Ik−m
n ∈J

)
� (1+|a−1|)1+1/q

|a−1| ‖g‖Lq ,

(3) energy(3)
J , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
≤ C(s0) 2m/s0‖h‖Ls .

Proof of Lemma 4.8. For (1), recall that

energy(1)
J , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
:= sup

ν∈Z

sup
Dν

( ∑
I0∈Dν

|I0|
)1/p

where Dν ranges over all collections of disjoint dyadic intervals I0 ∈ J having the property that

1
|I0|1/p

∥∥∥∥( ∑
Ik−m
n ⊆I0, I

k−m
n ∈J

|Fk
n(m)|2χIk−m

n

)1/2∥∥∥∥
Lp

≥ 2ν .

Thus by applying Lemma 4.7 with N = 2 we have

2νp
( ∑

I0∈Dν

|I0|
)

=
∥∥∥∥ ∑

I0∈Dν

2νpχI0

∥∥∥∥
L1,∞

≤
∥∥∥∥ ∑

I0∈Dν

1
|I0|

∥∥∥∥( ∑
Ik−m
n ⊆I0, I

k−m
n ∈J

|Fk
n(m)|2χIk−m

n

)1/2∥∥∥∥p

Lp

χI0

∥∥∥∥
L1,∞

� 22|j|p
∥∥∥∥ ∑

I0∈Dν

1
|I0|

(∫
|f(y)|p

(
1 + 2m dist(I0, y)

|I0|
)−2

dy

)
χI0

∥∥∥∥
L1,∞

� 22|j|p
∥∥∥ ∑

I0∈Dν

M(|f |p)χI0

∥∥∥
L1,∞

� 22|j|p ‖|f |p‖L1 = 22|j|p ‖f‖pLp .

The proof of (2) follows similarly by using Lemma 4.7 and the fact

1
|I0|

∫
|g(y)|q

(
1 + 2m dist(Ĩ0, y)

|Ĩ0|

)−N

dy � (1 + |a− 1|) M(|g|q)(x) if x ∈ I0,

where Ĩ0 := 2(1 + |a − 1|)I0. For (3), recall that

energy(3)
J , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
:= sup

ν∈Z

sup
Dν

( ∑
I0∈Dν

|I0|
)1/s

where Dν ranges over all collections of disjoint dyadic intervals I0 ∈ J having the property that
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1
|I0|1/s

∥∥∥∥ sup
Ik−m
n ⊆I0, I

k−m
n ∈J

(
|Hk

n(m)|χIk−m
n

) ∥∥∥∥
Ls

≥ 2ν .

Thus for s > s0 we have

2νs
( ∑

I0∈Dν

|I0|
)

=
∥∥∥∥ ∑

I0∈Dν

2νsχI0

∥∥∥∥
L1,∞

≤
∥∥∥∥ ∑

I0∈Dν

1
|I0|

∥∥∥∥ sup
Ik−m
n ⊆I0, I

k−m
n ∈J

(
|Hk

n(m)|χIk−m
n

) ∥∥∥∥s

Ls

χI0

∥∥∥∥
L1,∞

≤ CN,s0 2sm/s0

∥∥∥∥ ∑
I0∈Dν

1
|I0|

(∫
|h(y)|s

(
1 + 2m dist(I0, y)

|I0|

)−N

dy

)
χI0

∥∥∥∥
L1,∞

≤ CN,s0 2sm/s0
∥∥∥ ∑

I0∈Dν

M(|h|s)χI0

∥∥∥
L1,∞

≤ CN,s0 2sm/s0‖|h|s‖L1 = CN,s0 2sm/s0‖h‖sLs . �
Let Ω be as in (4.4). Split the collection of dyadic intervals J as 

⋃
d Jd where

Jd :=
{
I : 1 + dist(I,Ωc)/|I| 
 2d

}
.

