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A Remark on Denjoy’s inequality for PL circle
homeomorphisms with two break points !

Akhtam Dzhalilov? Alisher Jalilov®, Dieter Mayer?

Abstract

It is well known that for a P-homeomorphism f of the circle S' = R/Z with
irrational rotation number py the Denjoy’s inequality |log D f9| < V holds, where V'
is the total variation of log D f and ¢,, n > 1, are the first return times of f. Let h be
a piecewise-linear (PL) circle homeomorphism with two break points ag, ¢p, irrational
rotation number pj and total jump ratio o5, = 1. Denote by B, (h) the partition
determined by the break points of h?" and by pu; the unique h-invariant probability
measure. It is shown that the derivative Dh" is constant on every element of B, (h)
and takes either two or three values. Furthermore we prove, that log Dh9 can be
expressed in terms of - measures of some intervals of the partition B,,(h) multiplied
by the logarithm of the jump ratio oj,(ag) of h at the break point ay.

1 Introduction

Let f be an orientation preserving homeomorphism of the circle S' = R/Z with lift
F : R — R, which is continuous, increasing and fulfills F'(z + 1) = F(z)+ 1 for z € R a
lift of 2. The circle homeomorphism f is then defined by f(z) = F(2) (mod1), x € S*.
The rotation number p; is defined by py := 7}1{&% (mod1). Here and below, F!

denotes the i-th iteration of the lift . It is well known, that the rotation number ps
does not depend on the point £ € R and is irrational if and only if f has no periodic
points (see [5]). The rotation number p¢ is invariant under topological conjugations. We
shall assume the rotation number p; to be irrational throughout this paper. We use the
continued fraction representation py = 1/(k1 + 1/(ka + ...)) = [k1, k2, ..., kn,...) of the
rotation number ps. Denote by p,/qn = [k1, ko, ..., kn], n > 1, its n—th convergent. The
numbers ¢,,n > 1 are the first return times of f and satisfy the recursive relations
Gn+1 = knt1Gn + Gn—1 for n > 1, where qo = 1, and ¢; = kj.

A natural extension of circle diffeomorphisms are piecewise smooth homeomorphisms
with break points or shortly, the class of P-homeomorphisms.

The class of P-homeomorphisms consists of orientation preserving circle homeomor-
phisms f which are differentiable except at a finite or countable number of break points
xp, at which the one-sided positive derivatives D f_ and D f, exist, which do not coincide
and for which there exist constants 0 < ¢; < ¢o < 00, such that

ec; < Df (xp) < cg and ¢1 < Dfy(xp) < co for all x, € BP(f), the set of break
points of f in S;

o c1 < Df(z) < co for all x € SY\BP(f);

e log Df has finite total variation in S*.
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The ratio of(xp) = g}:gg; is called the jump ratio of f at z;, and oy = [, of(xs)

its total jump ratio.

Piecewise linear PL circle homeomorphisms are the simplest examples of class P-
homeomorphisms. They occur in many other areas of mathematics such as group theory,
homotopy theory and logic via the Thompson groups. PL circle homeomorphisms with
two break points were considered by Herman in [13] to obtain homeomorphisms of arbi-
trary irrational rotation number which admit no invariant probability measure equivalent
to Lebesgue measure. We recall Herman’s theorem.

Theorem 1.1. (See [13].) Let h be a PL circle homeomorphism with two break points and
irrational rotation number pn. Then the h- invariant probability measure puyp, is absolutely
continuous with respect to Lebesque measure | if and only if its break points belong to the
same orbit.

In the following we denote PL circle homeomorphisms always by h. The invariant
measures of piecewise smooth P- homeomophisms with a finite number of break points
were studied by many authors (see for instance [13], [4], [22], [20], [10],[1], [12]). Dzhalilov,
Mayer and Safarov proved in [12], that the invariant measures of piecewise C?>*¢ (e > 0)
smooth P- homeomorphisms f with irrational rotation number p; and non trivial total
jump ratio o are singular w.r.t. Lebesgue measure. In this case the conjugacy ¢ between
f and the linear rotation f, is a singular function.

