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Abstract

Traditional proofs of the Pontryagin Maximum Principle (PMP) require the continuous differentiability
of the dynamics with respect to the state variable on a neighborhood of the minimizing state trajectory,
when arbitrary values of control variable are inserted into the dynamic equations. Sussmann has drawn at-
tention to the fact that the PMP remains valid when the dynamics are differentiable with respect to the state
variable, merely when the minimizing control is inserted into the dynamic equations. This weakening of
earlier hypotheses has been referred to as the Lojasiewicz refinement. Arutyunov and Vinter showed that
these extensions of early versions of the PMP can be simply proved by finite-dimensional approximations,
application of a Lagrange multiplier rule in finite dimensions and passage to the limit. This paper general-
izes the finite-dimensional approximation technique to a problem with state constraints, where the use of
needle variations of the optimal control had not been successful. Moreover, the cost function and endpoint
constraints are not assumed to be differentiable, but merely locally Lipschitz continuous. The Maximum
Principle is expressed in terms of Michel-Penot subdifferential.
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1. Introduction

The main goal of this paper is to obtain necessary optimality conditions for the following
problem:

Minimize o (x(T)) + fST L(t,x(t),u())dt,

subject to dynamic, endpoint and state constraints:

x()=f@t,x(0),u@), te[S,T],

x(S) =xp e R", u(t) e U Cc R, P)
vix(T) <0, j=1,....r,

;ix(T) =0, j=1,....n

git,x(t) <0, j=1,...,1, forallt €[S, T].

Define
Hy (t,x,u, p)= pr(t,x, u) —AL(t, x,u).

Let (x, i) be an optimal process to (P). The classical “smooth” Pontryagin Maximum Principle
asserts the existence of numbers A9 > 0,...,A,, =2 0and y1, ..., ¥, suchthat, for j =1,..., 7,
Aj¥(x(T)) =0, the existence of regular non-negative Borel measures i ; supported on the sets
{telS,T]: gj(t,x() =0}, j=1,...,1, and a vector function p(-), such that

T

r r
p) == Dy y(¥(T)) = Y v Dagpj (X(T)) + /(DxfT(s,ﬂs), ii(s)) p(s)

j=1 j=1
I
— AoDy L(s x(s), u(s) Z / xgj s, x(s) duj(s),

and the maximum condition
Hyo (1. X(0), u(0), p(t)) = max Hj, (t.X(0),u, p(t)) ae.
(see, e.g., [7, Theorem 1, p. 134 and Theorem 1, p. 234]).
Early proofs of the PMP (see, e.g., [4,7,13]) invoked hypotheses that included the condition
X — (f(t, x,u), L(t, x, u)) is continuously differentiable, for all (z,u) € [S, T] x R™.

In a series of recent publications, including [14—16], Sussmann has proved and elaborated on the
validity of the PMP when the above condition is relaxed to

x = (f(t,x,u(0)), L(t,x,4(r))) is differentiable at x(¢), a.e.r €[S, T]. (1.1)

This formulation contains two modifications. Relation (1.1) requires merely that, for a.e.
telS, T],

(a) f(t,-,u) is differentiable when we “plug in” u = u(¢), and
(b) f(t,-,u(t)) is differentiable at the one point x(t).

(Notice that the statement of the PMP involves x-derivatives of f (¢, -, «) only when u = u(r).)
Many other variants of the PMP have been proved, notably those that give meaning to the above
set of conditions, when the data is not differentiable w.r.t. the x variable (versions of the “non-
smooth PMP”). See, for example, [5,10,16-18].
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The recent work of Arutyunov and Vinter [2] provided a simple, self-contained proof of the
PMP, covering problems with functional equality endpoint constraints and invoking merely hy-
potheses including (a) and (b). Although the results of [2] were not new, their work introduced a
new methodology, based on finite-dimensional approximations, application of a Lagrange multi-
plier rule and passage to the limit.

This paper contains a generalization of the results of Arutyunov and Vinter in two aspects.
Firstly, the obtained results cover problems with state constraints; secondly, they provide a new
version of the “nonsmooth PMP,” since the integrand and the endpoint constraints are not as-
sumed to be differentiable in x.

In this work we assume that the left endpoint of the trajectory is fixed and that the control
constraint set U does not depend on ¢. However, the obtained results can be carried over to a
more general framework.

An advantage of this new methodology is that it uses inner approximations in a sense that
the trajectories of the approximation problems satisfy the constraints of the original problem
exactly. In this respect it differs from other many other perturbational or finite approximation
schemes (involving constraint relaxation or time discretization [3,6,12,17]), where consideration
is given to trajectories that only approximately satisfy the conditions of the original problem
(outer approximation) and which, to our knowledge, all fail to capture the PMP under hypotheses
including (a) and (b) above, and which allow endpoint equality constraints. Another advantage of
the inner approximations in handling nonsmooth problems is that the robustness of the involved
tools of nonsmooth analysis is not required. This makes possible the use of the “small” non-
robust Michel-Penot subdifferential, which shrinks to a singleton if a function is merely Fréchet
differentiable at the reference point.