If I ∈ Jd, then 2dI ∩ Ωc �= ∅, and so for 1 < p, q < ∞ and s0 < s < ∞ one has

S1(d) := size(1)
Jd, p

( (
Fk
n(m)

)
Ik−m
n ∈Jd

)
� 2d22|j|‖f‖Lp |E|−1/p,

S2(d) := size(2)
Jd, q

( (
Gk

n(m)
)
Ik−m
n ∈Jd

)
� 2d

(
1 + |a− 1|
|a− 1|

)
‖g‖Lq |E|−1/q,

S3(d) := size(3)
Jd, s

( (
Hk

n(m)
)
Ik−m
n ∈Jd

)
≤ CN,s0 2−Nd2m/s0 ,

and

E1(d) := energy(1)
Jd, p

( (
Fk
n(m)

)
Ik−m
n ∈Jd

)
� 22|j|‖f‖Lp ,

E2(d) := energy(2)
Jd, q

( (
Gk

n(m)
)
Ik−m
n ∈Jd

)
�

(
(1 + |a− 1|)1+1/q

|a− 1|

)
‖g‖Lq ,

E3(d) := energy(3)
Jd, s

( (
Hk

n(m)
)
Ik−m
n ∈Jd

)
≤ C(s0) 2m/s0 |E|1/s.

Then if 1/p + 1/q ≥ 1, by Proposition 4.1, for any positive integer s0 and any s0 < s < ∞, there are 
0 ≤ θ1, θ2, θ3 < 1 such that

IIIj,mJ (f, g, h) ≤
∑
d

IIIj,mJd
(f, g, h)

�
∑
d

S1(d)1−pθ1E1(d)pθ1S2(d)1−qθ2E2(d)qθ2S3(d)1−sθ3E3(d)sθ3

≤ C(s0) 22|j|
(

(1 + |a− 1|)2
|a− 1|

)
2m/s0‖f‖Lp‖g‖Lq |E|1−1/p−1/q. �
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5. Estimates for the terms I and II

The terms I and II in (3.1) are very similar. For instance, one can write the second term as follows:

II(f, g)(x) =
∑
k2

∫
R2

m(ξ + aη)
( ∑

k1≤k2−|i|−5

f̂(ξ)ψ̂k1(ξ)
)(

ĝ(η)ψ̂k2(η)
)

e2πix(ξ+η)dξdη

=
∑
k2

∫
R2

m(ξ + aη)
(
f̂(ξ)ϕ̂k2−|i|−5(ξ)

)(
ĝ(η)ψ̂k2(η)

)
e2πix(ξ+η)dξdη

(5.1)

where ϕ̂k(ξ) = ϕ̂(2−kξ). Let Ψ and Φ be Schwartz functions with supp(Ψ̂) ⊆ {ξ : 1/210 ≤ |ξ| ≤ 210}. Note 
that

Ψ̂k+i(ξ + aη)Ψ̂k(ξ + η) = 1

if (ξ, η) lies in the support of ϕ̂k−|i|−5(ξ) ψ̂k(η). Thus by inserting the function Ψ̂k+i(ξ+aη)Ψ̂k(ξ+η) inside 
of the integral in (5.1) we have

II(f, g)(x)

=
∑
k

∫
R2

(
m(ξ + aη)Ψ̂k+i(ξ + aη)

)(
f̂(ξ)ϕ̂k−|i|−5(ξ)

)(
ĝ(η)ψ̂k(η)

)
Ψ̂k(ξ + η) e2πix(ξ+η)dξdη

=
∑
k

∫
R

(∫
R2

F
[
m(·)Ψ̂k+i(·)

]
(y)

(
̂f ∗ ϕk−|i|−5(ξ)

)(
ĝ ∗ ψk(η)

)
ψ̂k(η)

)
Ψ̂k(ξ + η) e2πi[ξ(x+y)+η(x+ay)]dξdη

)
dy.

Let

IIi(f, g)(x) :=
∑
k

2−kγ

∫
F
[
m(·)Ψ̂k+i(·)

]
(y)

(∫
R2

(
̂f ∗ ϕk−|i|−5(ξ)

)(
ĝ ∗ ψk(η)

)
Ψ̂k(ξ + η)e2πi[ξ(x+y)+η(x+ay)]dξdη

)
dy,

then it suffices to show that

‖IIi(f, g)‖Lr,∞ ≤ Cγ2|i|(3+γ)
(

(1 + |a|)2
|a|

)
‖f‖Lp‖g‖Lq (5.2)

where 1/r = 1/p + 1/q, 1 < p, q < ∞. In proving (5.2) we may assume that ‖f‖Lp �= 0 �= ‖g‖Lq . Define an 
“exceptional set” Ω by