The behaviour of D f9 is a classical problem in the theory of circle homeomorphisms
and plays a key role for their dynamics (see for instance [14], [15], [18], [19], [6]). Let
us recall two of Denjoy’s classical results generalized to P-homeomorphisms (see [7],[13]).
The first one is a theorem on the bounds of D fi~:

Theorem 1.2. Let f be a P-homeomorphism with irrational rotation number py. Then
for any x with f*(x) &€ BP(f), 0 < s < gy, the following inequality holds:

(1) [log Df"(z)| <V,
where V is the total variation of log Df in S'.
The other one is an important fact concerning the expectation of log D fI»

Theorem 1.3. Let f be a P-homeomorphism with irrational rotation number py. Then
for everyn > 1

(2) /log D f™(x)dpy =0

S’l

Inequality (1) is called Denjoy’s inequality. If Denjoy’s inequality holds for the
map f with irrational rotation number p := py, then this implies the existence of a map
¢ : S — St conjugating f and the linear rotation f, with lift F,(2) = & + p (see [5]). In
this case, the conjugation ¢, satisfying f = ¢~ to fpop, is an essentially unique homeomor-
phism of the circle. Another natural question arising is to ask for the smoothness of the
conjugation ¢ and its dependence on the smoothness of the homeomorphism f. Since the
conjugating map ¢ and the unique f-invariant measure p s are related by ¢(z) = p¢([0, z])
(see [5]), regularity properties of the conjugating map ¢ imply corresponding properties
of the density of the absolutely continuous invariant measure py. Fundamental results on



smoothness of h were obtained by V.I. Arnold [3], M. Herman [13], J.C. Yoccoz [23], Y.
Katznelson and D. Ornstein [14], K. Khanin and Y. Sinai [15], respectively K.Khanin and
A.Teplinskii [18]. All the results on smoothness properties of ¢ show its close relations to
sharp estimates in Denjoy’s inequality and arithmetic properties of the rotation number
ps. For example, it was shown in [14], [15] and [19] for a C**¢(S1) diffeomorphism f
with irrational rotation number ps, that the conjugation ¢ is C'-smooth if the sequence
K,, :=sup|log D f9 (x)| tends to zero exponentially fast . Y. Katznelson and D. Ornstein
S1

[14] have shown, that convergence of the sum of the sequence K2 is enough for abso-
lute continuity of the conjugating map ¢. Indeed, they proved for a wider class of circle
diffeomorphisms the following theorem.

Theorem 1.4. (See[1}]). Iflog Df is absolutely continuous on the circle, Dlog Df € L
for some p > 1, and the rotation number py is irrational, then

(3) iKZ < 0.
n=1

In particular, if the rotation number is of bounded type i.e. the entries k;’s in the contin-
ued fraction expansion of py are bounded, then the conjugacy ¢ and its inverse ot are

absolutely continuous with square-summable derivatives.

Our main goal in the present paper is to express for a piecewise-linear (PL) homeomor-
phism h with two break points ag and ¢y and total jump ratio o = 1 the derivative Dh»
of h by the jump ratio oy (ap) and the pp-measures of intervals of the partition By, (h) of
S1 determined by the break points of k% . Thereby s, denotes the unique invariant proba-
bility measure of h. To start, take some zg € S'. Using its orbit {z; = f*(x¢), i € Z} one
defines a sequence of natural partitions of the circle. Namely, let Ién) (o) be the closed
interval in S* with endpoints zo and x,, = fi (o). Notice, in the clockwise orientation
of the circle the point z, is for n odd to the left of x¢, and to its right for n even. If we
denote by Ii(") (xo) = fi(Ién) (x0)),7 > 1, the iterates of the interval Ié") (o) under f, then
it is well known, that the set &, (x¢) of intervals with mutually disjoint interior, defined as

€n(wo) = {1 V(20), 0<i < ga} U{L (o), 0 <j < guor},

determines for any n a partition of the circle. The partition &,(xg) is called the n-th
dynamical partition of the point zg.

