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We study a singularly perturbed model for a cyclic adenosine monophosphate
(cAMP) signalling system that controls aggregation of the amoeboid microorganism
Dictyostelium discoideum. The model, which is based on a classical model due
to Martiel and Goldbeter [16], takes the form of a planar system of ordinary
differential equations with two singular perturbation parameters which manifest
very differently: while one parameter encodes the separation of scales between the
slow and fast variables, the other induces a non-uniformity in the corresponding
vector field in the singular limit. We apply geometric singular perturbation theory
and the desingularisation technique known as “blow-up” to construct a family of
attracting, periodic (relaxation-type) orbits; in the process, we elucidate the novel
singular structure of the model, and we describe in detail the resulting oscillatory
dynamics.
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1. Introduction

In the present article, we perform a geometric analysis of a singularly perturbed model for a cyclic adeno-

sine monophosphate (cAMP) signalling system that controls aggregation of the amoeboid microorganism

Dictyostelium discoideum. The periodic synthesis of pulses of cAMP constitutes an example of a biochem-

ical oscillation of clear physiological significance [8]. Two main types of dynamics are observed in cAMP

signalling systems: autonomous oscillation [5,8,7] and relay of super-threshold pulses [19,22]. The model of

cAMP signalling due to Goldbeter and Segel [9,10] shows that both types are caused by the auto-catalytic

regulation of adenylate cyclase, the latter enzyme being activated on the binding of extracellular cAMP

to the cell receptor [18,6]. Moreover, relay behaviour has been linked to autonomous oscillation, which
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represents the excitability of the system. In the model by Goldbeter and Segel, the substrate adenosine
triphosphate (ATP) plays a role in the oscillation and relay response; however, it has been shown exper-
imentally that intracellular ATP remains constant during the oscillation [20], and that the relay results
from the absence of ATP consumption when the cAMP receptor is uncoupled from adenylate cyclase upon
incubation with caffeine [24]. These observations were made under the assumption that adenylate cyclase
is an allosteric enzyme; moreover, significant variation is required in the concentration of ATP. Martiel
and Goldbeter [16] considered another situation, whereby the mechanism is based on desensitisation of the
cAMP receptor to extracellular cAMP. The full model proposed in [16], which consists of seven differential
equations, can be reduced to the three-variable system

d
L = —hG)pr = R()( - pr), (1a)
dp
T qod(pr, ) — (ki + k) B, (1b)
d’y - kt
E - h 5 ke% (1C)
with
kit kay _ kiLy + koLoy
A =S ) < Bl el (20)
B a(\0 + €Y?) _pTYy
) =Tt arisay M Y Sy (2b)

Here, pr represents the total fraction of receptor in the active state, while g and ~ denote intracellular
and extracellular concentrations, respectively, of cAMP. Moreover, ¢, o, A, 0, €, o, h, ki, ki, ke, kj, L;
( = 1,2), and q are suitably defined parameters; details can be found in [16]. Equation (1) can be reduced
further to a two-variable system for sufficiently large values of the parameters ¢, k;, and k;, which allows
for a quasi-steady-state assumption to be made for 5: Equation (1b) implies 8 = qa%. Therefore, the
effective dynamics is then characterised by the following planar system of nonlinear ordinary differential
equations (ODEs),

WT o fior — B~ pr), (30)
D= AT lpr,2) — ke (3b)

dt (ki + ky)

While experiments [16] indicate that ¢ > 1, whereas k; and k; are of the order O(1), and hence lower than
what is expected for a quasi-steady-state assumption, numerical simulation shows that the planar system
in (3) provides a reasonably good approximation for the three-variable system in (1). Therefore, (3) can be
considered as the core mechanism in the cAMP signalling system, allowing for a phase plane analysis of
relay and oscillation due to the simplicity of the governing equations.

With these observations in mind, we now introduce the singular perturbation problem considered in the
present article, which is based on the three-variable Martiel-Goldbeter model, Equation (1), in the scaling
of Litcanu and Veldzquez [15]:

wlU+¢e)— (U+de)R
U+5)U+e) 7

W — be(U +¢)* + OR?U?
T (U +e¢)?+ ARU? ’

R, = k(U + Pe)
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Uy, =T(W - U). (4c)

The state variables, which are now denoted by R, W, and U, correspond to the total proportion of receptors
in the active state pr, the concentration of intracellular cAMP 3, and the concentration of extracellular
cAMP ~, respectively; the model parameters are defined in Table 1, with 7 = (k; + k:)t.

Imposing a quasi-steady-state assumption, as was done for (1) above, we find W = U, thus reducing the
model to the two-variable system

wlU+e)— (U+de)R
U+)U+e) 7
U - be(U + €)? + OR*U?
T (U+e)2+ AR2U?

R, = k(U + Pe)

(5a)

~U. (5b)

Given the definition of the parameters x and ¢ in [15], which are both assumed to be small, (5) is singularly
perturbed (“slow-fast”). Here, we emphasise that the impact of these two parameters on the dynamics of (5)
manifests very differently: while the parameter k is a “conventional” singular perturbation parameter that
reflects the separation of scales between the slow variable R and the fast variable U, the parameter ¢ induces
a different type of singular perturbation which is reflected by the non-uniformity of the limit as ¢ — 0 in
Equation (5); specifically, that limit will depend fundamentally on whether U > ¢ or U = O(¢) therein.
Correspondingly, the limit as k — 0 in Equation (5) can be studied using Fenichel’s geometric singular
perturbation theory [4], while the structure of the resulting asymptotics in & can be resolved rigorously
via the blow-up technique [3]. In particular, geometric singular perturbation theory implies that normally
hyperbolic portions of the so-called critical manifold, which is obtained for x = 0 in (5), persist for k
positive and sufficiently small. However, since the geometry of that critical manifold degenerates in the
limit as € — 0, a blow-up analysis in ¢ is performed to remove that degeneracy.

While our article is self-contained, we expect some familiarity on the part of the reader with geometric
singular perturbation theory and the blow-up technique; see again [11,12,3,14] for details. For an introduction
in the context of the present family of problems, the reader is referred to Appendix A of [13].

Remark 1. Since Equation (4c) can be written as £U, = (W — U), and since %(W —U) = —1, the above
quasi-steady-state assumption can be interpreted geometrically [4] as a global reduction to the critical
manifold {W = U}, with singular perturbation parameter I'"1. For the value of I' given in Table 1, that
reduction is not justified, strictly speaking; however, we follow the biologically motivated reasoning in [9]
here.

Our analysis of Equation (5) has some similarities to the study of the Goldbeter-Lefever model [21] in [13];
there, the critical manifold was found to consist of two non-hyperbolic lines and one normally hyperbolic
line. The blow-up technique was then applied to achieve a complete desingularisation of the flow near that
manifold, whereby the non-hyperbolic lines were blown up to intersecting cylinders, allowing the authors to
prove the occurrence of relaxation oscillation in the system.

While Equation (5) shares some characteristics of the Goldbeter-Lefever model studied in [13], it is
slightly more degenerate: as will turn out, the critical manifold here is the union of one non-hyperbolic line
in the “inner” region and one normally hyperbolic curve in the “outer” region, which meet in a degenerate
steady state at the origin. Moreover, the U-variable has to be scaled with the singular parameter € due
to the presence of the term (U + €)? + AR?U? in (5b), as € cannot be eliminated by a simple change of
coordinates, which represents the major conceptual difference to the model considered in [13]. Therefore,
the resulting singularly perturbed structure is novel; our resolution of that structure, and in particular
of the highly degenerate flow near the origin in (R, U, ¢)-space, results in improved understanding of the
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Table 1
Definition and numerical values, with orders of magnitude, of the parame-
ters in (59); cf. [15], where the quantities in the second column are defined.

Parameter Definition Order of magnitude Numerical value
e k(A Le) <1 0.0023
© metd <l~d 0.1274
e Mt <1 0.1258
d P <1 0.1

b ke M <1 0.01587
r e ~1 2.1052
A (Ap*)~1 ~1 0.2966
e ABe ~1lor>»1 1.5087
c >1 100

P = >1 100

oscillatory dynamics that is observed in the reformulated singular perturbation problem of cAMP signalling,
Equation (5).

In accordance with the numerical values given in Table 1, we rescale the parameters p = [Lé“%, d= Js%,
and b = be in (5). These scalings broadly agree with assumptions made in [15], where it was postulated that
w~d, u=~e, and b < 1; however, we rescale u and d with £3 instead of with e here, which is consistent with
the basic geometry of oscillation found in [16] for the three-dimensional system, Equation (1). Moreover, we
rewrite the resulting equations in the equivalent form

(U +¢)* + AR?U?
U+e)(U+9)
U' =be2(U +¢)? + OR?U? — U[(U +¢)* + AR?U?], (6b)

R' = k(U + Pe)

(e (U +¢) — (U +de?)R], (6a)

which is obtained by formally multiplying the right-hand sides in (5) with a (polynomial) factor of (U +
)2 + AR?U?. (Since that factor is non-negative, the corresponding transformation of time does not change
the direction of the flow.) Here, the prime now denotes differentiation with respect to the new, rescaled
time.

Remark 2. The apparent singularity of Equation (6) at (U,e) = (0,0) will be resolved by blow-up; in fact,
the right-hand side in (6a) vanishes to at least second order in (U, ), which implies C2-smoothness of the
corresponding vector field in both U and e.