Ω :=
{
x : Mpf(x) > t‖f‖Lp |E|−1/p

}⋃{
x : Mqg(x) > t‖g‖Lq |E|−1/q

}
(5.3)

where Mpf(x) :=
(

supx∈I
1
|I|

∫
I
|f(y)|pdy

)1/p

. Since

∣∣∣{x : Mpf(x) > t
}∣∣∣ ≤ Ct−p

∫
|f(x)|pdx,

if t is large enough, we have |Ω| ≤ C (t−p + t−q) |E| � 1/100|E|. Let E′ = E \ Ω, then |E′| 
 |E|. Let 
h = χE′ , then it suffices to show that
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〈IIi(f, g), h〉 ≤ Cγ2|i|(3+γ)
(

(1 + |a|)2
|a|

)
‖f‖Lp‖g‖Lq |E|1−1/p−1/q,

where

〈IIi(f, g), h〉

=
∑
k

2−kγ

∫ ∫
F
[
m(·)Ψ̂k+i(·)

]
(y)

(
f ∗ ϕk−|i|−5(x + y)

)(
g ∗ ψk(x + ay)

)(
h ∗ Ψk(x)

)
dxdy.

By using Lemma 3.1 we obtain

|〈IIi(f, g), h〉| �
∑
m≥0

∑
k

∑
n∈Z

2iγ

(1 + 2m+i)N−1 2−k+m Fk
n(m) Gk

n(m) Hk
n(m)

where

Fk
n(m) := sup

|y|∼1, β∈[0,1]

∣∣f ∗ ϕk−|i|−5(2−k+m(n + β + y))
∣∣,

Gk
n(m) := sup

β∈[0,1]

( ∫
|y|∼1

∣∣g ∗ ψk

(
2−k+m(n + β + ay)

)∣∣ dy),
Hk

n(m) :=
1∫

0

∣∣h ∗ Ψk

(
2−k+m(n + β)

)∣∣ dβ.
(5.4)

Thus if we set Ik−m
n = [2−k+mn, 2−k+m(n + 1)], then we have

|〈IIi(f, g), h〉|

�
∑
m≥0

2iγ

(1 + 2m+i)N−1

∑
k,n

∫
Fk
n(m) Gk

n(m) Hk
n(m)χIk−m

n
(x)dx

�
∑
m≥0

2iγ

(1 + 2m+i)N−1

∫ [
sup
k,n

|Fk
n(m)|χIk−m

n
(x)

] [∑
k,n

|Gk
n(m)|2χIk−m

n
(x)

] 1
2
[∑

k,n

|Hk
n|2 χIk−m

n
(x)

]1/2
dx.

Thus it suffices to show that

IIi,mJ (f, g, h) :=
∑

Ik−m
n ∈J

∫
Fk
n(m) Gk

n(m) Hk
n(m)χIk−m

n
(x) dx

� 2m+|i|
(

(1 + |a|)2
|a|

)
‖f‖Lp‖g‖Lq |E|1−1/p−1/q

(5.5)

for any finite collection J of dyadic intervals.

Lemma 5.1. Let Fk
n(m), Gk

n(m) and Hk
n(m) be as in (5.4). If x ∈ Ik−m

n = [2−k+mn, 2−k+m(n + 1)], then

(1) Fk
n(m) � (1 + 2m−|i|)M(Mf)(x),

(2) Gk
n(m) �

(
1+|a|
|a|

)
M(g ∗ ψk)(x),

(3) Hk
n(m) � M(h ∗ Ψk)(x).

Proof. The proof is similar to Lemma 4.4. �
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Lemma 5.2. Let Fk
n(m), Gk

n(m) and Hk
n(m) be as in (5.4). Let 1 < p, q, s < ∞ then

(1)
∥∥∥ supk,n

(
|Fk

n(m)|χIk−m
n

) ∥∥∥
Lp

� (1 + 2m−|i|)‖f‖Lp ,

(2)
∥∥∥(∑

k,n |Gk
n(m)|2χIk−m

n

)1/2∥∥∥
Lq

�
(

1+|a|
|a|

)
‖g‖Lq ,

(3)
∥∥∥(∑

k,n |Hk
n(m)|2 χIk−m

n

)1/2∥∥∥
Ls

� ‖h‖Ls .