Consider now an arbitrary P-homeomorphism f with irrational rotation number p
and two break points ag and ¢y, which are not on the same orbit. Denote by 5—2 the
partial convergents of py. We will next determine the location of the break points of
f9 and the derivative Df% on S'. Obviously the map f9 has 2¢, break points de-
noted by BP} = BPf(ao) U BP}(co) with BP}(ag) = {ag,a’y,...,a>, ,}, respec-
tively BPJ?(CO) = {cf, ¢yt 11}, Where ¥ = f%(ap), respectively ¢, = f~%(cp),
0 <i < gy—1. It is clear, that these break points of the map f9 define a partition By, (f)
of the circle S* into 2 ¢, intervals with pairwise non-intersecting interior.

Let &,(a) be the n-th dynamical partition determined by the break point af = ag

with respect to the map f. Then one has for the second break point ¢ either ¢j € I, l(:) (ao)
for some 0 < iy < Gn-1, OF ¢y € I](:_l)(ao) = Afjo((ao,afqn]) U fio((a_g,,aq,_,)) for some
0 < Jjo < gn,ie. c€ f7°(ap,a—q,]) or ¢ € f°((a—q,,aq,_,)). The two last cases we have



to treat separately. The following three lemmas describe the location of the break points
of fi» in intervals of certain n-th dynamical partitions .

Lemma 1.5. Assume cjj € Ii(:)(az‘)) for some ig with 0 < ig < qn—1. Then the break points
a*,, ¢, 0<i<gq,—1} of fi belong to the following elements of the dynamical partition

&nlag) (see also Fig 3.1):
o aj € Iy" (af);
® Ciio—l—s - fs<c*—i0) € IS(TL)(CLS)’ 0 <s< Z.O;

®a = f¥(a—q,) € f*(ag;a—q,]) C Is("_l)(aé), 1< s <ip;

*
—qn+s

1), %\ -
o 0y e s = (egumio) € Fo((ad,a—g,]) € I8 ag), do+ 1< s < gy — 1.

* .
a(In C_i() aa C_'LO_Qn ai(In aqnfl
I Py I I I
T ® T T T
a C_. a
a * 1 —ig—gn+1  g* an—1+1
ant1 C—ig+1 o @ gn+1
I Py I I I
T ® T T T
a ; * .
qn+10 CH alo C—Qn aiqn+i0 aqn_1+10
1 1 1 8- 1
T T T ® T
a(In“FZO"Fl € Gip41 C,qn+1 aiqn+i0+1 aqn71+zo+1
I I I Py I
T T T - T
. k
a2Qn*1 CQn_lO_l aqnfl c—’io—l a’*—l CLQn—l‘F(In*l

Fig. 3.1

Lemma 1.6. Assume c € f((aj, a—g,]) for some 0 <ig < g,. Then the break points of
fa belong to the following elements of the dynamical partition §n(c’ii0) of the break point
c*,, (see Fig 3.2):
o ", af EI(n)(c* )
0<4o i

71'0 l

* k * k& -1 *
o s = L) @y = SHlasg,) € (e an,)) C I (), 1< s <
205



° C**Qn*io+5 = fs(c**fIn*iO)’ CL*

__ fs S . (n=1)/ &
—qnts f (a*Qn) € f ([677107 C*Qn]) - IS (6710)7
n+1<s<g,—1.
} * } } }
C—iotan ay iio a—gn, C—io—qn Ciotqn1
] ] & ] ]
T T - T T
C*Zo+qn+1 ay Cip+1 a*_qn_H C*ZqunJrl C*®0+Qn71+1

: : s : :
C a * * C_ C
dn 20 CO aiqn +ig dn dn—1
: : : s :
C a,; & * * C
: : : o :
62%1,_@0_1 a@nfl CQn_ZO_l ail c—i()—l Canl‘i‘Qn_zO_l
Fig. 3.2

Lemma 1.7. If ¢ € f((a—g,,aq, ,]) for some iy with 0 < ig < gy, the break points

of f are located in the following elements of the dynamical partition £n(aiq"+1) of the
break point a* , . (see also Fig 3.3):