The following is the main result of our analysis:

Theorem 1. Let ¢ € (0,e9], with &g positive and sufficiently small. Then, there exists ko = ko(eo) such
that, for k € (0, ko], Equation (6) admits a unique family of attracting periodic orbits T\ which tends to a
singular cycle To. as & — 0 uniformly for e € (0,¢¢], and to a singular cycle Tog as (k,e) — (0,0).

Remark 3. We emphasise that I'g. and gy are defined implicitly, i.e., via I';., in the statement of Theorem 1;
an explicit definition will be provided through the following analysis.

A visualisation of the assertions made in Theorem 1 can be found in Fig. 1, where the nullclines of
Equation (6) are sketched in addition to the singular cycles I'gp and T'g., as well as a sample periodic
orbit 'y which was obtained numerically. Here, the values of the relevant parameters are as specified in
Table 1, with the exception of k(= 0.00023), (= 0.13), and d(= 0.071); the latter two are chosen such that
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Fig. 1. Nullclines and periodic orbits for Equation (6), with parameter values as in Table 1: R-nullcline (solid black); U-nullcline
(dash-dotted black); singular cycle I'gg (solid blue; solid green); singular cycle I'g. (dashed red); periodic orbit I'. (solid purple);
equilibrium (inset). (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

the unique equilibrium in the system is shifted to the middle branch of the U-nullcline, thus allowing for
excitability and, hence, oscillatory dynamics.

In the remainder of the article, we will prove Theorem 1 by constructing a family of periodic (relaxation-
type) cycles for Equation (6); as is common in singular perturbation theory, we will first identify a singular
orbit when k = 0 = ¢. Subsequently, we will show the persistence of that orbit for x and € positive, but small.
Our analysis follows that of Kosiuk and Szmolyan [13] in spirit, subject to the appropriate modifications
due to differences in the singular structure of (6); in particular, our focus is on the resulting asymptotics
in €, which is discussed in detail, whereas the relatively standard perturbation analysis with respect to « is
treated in a more cursory fashion.

2. Singular dynamics

As Equation (6) for € > 0 represents a slow-fast system in standard form, with singular perturbation
parameter k, we rewrite the corresponding flow on the slow time-scale to obtain the equivalent formulation

- (U +¢)> + AR?U?
R = (U + Pe) T+aU+2)

kU = be*(U +¢)? + OR?U? — U[(U +¢)* + AR?*U?]. (7b)

(e (U +¢) — (U +de?)R], (7a)

In our analysis, we hence first consider the singular limit of ¥ = 0 in Equations (6) and (7). The small-e
dynamics in that limit will be studied separately in different scaling regimes R; (j = 1,2,3), which are
defined in Section 3 below.

2.1. Slow-fast analysis for k =0 and € > 0

Setting x = 0 in Equations (6) and (7) for fixed, positive € defines two limiting systems, the “layer
problem”

R =0, (8a)
U' =be?(U +¢)* + ORPU? — U[(U +¢)? + AR?U?] (8b)

and the “reduced problem”
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- (U +¢)? + AR%U?
R=(U+Pe) T+ +2)

0="0e*(U +¢)? + OR*U? — U[(U +¢)* + AR*U?). (9b)

(2 (U + ) — (U + de?) R], (9a)

The critical manifold Sy, which is defined by (9b), is precisely the U-nullcline in Equation (6). The manifold
So- is S-shaped; linearisation of the layer problem, Equation (8), about Sp. shows that -2 {b*(U +¢)2 +
OR*U? —U|[(U +¢)*+ AR?U?| } has zeroes at Ugt = 2be2 + O(£%) and U = € + O(£2). Hence, Sy, consists
of three branches, which are separated by two fold points at Ag. : (R()“s, U(fe) and Cy; : (ng U&;), with
Rt = —— + O(e) and R§. = 2-¢7 + O(e); the left branch S& and the right branch S&* are attracting

2vV0b Vo
under the layer flow of Equation (6), while the middle branch S{, is repelling.

Remark 4. For € non-small in the statement of Theorem 1, Equation (6) admits standard relaxation-type
cycles [17] for k € (0, ko] sufficiently small, with ko = ko(€), as long as the critical manifold Sp. remains
S-shaped; in fact, for the parameter values given in Table 1, that is the case for ¢ up to the order of
10. However, our focus here is on ¢ small, due to the degenerate singular structure of Sp. as € — 0; see
Section 2.2 below.

We denote the unique equilibrium of (6), which is found in the intersection of the R-nullcline with Sy,
by Ey; see Fig. 2. (Due to our assumptions on the parameters p, d, and O, Ey. is, in fact, located on the
middle branch Sj. of Sp..) Analysis of the reduced flow on Sp. shows that R increases below the point Ay,
on S , while it decreases on Sg;' . (The direction of the flow on Sf_, as indicated in Fig. 2, is determined by
the sign of the term [fie2 (U +¢) — (U +de? )R] in (9a).) Hence, we obtain the following standard singular

a—

relaxation-type dynamics for x = 0 and fixed, positive e: orbits starting on S;_ jump at the fold point Ay,

€
and reach a point Dy. on S§-" along the 1-dimensional stable manifold thereof; they then follow the reduced
dynamics on S until they reach the fold point at Co., from where they jump back to a point By, on S
along the 1-dimensional stable manifold thereof; finally, they follow the reduced dynamics on S§. until they
reach Ay, at which point the above oscillation repeats. Correspondingly, we define the singular cycle g,
which consists of the heteroclinic orbit T9.P” connecting Ag. to Dp. under the layer flow of (8), the segment
IPC of S§ from Do. to Coe, the heteroclinic orbit I'§’E connecting Coe to By, under the layer flow, and

the segment ngA of §§- between By, and Ag.; cf. again Fig. 2.

Remark 5. Here and in the following, reduced dynamics is depicted in blue, while the corresponding layer
flow is shown in green; double arrows indicate hyperbolicity, while non-hyperbolic dynamics is indicated
with single arrows.

It follows from [14, Theorem 2.3] that T'g. persists, for & positive and fixed and & sufficiently small, as
an attracting relaxation-type cycle of Equation (6). However, as (6) constitutes a two-parameter singular
perturbation problem, we are interested in the double limit as x and ¢ tend to zero simultaneously.

2.2. Slow-fast analysis for k =0=¢
As will turn out, the limit as (k,e) — (0,0) in Equation (6) is significantly more singular than the limit
of kK — 0 with ¢ fixed, as considered in the previous subsection.

For (k,e) = (0,0), (6) yields the seemingly simple layer problem

R =0, (10a)
U' = OR?*U* —U(U? + AR?U?), (10b)
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Fig. 2. Reduced flow on the critical manifold Sp. (solid blue), layer dynamics (solid green), singular cycle I'g. (solid blue; solid
green), and equilibrium Ey. (inset) for Equation (8), with parameter values as in Table 1.
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- Soo '500

Q L
0 1 U

0

Fig. 3. Reduced flow on the critical manifold Spo (solid blue), layer dynamics (solid green), and non-hyperbolic origin Q (red dot)
for Equation (10).

which corresponds precisely to the system that is obtained from (8) for & = 0. Equation (10) admits two
sets of equilibria; one of these satisfies U = 0, while the other is defined by © R? — (U + AR?U) = 0. Hence,
the critical manifold Spo for (10) consists of the curves S§y = {(R,0)| R > 0} and S = {(R,U)|R >
0, U = %}7 which meet in the origin Q. (Clearly, Syo coincides with the critical manifold Sy when
e = 0.) Linearisation of Equation (10) about Spp shows that the curve S5 is normally hyperbolic, while
Sgo — the R-axis — and the point @) are non-hyperbolic; see Fig. 3 for an illustration.

In particular, it follows that, for U and R bounded away from zero, the critical manifold S5 introduced in
the previous subsection is a regular perturbation (in €) of the manifold Sgg' defined above. Hence, standard

theory [4] can be applied to show the persistence of Sj; for x and e positive and small in that case:
Proposition 1. Let € € [0,e0] be fized, and let k € [0, ko], with €9 and ko positive and sufficiently small.
Moreover, let U € [a,a] and R € [, ], where a and 3 are positive and small, but independent of (k,€),
and & and B are assumed to be O(1). Then, the following statements hold:

1. For k=0, Equation (8) admits the critical manifold

Sir = {(R,U)|R € [8,8], U= Pu(R)}; (11)

here, the function ®g. satisfies
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OR? b
o = 2 %).
OE(R) 1+AR2+1+AR28 +O(€)
2. The manifold ng is normally attracting, with a single negative eigenvalue —F;TRI;,
3. The reduced flow on S§ is given by
. O2R> O2RYi
=— @)
=T ap tTrape Ve o0
which implies, in particular, R < 0 for e sufficiently small.
4. For k positive and small, the manifold Sg;' perturbs to a manifold
Set ={(R.U)|Re[B,8], U=2uw(R)}, (12)

where @, = ®o. + O(k) is regular in (k,€) to any order therein.

Remark 6. Comparison of Figs. 2 and 3 shows that the manifolds S5. and Sj, merge into S, in the limit
as € — 0; correspondingly, the points By, and Cy. coalesce into the origin @) in that limit.

3. Scaling regimes

The discussion in Section 2 indicates that, for ¢ = 0, essential portions of the sought-after relaxation
cycle 'y for Equation (6) are “hidden” in the non-hyperbolic line Sf, and the point Q); specifically, it is
intuitively clear that S5 and Sj, merge into S, in that limit, while the fold point Cy. converges to the
origin (). Appropriate rescalings of R and U are required in order to make these aspects of the dynamics
visible in different scaling regimes. These regimes are denoted by R, (j = 1,2, 3), and are defined as follows:

(2) Regime Ry: U = O(e), R = O(
(3) Regime R3: U = O(1), R = O(1).