Proof. The proof is similar to Lemma 4.5. �
Let J be a family of dyadic intervals, then for 1 < p, q, s < ∞ we define

size(1)
J , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
:= S-SizeJ , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
,

size(2)
J , q

( (
Gk

n(m)
)
Ik−m
n ∈J

)
:= SizeJ , q

( (
Gk

n(m)
)
Ik−m
n ∈J

)
,

size(3)
J , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
:= SizeJ , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
,

and

energy(1)
J , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
:= S-EnergyJ , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
,

energy(2)
J , q

( (
Gk

n(m)
)
Ik−m
n ∈J

)
:= EnergyJ , q

( (
Gk

n(m)
)
Ik−m
n ∈J

)
,

energy(3)
J , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
:= EnergyJ , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
.

Proposition 5.1 (cf. Proposition 2.12 in [17]). Let us denote

S1 := size(1)
J , p, E1 := energy(1)

J , p, S2 := size(2)
J , q, E2 := energy(2)

J , q, S3 := size(3)
J , s, E3 := energy(3)

J , s.

Then

IIi,mJ (f, g, h) � S1−pθ1
1 Epθ1

1 S1−qθ2
2 Eqθ2

2 S1−sθ3
3 Esθ3

3 , (5.6)

for any 0 ≤ θ1, θ2, θ3 < 1 such that

θ1 + θ2 + θ3 = 1 and 1 − pθ1 > 0, 1 − qθ2 > 1, 1 − sθ3 > 0. (5.7)

In particular for any 1 < p, q < ∞, there exists 1 < s < ∞ such that 1/p + 1/q + 1/s > 1. For such 
1 < p, q, s < ∞, there are 0 ≤ θ1, θ2, θ3 < 1 satisfying (5.7).

Proof. The proof is similar to Proposition 4.1. �
Lemma 5.3. Let Fk

n(m), Gk
n(m) and Hk

n(m) be as in (5.4). Let Ĩ := 2(1 + |a|)I. For 1 < p, q, s < ∞, we have

(1)
∥∥∥∥ supIk−m

n ⊆I

(
|Fk

n(m)|χIk−m
n

) ∥∥∥∥p

Lp

≤ CN (1 + 2m−|i|) 
∫

|f(x)|p
(
1 + 2m−|i| dist(I,x)

|I|

)−N

dx,

(2)
∥∥∥∥(∑

Ik−m
n ⊆I |Gk

n(m)|2χIk−m
n

)1/2∥∥∥∥q
Lq

≤ CN

(
1+|a|
|a|

)q ∫
|g(x)|q

(
1 + 2m dist(Ĩ,x)

|Ĩ|

)−N

dx,

(3)
∥∥∥∥(∑

Ik−m
n ⊆I |Hk

n(m)|2χIk−m
n

)1/2∥∥∥∥s

≤ CN

∫
|h(x)|s

(
1 + 2m dist(I,x)

|I|

)−N

dx.

Ls
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Proof. The proof is similar to Lemma 4.7. �
Corollary 5.1. Let Fk

n(m), Gk
n(m) and Hk

n(m) be as in (5.4). Let Ĩ := 2(1 + |a|)I. For 1 < p, q, s < ∞, we 
have

(1) size(1)
J , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
� (1 + 2m−|i|) supI∈J

(
1
|I|

∫
|f(x)|p

(
1 + 2m−|i| dist(I,x)

|I|

)−N

dx

)1/p

,

(2) size(2)
J , q

( (
Gk

n(m)
)
Ik−m
n ∈J

)
�

(
1+|a|
|a|

)
supI∈J

(
1
|I|

∫
|g(x)|q

(
1 + 2m dist(Ĩ,x)

|Ĩ|

)−N

dx

)1/q

,

(3) size(3)
J , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
� supI∈J

(
1
|I|

∫
|h(x)|s

(
1 + 2m dist(I,x)

|I|

)−N

dx

)1/s

.

Lemma 5.4. Let Fk
n(m), Gk

n(m) and Hk
n(m) be as in (5.4). Let Ĩ := 2(1 + |a|)I. For 1 < p, q, s < ∞, we have

(1) energy(1)
J , p

( (
Fk
n(m)

)
Ik−m
n ∈J

)
� (1 + 2m−|i|)(1 + 2−m+|i|)‖f‖Lp � 2m+|i|‖f‖Lp ,

(2) energy(2)
J , q

( (
Gk

n(m)
)
Ik−m
n ∈J

)
�

(
(1+|a|)1+1/q

|a|

)
‖g‖Lq ,

(3) energy(3)
J , s

( (
Hk

n(m)
)
Ik−m
n ∈J

)
� ‖h‖Ls .