-1 .
o ay 1qs =0 g 01) Cippigs = (1) € i )(aiqn-i-l)’ 0<s<ip—1

* LS % * Sk (n=1)/ &
® A g tigt+lts — I (a—qn+i0+1)7 C gntlts — / (qunﬂ) € Ii0+s (afanrl)? 0<s<
qn — 10 — L.
1 8- 1 1 1
T - T T T
ay at, i1 o1 Mtanr Cio—gntl @ g tgn-1+1
: o : : :
i a*_qn_H-O en @io+qn—1 C—aqn @ —gn+qn-1+io
1 1 1 8- 1
T T T - T
ai0+1 a/tqn_;'_io_;’_l Cl ai0+qnfl+1 c

tq'n,+1 a/_Qn‘Fqnfl“l‘iO‘l'l



Qa * C

. %k
qn—10 g1 +qn C_ip gy

Fig. 3.3

Next we consider a P-homeomorphism f with irrational rotation number p; and two
break points af := ao, aj := f(ap), i > 0, on the same orbit. Put ng, := min{n : ¢, >
ip}. Assume that n > n,. If the total jump ratio oy = 1, the map f? has 2ig break points

* o— * o — * L .
a_qn+1 = a_qn+1, G_qn+2 = a_qn+27 ’a—Qn+i0 = a_qn+20
and
* Pp— * Pyp— * Pyp—
ap = ay, a9 1= az, "'7ai0 = Qg -
If oy # 1 the map f? has ¢, + ip break points
* — * P * . * .
a_qn+1 = 0—gp+1, a_q"+2 = A—gp+2; --- 5,0 = A0, .- ,aio = Q-

One has the following

Lemma 1.8. Assume f is a P-homeomorphism with irrational rotation number py and
two break points ajy := ag, aj = f(ap), ip > 0, on the same orbit. Choose n > nj,.

1) If o5 =1, then one finds for the break points al g +s+1s @apr of [

-1 .
° a**anrerl’ a’:Jrl € fs([a?a}k—qn#-l]) @ Igil )(CLS) € fn(ag)v 0 S S S 0 — 1 ;

(see Fig 3.4)
2) if o # 1, we have
o ay C 1" (ap);
® a’, Liis @45 € fs([aiOJrl,aianOH]) C Ifg:llls(aé), 0<s<gq,—1iy—2.

—1 . .
e ayy € f([af,a”, 1]) C Iﬁs )(GS), io <5< gy —ip— 1.

aqn+s+1 a:+1 a*—qn+8+1 a‘Infl‘f‘S"Fl

Fig. 3.4

Lemmas 1.5 to 1.8 show the location of the break points of f? on elements of different
n-th dynamical partitions determined by the map f, respectively their order along the
circle. Indeed these lemmas hold true also for any pure rotation f, with py irrational and
any two points ag,co € S', whose preimages under fa4 correspond to the break points of
the P-homeomorphism f9".



Next we apply these Lemmas to a PL circle homeomorphism h with irrational rotation
number pp,, when the two break points aj = 0, ¢ = ¢o are not on the same orbit and the
total jump ratio o5 = 1.

In case of Lemma 1.5 and Lemma 1.7 the break points PB,(af;) originating from
aj, = 0 and the break points PB,(cj) originating from ¢f; = ¢y alternate in their order
along the circle S' . Let n be odd. Obviously these break points define a system of disjoint
subintervals of the circle, given in case of the assumption in Lemma 1.5 by (see Fig 3.1)

<4) [C*—i0+s7 a’*—qn-i-s]v 1 <s <,
respectively
(5) [CtiO—Qn+S’aiqn+s]’ 0+ 1<s<qgn

We combine these subintervals to the subsets

10 dn
P * * P * *
Ap = U [C—io"‘s’ a—Qn+S]’ By = U [C—io—qn+s7a—qn+s]'
s=1 s=ip+1

In case of the assumption in Lemma 1.7 the subintervals are given by (see Fig 3.3)