In particular, the “inner” and “outer” regions, which are mentioned in the Introduction, are covered by
regimes R; (j = 1,2) and regime Rg, respectively; see Fig. 4. The above scalings in U then also imply the
corresponding scalings of R, and can be substantiated via the method of Newton polygons [2], which shows
in particular that the parameter b must be of the order O(e), as assumed above. Finally, the scalings in
regimes R; and R» are consistent with the e-dependence of the two fold points of Equation (6) at Ap. and
Coe, respectively — or, rather, of the (R, U)-coordinates thereof.

In this section, we will discuss the geometry in the three regimes R; (j = 1,2,3) in turn to motivate
how the “full” singular dynamics of Equation (6) can be desingularised to allow for a description of the
resulting, global oscillation. Our discussion will be made fully rigorous in subsequent sections, where a
desingularisation will be achieved via the blow-up technique. In particular, as the three regimes introduced
above do not overlap, it is not a priori evident how to match them; here, we will show that matching can
be accomplished in various coordinate charts — so-called “phase-directional charts” — after blow-up, as was
also done in [13]. (We emphasise that these charts are not covered by the scaling regimes themselves, which
correspond to “rescaling charts” in the blow-up, but that they arise naturally in our blow-up analysis.)

3.1. Regime R1: U = O(e?), R = 0O(1)

Regime R4 covers a neighbourhood of the R-axis that is, however, bounded away from the origin Q.
Correspondingly, we introduce the scaling
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Fig. 4. The scaling regimes R1, R2, and R3 for Equation (6).

R=R; and U =0, (13)

in that regime. For the sake of definiteness, we assume that U; € [0,a4] and R; € [@1,51], where aq
is assumed to be large, 3; is small, and By is O(1), corresponding to our assumption that the original
variables U and R satisfy U = O(g?) and R = O(1); see Fig. 5.

After dividing out the factor €2, we obtain the following system of equations from Equation (6):

(eUy +1)? + AR2£2U3
(€U1 + 1)(€U1 + %)
Uj =b(eUy + 1) + ORIUL — Uy [(eUn + 1) + ARIE*UT, (14b)

R, = ke (eUy + P)

[(eUy +1) — (20U, + d) Ry, (14a)

which represents a slow-fast system in standard form for x small.
When k = 0, Equation (14) yields the layer problem

Ry =0, (15a)
U, = b(eUy +1)° + OR2UZ — Uy [(eUy + 1) + ARZ2U2]; (15b)

considering the limit of ¢ = 0 in (15), we obtain

R, =0, (16a)
Uy =b+ORU? - U,. (16b)

The critical manifold for Equation (16) is defined by b+ ©RUZ — U; = 0; we denote that manifold as Sgp, .
The manifold Spo, consists of a left attracting branch Sfy , where Uy < 2b, and a right repelling branch

Spo, with Uy > 2b: these two branches are separated by a fold point at Ago, : (ﬁ,%). The branch

8o, 1s asymptotic to the Uj-axis as Uy — oo, while the branch Sg; intersects the Uj-axis in the point
Boo, : (0,b). Orbits starting close to the U;-axis are rapidly attracted to Sgg ; they then follow the reduced
dynamics until they reach the fold point Agg,, where they jump in the positive U;-direction along an orbit
of the layer problem, Equation (15). The geometry in regime R; is summarised in Fig. 5; for details on the
passage past a singularly perturbed planar fold, the reader is referred to [14], as well as to the summary
in Appendix A of [13]. In particular, standard theory [4] implies that Sy and Spy, will persist as slow
manifolds away from Aqgo,, for x positive and small.

Remark 7. We note that the steady state Ey_ is not visible in regime R;: given our choice of p and d, with

% > 2\/1&, the equation {b+OR3UZ —U; = O}|{R1:%} admits no real solutions for Uy ; the underlying reason
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B
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0
0 Qg U]

Fig. 5. Reduced flow on the critical manifold Spo, (solid blue) and layer dynamics (solid green) in regime R;.

is the scaling of the U-coordinate of Ey_, which is identified in regime Ry in the subsequent subsection. In
particular, it follows that the reduced flow in the R;-variable is directed upwards to Agp, on Spo, -

Remark 8. The critical manifold Spp, corresponds to appropriately specified portions of Sj- and S, as
defined in Section 2.1, in the limit as ¢ — 0, while the fold point Ao, corresponds to Ao, in that limit.
(Here, we note that Spp, perturbs in a regular fashion for e positive and small.) In some sense, to be specified
later, the point Cy. is retrieved for U; — oo on S, in the limit of € = 0.

3.2. Regime Ry: U = O(e), R = O(e?)
Regime R, covers a neighbourhood of the origin @Q; recall Fig. 4. We introduce the scaling
R=¢%Ry and U =ely; (17)

here, we assume that Us € [0,as] and Ry € [O,BQL where @, and (. are large, corresponding to our
assumption that the original variables U and R satisfy U = O(¢) and R = O(s%), respectively.
After division through a factor of €2, Equation (6) becomes

(Uz +1)% + AeR3UZ

Ry = k(U +P i(Us + 1) — (Uz + de?) Ry], 18
2 K’( 2 ) (UQ"‘].)(UQ“‘%) [/J“( 2 ) ( 2 € ) 2] ( a‘)
U} = be(Us + 1) + OR3US — Us[(Uz + 1)® + AeR3US], (18b)
which again represents a slow-fast system for x small.
The layer problem obtained for x = 0 now reads
R, =0, (19a)
U = be(Us + 1) + ORU; — Us[(Uz + 1)? + AeR3US; (19b)
setting e = 0 in (19), we find the simplified system
R, =0, (20a)
Uy = OR2UZ — U (Uy +1)% (20D)

The corresponding critical manifold, which is denoted as Spo,, is defined by OR3US — Us(Us + 1)? = 0.
The manifold Spo, consists of a left attracting branch S, corresponding to {Us = 0}, a middle repelling
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Fig. 6. Reduced flow on the critical manifold Spo, (solid blue), layer dynamics (solid green), and equilibrium Ego, in regime Ro.

branch Sp,, with 0 < Uz < 1, and a right attracting branch Sgot , where Us > 1. The branches §g,, and
855 are separated by a fold point at Cog, : (%, 1). Orbits follow the slow flow on the branch S until
they reach Cpo,, where they jump to a point By, on Sgy, and then follow the slow flow on Sf,.; see Fig. 6
for an illustration. We note that the fold point Ag. — and, hence, the fast jump to Dy, — is not visible in this
regime. Finally, by our assumptions on the parameters p and O, the steady state at Eyp, : (@/12, o+ @iﬂ)
is located on the middle repelling branch S, . (That state is found in the intersection of Spo, with the
Ro-nullcline {Ry = MU%;”}) Again, geometric singular perturbation theory [4] implies the persistence of
860, S, and Sgg; for K positive and small, uniformly in e, away from the fold point Cpg,, while standard
results on passage past a singularly perturbed planar fold [14] apply at Coo,.

Remark 9. Fig. 2 seems to be in contradiction with Figs. 5 and 6, as it indicates that Ey. is located near the
fold point Ag., rather than close to Cy.. However, that seeming discrepancy is due to the fixed, relatively
large, value of ¢ = 0.12 in Fig. 2, recall Table 1, whereas Figs. 5 and 6 illustrate the singular limit of ¢ = 0.

Remark 10. The critical manifold Spg, corresponds to appropriately specified portions of S§-, Sf., and S{,
as defined in Section 2.1, in the limit as ¢ — 0. In particular, the fold point Cyg, corresponds to Cp. in that
limit, while the point By, is equivalent to By.. The jump point at Dy, corresponds to the limit as Uy — oo
on S&;; , while the fold point Ag. is found in the limit as Ry — oo on S, .

3.3. Regime R3: U =0O(1), R=0O(1)

In regime R3, Equation (6) depends on ¢ in a regular fashion. We consider Us € [a3, @3] and R3 € [33, B3]
here, where a3 and 33 are positive and small and a3 and B5 are assumed to be O(1), corresponding to our
assumption that the original variables U and R are O(1) in the “outer” region. For £ = 0 in (6), we obtain
the layer problem given in (15), while the limit of ¢ = 0 yields the singular layer problem

Ry =0, (21a)
Ui = OR2UZ — U3(1 + AR3). (21b)

The critical manifold for Equation (21), which we denote as S, is defined by ©R3 — Us(1 + AR3) = 0,
and is normally attracting. Since the reduced flow on S&E for e = 0 reads

Ry = —U3Rs(1+ ARY), (22)

Rj3 is decreasing on Sgg; ; see Fig. 7.



12 Z. Miao et al. / J. Math. Anal. Appl. 483 (2020) 123577

Ry

0 Q3 Qg U 3

Fig. 7. Reduced flow on the critical manifold Sg&t (solid blue) and layer dynamics (solid green) in regime Rs3.

For € > 0, the curve Sgdg perturbs in a regular fashion to the analogue, in regime Rg3, of the family
of saddle-type critical manifolds that was denoted by Si in Section 2.1. Standard theory [4] implies that
orbits to the left of the critical manifold Sgg; are rapidly attracted by the slow manifold corresponding to
Sgg; ; they then follow the slow flow on that manifold.