Proof. For any R > 0, note that

1
|I|

∫
|f(x)|p

(
1 + R

dist(I, x)
|I|

)−N

dx � (1 + R−1) M(|f |p)(x)χI(x).

By using this estimate, the proof is similar to Lemma 4.8. �
Let Ω be as in (5.3). Split the collection of dyadic intervals J as 

⋃
d Jd where

Jd :=
{
I : 1 + dist(I,Ωc)/|I| 
 2d

}
.

If I ∈ Jd, then 2dI ∩ Ωc �= ∅, and so by Corollary 5.1 and the definition of the set Ω one has

S1(d) := size(1)
Jd, p

( (
Fk
n(m)

)
Ik−m
n ∈Jd

)
� 2d2m+|i|‖f‖Lp |E|−1/p,

S2(d) := size(2)
Jd, q

( (
Gk

n(m)
)
Ik−m
n ∈Jd

)
� 2d

(
1 + |a|
|a|

)
‖g‖Lq |E|−1/q,

S3(d) := size(3)
Jd, s

( (
Hk

n(m)
)
Ik−m
n ∈Jd

)
� 2−Nd,

and

E1(d) := energy(1)
Jd, p

( (
Fk
n(m)

)
Ik−m
n ∈Jd

)
� 2m+|i|‖f‖Lp ,

E2(d) := energy(2)
Jd, q

( (
Gk

n(m)
)
Ik−m
n ∈Jd

)
�

( (1 + |a|)1+1/q

|a|
)
‖g‖Lq ,

E3(d) := energy(3)
Jd, s

( (
Hk

n(m)
)
Ik−m
n ∈Jd

)
� |E|1/s.

By Proposition 5.1, for any 1 < s < ∞ with 1/p +1/q+1/s > 1, there are 0 ≤ θ1, θ2, θ3 < 1 satisfying (5.7)
and
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IIi,mJ (f, g, h) ≤
∑
d

IIi,mJd
(f, g, h)

�
∑
d

S1(d)1−pθ1E1(d)pθ1S2(d)1−qθ2E2(d)qθ2S3(d)1−sθ3E3(d)sθ3

� 2m+|i|
(

(1 + |a|)2
|a|

)
‖f‖Lp‖g‖Lq |E|1−1/p−1/q. �

Appendix A

A.1. Proof of (1.3)

Let 0 < γ < 1 and Hγ be as in (1.1). Since 
∫
|y|>ε

1
y|y|γ dy = 0, we have

Hγ(f, g)(x) = lim
ε→0

∫
|y|>ε

f(x− y)g(x− ay)
y|y|γ dy

= lim
ε→0

∫
|y|>ε

(∫
f̂(ξ)e2πi(x−y)ξ dξ

)(∫
ĝ(η)e2πi(x−ay)η dη

)
dy

y|y|γ

=
∫∫

lim
ε→0

⎛⎜⎝ ∫
|y|>ε

e−2πiy(ξ+aη) − 1
y|y|γ dy

⎞⎟⎠ f̂(ξ) ĝ(η) e2πix(ξ+η) dξdη.

Thus for t := ξ + aη �= 0, by change of variable y → y/t

mγ(t) := lim
ε→0

∫
|y|>ε

e−2πiyt − 1
y|y|γ dy = sgn(t) |t|γ

⎛⎜⎝lim
ε→0

∫
|y|>ε|t|

e−2πiy − 1
y|y|γ dy

⎞⎟⎠
= sgn(t) |t|γ

(∫ e−2πiy − 1
y|y|γ dy

)
.

A.2. Proof of (1.8)

Let |a| ∼ 2i for some i ∈ Z and a �= 0, 1, then

|ξ + aη|γ =
∑

k1,k2∈Z

|ξ + aη|γ ψ̂(2−k1ξ)ψ̂(2−k2η)

=
∑

k1≥k2+i+4

+
∑

k1≤k2+i−4

+
∑

k2+i−4<k1<k2+i+4

:= m1(ξ, η) + m2(ξ, η) + m3(ξ, η).