(6) [aiQn‘f‘S’ Ciio-ﬁ-s]? 1 S S S 7:0,
respectively
(7) [a*—qn+57 ciio—qn—i-s]’ w+1<s< Adn,

which we combine to the subsets

10 qn
—— * * R * *
An = U [a—Qn-i-S’ C—io+s]’ By = U [a—qn—i—sv C—io—qn+s]7
s=1 s=ip+1

For n even, the orientation of the above intervals has to be reversed. Therefore in case of
Lemma 1.5 we have the following system of disjoint intervals

®) [a*—qn—l—sv Ciorsh 1< s <o,
respectively
(9) [aiQn‘i’S’ ciiofqn«ks]y 7/0 + 1 S S S Qn

In case of Lemma 1.7 one finds

(10) [c*—i0+37 a*—qn-‘rs]v 1 <s< iO,
respectively
(11) [ciiO*anrS’a**anrsL io+1<s<qn.

In case of Lemma 1.5 and n even, respectively in case of Lemma 1.7 and n odd, the subsets
A, and B, can be defined as before. The above constructions show, that the boundaries of
every interval in the subsets A,, and B,, consist of break points from PB,,(af) respectively
PB;,(cj). In the following we abbreviate the jump ratio of h at the break point af by

« _ Dh_(0)
0= Dh.(0)

o:=op(a

We can then formulate our first main result.



Theorem 1.9. Let h be a PL circle homeomorphism with irrational rotation number pp
and two break points aj = 0 and cjj := co, whose total jump ratio o, = 1, and which lie on
different orbits. Assume cy fulfills the assumptions of Lemma 1.5 repectively Lemma 1.7
for some ig with 0 < ig < qu—1. Then in case of Lemma 1.5

(An,UBp)—1 ; A B
an (=" _ ot ’ Zf x € Ap U by
(12) (Dh (33)) { O-Mh(AnUBn)’ ifx € Sl \ (An U Bn);
respectively in case of Lemma 1.7 ,
(AnUBp)—1 . A B
gn (o (-1t _ ] ot , if v €A, UB,
(13) (Dh (3}‘)) { O-#}L(AnUBn)’ ngj c St \ (An U Bn)

Theorem 1.9 shows that Dh? is constant on every element of B, (h) and takes only
two values under the assumptions of Lemmas 1.5 and 1.7. Moreover, the values of Dk
are determined by the jump ratio o = op,(aj) and the pp-measure of A, U By,.

In case of the assumption on ¢jj in Lemma 1.6 we can define again a system of disjoint
subintervals determined by the elements in B,,(h). Let n be odd. Then these subintervals
are as follows (see Fig 3.2):

(14) (€ isr @ g sl 1 < 5 < g,
respectively
(15) [@% gts0 Coig—gnatshs B0+ 1 <5 < gy

For n even, the orientation of the above intervals has to be reversed. To determine in the
case of Lemma 1.6 the values of D f? we define

10 Adn
(16) A = U [ciioJrs’aianrs]? B = U [aiqn+s7 Ciiofqnﬁe]'
s=1 s=ip+1

Then the following theorem holds.

Theorem 1.10. Let h be a PL circle homeomorphism with two break points aj = ag and
cy = co with op, = 1, which lie on different orbits. Assume c;y fulfills the assumption of
Lemma 1.6 for some ig with 0 < ig < qn. Then for alln >1

ohn(An)=un(B)=1 it e A
(17) (DR ()Y = { grn(An)=pn(Ba)+1 - g e B,
ohn(An)=un(Bn) iy ¢ A, U B,.

It remains to discuss the case of a PL-homeomorphism h with irrational rotation
number pp and two break points ag = 0 and a;, = h'(ay), ip > 0, on the same orbit. In
this case the break points of h9" alternate in their order along the circle S'. Denote by

Un(ag), 1 < s <o, the closed intervals with endpoints aj and a*, ... Obviously these

subintervals are disjoint. Lemma 1.8 implies, that U, (a%) C Ién_l)(aS), 1 < s <ip. Next
we define for every n > 1

(18) Un = | Un(a}).