Necessary optimality conditions in optimal control problems with nonsmooth functional in-
equality endpoint constraints, where the transversality condition is expressed in terms of a sub-
differential obtained as a dual construction to an upper convex approximation of the directional
derivative (“Pschenichnyi subdifferential”’; Michel-Penot subdifferential is its special case), are
discussed in [11].

Let us recall the definitions of local minimizers to (P).

Definition 1.1. Take a feasible process (x, u). We say:
(a) (x,u) is a strong local minimizer for (P) if there exists ¢ > 0 such that (x, #) minimizes the
cost function over all admissible processes (x, u) satisfying
lx —xllc <e,

(b) (x,u) is a weak local minimizer for (P) if there exists € > 0 such that (x, ) minimizes the
cost function over all admissible processes (x, #) satisfying

lx =Xllc +llu—ulL= <e,

(¢) (x,u) is a Pontryagin local minimizer for (P) if there exists € > 0 such that (x, ) minimizes
the cost function over all admissible processes (x, u) satisfying

lx —Xllc + meas{t €[S, T1: u(t) #u(t)} <e.
The concepts of “Pontryagin local minimizer” and “weak local minimizer” are both less re-

strictive than those of “strong local minimizer.” In [1] an example is given of a Pontryagin local
minimizer which is not a weak local minimizer.
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In this paper we establish necessary optimality conditions for a Pontryagin local minimizer
and a strong local minimizer.
The following notion of differentiability will be employed in this paper.

Definition 1.2. Take a function G :R™ — RF, a convex set A € R” and a point j € A. We say
that G is Fréchet differentiable at y relative to A if there exists a k x m matrix DG (y) such that
foreveryne A—y

lim &[G +en) — G(]=DGG)n.
£0, 'Sy

If A=R", we say that G is Fréchet differentiable at y, consistent with standard usage.

The crucial role in our analysis is played by Lagrange multiplier rule (Theorem 2.10) for
Michel-Penot subdifferential proved by Ioffe in [8] under the assumption that the functions of
interest are defined and Lipschitz continuous in a neighborhood of the reference point. In our
constructions, however, the functions of interest are not defined on a neighborhood and may be
non-Lipschitz. In Section 2 we prove that a function defined on a non-negative orthant in R”,
differentiable in the origin relative to the non-negative orthant, can be extended to the whole
space with preservation of continuity and differentiability. Furthermore, a careful analysis of
the proof of the Lagrange multiplier rule in [8] shows that the result can also be applied to
compositions of Lipschitz continuous and Fréchet differentiable functions, which may not be, in
general, Lipschitz continuous.

For problem (P) we shall invoke the following hypotheses in which ¢ is some positive number
and (x, u) is the admissible process of interest:

(H1) f(-,x,u) is measurable for each (x,u) € R” x R™ and f(¢,-,-) is continuous for each
telS, T].
(H2) There exists k1(-) € L! such that, fora.e. t € [S, T,

|f(t.x a@®) — f(e,5@), a@®)| <k @)|x —%(t)| forallx € ¥(t) + eB

and f (¢, -, u(t)) is Fréchet differentiable at x (z).

(H3) L(-,x,u) is measurable for each (x,u) € R" x R” and L(¢, -,-) is continuous for each
t € [S, T]. L is Lipschitz continuous in x around X (¢) in the following sense: there exists
k() € L! such that, for a.e. t € [S,T],

|L(t,x" i) — L(t,x",iu(®))| <ka()|x" —x"| forallx’,x” € ¥(t) + ¢B.

(H4) o, ..., ¥, and @1, ..., ¢, are Lipschitz continuous around x (7).

(H5) For any admissible control u(-) such that meas{r € [S, T]: u(t) # u(¢)} < € there is a
unique corresponding trajectory x(-).

(H6) For each j =1,...l, gj(-,-) and V,g;(-,-) are jointly continuous. Furthermore,
gi(T,x(T)) <Oforall j=1,...,1.

Assume, furthermore that either

(i) (x,u) is a strong local minimizer, or
(i1) (x, u) is a Pontryagin local minimizer and (H7) below is additionally satisfied:
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(H7) There exists ¢y € L' such that

<cp(t) forallx ex(t)+eB, ueUae. telS,T]

The main result of the paper is the following theorem; 9° stands for Michel-Penot subdifferential
defined in Section 2.

Theorem 1.3. Assume that the hypotheses above are satisfied. Then there exist:

(a) numbers Lo 20, ..., A, =0 and yl, e yrz, such that \ ; tp,(i(T)) =0, j =1,...,n
(b) elementsx € 9° I/f] (x(T)) j= 11, y €0%; (x(T)) j=1,.
(c) ameasurable selection £*(t) € 8 L(t x(1), u(t)) telS,T],

(d) regular non-negative Borel measures u j supported on the sets {t € [S,T]: g;(t,x(¢)) =0},
j=1,...,1, and

()"07"'7)"1”1’)/17"'7yrzall“la---7u'l)¢0a
(e) a function p(-) satisfying the adjoint equation
T

pT0) =~ Zxx Zujy, /p(s)Dxf(s,»E(sxﬁ(s))—Aos*m)ds

oy [ ek dusior. reis.T

7=l

such that there holds the maximum condition

Hio (1, %(0), (1), p(D) = max Hy, (1, ¥(1), u, p(1))  ace.
u
For convenience we shall break down problem (P) into three problems:

(P1) with endpoint cost function and endpoint constraints,
(P2) with integral cost function without endpoint constraints,
(P3) with integral cost function, state constraints and without endpoint constraints.