Note that

m1(ξ, η) =
( ∑

k1≥k2+i+4

|ξ + aη|γ
2k1γ

(
2k1

|ξ|

)γ

ψ̂(2−k1ξ)ψ̂(2−k2η)
)
|ξ|γ := m̃1(ξ, η)|ξ|γ ,

m2(ξ, η) =
( ∑ |ξ + aη|γ

2k2γ
ψ̂(2−k1ξ)

(
2k2

|η|

)γ

ψ̂(2−k2η)
)
|η|γ := m̃2(ξ, η)|η|γ .
k1≤k2+i−4
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If k1 ≥ k2 + i +4 and ψ̂(2−k1ξ)ψ̂(2−k2η) �= 0, then |ξ+aη| ∼ |ξ| ∼ 2k1 ∼ |(ξ, η)|, and so for any multi-indices 
β we have

∣∣∂β [m̃1(ξ, η))]
∣∣ � |(ξ, η)|−|β|. (A.1)

Similarly, if k1 ≤ k2 + i − 4 and ψ̂(2−k1ξ)ψ̂(2−k2η) �= 0, then |ξ + aη| ∼ |aη| ∼ |a|2k2 ∼ |(ξ, η)|, and so for 
any multi-indices β we have

∣∣∂β [m̃2(ξ, η))]
∣∣ � |(ξ, η)|−|β|. (A.2)

For the part m3, we have

m3(ξ, η) =
( ∑

k2+i−4<k1<k2+i+4

|ξ + aη|γ
2k1γ

(
2k1

|ξ|

)γ

ψ̂(2−k1ξ)ψ̂(2−k2η)
)
|ξ|γ := m̃3(ξ, η)|ξ|γ .

If k2 + i − 4 < k1 < k2 + i − 4 and ψ̂(2−k1ξ)ψ̂(2−k2η) �= 0, then |ξ + aη| � 2k1 , thus for any multi-indices β

∣∣∂β [m̃3(ξ, η)]
∣∣ � |ξ + aη|−|β|. (A.3)

We have

T γ
Γ (f, g)(x) = Tm1(f, g)(x) + Tm2(f, g)(x) + Tm3(f, g)(x),

where

Tm1(f, g)(x) :=
∫
R2

m̃1(ξ, η)
(
|ξ|γ f̂(ξ)

)
ĝ(η) e2πix(ξ+η) dξdη,

Tm2(f, g)(x) :=
∫
R2

m̃2(ξ, η) f̂(ξ)
(
|η|γ ĝ(η)

)
e2πix(ξ+η) dξdη,

Tm3(f, g)(x) :=
∫
R2

m̃3(ξ, η)
(
|ξ|γ f̂(ξ)

)
ĝ(η) e2πix(ξ+η) dξdη.

By (A.1) and (A.2), the multipliers m̃1 and m̃2 satisfy the classical Marcinkiewicz–Mikhlin–Hörmander 
condition, thus by applying the Coifman–Meyer theorem we obtain

‖Tm1(f, g)‖Lr � ‖Dγf‖Lp‖g‖Lq ,

‖Tm2(f, g)‖Lr � ‖f‖Lp‖Dγg‖Lq ,

provided that 1 < p, q < ∞, 1/p + 1/q = 1/r and 0 < r < ∞. For the operator Tm3 , by (A.3) we can apply 
the results for bilinear operators with nonsmooth symbols (1.4) to obtain

‖Tm3(f, g)‖Lr ≤ C‖Dγf‖Lp‖g‖Lq

for 1 < p, q < ∞ satisfying 1/r = 1/p + 1/q and for r > 2/3.
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A.3. Proof of Lemma 4.1

Let

SN (f)(x) :=
(∑

k,n

∣∣f ∗ ψk+j ∗ (2−k(n + 2N ))
∣∣2 χIk

n
(x)

)1/2

,

then we aim to prove that

‖SN (f)‖Lp � (1 + N + 2|j|)‖f‖Lp for 1 < p < ∞.

For p = 2, ∥∥∥∥(∑
k,n

∣∣f ∗ ψk+j(2−k(n + 2N ))
∣∣2 χIk

n
(x)

)1/2∥∥∥∥2

L2

=
∑
k,n

∣∣f ∗ ψk+j(2−k(n + 2N ))
∣∣22−k

=
∑
k

2−k
∑
n

f ∗ ψk+j(2−k(n + 2N )) f ∗ ψk+j(2−k(n + 2N )).