Then one has



Theorem 1.11. Let h be a PL circle homeomorphism with two break points aj = 0 and
aj, = h"(ag), ip > 0, with oy, = 1, which lie on the same orbit. Put n;, := min{n : ¢, >
io}. For n > n;, one finds

U“h(Un), if xeU,

n (-1t _
(19) o) = T TS

2 Proof of the Lemmas 1.5 - 1.8

We start with the proofs of Lemmas 1.5 - 1.7.
Proof of Lemma 1.5. Remember, that for arbitrary z € S* the points z,, = f%(z)
and x_g, = f7%(x) lie on opposite sides of z. Assume cj = co € I (ag) for some

0 <o < go—1 and hence ¢, € I{(ag) (see Fig 3.1). Suppose n to be odd. Then we have
in the clockwise order on S*:

ag, < €Liy < ag < Coig—q, < g, < Ag,_;-
Since f is orientation preserving we get also
fag,) < f(ctiy) < f2(ag) < f*(cnig—gn) < f*(a—g,) < f*(ag,_,)

for all 0 < s < ig, which proves the first three assertions of Lemma 1.5.
It is also obvious, that

fHag) < [ (cig—gn) < [ (a—q,) < f*(ag,_,)

for all ig + 1 < s < ¢q,, — 79, which proves the last assertion of Lemma 1.5.

Proof of Lemma 1.6. The interval Ji'(c*; ) = [c—iy+q,, C—ig+q,_1] cONtains only the
two break points ag, c*;  of f%. More precisely, we have (see Fig 3.2)
C_iO+Qn = 0’8 =< C*—’io = a'_q” = C_iO_Qn = c_iO‘Hanl

which implies the first assertion of Lemma 1.6.

Next, the renormalization interval Ji'(c¢f) = [C—ig4qn+15 C—ig-+gn_1+1) cOntains also two
break points of f?, namely a* ., and ¢*; .,. The last two break points belong to the
interval I{‘_l(c*_io). We have (see Fig 3.2)

Cipt1 <0 g 11 = Coig—gnt1 = Coigtbgn_1+1-
Applying the map f* for 0 < s < iy — 1 leads to
fs(c*—io—‘rl) = fs(a’th-‘rl) = fS(C*iO*Qn‘i’l) = fS(C*iO‘i’Qn—l‘Fl)

which implies the second assertion of Lemma 1.6.
It is also clear, that

* *
€1 = g, tig+1 = Cogut1 = Cgnor+1

Hence for 1 < s < gq, —i9— 2

fer) < Faly, qigra) < F(c g 11) < P (cqurtn):



which implies the third assertion of Lemma 1.6.

Proof of Lemma 1.7. Consider the n-th dynamical partition §,(a*, ;) of the
break point a* ;. To determine the location of the break points of fI in the intervals
of {n(a”,, 1) under the assumption of Lemma 1.7, we use the structure of this dynamical
partition and the monotonicity of f to arrive for 0 < s < ¢, — 1 at

flar) < falg, 1) < FP(Cigrn) < 2 (agui41) < F(Cmig—gat1) < [ (a—gptgn1+1)-

It is easy to see that the first ig of these relations imply the first ig claims of Lemma 1.7,
and the last ¢, — ip the remaining ones.

Proof of Lemma 1.8. We will prove the first assertion only. The second one can be
proved similarly. It is clear that (see Fig 3.4)

fagu1) < f2(a1) < f2(aZy, 1) < f*(ag,_, +1)

for all 0 < s <ig — 1. Consequently, f*(a}), f*(aZ, 1) € I“En*l)((a’{)), 0<s<i5—1,
which proves the assertion of Lemma, 1.8.

3 Proof of Theorems 1.9., 1.10. and 1.11.

Proof of Theorem 1.9.