Minimize o (x(T)),

x()=f(t,x,u), telS,T],

x(8) = xo, u(t) e U, PD
Vix(T) <0, j=1,....r,

pjx(T)=0, j=1,....r

Minimize [q L(t,x,u)dt,
i) = f(t,x,u), te[S,Tl, (P2)
x(S) = xp, u(t) e U;

Minimize fSTL(t,x,u)dt,
x@®)=f(t,x,u), telS,T],
x(S§)=x9, u(@)elU,

git,x) <0, j=1,...,

(P3)

~

, forallt e[S, T].
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The structure of the paper is as follows. Section 2 is devoted to auxiliary results: properties
of Michel-Penot subdifferential and extension of functions. Section 3 provides formulas for
derivatives of functions arising in the finite-dimensional approximations of the optimal control
problems. In Sections 4.1, 4.3, 4.4 we consider problems (P1), (P2), (P3); Section 4.2 describes
the limiting procedure, which up to insignificant details applies to all these three problems.

2. Michel-Penot subdifferential and extension of functions

Throughout this section X denotes a Banach space. We consider a function f:X — R. The
Michel-Penot (M-P) subdifferential f at x is defined in the following way. First, we define the
Michel-Penot directional derivative:

x +1(h —fx+1t
d°® f (x, h) := sup lim sup fottthte) = fE+ e)’
eeX 110 t

then we define the subdifferential as a dual construction:
3°f(x) = {x*: (x*, h) <d°f(x,h)forall h e X}. 2.1

A useful property of Michel-Penot subdifferential is that it shrinks to {V f(x)} if f is merely
Fréchet differentiable atr x as opposed to many other subdifferentials that shrink to a singleton
only under strict differentiability. Properties of Michel-Penot subdifferential proved in Propo-
sitions 2.1-2.6 are known (see [8,9]), but they are given here for the interest of self-contained
presentation.

Proposition 2.1. Let f: X — R be Fréchet differentiable at x. Then 9° f (x) = {V f(x)}.

Proof. Let us show that d° f(x,h) =V f(x)h Yh € X. Indeed, for any e € X
T fE+th+e) — fG+te)] =t [tV fE) (h+e) =tV f(E)e+o(t)] > Vf(E)h
ast ] 0,
where @ — 0 as ¢ | 0and the equality 9° f(x) = {V f(x)} follows. O

Proposition 2.2. Let f: X — R be locally Lipschitz around x with Lipschitz constant k. Then
d°f(x,h) <k|h| Vh e X.

The proof is trivial and is, therefore, omitted.

Proposition 2.3. Let g:R" — X be Fréchet differentiable at x and f:X — R be locally Lip-
schitz continuous around g(X) with Lipschitz constant k. Then

d°(f o )@, h) <k|Vg@®|llnll VheX.

Proof.

f1|(f og)(X+1(h+e)—(fog)x+te)|= 1! |f(g(x+th+e))— f(gx+10)]
<tk g(@+th+e) — g +te)| =1 "k[tVg(@h +o0()|
<k||Ve@ |l + 1t o),

where @ — 0 ast | 0, and the assertion of the proposition follows. O
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In view of Propositions 2.2, 2.3, if f is either Lipschitz continuous or is a composition of a
Lipschitz and a Fréchet differentiable functions, then |d° f (x, h)| < oo Vh € X.

Proposition 2.4. Let f: X — R be such that d° f (x,h) > —oo Vh € X. Then h — d° f (x, h) is
a convex positively homogeneous function.

Proof. The proof of d° f (x, Ah) = Ad° f (x, h) for A > 0 is elementary. Further,

d°f(x, i/ +h")y =suplimsupt ' [ f(x +1(h + 1" +e)) — f(x +1e)]
e t10

< sup{limisoupt_1 [f(x +t(h +h + e)) - f(x +t(h" + e))]
e t

+limsupt ™' [f(x + 10" +€)) = fx +10)]}
t10

<df(x,h)y+d°f(x,n"). |
Proposition 2.5. Let f: X — R be such that |d° f (x, h)| < oo Vh € X. Then

(@) 8°f(x)#0.
(b) 3°(yf)(x) =yd° f(x) forally € R.

If, in addition, f is convex, then the M—P subdifferential coincides with the classical subdiffer-
ential of convex analysis.

Proof. Assertion (a) follows from the representation
d°f(x,h)= sup{(x*, hy: x* e 8°f(x)},

which can be derived from (2.1). We refer the reader to [6] for the proof of (b), where the same
relation is proved for the Clarke’s subdifferential d.; f.