Remark 11. In the limit as ¢ — 0, the critical manifold Sggg corresponds to the portion of S§-~ where Uz and
R3 are O(1). The point Dy, corresponds to the point Dy, in that limit, while the singular orbit connecting
the point Agp, — which is not visible in this regime — to Dy, corresponds to the saddle-type fibre of the
point Dy_ in the limit as € — 0.

8.4. Summary

Combining our discussion of the three regimes R; (j = 1,2,3), we define the singular cycle I'gy for
Equation (6) in the limit of (k,e) = (0,0) as

D A
Too =Ty UTg” UTGH

where the orbit T'4” corresponds to the fast fibre of (8) that connects the points Agg : (ﬁ, 0) and

Dy : (ﬁ, ﬁ), the orbit Fé)OQ denotes the segment of the critical manifold Sggr between the points

Dyp and Qg : (0,0), and F(%A is the segment of the critical manifold Sf, between the points Qo and
Apo; see Fig. 8. We emphasise again that no reduced flow can be meaningfully defined on Sf, i.e., that the
segment FdQOA is degenerate; that degeneracy will be partially resolved by blow-up.

For (k,e) — (0,0), regime R; collapses onto the non-hyperbolic line S, while regime R2 shrinks to the
non-hyperbolic origin; in particular, the points Byy and Cy coalesce into Qg in the double singular limit,
as the fast fibre connecting them vanishes. In regime R3, on the other hand, that limit is regular, as can be
seen from the fact that the manifold S remains normally attracting.

In conclusion, the degenerate geometry of I'gp has hence been locally resolved in the scaling regimes
R; (j = 1,2,3); however, to obtain a global picture, we investigate the transition between these regimes
via a combination of geometric singular perturbation theory and the blow-up technique. Our geometric
approach seems ideally suited to such an investigation, as it yields a uniformly valid and intuitively appealing
description of relaxation-type oscillation in the two-parameter singular perturbation problem, Equation (6).

Remark 12. We note that the curves of equilibria TS and Tiy? for (10) can be connected by the correspond-
ing layer flow for any fixed choice of R, allowing for a continuum of singular cycles. However, the analysis
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Fig. 8. Reduced flow on the critical manifold Spo (solid blue), layer dynamics (solid green), non-hyperbolic origin Qoo (red dot),
and singular cycle I'gg (solid blue; solid green) for Equation (10).

in regime R4 suggests that gy, as defined above, is the appropriate choice, which will be substantiated by
blow-up in the following section.

4. Blow-up analysis

Given the highly singular nature of Equation (6) in regimes R1 and R2, we apply the blow-up technique
to desingularise the dynamics in a neighbourhood of the non-hyperbolic R-axis, with a particular focus
on the degenerate equilibrium at the origin. To that end, we consider the augmented vector field that is
obtained by appending the trivial equation ¢’ =0 in (6):

(U +¢)? + AR?U?

R = k(U + Pe) U909 [e3 (U +¢) — (U +de?)R], (23a)
U' =b*(U +¢)* + OR’U? — U[(U +¢)® + AR?U?], (23b)
e =0. (23c)

As is conventional in the application of blow-up, the parameter € is now treated as an additional state
variable in the above augmented system, while x encodes the separation of scales, as before. Our analysis
will proceed in two steps: first, we will blow up the origin in the extended (R, U, €)-space to a sphere, which
will allow us to give a rigorous description of the dynamics in regime Rg; the non-hyperbolic line Sg, —
which corresponds to regime R; — will be recovered in one of the phase-directional charts in that blow up,
and will be desingularised via a second (cylindrical) blow-up transformation. The dynamics that is obtained
in the various coordinate charts after blow-up will then be combined into a global description of the flow of
Equation (6) near the degenerate R-axis that is uniformly valid in both  and e.

Finally, we note that the phase space of (6) can be viewed as being foliated in e € [0, ¢, for g positive
and small. Correspondingly, the family of critical manifolds Spe = Sf- US]. US{ defined in Section 2.1 can
be viewed as a two-dimensional critical manifold Sy, with folds along the curves Fg' := {(Aoe,€) | € [0,0]}
and F§ = {(Co.,e) | e € [0,20] }.

4.1. Blow-up of the degenerate origin
We recall that regime R, corresponds to the scaling U = O(¢) and R = O(e2); cf. Section 3.2. In view

of these scalings, we introduce the following quasi-homogeneous blow-up transformation of the origin in
Equation (23):
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R=pr, U=p*u, and e=p2, (24)

with (7,4,&) € S? and p € [0, pol, for po positive and small. In other words, the degenerate origin in
(R, U, ¢)-space corresponding to p = 0 in Equation (24) is blown up to the 2-sphere in R3. The vector field
that is induced by Equation (23) after blow-up is conventionally studied in appropriate coordinate charts
[3,14] that cover different parts of the blown-up space. We will require two charts in our analysis, which we
denote by K; and Ks; these charts are obtained for 7 = 1 and € = 1 in (24), respectively, which implies

R=p1, U=plu;, and e=pie (25)
and

R=pyry, U=pous, and &= p3, (26)
respectively, for the coordinates in these charts. Intuitively speaking, chart K hence covers a neighbourhood
of parts of the equator of the blow-up sphere S x {0} where R > 0 holds, while the top of that sphere,

with € > 0, is described in chart K5; see Fig. 12 below for an illustration.

Remark 13. For any object (.. given in the original (R, U, ¢)-variables, we denote the corresponding blown-
up object by O,. Moreover, in chart K;, that object will be denoted by O, .

Lemma 1. The change-of-coordinates transformation Kio between charts K1 and Ko is given by

U9 1
Kzt (p1,ur,e1) = | pare; —5, =5 |;
T2 T3

its inverse Ko1 = K1y reads

1 w
ICZ] : (7"2au2>P2) — (\/—5—17 E_ivpl\/a>

We will first consider the dynamics in the “rescaling” chart Ks; then, we will study the flow in the
“phase-directional” chart K;. In particular, the latter will allow us to describe the transition between the
“inner” and “outer” regions, which correspond to regimes Ro and R3, respectively, as defined in Section 3.

4.2. Dynamics in chart Ko

In chart K5, the blow-up transformation defined in (24) is given by (26); substituting into Equation (23),
we find

(ug +1)% + Apsriu3

rh = Kpy(uz + P i(ug + 1) — (ug + dpa)ra], 27a
2 p2( 2 ) (U2+1)(U2+%) [/‘L( 2 ) ( 2 p2) 2:| ( )
uy = pa{bp3(us + 1) + Orjus — us[(uz + 1)* + Ap3rius] }, (27b)
plz = 0' (27C)

By dividing out a factor of pj from the right-hand sides in Equation (27), we obtain the desingularised
dynamics in chart Kos:
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(ug +1)% + Ap3riu3

b= P 1 d ; 28

T = e ) D+ 1) (A )~ [ tdea)r] (25)
uh = bp3(uz + 1)% + Orjus — us [(uz + 1) + Ap3riu3], (28b)
py =0, (28¢)

which is a slow-fast system in standard form, with singular perturbation parameter k; correspondingly, the
variable rq is slow, while uy is fast. We observe that K5 corresponds precisely to regime Ro, as Equation (28)
is equivalent to (18), with (Rg,Uz) = (r2,u2), € = p3, and the (trivial) equation py = 0 appended. Hence,
the geometric singular perturbation analysis in chart Ky proceeds as in Section 3.2; the relevant dynamics
in blown-up space is again illustrated in Fig. 6. In particular, it follows that the geometry of Equation (28)
described in Section 3.2 is valid on compact domains in K.

We first consider the flow of Equation (28) in the invariant plane {ps = 0}, which is governed by

+1,.
rh = A(uz + P) 1 [(uz + 1) — uars)], (29a)
U2 —+ <
uh = Oraui — up(up + 1)2, (29b)
ph = 0. (29¢)

Equation (29) is again a slow-fast system in standard form, with singular perturbation parameter k; corre-
spondingly, the variable 75 is slow, while us is fast. The corresponding layer problem reads

rh =0, (30a)
b= Orsud — us(uy + 1), (30Db)
o= 0. (30¢)

It follows immediately from Section 3.2 that the critical manifold for Equation (30) consists of the three
branches Sj -, Sg,, and Sg;r; the former equals a segment of the rq-axis, and is normally attracting under
the flow of (30). The branches Sg, and Sg;r are separated by the fold point Cy, at which hyperbolicity is
lost; Sp, is normally repelling, while Sg,j is normally attracting, outside of a neighbourhood of that point.
See again Fig. 6 for an illustration; here, the notation Oy, in chart Ky corresponds to [yg, in regime Ro.

4.3. Dynamics in chart K;

In chart Kj, the blow-up transformation defined in Equation (24) is given by (25). Substituting into
Equation (23), dividing out a factor of p] from the resulting equations, as before, and setting

(u1 +e1)® + Apfuf
(ug +e1)(u1 + )

1 ~ 3
Fi(p1,u1,e1) = (u1 + Peq) [ﬂsf (up +e1) — (ul + d,olef)},

we obtain the system

Py = kprFi(pr,un,e1), (31a)
u) = bpled(uy +€1)? + Oul —uy [(u1 + e1)? + Ap:{u%] — 2kur F1(p1,u1,€1), (31b)
e] = —2re1 F1(p1,u1,61), (31c)

which is a slow-fast system with singular perturbation parameter x; correspondingly, the variables p; and
€1 are slow, while u is fast.
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Remark 14. A priori, it may seem that the denominator (u; + e1)(u1 + =-) in Fi(p1,u1,€1) may cause
non-uniformity in the limit as (u1,e1) — (0,0). However, one can show that F} vanishes to the order O(2)
at (u1,e1) = (0,0), which is sufficient for our purposes.