We prove only the case of Lemma 1.5. The case of Lemma 1.7 can be proved analogously.
We furthermore restrict ourselves to the case when n is odd. The even case can be handled
similarly. In case ¢ fulfills the assumption of Lemma 1.5, we have ag, < ¢*; < af <
Coig—gn =< G—q, < ag, , (see Fig. 3.1). Obviously the function Dh" on the circle S! is
constant on every interval of the partition B, (h) determined by all break points of h?".
It makes jumps determined by the jump ratio o = op(af) at the break points BP,(ag)
and by the jump ratio o~! at the break points BP,(c;). Taking into account Lemma
1.5 and the structure of the dynamical partitions it follows that the points of BP,(af)
and BP,(c}) alternate in their order around S! (see Fig. 3.1). We "renumerate” all
break points BP,(aj) and BP,(c§) of h? in the counter-clockwise direction as a!) := ag,
a? = a*y, a® = a*q, - calan) = a’, .1, respectively M) = oo @ =

3) .
c( ) = c_io_27..

—i0—1>
. opolan) = ¥
,c( n) = it Then we have

a(l) < C(q") = a(Qn) < .= 0(2) =< a(2) < C(l) < a(l)

It is clear that

n
An UBn = U [C(S)’a(s)]u and
s=1
qﬂ/
SU\ (A, UBn) = U (@bt @) (aD), clam)),
s=1
Next we determine the values of Dhi". For s > 1 we have

DI ([, a®)]) = DRI (a) = o DR (') = o DR ([al), 57))
= oDh" (V) = 0o DR (V) = DR (V) = DRt ([e7Y a5 D))
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So we get
DI ([, a®)]) = Dhtn([c=D a5 )

Iterating the last relation leads to
Dh([¢l¥),a9]) = Dh? ([¢V), aV]) = DA™ (V) = e DRI (V) = 6 DRI (af)

Hence Dh takes the constant value o DR (afy) on A, |J Bn.
Next we show, that Dh? takes the constant value Dh"(aj) on S*\ (A, ) B,). For
this we determine Dh" first on the interval (a!), ¢l4)). Obviously

Dh((a), ¢ln))) = DR (o).
On the other hand one has for s > 1
DRI (a(SH), C(S)) — Dpin (C(S)) — J_thi” (C(S)) — 0_1Dhq"([c(s), a(s)]).
The last relation together with
i (e, a]) = o DAY (aj)
implies, that for every s > 1
Dh® () )y = DRI (afy).

For the proof of (12) it is enough to prove under the assumption of n being odd and
therefore ag, < c*; < aj < c_jj—q, < a—g, < aq, ,, that

(20) Dhi" (ag) = U(~1)n+1uh(Un)—51,(71)n+1’

where 6y (_1yn+1 =1 for n odd, respectively d; (_j)n+1 = 0 for n even. Notice that the last
equation is true also for n even. Since h?" is an orientation preserving homeomorphism
with irrational rotation number and the same invariant measure up as the map h, we get
from Theorem 1.3.

(21) /log DhI(x)dpp(x) = 0.
Sl
As mentioned above, the function Dh% is constant on the subsets U, := A, U B,, and

U, = S'\ U,. Therefore

/logDhq"(x)duh(:c) = /logDhq”(x)duh(x) +/logDhq"(x)d,u,h(a:) =0

St Un Un

Inserting the constant values of Dh% on the sets U, respectively U,, one finds

[ 108 D1 (), = (V) Yoo D (a),
Un

[ 108 D1 (), = o (0) o DI (a5) = [1 = iy (U] og DI a),
Un

11



and therefore
11 (Up) log(o DR (ag)) + [1 — pn(Un)]log DY (ag) = 0.

This shows that pu,(U,)logo = —log Dh"(af) respectively Dh%(af) = o~#»(Un) | and

o
hence formula (20) holds for n odd. For n even, the proof of formula (20) proceeds
similarly. Theorem 1.9 is therefore completely proved.

Proof of Theorem 1.10.
We will prove only the following equation

(22) DA (a) = o~ (n(Anio))=run (Br(io) =5y, 1y

for n odd. Since the rotation number pj, of h is irrational and its break points af and ¢
are on different orbits, all the intervals in A,, and B,, are pairwise disjoint. For all x € B,
one has obviously Dhi"(x) = DhY"(af). But at the break point ¢ the function Dhi(x)
makes the jump DhY"(c;))/Dh (¢} ) = Dhy(c}))/Dh_(cj)) = o, and therefore it takes
the constant value Dh?" (x) = o DhY"(af)) in this interval containing no break point of h?".
Indeed, this holds true for all intervals without break points, i.e. for z ¢ A, UB,,. The left
boundary point of any interval in A, belongs to the set BP(c{) and hence the function
Dhi(x) makes at these break points the jump Dhy(c; )/Dh_(cj) = o and therefore
takes the constant value Dh? (z) = o DhI"(a§) for any z € A,. This proves assertion
(17).