Let us prove that the M—P subdifferential coincides with the classical subdifferential of convex
analysis df for convex f. Convex and Clarke’s subdifferentials are defined as dual constructions
to the corresponding directional derivatives:

af Gy = timsup LEEIW I e by i timeup LEEI =S
"o ! 140, x—% t

Clearly, df(x,h) < d°f(x,h) < df(x,h), and therefore df (x) C 9° f(X) C dc1f (x). It is
proved in [6] that df (X) = d.] f (x) for convex f, whence the claim. O

Proposition 2.6. Let f: X — R and g: X — R be such that |d° f(x,h)| < oo Vh € X and
|d°g(x,h)| <ooVh € X. Then

(@) d°(f +g)(x,h) <d°f(x,h) +d°g(x,h) Vh € X,
(b) 8°(f +8)(x) C°f(x) + g (x).

Proof. Assertion (a) is trivial. To prove (b) let us recall the fact that if ¢, ¥ are convex functions
defined on a linear vector space Y that satisfy ¢(y) < ¥ (y) Vy € Y and ¢(y) = ¥ (y) for some y,
then dp(y) C ay (y). (Here “0” denotes the convex subdifferential.)
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Denote ¢ (h) :=d°(f + g)(x,h), ¥ (h) :=d°f(x,h) + d°g(x, h) and notice that ¢(0) =
¥ (0) =0, (h) < ¥ (h) Vh due to assertion (a). Therefore
a(do(f + g)(x, '))‘hzo - a(dof(xa ) +dog(~x7 '))’h:O
=0(d°f(x, -))|h:0+8(d°g(x, '))|h:0’ 2.2)

where the last equality is due to Moreau—Rockafellar theorem. One can easily check that
A(d° f(x, Nln=0 = 3° f (x). Indeed,

x*ed(df(x.)],_, & &*h—0)<d°f(x,h)—d°f(x.0) Vh
— (x* h)<d°f(x,h) Vh < x*e€d°f(x).

Hence (2.2) implies (b). O
The next proposition is the chain rule for the M—P subdifferential.

Proposition 2.7. Let g:R" — X be Fréchet differentiable at x and f:X — R be Lipschitz
continuous around g(x). Then

9°(f 0 g)(X) C Vg(X)*0d° f(g(X)). (2.3)
Proof.
d°(fog)(x,h)
=suplimsupt ™[ f(g(X) + 1Vg(X)e + tVg(@)h + o(t)) — f(g(¥) +1Vg(F)e +o(t))]
e t}0

< suplimsupt_1 [f(g()?) +tVgx)e+tVg(x)h+ o(t))

e t0

— f(g(®) +1Vg(X)e+1Vg(x)h)]
+ suplimsupz~! [ f(g(X) +1Vg(X)e+0(t)) + f(g(X) +1Vg(X)e)]
e t}0

+ suplimsupt_1 [f(g()?) +tVgx)e + th()E)h) — f(g()?) + th()E)e)],

e t0

where @ — 0 as ¢ | 0. Obviously, the first two terms vanish, since f is Lipschitz, while the
third term is bounded by d° f (g(x), Vg (x)h). Therefore,

d°(f o g)(x,h) <d°f(g(X), Vg(X)h). (2.4)

Denote ¢(h) :=d°(f o g)(x,h), Yy (h) :=d°f(g(x), Vg(x)h). ¢,y are convex functions that
satisfy ¢(0) = ¥ (0) =0 and ¢ (h) < ¥ (h) for all h. Therefore, d¢(0) C ay (0).

It was shown in the proof of the previous proposition that d¢(0) = 3°(f o g)(x). Since ¥ is
a composition of a linear operator Vg(x) and a convex function d° f(g(x), -), we get from the
chain rule for compositions of convex and linear functions (see, e.g., [7, p. 201])

Y (0)=Vg(®)*00°f(g(x)).
Thus 3¢(0) C 3y (0) implies 3°(f 0 g)(X) C Vg(X)* 0 3° f(g(¥)). O

When we consider problem (P2) with integral cost, we shall need the rule: “subdifferential of
an integral is included into the integral of the subdifferential,” which we prove below.
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Proposition 2.8. Let 2 C RN be an open set containing %, ¢ :[a,b] x 2 — R and d°¢,(x, h),
0y@(t, x) denote the M—P directional derivative of ¢ at (t,x) in the x-variable and the partial
M-P subdifferential in the x-variable, respectively. Assume that

(a) the functiont — ¢(t,x), t € [a, b] is measurable Vx € $2;
(b) |d°¢; (X, h)| < oo forallh e RN and a.e. t € [a, b].

Then the following inclusion holds:
b b
8°/¢(t,x)dt|x=)z C/E)fc’(p(t,i)dt. (2.5)
a a

If, in addition, the function x — @(t, x) is convex for a.e. t € [a, b], then (2.5) holds as equality.

Proof. Denote F(x) := fabtp(t, x)dt, x € 2. Assume that 9° F (x) # ¢ and take x* € 0° F ().
For any i € RY we have
(x*,h) <d°F(x,h) = suplimsups_l[F()E + s(e+ h)) —F(x+ se)]
e 540
b

= suplimsups~! f(w(z, X+s(e+h) — ot % +se))dt
e 50

b b

gfsuplimsups_l(w(t,i+s(e+h))—(p(t,i+se))dt=/d°<pt(32,h)dt.
e 540

a

Thus
b
(x*, h) < /dogo,(i,h)dt Vh e X. (2.6)

a

Sz = f ab d7¢(t, x) dt is an integral of a non-empty, bounded, close-valued multifunction ¢ —
2p(t, x).