Setting x = 0 in Equation (31) gives the layer problem

=0, (32a)
uy = bpiei(ur + e1)® + Oui — u [(ur + 1) + Apfui], (32b)
el =0; (32¢)

the corresponding critical manifold Sy, is the hypersurface in (p1,u1,1)-space that is defined by
bpled(ur +e1)? + Oui — uy [(ur +e1)? + Apiui] =0. (33)

Rather than attempting a global description of Sy, , we will restrict ourselves to the two invariant hyperplanes
{p1 = 0} and {e; = 0} for Equation (31), which will allow us to infer the geometry of Sy, for either p; or
g1 small. The flow in the plane {p; = 0} is governed by

uh = Oud —ui(uy +e1)? — 2ku F1(0,up, 1), (34a)
6/1 = —2K€1F1(0,U1,61), (34b)
with
Uy + €1

F1(0,u1,€1) = (u1 + Pey)

1
w1 e [ﬂsf(ul +€1)—’LL1 .
1+ =

Cc

(One can again show that Fy(0,u1,e1) vanishes to the order O(2) at (u1,e1) = (0,0); recall Remark 14.)
Setting k = 0 in Equation (34), we obtain the layer problem

uh = 0Oud —ui(uy + 1), (35a)
gl =0. (35b)

The critical manifold of Equation (35), which is denoted by Sp,, is defined by wu, [Our — (u1 +£1)?] = 0;
it consists of a normally attracting left branch SA'g; corresponding to the invariant line {u; = 0} with &;
positive, a normally repelling middle branch 5‘6'1 that corresponds to u; € (0, %), and a normally attracting
right branch ng corresponding to u; € (%, ©]. The branches 36 . and Sg;r are separated by the fold point
Co,; the equilibrium Ejp,, which is easily obtained from (33), lies on Sj due to our assumptions on the
parameters p and O, while 5‘6’; and 5'6 | intersect in the origin P : (0,0,0). (We note that, clearly, all three
branches of S, are intersections of Sy, with the plane {p; = 0}.) From the corresponding reduced problem,
we see that € increases above Ey, on 361 and on ng, while it decreases below Fp, on Sf . and on Sg;
Hence, orbits follow the slow manifold ng until they reach the fold point at Cp,, where they jump to the
point By, : (0, 0, %) € Sgl_ The geometry in {p; = 0} is summarised in Fig. 9.
In the invariant plane {&; = 0}, Fi(p1,u1,0) = —uf(1+ Ap) implies

py = —rpr1ui (14 Ap), (36a)
uy = ui[© —uy (14 Ap7)] + 2kuf (14 Ap?), (36b)

which, for k = 0, yields the layer problem
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Fig. 9. Geometry in {p1 = 0} and {e1 = 0}, for k = 0, in chart K;: reduced flow (solid blue), layer dynamics (solid green), and
equilibrium FEo, .

p1 =0, (37a)
uf = uf [0 —u (1+Apf)]. (37b)

The critical manifold for Equation (37), which is denoted by So, , is defined by u?[© —us (1 +Ap?)] = 0. A
straightforward calculation shows that 301 consists of a right attracting branch 5814' corresponding to the
invariant curve u; = ﬁ and the non-hyperbolic line Zol, given by {u; = 0}. Both branches of 501 are
intersections of the critical manifold Sy, for Equation (32) with the plane {e; = 0}. From the corresponding
reduced problem, we find that p; is decreasing on ‘Sv‘gf Finally, the curves 5{? and ng intersect on the
up-axis at the point ()1 : (0,0,0); see again Fig. 9 for an illustration.

Remark 15. We emphasise that the critical manifold Sy, and the fold point Cp, for Equation (35) were
already identified in chart K5, and that they are hence merely recovered in Kj.

We may summarise the above discussion as follows:

Lemma 2. For py or ey sufficiently small, the critical manifold Sy, that is defined by Equation (33) has the
following properties:

i. The manifold Sy, = S U S UFS USHT is smooth away from the line lo, -
1. The manifold Sy, has a folded structure; specifically, it is divided by the fold curve }"OC; into two branches
S5, and 8§, whereas the branches 8§ and 8§, intersect cusp-like along lo, -
iii. The branches Sg~ and Sg;r are attracting under the layer flow of Equation (32), while the branch Sg,
is repelling.
. The restriction of Sy, Sj,, and ng' to the invariant hyperplane {p1 = 0} corresponds to 5‘31_, 5’61,
and 36114', respectively; correspondingly, the fold curve .7-"061 reduces to the point Cy, .
v. In the invariant hyperplane {1 = 0}, S and S, coalesce into lo,, while ng corresponds to ng in
that limit.

Proof. Outside of a neighbourhood of the line Zol, the above assertions follow from the Implicit Function
Theorem, in combination with the structural stability of folds; see [13] and the references therein for details.
The geometry of the manifold Sp, near 57017 and the corresponding dynamics of Equation (31), will be
considered in Section 4.4 below. 0O
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For future reference, we define the sections ¥ and 9" for the flow of Equation (31) as

Z]iln = {(plv %561) ’pl - ﬁ € [p*zp*]asl € [5*36*]} and (38&)
E(]:_’llt = {(pla %551) ’pl S [p*ap*]a€1 - % € [‘5*75*]}7 (38b)

respectively; see Fig. 9. (Here, p., p*, €., and £* are suitably chosen constants.) )

The situation in chart K7 can be summarised as follows: the segment 1"(1)31 Q of the singular orbit is
initialised close to a point Dy, which will be specified in chart K, in the following section; the orbit is
attracted to S’gj and then follows the slow flow thereon until it reaches the point Ql. The continuation of
I‘ODl Q past Q1 is given by the orbit I‘(?lc along the slow flow on ng to the fold point Cy,, where the orbit
I‘gl B represents the jump along the fast flow to the point By, on 361;; the orbit I‘gf’ then follows the slow
flow on 8¢~ to the origin Py, which is still a non-hyperbolic steady state for (31). The continuation of the
orbit is located on the degenerate (non-hyperbolic) line éol; to resolve that degeneracy, we require a further
blow-up transformation, which is introduced in the subsequent subsection. The geometry in the hyperplanes
{p1 =0} and {e; = 0} in chart K; is illustrated in Fig. 9.

4.4. Blow-up of the non-hyperbolic line éol

To analyse the dynamics in a neighbourhood of the non-hyperbolic line 1701 recovered in chart K, we
introduce the quasi-homogeneous, cylindrical blow-up transformation

pL=7, wu =06%u, and e; =0¢, (39)
with 7 € RT, (u,&) € St, and § € [0, dg], for dy positive and small; in other words, the line Eol is blown up
to the cylinder R x S! x {0}. We emphasise that this second blow-up is performed entirely in chart Kj.

The vector field that is induced by Equation (31) is studied in two coordinate charts K3 and Ky, which
are obtained for £ =1 and u =1 in (39), respectively; see again [3,14] for details. Hence, we have

p1=r3, u=d5uz, and & =0d3 (40)
and

p1=rs, up=0;, and e =dsey, (41)
respectively, for the coordinates in these charts. Intuitively, chart K3 covers the top of the cylinder Rt x
St x {0} corresponding to & positive, while the flow in a neighbourhood of the front of that cylinder, with

u positive, is described in chart Ky; cf. again Fig. 12 below.

Lemma 3. The change-of-coordinates transformation K34 between charts K3 and K4 is given by

1
K34 : (r3,us, 03) — (7"4> 5_2’6484);
1

its inverse K3 = K3, reads

1
Kag i (rg,04,64) > (r3, NS \/_u_g)
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As will become clear in the following, chart K3 covers the transition between regimes R; and Ro, while
the transition between R, and Rg3 is naturally described in chart Kj4; both charts provide sufficient overlap
for matching to be accomplished between the respective scaling regimes.

4.5. Dynamics in chart K3

In chart K3, the blow-up transformation defined by € = 1 in Equation (39) is given as in (40). Substituting
into Equation (31), dividing out the factor §3 from the resulting equations, and defining

(03uz + 1) + Ar2o3u3

Fa(rs, us, 83) = Fy(rs, 62us, 63)572 = 62 (Ssus + P
3(rs, us, 03) 1(rs, 05us, 03)05 3 (dsus )(53u3+1)(53u3+%)

X [[L(égug, +1) - (5%@3 + Jr3>},

we obtain the system

ry = Kr3F3(r3, u3, 03), )
ufy = 5T§(53U3 + 1)2 + GU§ —us [(53u3 + 1)2 + Ar%égug} + 2wug Fy(r3, us, 03), (42b)
5:/3 = *2/%53F3(7‘33 usg, 53)’ (42C)

which is a slow-fast system with singular perturbation parameter x; correspondingly, the variables r3 and
03 are slow, while ug is fast. Here, the prime now denotes differentiation with respect to a new independent
variable. For k = 0 in (42), one obtains the layer problem

ry =0, (43a)
ul = bra(Szuz +1)% + Oui — us [(83us + 1)* + Ar3d3u3], (43b)
8% = 0. (43c)

The corresponding critical manifold Sp, is the hypersurface in (73, us, d3)-space that is defined by
5r§(53u;; +1)% 4+ Oul — u3 [(53U3 +1)% + Ar§6§u§} =0. (44)

The flow of Equation (42) in the invariant plane {rs = 0} is governed by

uhy = Oui — uz(dzuz + 1) + 2kus F3(0, us, d3), (45a)
0y = —2r03F3(0, us, 03), (45b)
with
1 Osusz + 1. 1
Fg(o, us, (53) = (53? (53U3 + 73)53371 [M((Sgu?, + 1) — (532 u;;} 5
3U3 + 7

which is again a slow-fast system with respect to k; correspondingly, the variable J3 is slow, while ug is a
fast variable. Setting x = 0, we obtain the layer problem

uy = Ouj — ug(dzus + 1)°, (46a)
5 = 0. (46b)



20 Z. Miao et al. / J. Math. Anal. Appl. 483 (2020) 123577

b3

out
23

Fig. 10. Geometry in {rs = 0} and {§3 = 0}, for kK = 0, in chart K3: reduced flow (solid blue), layer dynamics (solid green), and
equilibrium FEo,.