To prove assertion (22) we use again

/log DhI(x)dpp(x) = 0,
S1

and the possible values of the function Dh9" discussed above. Then

log(o® DhI"(ag))pph(An) + log(DRI™ (a))u(By) + log(a DR (af))u(Ur) = 0,
where U} = S\ (A, U B,,). Hence

(log o) {1 (An) — pn(Ba)} + log DR (a)) +log o = 0

This proves equation (22) for n odd. The proof of the theorem for n even is similar.
Theorem 1.10 is therefore completely proved.
Proof of Theorem 1.11.

Let h be a PL circle homeomorphism with two break points aj and af = f(ap), io >
0, and irrational rotation number pp. Assume n > ng. Then h has 2iy break points. Put
BP} := BP]'(a}) U BP}(a* Qn+1) with

BP'(a}) = {a7, a3, ...,a;‘O},

respectively

Bpg(aiqn-&-l) = {a*—qn—l-l’ aiqn—i—% Ty aiqn+i0}7
where af = f*(ag), a*,, s = f*(a—g,), 1 < s < ig. For the proof of Theorem 1.11 it is
sufficient to prove the following formula

(23) Dh(f (ag) _ o_(*l)n-ﬁ-lﬂh(Un)*(s]_’(il)nJrl

12



The partition By, (h) determined by all break points of h% has 2iy closed intervals with
disjoint interior. The map DAh? is piecewise constant with constant values on the el-
ement of B, (h). The first assertion of Lemma 1.8 implies that the intervals in U, =
{la¥,a*, 1), 1 < s < ig} are pairwise disjoint. Hence the intervals of U, = S\ U,
are also pairwise disjoint. Next we conclude that e the break points of BFP}'(a}) and
BPj}(a*,, ;) alternate in their order on St

e the intervals in U, and U, alternate in their order on S'; Denote by U, (a}) the
closed interval in U,, with right endpoint a}, 1 < s <. It is easy to see that at each point
a} of BP}(a})

(24) Dhir(a%) = DR (ag), DR (a}) = D™ (af), 1 < s < .

It is clear that the intervals Uy, (aZ) and U, (a}) are neighbours with common endpoint a¥.
It is obvious that
Dh™" (a3)

%ZU}L(CL*):U, 1§S§i0.

Dh (a3)
The last relation together with (24) implies Dh? (x) = o Dh"(af) if « € U, respectively
Dhin(z) = DRI (af) if © € S* \ U,. Remains to determine the value of DhY"(af). From

Theorem 1.3 we obtain

/logDhq"(:U)duh = /logDhq"(:L')duh+/logDhq"(w)d,uh =0.
St Un Un

Hence puy(Uy) log DR (af) + i (Un) log DR (ag) = 0.

Inserting pup(Un) = 1 — pup(Uy) respectively DR (af) = o DR (af) we get relation (23).
Theorem 1.11 hence is proved.
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Figure captions

Figure 3.1:
Location of the 2 ¢, break points of fo in the dynamical partition &,(ag) if ¢f € IZ(:)(QS) for
some 0 < 49 < @p_1.-

Figure 3.2:
Location of the 2 ¢, break points of f% in the dynamical partition &,(c*; ) if ¢§ € f*((ag, a—q,])
for some 0 < 75 < @_1.

Figure 3.3:
Location of the 2¢, break points of f? in the dynamical partition fn(aiqnﬂ) if ¢ €
fio((a“_qrﬂ a(In—l]) for some 0 S i() < qn—1-

Figure 3.4:
Location of the 214 break points of f? in the dynamical partition &,(af) if ¢§ = f*(ao) = af,
for some 79 > 0 and oy = 1.