Claim. S; is a non-empty, closed, bounded and convex set.

The proof of this claim can be found in Appendix A.

Arguing by the contradiction, assume that the statement of the proposition does not hold and
x* ¢ f ab dy@(t, x)dt. Due to the convex separation theorem, there exists a vector v such that for
any measurable selection £*(t) € 97¢(t, X), a.e. one has

b
(x*,v) > /(S*(t), v)dt.

(It is essential that the underlying space is finite-dimensional, because otherwise we would need
to ensure that the interior of fab d7¢(t, x)dt is non-empty to be able to apply the separation
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theorem.) Let us select a measurable function t+ — £*(¢) € 97¢(t, X), a.e., in such way that
(E*(t), v) = d°¢;(x, v) for all ¢ € [a, b]. Such selection is possible due the boundedness of the
set Sz and the relation

d°p;(x,v) = max{(x*, v): x* e Z);’fp(t,i)},
which follows from (2.1). Then
b

<X*7v> >\/do(p[(-i7v)dta

a

which contradicts (2.6) and proves (2.5).

Finally, let us assume that the function x — ¢(¢, x) is convex for all 7 € [a, b]. We shall show
the inclusion “>” in (2.5). Let x* € f ab dx@(t, x) dt, where 9, is the partial convex subdifferential.
This implies that there exists a measurable selection £*(¢) € 9, ¢(¢, X), t € [a, b], such that x* =
fab £*(t)dt. For all x € £2 we have

b b
(x*, x — X) =f<§‘*(t),x — X)dt g/(go(t,x) —(t,X))dt
b b
=/g0(t,x)dt—/g0(t,)?)dt. 2.7)

It is easy to see that the function x — fab @(t, x)dt is convex and therefore (2.7) implies x* €
3o, H)dr. O

In general case there is no equality in (2.7). For example, let F'(x) = f _11 t|x|dt (the integrand
is concave in x when ¢ < 0). Then F(x) =0 and hence 9° F (0) = {0}. On the other hand,

1 1
o 11
/8x(t|x|)|x:0dt:/[_t’t]dt: [—575}
-1

-1

As a corollary of Propositions 2.7 and 2.8, we get the following result.

Lemma 2.9. Ler L(-,-) and g(-) satisfy the following properties:

(@) L:[a,b] x R" — R is measurable in t for all x € R" and Lipschitz in x for all t € [a, b];
(b) g:RN — C"[a, b] is a map continuous on a neighborhood of the origin and differentiable
aty=0.
Denote x(-) := (g(0))(-). Then
b

b
ay/L(z, (g(y))(t))dt\yzoC/(Vg(O))*(t)oaxL(t,)E(t))dt,

a
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which is equivalent to: Yo € RY and Vy* e dy fab L(t, (g(y))(2))dt|y=0 there exists a measur-
able selection £*(t) € 0, L(t, x(t)) such that

b

yi= /(5*(0, (Vg(O))*(t) .O')dt.

a

The following Lagrange multiplier rule in terms of the Michel-Penot subdifferential has a
crucial role in the sequel.
Consider a nonlinear program:

Minimize fo(x), subject to

fix) <0, i=1,...,m, Q
fikx)=0, i=m+1,...,n, x € 2.

For some x of interest we assume that
(G1) £ is aclosed convex set containing x;
(G2) Functions f;: X - R, i =0,...,n, are “calm,” i.e., there exists K > 0 such that
|ﬁ(i + A) — ﬁ()E)| < K |4l for all sufficiently small A
and |d° fi(x,h)| <oco Vh € X.

Theorem 2.10. Let x be a solution to (Q) and assume (G1), (G2). Then there exist numbers

M20..., n =0, Aytt, ..., Ag, ot all equal to a zero, such that
n
rifix)=0, i=1,...,m, and 068°<Zkiﬁ>(i)+N(i,9), (2.8)
i=0

where N (X, §2) denotes the normal cone of convex analysis.

This theorem is proved in [8] under the assumption of Lipschitz continuity of { fo, ..., fi}.
However, the analysis of the proof shows that Theorem 2.10 remains valid when we assume (G2)
in place of Lipschitz continuity. This enables us to apply this theorem to compositions of Lip-
schitz and Fréchet differentiable functions.

In our constructions in the sections below, functions f; are naturally defined only for x from
the positive orthant Rﬁ with the reference point x = 0 (the length of a “needle” in the variation
of the optimal control is non-negative). We need to extend these functions to a neighborhood of
a zero in RY to be able to apply Theorem 2.10.

Let function f be defined on a positive neighborhood of the origin, that is for x such that
X € Rﬁ, |x| < r for some r > 0 and take values in R. For simplicity we shall assume further on
that r = oo.