Since {ψk+j}k∈Z is a lacunary family, it is enough to prove that∣∣∣∣∑
n

f ∗ ψk+j(2−k(n + 2N )) f ∗ ψk+j(2−k(n + 2N ))
∣∣∣∣ � 2k‖f‖2

L2 . (A.4)

Let ak,j,n := f ∗ ψk+j(2−k(n + 2N )), then∑
n

|ak,j,n|2 =
∑
n

ak,j,n f ∗ ψk+j(2−k(n + 2N ))

=
∫

f(z)
∑
n

ak,j,nψk+j(2−k(n + 2N ) − z) dz

≤ ‖f‖L2

∥∥∥∥∑
n

ak,j,n ψk+j(2−k(n + 2N ) − z)
∥∥∥∥
L2(dz)

.

On the other hand∥∥∥∥∑
n

ak,j,nψk+j(2−k(n + 2N ) − z)
∥∥∥∥2

L2(dz)

=
∑
n,n′

ak,j,n ak,j,n′

∫
ψk+j(2−k(n + 2N ) − z)ψk+j(2−k(n′ + 2N ) − z) dz

=
∑
n,n′

ak,j,n ak,j,n′

∫ ∣∣∣ψ̂ (
2−k−jξ

) ∣∣∣2e2πi2−k(n−n′)ξ dξ

�
∑
n,n′

|ak,j,n| |ak,j,n′ | 2k+j

(1 + 2j |n− n′|)10

� 2k
∑
n

|ak,j,n|2.
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Thus we obtain

∑
n

|ak,j,n|2 � ‖f‖L22k/2
(∑

n

|ak,j,n|2
)1/2

,

and so (A.4) follows. If p = 1, then by a Calderón–Zygmund decomposition with height λ, there are disjoint 
dyadic intervals {J} such that

∑
J

|J | ≤ 1
λ

∑
J

∫
J

|f(x)| dx ≤ 1
λ
‖f‖L1 .

Set Ω =
⋃

J ,

|f(x)| ≤ λ for x ∈ Ωc.

Write f = g + b where

g = fχΩc +
∑
J

⎛⎝ 1
|J |

∫
J

f(x) dx

⎞⎠χJ

and b = f − g =
∑

J bJ with

bJ =

⎛⎝f − 1
|J |

∫
J

f(x) dx

⎞⎠χJ .

Then since

1
|J |

∫
J

|f(x)| dx ≤ 2
|2J |

∫
2J

|f(x)| dx ≤ 2λ

we have ‖g‖L∞ ≤ 2λ. These properties imply that

|{x : SNf(x) > λ}| ≤ |{x : SNg(x) > λ/2}| + |{x : SNb(x) > λ/2}|. (A.5)

To estimate the first term we use the L2-boundedness of SN and write

|{x : SNg(x) > λ/2}| ≤ 4
λ2 ‖S

Ng‖2
L2 � 1

λ2 ‖g‖
2
L2 � 1

λ2 (λ‖g‖L1) � 1
λ
‖f‖L1 . (A.6)

For the second term, for any dyadic interval J , there are only (N + 1) disjoint dyadic intervals 
J1, J2, · · · , JN+1 having the same length as J and such that, if |I| ≤ |J | and IN ⊂ J , then I be comes 
subinterval in one of J1, J2, · · · , JN+1 (see page 152 in [17]). Define

ΩJ := 5J ∪ 5J1 ∪ 5J2 ∪ · · · ∪ 5JN+1.

We write

|{x : SNb(x) > λ/2}| ≤ |{x ∈ ∪JΩJ : SNb(x) > λ/2}| + |{x ∈ (∪JΩJ)c : SNb(x) > λ/2}|. (A.7)
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We estimate the first term by

|{x ∈ ∪JΩJ : SNb(x) > λ/2}| ≤ | ∪J ΩJ | � N
∑
J

|J | � N
1
λ
‖f‖L1 . (A.8)

For the second term

|{x ∈ (∪JΩJ)c : SNb(x) > λ/2}| ≤ 2
λ

∫
(∪JΩJ )c

SN (b)(x) dx ≤ 2
λ

∑
J

∫
(∪JΩJ )c

SN (bJ)(x) dx

≤ 2
λ

∑
J

∫
(ΩJ )c

SN (bJ )(x) dx.
(A.9)

We claim that ∫
(ΩJ )c

SNbJ(x) dx � λ2|j||J |. (A.10)

Assuming (A.10), one gets

∑
J

∫
(ΩJ )c

SNbJ(x) dx � λ2|j|
∑
J

|J | � |Ω| � λ2|j|‖f‖L1 , (A.11)

and so by (A.7), (A.8), (A.9) and (A.11)

|{x : SNb(x) > λ/2}| � N + 2|j|

λ
‖f‖L1 . (A.12)

By (A.5), (A.6) and (A.12)

|{x : SNf(x) > λ/2}| � N + 2|j|

λ
‖f‖L1 .