The critical manifold in the plane {rs = 0}, which we denote by S, , is defined by us [Ous — (d3uz+1)?] = 0.
It consists of an attracting left branch &g~ — the d3-axis, a repelling middle branch Sg_, and an attracting
right branch Sg;' The branches 353 and S’g;‘ are separated by a fold point at Cp,; here, we note that the
equilibrium Fjy, lies in Sg,. Moreover, Sg~ and Sp, intersect the ug-axis in the points P3 : (0,0,0) and
Qs : (0, é, 0), respectively. All three branches of 303 are intersections of Sy, with the plane {r3 = 0}. From
the corresponding reduced problem, we conclude that d3 is increasing on 5’63 above Ep, and on Sg;r, while
it is decreasing on 56'3 below Ejp, and on Sg; Hence, orbits follow the slow manifold Sg;r until they reach
the fold point Cp,, where they jump to the point By, € S .
Next, we consider the flow of Equation (42) in the invariant plane {d3 = 0}, which is governed by

=0, (47a)
uly = br2 4+ Oul — us. (47b)

The corresponding critical manifold, which is denoted by 303, is defined by Br% +0Ou3 —us = 0; it consists of a

left attracting branch 361; corresponding to ug € [0, %
11

for uz € (55, g]- The two branches are separated by the fold point Ag,. Both branches are intersections of

) and a right repelling branch Sg:r which is obtained

Sp, with the plane {d35 = 0}. The geometry in chart K3 is summarised in Fig. 10.

Remark 16. The manifolds 303 and 5’03 correspond precisely to the critical manifolds Spg, and Spp, uncovered
in regimes R; and Rs, respectively. Hence, chart K3 covers the transition between those two regimes, as
claimed.

Due to F5(rs,us,0) = 0, the reduced flow with respect to x in {d35 = 0} is degenerate, in that it vanishes
identically; hence, Ao, is not a jump point in the classical sense of [14]. However, the equivalent of Ay, in
regime R4, denoted by Ag, in Section 3.1, is, which allows for a description of the passage past Ao, by
recourse to Rq; see also the proof of Lemma 10 below.

1
Remark 17. Alternatively, one may note that, for d5 positive and small, the factor |f(dzus +1) — (532 us +
. - 1 1
d?“g):| = [l — drs — usds (1 — /1632) in the definition of Fj is positive due to our choice of u and d, which

implies % > (2\/&)_1. Hence, 4 > 0 for r3 < (2\/&)_1, i.e., the reduced flow in r3 is directed towards
Ap,: orbits follow the corresponding sheet Sg.~ of Sp, until they reach the fold curve .7-"6‘; and then jump
away under the layer flow of Equation (43); recall Remark 7. (The corresponding touch-down point is not
visible in chart K3.)
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We conclude with the following result, the proof of which is analogous to that of Lemma 2:

Lemma 4. For r3 or 03 sufficiently small, the critical manifold So, that is defined by Equation (44) has the

following properties:

i. The manifold So, = S5, U Fgh USS, UFS USGT is smooth.
ii. The manifold So, has a folded structure; in particular, the branches Sy and Sy, are separated by the
fold curve f(ﬁ’, while Sy, and Sg:' are separated by the fold curve ]-"OCB.
iii. The branches Sy, and Sg: are attracting under the layer flow of Equation (43), while the branch Sp,
is repelling.
iv. The restriction of S5, S§,, and S§." to the invariant hyperplane {rs = 0} corresponds to Sg;, 363,
and 3613"', respectively. Correspondingly, the fold curve F(g intersects {rs = 0} in the point Co,.
v. In the invariant hyperplane {63 = 0}, 8¢, and Sg, reduce to 3(()13_ and 553, respectively. The fold curve
Fgb intersects {03 = 0} in the point Ao, .

As in Section 4.3, we introduce two sections X and 33" for the flow of Equation (42) as

Y= {(rg,ug,ég) ‘7"3 € [re, 7], us — 3 € [uw,u'], 05— 2 € [6*,6*]} and (48a)
Egut = {(T3a %353) ‘7’3 - ﬁ € [r., 17,03 € [5*35*}}7 (48b)

respectively, where r., ¥, u., u*, d,, and §* are suitably chosen constants, as before. Here, we note that
Y0 is equivalent to the section X9"* defined in (38) via the change-of-coordinates transformation in (40),
while 33" is defined directly in chart K.

In summary, the segment Fg; of the singular orbit follows the slow flow on S’gj to the fold point Cp,; the
orbit I'§'5 represents the jump along the fast flow to the point By,. The segment Foip then follows the slow
flow on 3(‘)’3_ until it reaches the origin ]53, continuing with the curve of equilibria Fg; A that corresponds to
the segment of 57~ between P53 and the fold point Ao,; finally, the orbit jumps along the fast flow to the
right for ug large. We label the corresponding segment by F()“s ; see Fig. 10 for an illustration. The large-us
dynamics of Equation (42) is then naturally studied in chart Kj.

4.6. Dynamics in chart Ky

In chart Ky, the blow-up transformation defined by @; = 1 in Equation (39) is given as in (41). Substi-
tuting into Equation (31), dividing out a factor of 67, and defining

(04 +€4)% + Ar262
(54 + 64)(54 + 674)

1
Fy(ra,04,64) = F1(r4,05,0464)0, % = 62 (04 + Pey)
1 .3
X |2 (64 +e4) — (5j —+ dmsj)},
we obtain the simplified system

vy = kraFy(ry, 04, €4), (49a)

1.
5:1 = 554{()7’26421(54 + 64)2 +6 — [(54 + 54)2 + ATE(SZ} } — I’QCS41‘714(’I"47 54, 54), (49b)

1 .
ey = —554{197"35421(54 + 54)2 +0 — [((54 + 54)2 + Ari(ﬁ]} — kegFy(ry, d4,e4), (49c¢)
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which is a slow-fast system with singular perturbation parameter x; correspondingly, the variable r4 is slow,
while d4 and g4 are fast. Here, the prime again denotes differentiation with respect to a new independent
variable.

Remark 18. The denominator (64 + €4)(64 + %) in Fy(ry,d4,€4) may be expected to render the limit as
(04,24) — (0,0) in (49) non-uniform. However, Fy again vanishes to the order O(2) at (d4,e4) = (0, 0); recall

Remark 14.

Setting £ = 0 in (49), we obtain the layer problem

) =0, (50a)
1 -
8 = 554{1)&5?1(54 + 1)+ 0 — [(0s +e4)® + Ar3o]] }, (50b)
1 ~
52 = —554{briei(54 + 64)2 + 06— [(54 + 64)2 + A’I‘iéi] } (506)

The corresponding critical manifold Sp, is the hypersurface in (r4, 04, £4)-space that is defined by
67“262(54 + 54)2 + 0 — [(54 + 54)2 + A’I“idi] = 0; (51)
an additional line of equilibria is found for §, = 0 = &4, i.e., on the ry-axis.

Remark 19. Since d, and &4 are fast variables outside of a neighbourhood of Sp,, Equation (49) is not a
slow-fast system in standard form; details can be found in [13].

We consider the flow of Equation (50) in the invariant plane {d4 = 0}, which is governed by
ry, =0, (52a)
e) = —%&1 (briei +© —€}). (52b)
The corresponding critical manifold is defined by
Briaﬁi +0 -2 =0;

it consists of a lower repelling branch 5‘54 corresponding to €4 € [\/@, v/20) and an upper attracting branch
334_ with €4 € (v/20,00), which are separated by the fold point Ag,. We denote the line of additional
equilibria on the r4-axis by £g,; here, we emphasise that ¢y, is attracting in {d4 = 0}. All three branches
are found in the intersection of Sy, with the plane {64 = 0}. Orbits follow the slow manifold gSV'g; until they

reach the fold point at Ag,, where they jump forward to the point Py (ﬁ, 0, O) € 204.
In the invariant plane {e4 = 0}, Equation (49) reduces to

rh = —krab; (L4 Arf), (53a)

A

1
5040 = 07 (1+ Ard)] + k03 (1 + Arf), (53b)
as Fy(r4,04,0) = =03 (1 + Ar?) then. The corresponding layer problem is obtained for x = 0:

ry =0, (54a)

8 = %54 [0 =63 (14Ar)], (54b)
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which implies that the critical manifold satisfies © — 3 (1+Ar}) = 0. That manifold consists of an attracting
branch ‘Sv‘gj, which intersects the d4-axis in the point Q4 = (0, V0O, 0); the line of equilibria on the r4-axis,
denoted again by 204, is repelling in {e4, = 0}. Orbits starting close to P, e !704 leave along the unstable

manifold thereof and jump to the point Dy, : (2\/1&, \/ﬁ%’ O) in 53:’; then, they follow the slow manifold

‘Sv’g:“ until they reach the point Q4. An illustration of the resulting geometry can be found in Fig. 11.