Assume that f is continuous on Rﬁ and Fréchet differentiable at x = O relative to Rﬁ (see
Definition 1.2), i.e., Vi € RY

lim  +~'[fn) = f(O)] = Df On. 2.9

10, n/%n,n/eRﬁ

Lemma 2.11. Such function can be extended to the whole space RN as a continuous function
Fréchet differentiable at x = 0.
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Proof. Let g(x) = |x|_1(f(x) — f(0) — Df(0)x). Then g is continuous on Rﬁ \ {0}, and can
be extended by continuity to RY, setting g(0) = 0. We can extend g to a continuous function g
on all RV due to Tietze’s extension theorem. Define a function f by

F) =[O +Df(O)x +Ix|gx), xeRY.
It is easy to see that f is the desired extension: it is continuous on R" and D f O)=Df©0). 0O

3. Calculation of derivatives

This section provides formulas for derivatives of functions arising in the finite-dimensional
approximations of the optimal control problems formulated in the introduction.

Lemma 3.1. Let (x,u) be a process of interest satisfying the dynamics of (P), i.e., x(1) =
f@,x@®),u@), telS,T]. Takeu; €U, j=1,...,N, and a partition {tpy =85 <t; <--- <
tn < tyg1 = T}. Assume that hypotheses (H1), (H2), (HS), (H7) are satisfied. Assume, further-
more, that fork =1, ..., N, ty is a Lebesgue point of

t—> f(t,X@), ur) — f (1, X@), u(1)).

Take & > 0 satisfying the condition

th+&<tiq1, fork=1,...,N,

and define
A:=1[0,8]".
Forany e = (¢, ..., eN) € A define
W (f) = {’fk ift € ikt + i) fork € {1..... N},
i(t) otherwise,

and let x¢(t) be the solution (unique due to (HS)) of the equation
x°(t) = f(t,xe(t), u"(t)) ae te€[S,T], x°(S)=xp.

Then the mapping e — x¢(T), is Fréchet differentiable at e = 0 relative to A and, for any o €
A — 0, the action of the derivative on o is given by formula

N
Dex“(T)|,_o(0) =D ow® (T, 1) [ f (tx, X (@), ux) — f (1, £(t0), i (@))], (3.1)
k=1

where @ (t, s) is the transition matrix of the linear differential equation v = D, f (¢, x(t), u(t))r.
Set m(t) € {0, ..., N} to be the largest index such that ty ) < t. The mapping e — x¢(t) is
Fréchet differentiable at e = O relative to A forallt € [S, TI\{t1,...,tn}and, foranyoc € A—0,

m(t)

Dexf(t)|,_y(0) = ZUk‘D(t,tk)[f(tk,f(tk), ur) = f (o, X, a(w))],  ift>n, (3.2)

k=1
and Dx¢(t)|e=o(0) =0ift <1ty.

Proof. Take 0 = (01, ...,0N) € A, arbitrary sequence &; |, 0 and let

(giz(all',...,a};,)) A (01,...,0N).
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We shall find the directional derivative of x°(T") at ¢ = 0 in direction o and show that it given by
the RHS of (3.1). Define

0p=0, op, =0, fori=12,..., and 09=0, oyt =0. (3.3)
Fori=1,2,...andk=1,..., N, write

X=x7 Af@) = f(6E@, ux) — f(6,E@, 1(0)),

w6 [ (i + eiof) — 31+ ei0])]

Notice that 175\,“ = ei_l[xi(T) — x(T)] and hence, Dx¢(t)|,=0(0) = lim; 0 ;75\,“.

Claim. Suppose for some k € {0, 1, ..., N} we have n}; — nk. Then

Moy — Okt Afiit (trs1) + D (tgr s 1M, (3.4)

as i — oo, where @ (t, s) is the transition matrix of the linear differential equation

F(t) = Dy f (1, 5(0), a())r (2).

Let us assume validity of the claim. Then it is easy to complete the proof. Indeed, since 776 =0

is fixed, it follows, by induction, that the n};’s all converge as i — oo, with limits 1y, ..., ny+1.
From (3.4) then

Nkl = Ok 1 Af (k1) + @ (ter1, ) fork=0,..., N.

Making use of the semigroup properties of the transition matrix, we deduce that

N
& ' [x1(T) = 2(D)] —> vt (= Dex®(T)|,_o(0)) = ox®(T, 1) Afi(ta),
k=1
proving (3.1). The proof of (3.2) is exactly the same, if we treat r € [S, T']\ {#1, ..., tn} as the
terminal time.
It remains then to verify the claim. Fix an index value k € {0, ..., N} and suppose that

i (=& (¢ = ) (i + £i6])) —> mi. (3.5)
We have forall ¢ € [tk+€,-<7,f s 1]

t

X)) —x(0) = (x' = %) (1 + ei0f) + / (f (s, x (), () — f (5, %(5), ii(s))) ds.

lk+8io'li
3.6)
Define the absolutely continuous functions y; : [, tx+1] > R", i =1,2,...,to be
& (=D if 1 + £i0f <t <trp,

yi(t) =

el._l(xi —X)(t + 8,'0'15) otherwise.