The left-hand side of (A.10) is smaller than

∑
k,n

∫
(ΩJ )c

|bJ ∗ ψk+j(2−k(n + 2N ))|χIk
n
(x) dx =

∑
k,n : 2−k≤|J|

+
∑

k,n : 2−k>|J|
:= A + B.

Estimates for A. Since |Ikn| ≤ |J | and Ikn ∩ (ΩJ)c �= ∅, one must have dist(2−k(n +2N ), J) ≥ 2|J |. Using this

A =
∑

k,n : 2−k≤|J|,
dist(2−k(n+2N ),J)≥|J|

∫
(ΩJ )c

|bJ ∗ ψk+j(2−k(n + 2N ))|χIk
n
(x) dx

�
∑

k,n : 2−k≤|J|,
dist(2−k(n+2N ),J)≥|J|

∫
(ΩJ )c

|bJ (y)| 2j

(1 + 2k+j |2−k(n + 2N ) − y)|)10 dy

�
∑

k : 2−k≤|J|

1
(1 + 2k+j |J |)5

∫
c

|bJ (y)|
(∑

n

2j

(1 + 2k+j |2−k(n + 2N ) − y)|)5
)
dy
(ΩJ )
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�
∑

k : 2−k≤|J|

1
(1 + 2k+j |J |)5

∫
(ΩJ )c

|bJ (y)| dy

� 2−j‖bJ‖L1 � 2−jλ|J |.

Estimates for B. Let yJ be the center of the interval J , then

bJ ∗ ψk+j(2−k(n + 2N )) =
∫

bJ (y)
[
ψk+j(2−k

(
n + 2N ) − y

)
− ψk+j

(
2−k(n + 2N ) − yJ

)]
dy

=
∫

bJ (y)

⎛⎝ y∫
yJ

d

dt

[
ψk+j

(
2−k(n + 2N ) − t

)]
dt

⎞⎠ dy

=
∫

bJ (y)

⎛⎝ y∫
yJ

22(k+j)ψ′(2k+j(2−k(n + 2N ) − t)
)
dt

⎞⎠ dy.

Thus

B =
∑

k, n : 2−k>|J|

∫
(ΩJ )c

|bJ ∗ ψk+j(2−k(n + 2N ))|χIk
n
(x) dx

�
∑

k : 2−k>|J|

∫
|bJ (y)|

⎛⎝ y∫
yJ

∑
n

2k+2j

(1 + 2k+j |2−k(n + 2N ) − t|)10 dt

⎞⎠ dy

�
∑

k : 2−k>|J|
2k+j |J | ‖bJ‖L1 � 2j‖bJ‖L1 � 2jλ|J |.

For 1 < p ≤ 2, the result follows by interpolating weak-L1 and L2 estimates. Let {εk,n} be independent and 
identically distributed random variables with P (εk,n = ±1) = 1/2. We consider the operators

SN
ε f(x) :=

∑
k,n

εk,n f ∗ ψk+j ∗ (2−k(n + 2N ))χIk
n
(x).

As for SN we obtain

‖SN
ε f‖L2 = ‖SNf‖L2 � N‖f‖L2 , and ‖SN

ε f‖L1,∞ � (N + 2|j|)‖f‖L1 ,

which holds uniformly in εk,n = ±1. Thus by interpolation for 1 < p ≤ 2 we have

‖SN
ε f‖Lp � (N + 2|j|)‖f‖Lp . (A.13)

And by duality we obtain (A.13) for 2 < p < ∞. Then by Khinchine’s inequality, if we take average over 
all εk,n = ±1, we obtain

‖SNf‖pLp = CpE
(
‖SN

ε ‖pLp

)
� (N + 2|j|)p‖f‖pLp .
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