Similarly, in the invariant plane {ry = 0}, the flow of Equation (49) is governed by

&:%@@—@rm@ﬂ—mgum%@% (55a)
. -%EA[()-(ég 1 en)?] — keaFa(0, 64, c0), (55b)
where
am@ﬁgﬁ@+nm$i;@£@+a)aﬂ.

(One can show that 04F4(0,04,c4) and €4F4(0,04,e4) vanish to the order O(3) at (d4,e4) = (0,0); recall
Remark 14.) Setting x = 0, we obtain the layer problem

1
&:5&@f®rm0% (56a)
1
Ezl = —584 [@ — (54 + 64)2]; (56b)

the corresponding critical manifold, which is denoted by 304, is defined by
O — (04 +€4)2 =0.

(The additional steady state which is located at the origin is attracting in the e4-direction, but repelling in
the direction of d4; see our definition of /o, above.) The manifold Sy, is, in fact, a line connecting the point
Q4 to the point Q4 : (0,0, \/@), it consists of an attracting right segment ng and a repelling left segment
Sp, that exchange stability at the point Cp,, which is not a genuine fold point in the coordinates of chart
K,. The corresponding equilibrium FEjy, lies in 36 ,; the reduced flow on 5’6 , is increasing above Ep,, while
it decreases below Ep, until it reaches Cy,.

Remark 20. Clearly, most of the objects described above have already been identified in other coordinate
charts, viz. in K; and Kj3. Our focus in this subsection is on the description of the flow past the line ¢,;
see Equation (57) below.

In conclusion, we have the following result, the proof of which is again analogous to that of Lemma 2:

Lemma 5. For rq, 04, or g4 sufficiently small, the critical manifold Sy, that is defined by Equation (51) has
the following properties:

i. The manifold Sy, = S, U Fg, USE, UFS USS is smooth away from the line lo,.-
ii. The manifold So, has a folded structure; in particular, the branches S5 and S, are separated by the
fold curve f(ﬁ, while Sy, and Sg:' are separated by the fold curve .F(i.
iii. The branches Sg~ and ng are attracting under the layer flow of Equation (50), while the branch Sp,
is repelling.
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Fig. 11. Geometry in {§4 = 0}, {e4 = 0}, and {ry = 0}, for k = 0, in chart K4: reduced flow (solid blue), layer dynamics (solid
green), and equilibrium Ey, .

iv. The restriction of Sy, and Sg:' to the invariant hyperplane {ry = 0} corresponds to 364 and S’gj,
respectively. Correspondingly, the fold curve .7-'6:1 intersects {ry = 0} in the point Cy,.
v. In the invariant hyperplane {34 = 0}, 0, and 8§, reduce to (Sv'g{ and 364, respectively. The fold curve
Fgb intersects {04 = 0} in the point Ao,.
vi. The restriction of Sg:' to the invariant hyperplane {e4 = 0} corresponds to 5‘8:'
vit. The line £y, consists of saddle-type equilibria for Equation (49), with 1-dimensional stable manifold in
the hyperplane {64 = 0} and 1-dimensional unstable manifold in the hyperplane {e4 = 0}.

Again, we define two sections ¥ and X3U for the flow of Equation (49); here, the former is obtained as

the image of the section X" from chart K3 under the transformation K34 defined in Lemma 3, while the
latter is the image of the section %" from chart K7 in K4 under the transformation

Kia: (p1,u1,e1) — (ra, 03, 0464).

Hence, X1 and ¥3"¢ can be represented as

Zif::{(m,&;,\/é)‘m— L e[r*,r*],@e[a*,a*]} and (57a)

S
@
S

[

ot = {(m, @,54) ‘m - € [re,7],64 € [5*,5*]}, (57b)

R
<

2

where the constants 7., r*, d., 0%, €4, and €* are again suitably chosen.

Remark 21. We emphasise that our blow-up of the non-hyperbolic line éol from chart K; to a cylinder has
resulted in a gain of hyperbolicity; in particular, the line 504 in K, is of saddle type, by item wvii above.

To summarise, the segment F(j‘f' of the singular cycle is initiated close to the fold point Ap, and is
attracted to 334_, where it jumps forward along the fast flow to the point Py; the orbit F& D then leaves
along the unstable manifold thereof and is attracted by ng, connecting to the point Dy,. The orbit F(i Q

follows the slow flow on S‘gj to the point Q4 and continues as the orbit I‘fic along the slow flow on S‘gj
until it reaches the point Cj,, where the orbit F& represents the jump back which is, however, not visible
in chart K4, but is discussed in K3 already. (Clearly, the manifolds Sg;, 5'53, Sg;r, and 353 defined in chart
K3 correspond to vg;, 554, Agj, and 36"4, respectively.) The geometry in the planes {64 = 0}, {e4 = 0},

and {r4 = 0} in chart K} is illustrated in Fig. 11.
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Fig. 12. The charts K; (i = 1,...,4) in the blown-up space M,,.
4.7. Global geometry in blown-up space

We now summarise the global geometry of the blown-up space, which we denote as M,, with x € [0, Ko].
The above analysis implies that M, contains the sphere My and the cylinder Mg, which are obtained
by the blow-up transformation in (24) at the origin @ in (R, U, ¢)-space and the blow-up in (39) of the
non-hyperbolic line Zol in chart K; of the former, respectively; see Fig. 13. We recall that the vector field
X, corresponding to Equation (6), which is defined on R3, induces a blown-up vector field X, on the
blown-up space M, blow-up resolves the degeneracy of the critical manifold Sy — with s as the singular
perturbation parameter — at ¢ = 0. In particular, the equation ¢’ = 0 implies an invariant foliation of M,
in e, with the singular leaf defined by ¢ = 0 corresponding to the union of the sphere My, the cylinder
Mp, and the plane {& = 0}. It follows that, for £ = 0, the restriction of X, to that singular leaf represents
the double singular limit of (x,e) — (0,0), which has now been resolved in the blown-up space My. The
following results follow immediately from our discussion in Section 4; see also [13, Theorem 4.5].

Lemma 6. The critical manifold of system (23), for k = 0, in the blown-up space My is defined as
So =8 UFPUS;UFS USET;

here, the branches Sg_ and 35”' are attracting under the layer flow that is induced by Equation (8) after
blow-up, while the branch Sj is repelling. Moreover, Sgi and SS+ are separated by the fold curve F§', while
36 and 56” are separated by the fold curve ]:'OC.

(We recall that, by Remark 13, any object [J,.. is written as [, after blow-up.)

Lemma 6 implies that a unique singular cycle I'yy can now be defined in the blown-up space M, due
to the improved transversality and hyperbolicity properties of the flow therein; for clarity, we label the
corresponding persistent cycle in blown-up space by I'x. which, for (k,e) — (0,0), yields the singular
cycle T'gg.

Lemma 7. The singular cycle Toq is defined by
Too = TAP UTEP UTER UTEC UTSE UTEP UTEHA.
Here, the heteroclinic connection l;()“oﬁ is located on the cylinder Mg and represents the fast jump from the

point Ag to the point P € Sj; the orbit f(I)BOD lies in the plane {& = 0}, connecting P to the point Dy € So.
Finally, f(%Q represents the transition on Sg"’ from Dy to the point Q On the sphere My, the segment
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Fig. 13. Geometry of the blown-up space My: singular cycle Tog (solid blue; solid green) and singular cycle Toe (solid red; solid
pink).

f‘%c on 56” connects the point Q to the fold point at Cy; l:‘goB denotes the heteroclinic connection from Cy
to the point By € Sg_, followed by the orbit TEF from By to the point P. The final segment T\ is located
on the cylinder Mg, and denotes the connection on ‘S_’g* from P to the fold point at Ay.

An illustration of Tgg can be found in Fig. 13; here, the reduced flow for (k,¢) = (0,0) is shown in blue,
as are the corresponding critical manifolds, while the layer dynamics is illustrated in green. We emphasise
that chart K is not required for our construction, strictly speaking, as the relevant portions of Iy can be
obtained in either chart Kj or Kjs; recall Figs. 9 and 10, respectively.

Next, we have the following result on the persistence of Tgg, for e positive and sufficiently small:

Lemma 8. For ¢ € (0,e9], with g positive and sufficiently small, there exists a singular cycle To. which
follows the slow flow on Sg_ and Sg"’, with jumps at the fold curves F§' and F§'; that cycle limits on Too
as e — 0.

The orbit Ty, is again illustrated in Fig. 13; here, we emphasise that To. is obtained as a perturbation
off Tog for € € (0,¢0] and & = 0. (The corresponding reduced flow is shown in red, while the layer dynamics
is illustrated in pink.)

Remark 22. Intuitively, blow-up desingularises the limit as ¢ — 0 in our definition of the critical manifold
Soe for Equation (9), in that the non-uniform collapse of that manifold onto the degenerate manifold Sy
has been prevented; in particular, the folded structure of Sy remains visible for € = 0 after blow-up.