It can be deduced from (3.6), Gronwall’s lemma and the assumed Lipschitz continuity properties
of f(t,-,u) that the y;’s are uniformly bounded and equicontinuous. By the Arcela theorem
then,

yi —> ¥ uniformly
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for some absolutely continuous function y: [#, fx+1] — R”. But the functions

s —> |8f1[f(s,xi(s), L?(s)) — f(s, x(s), zl(s))]},
i=1,2,..., are majorized by a common integrable functio_n. Under the assumed differentiabil-
ity hypotheses, the sequence of functions {s — el._l[f(s, x'(s), u(s)) — f(s,x(s),u(s))]} has a
pointwise limit

Dy f (s, %(s), () y(s) foralls € [y, fit1].

Dividing across (3.6) by ¢;, noting (3.5) and invoking the Dominated Convergence Theorem, we
deduce from (3.6) that

t
YO =i + / D, f (s, %(5), () y(s) ds.
173
It follows that y satisfies the differential equation
{ Y(t) = Dy f (5, X(s), u(s)y(t) ae.t€ln, ir1l,
() = Nk
Hence y(tx+1) = @ (tk+1, tx)nk. But, for each i,
e (x = %) (e +ei0y)
tk+]+£[0';f:+|
= yi(tks1) + & / [£ (s, x"(5), g1 (9)) — £ (5. %(s), it (s)) ] ds.

Ti+1

(To make sense of this formula when k = N, recall that o;.\, =0.)
In view of (H7) we have the estimate

tk+|+£,'a']£+l
[x' () = ()| < &i i) +2 / cpyde, s €ttt +eiopy ] G
Tk

Since (for k < N) t;41 is a Lebesgue point of Afi+1(¢), and in view of the Lipschitz continuity
properties of f (¢, -, u), we can pass to the limit as i — oo in (3.7), and obtain

Nkt1 1= ll_l)n;o Sfl(xi — %) (k1 + €0 41) = D (kg1 1Mk + Ok 1 Afi (trr1).

The claim is confirmed and the proof is complete. O
4. The proof of the Maximum Principle for problems (P1)-(P3)

Before proceeding to the proof of Theorem 1.3, we prove the following lemma, which is a
simple corollary of Luzin’s theorem.

Lemma 4.1. Take a subset T C [S, T, of full measure, and a measurable function g : [S, T] — R".
Then there exists a countable subset A of T and a subset M C T, of full measure, with the fol-
lowing properties: for any t € M there exists a sequence t; — t such that

gti) — g) asi— oo.
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Proof. Take ¢; | 0. According to Luzin’s theorem, we can choose a sequence of measurable
subsets {./\/l/j} of 7 such that, for each j,

(a) the restriction of g to {./\/l/j} is continuous,
(b) meas{M’j} >|T — 8| —¢;.

For each j choose a countable dense subset A’; C M';. Define

M:UM; and A:UA;.
J J

We show that M and A have the required properties. M has full measure, by property (b).
A is countable since the A’j’s are countable. Take any r € M. Then ¢ € /\/l’] for some j. Since

A/j is dense in /\/l/] there exits a sequence {#;} in A/j converging to 7. But then, by property (a),

gti) — g).

Since .A/j is a subset of A4, the lemma is proved. O
Let {u j}?o:] be dense in U. Define the subset 7 of (S, T), of full measure,
T:= {t € (8, T): tis aLebesgue pointof t — Af;(t) for j =1,2,.. }
Here, as before,

Afj(t) = f(1, 50, u;) = f(1, %), a@0)).

In view of Lemma 4.1 we can construct subsets {Aj}?il and {M j}?O:], with the following
properties:

e Set j = 1. A; is a countable dense subset of 7 and M is a subset of 7, of full measure,
with the property:

. . A
given any r € M, there exists s; L ¢ such that Afi1(s;) = Afi(2).

For j =2,3,..., A; is a countable dense subset of 7T \ (Uj:,_:ll Aj) and M is a set of full
measure such that condition

A.
givenany t € M;, there exists s; ~ 1 such that Afj(si) = Af;(@).
is satisfied. Write
oo o0
.A::UAj and M::m/\/lj.
j=1 j=1

Clearly, A is a countable dense set of 7 and M is a subset of 7" with full measure. Now define
the function J: A — {1,2,3, ...}

J()=j, whereteA;.

Notice that, since the .A;’s are disjoint and since their union is A, J(¢) is well defined.
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Let {t;} be an ordering of the elements of A. Fix N and let {¢1, ..., 7y} be the first elements
from this ordering. Take £y > O such that, forall i, j € {1,..., N},i # j,

ti+en<T and [4,¢4 +§N]m[tj,tj +en]=20.