Finally, and in analogy to Theorem 4.6 in [13], we can conclude that, for k € (0, kq], the blown-up
vector field X, admits smooth slow manifolds S, S, and S3* away from the fold curves F§' and F§'; in
accordance with standard practice [23], we assume that these manifolds are extended beyond Fg§' and F§
by the flow corresponding to X,..

5. Poincaré map and existence

To prove the persistence of the singular cycle Tgo for & and e sufficiently small, we construct a Poincaré
map in the neighbourhood of Ty which is obtained through the concatenation of three transition maps II;
(i = 1,3,4) between specific sections for the flow in the blown-up space M,; see Fig. 14.
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7

Fig. 14. Illustration of the Poincaré map II: sections X1, X3, and X4 (shaded dark grey); singular cycle Too (solid blue; solid green);
sample periodic orbit I'. (solid purple).

i. The transition map II; : 3; — 33 is initialised in the section X¥;; the corresponding flow is attracted
to the slow manifold 5‘,‘;*, which it follows up to the non-hyperbolic fold curve ]:"OC , where it jumps,
remaining close to the heteroclinic connection I'§® to reach a section 3.

ii. The transition map Il3 : 33 — 34 is initialised in the section X3; the corresponding flow is attracted
to the slow manifold S%~, which it follows up to the non-hyperbolic fold curve Fg'. It then jumps,
remaining close to the heteroclinic connection f‘()“op , to reach a section ¥4.

iii. The transition map Il : ¥4 — X is initialised in the section Y4; the corresponding flow then remains
close to the heteroclinic connection l:‘g‘op , passing near the hyperbolic line £y and the singular heteroclinic

TP to reach a section 3.

The Poincaré map IT : ¥; — ¥, which is a global return map, is now defined as the composition
IT = 14 o I3 o I1y. Here, we note that the maps II; (i = 1,3,4) are constructed in charts K, respectively;
details can be found in the following subsections.

Remark 23. The sections 31, X3, and ¥4 are defined to be transversal to the heteroclinic orbits f‘f%D , f‘(%B ,
and f‘g‘op , respectively; see again Fig. 14.

5.1. Transition map 11,

The transition map II; is constructed in chart K; as a mapping between the sections 3; and X3, which
correspond to ¥ and X9, respectively; recall Equation (38). We note that, since € = p3e; in K7, invariant
leaves of the form {e = constant} satisfy £; ~ 40be in LI and p; ~ %\/E in 29U

Lemma 9. For (k,e) € (0,K0] x (0,e0], with kg and ey positive and sufficiently small, the transition map
I1; is well-defined. Moreover, the restriction of Il to the leaf {¢ = constant} is a contraction (in p1) with
contraction rate O(e™"/*), where v is a positive constant.

Proof. The passage past a regular fold point is studied in detail in [14]; in particular, it follows from the
analysis therein that orbits initiated in X" are attracted by the extended slow manifold S?* at a contraction
rate of the order O(e~"/*), while the distance between the intersection of that extended manifold with "¢

and the singular cycle Tgg is of the order O(x%/%). O

Remark 24. While our approximation of the transition map II; is performed in chart K, the dynamics
in that chart can also be recovered in regime Ry. Hence, the results of [14] on passage past a singularly
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perturbed planar fold can be applied to Equation (18). For a more detailed analysis of chart K, we refer
to [23], where general folds in R? are studied. Finally, we remark that passage past the point Q1 can be
described in terms of well-adapted normal forms that are derived in [1].

5.2. Transition map 113

The transition map II3 is constructed in chart K3 as a mapping between the sections 3 and ¥4. Here,
we recall that these sections correspond to ¥ and XU, respectively; cf. Equation (48). Due to € = r2d3 in
K3, leaves with {& = constant} satisfy r3 ~ /¢ in £ and 63 ~ 40Obe in Xt

We have the following result, the proof of which is analogous to that of Lemma 9:

Lemma 10. For (k,e) € (0, ko] x (0,e0], with ko and ey positive and sufficiently small, the transition map
II5 is well-defined. Moreover, the restriction of I3 to the leaf {¢ = constant} is a contraction (in rs) with
contraction rate O(e /"), where v is a positive constant.

Remark 25. Again, the map I3 can alternatively be approximated in regime Ry, i.e., by reference to
Equation (14), to which the results of [14] apply. A more detailed analysis of chart K3 can be based
on [23].

5.3. Transition map 1y

The transition map Il4 is constructed in chart K4 as a mapping between the sections ¥4 and 31 which
correspond to B and 9", respectively, as defined in Equation (57).

Lemma 11. For (k,¢) € (0, kq] x (0,0], with kg and ey positive and sufficiently small, the transition map
Iy By — 2y, (K, 00, V0) = (rg, @,sz‘“) is well-defined; here, 0 ~ 4v/Obe and 3™ ~ 8v/Obe. In
particular, as the restriction of Iy to a leaf {¢ = constant} satisfies

1§ =i+ Or)

1
2veb’

with riP ~ the map 114 is at mostly weakly expanding.

ﬁ

Proof. Recall the governing equations in chart Ky, as given in Equation (49), as well as the definition
of Fy(ry,d4,€4) therein; dividing out the factor %{Brisi(&l +e4)> + © — [(84 + €4)? + Ar3d3]} from the

1
right-hand sides in (49) and factoring out 67 from Fj, we obtain the new system

Ty = KT454%F4(7’4,54,84)7 (58a)
(54/1 = (54 - K5§F4(T4,(54764), (58b)
gy = —e4 — 1164%54F4(r4,54,54), (58c¢)

where Fy(r4,04,¢4) is smooth and O(1). Equation (58) is again a slow-fast system in standard form; con-
sidering the layer problem

ry, =0,

8y = ba,

/
54 == _54,
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we can estimate the transition time Ty in {¢ = constant} under Il : since §4 =~ 4v/O be in Yt and e4 ~ 80O be
1
in 9" due to e = r3dseq in chart Ky, it follows that 7, = O(—Ine). Finally, since ra0f = 1/5 and

£4 &~ VBOe ™t we may write (58a) as 1, = ky/zet/2-O(1), from which the statement of the lemma follows. O
5.4. Proof of Theorem 1

To conclude the proof of Theorem 1, we combine the above asymptotics of the transition maps II;
(i =1,3,4) into the Poincaré map II, which yields

Theorem 2. For ¢ € (0,e¢], with g positive and sufficiently small, there exists ko = Ko(gg) such that the
blown-up vector field X,, admits a unique family of attracting periodic orbits T . for k € (0, ko). That family
tends to To. as k — 0 uniformly for e € (0,&0], and converges to the singular cycle Too as (x,€) — (0,0).

Proof. The proof follows from a combination of Lemmas 9, 10, and 11, in conjunction with the contraction
mapping theorem. Specifically, since p; = R = r3, the restriction of the maps IT; and I3 to leaves with
{e = constant} is contracting in R, while II, is at most weakly expanding in R(=r4). O

An indicative illustration of the orbit Iy, for (k,¢) positive and fixed, can be found in Fig. 14.
Theorem 1 is a direct consequence of Theorem 2 after blow-down.

6. Discussion

In the present article, we have performed a geometric analysis of a singularly perturbed two-variable
model for a cyclic AMP (cAMP) signalling system. The model is obtained from a scaling of the three-variable
Martiel-Goldbeter model [16] which is due to Litcanu and Veldzquez [15]. The planar system resulting from
a quasi-steady-state assumption, Equation (5), represents a two-parameter singular perturbation problem;
the presence of two parameters x and ¢ in the model manifests in a highly degenerate, and non-standard,
singular limit as (k, ) — (0, 0) which is resolved via a combination of geometric singular perturbation theory
and the desingularisation technique known as blow-up. In particular, our approach allows us to describe
in detail the global geometry of the model in the limit as both singular perturbation parameters tend to
zero; the underlying critical manifold, consisting of one non-hyperbolic line in the “inner” region and one
normally hyperbolic curve in the “outer” region which meet at a degenerate equilibrium at the origin, is
desingularised in the process. Our resolution of those degeneracies is motivated by a similar study of the
Goldbeter-Lefever model by Kosiuk and Szmolyan [13] and permits us to construct a family of periodic
(relaxation-type) cycles for Equation (59), thus shedding light on a novel singular perturbation problem
and improving our understanding of the corresponding oscillatory dynamics.

In future, we intend to extend our analysis to the three-variable reaction-diffusion system [15]

wlU+¢e)— (U+de)R

R, (%,7) = k(U + Pe) T+90+e (59a)
_ . be(U+e)?+0ORMU?

Wo@r) = g orraree W (59D)

U (,7) = Usz + T(W — U), (59¢)

which incorporates an extracellular cAMP diffusion term, as introduced in [25]. Correspondingly, R, W,
and U are functions of both space # and time 7, with x = ,/ﬁi:; cf. again Table 1. The main result of

[15] is a proof for the existence of travelling pulse solutions to (59) in one spatial dimension on the basis
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of singular perturbation theory, under the assumption that the parameters xk and e are small; moreover,
asymptotic formulae are derived for these pulse solutions in a number of relevant scaling regimes.

We expect that a geometric construction of these solutions can be based on the framework established

here, in the context of our simplified two-variable Equation (5). However, in preliminary work, we have

not managed to find a scaling for regime R, that allows us to establish an overlap with Rg3; recall our
discussion in Section 4.4. That failing is mirrored by the fact that a key non-linear eigenvalue problem in
[15, Section 4.1.2] has to be solved numerically to allow for the calculation of the unique velocity of travelling
pulses. Hence, we believe that further investigation is warranted.
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