Denote
A=10,zy1"
and take e = (¢1, ..., en) € A. By reducing &y, if necessary, we can ensure, due to (HS), that the

control function
W (1) = l/_tj(tk)(l) ifte[t.k,tk—}—sk] forke{l,..., N}, @.1)
u(t) otherwise

has a unique state trajectory x¢ corresponding to it.
4.1. Problem (P1)

Theorem 4.2. Assume that hypotheses (H1), (H2), (H4), (HS) are satisfied. Assume, furthermore
that either (x, u) is a strong local minimizer, or (x, u) is a Pontryagin local minimizer and (H7) is
additionally satisfied. Then there exist numbers A1 20, ..., A,, 20and y1, ..., yr,, not all zero,
such that, for j =1,...,r1, Ajy;(x(S), x(T)) =0, and there exist elements xj € 3°y; (x(T)),
j=0,...,r, y;f €3°¢;(x(T)), j=1,...,r2, such that

pHof@xaLmnyzﬂ%pan@xax@ ae.,
where p(t) is a solution of

—pT () =p D f(t,X®),a(1)) ae.,
with the boundary condition

ri n
=T = hjxf + 3 vy
j=0 j=1

Proof. Let us first suppose that the additional hypothesis (H7) is satisfied and that (x, x) is a
Pontryagin local minimizer (the case when (X, i) is a strong local minimizer will be considered
in the end of Section 4.2). Then there exists some ¢’ > 0 such that (X, i) is a minimizer with
respect to all admissible processes (x, u) such that

lx — Xllc +meas{r: u(t) #u(r)} <e'

We can assume &y to be small enough to ensure that || x¢ — X ||c + meas{t: u®(t) #u(t)} <¢'.

The fact that the process (x¢, u®), if it satisfies the constraints of (P1), cannot have cost less
than that of (x,u) can be expressed as: e = 0 is a local minimizer for the finite-dimensional
nonlinear program:

Minimize ¥o(x¢(T)) overee A=[0,sx]", subject to constraints:
Yix(T) <0, j=1,....r1,
p;ix(T) =0, j=1,...,m.

It is proved in Lemma 3.1 that the assumptions made ensure the differentiability relative to A of
the function e — x¢(T') at e = 0 under variation (4.1) of the optimal control.

Due to Lemma 2.11 we may assume that the domain of the function e — x°(7T') is extended
from A to a neighborhood of e = 0 in R" with preservation of continuity and differentiability.
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Note that the functions e — ¢ (x(T)), e — ¥ ;(x*(T)) are compositions of a Lipschitz con-
tinuous and a Fréchet differentiable function, and therefore the Lagrange multiplier rule (2.8) is
valid. Together with Proposition 2.5 part (b) and Proposition 2.6 part (b) it gives

r rn
0e Y Mgy (x*(D)|,_p + Y ¥ 050 (x*(1))] ,_o + N (0. A), 4.2)
i=0 i=1
where (AN e, )»A/ , le e, yg ) is a nonzero vector with A-part satisfying the standard non-

negativity and complementary slackness conditions.
Employing chain rule (2.3), we get
Wi (x° (1)) |,_o € (Dex®(T)| )" 0 8593 (X(T)),
0701 (¥ (1)) |z © (Dex* (D] )" 0 0701 (¥(T).
Take arbitrary o = (o1, ...,0n) € A. From (3.1), (4.1) we get

N
Dx“(T)|,_o(@) =D ox® (T, 1) Af s (1)
k=1

where @ (¢, s) is the transition matrix of the linear differential equation r(¢t) = D, f (¢, x(¢),
i(t))r(t). Since (§*,0) <0 VE* € N(0, A), we obtain from (4.2)

1 N 2 N
AN S @ (T ) Afsay @) + > v vin Y ok® (T, 1) Af s (1)
i=0 k=1 i=1 k=1

r rn N
= (Zxﬁv v+ yiNy;*N> Dok (T 1) Af s 1) > 0, 4.3)
i=0 i=1

k=1
for some x, € 3°vy; (X(T)), yi)y € 0°¢; (X(T)). Itis essential that x}y,, y/,, do not depend on the
choice of o, because they are “hidden” in inclusion (4.2) with no o.
Denote

r n
P ==Y My & (T, 1) =Y yN (T 1), (4.4)
i=0 i=1
and obtain from (4.3), (4.4) that

N
Z ok Py () Af 1) () <0,
k=1

which implies

PNDALI 1) <O, 1€ (... y), 4.5)
since we can put all oy ’s, except one, equal to a zero and py (f) does not depend on o. It follows
from (4.4) that p% () satisfies the adjoint equation

Py (@) = =py D f(1.X(0), (1))

with the boundary condition

r rn r rn
—pn (=Y ANy > v Nyiv e D AN ooy (R(D) + Y v N 0°wi (R(D).  4.6)
i=1

i=0 i=0 i=1
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4.2. Limiting procedure

Consider now the relationships (4.5) for N =1, 2, .... By restricting attention to a subse-
quence (we do not relabel) we can arrange that

(Aév,...,)»fll,le,...,yf;’)—)(Ao,...,krl,yl,...,yrz)

for some numbers A9 >0, ..., A, =0, and y1, ..., ¥, satisfying

rl n
Dori+Y Inl=1.
i=0 i=1

The p"’s are uniformly bounded and the p"’s are uniformly integrally bounded. Simple argu-
ments, appealing to the boundedness and closedness of M—P subdifferentials and the Dunford—
Pettis criterion for compactness in L! then, permits us to conclude that, along a further subse-
quence

xiy — x] €3 ()E(T)), iy —> ¥ €3y ()E(T)), and py —> p uniformly,

for some p € w1 satisfying
r n
—p ) =p T ODf(t. 20,4 (1) ae. —pTT)=> rxi+> vy
i=0 i=1

Furthermore

PYO)Af10) (1) <O forallt € A (4.7)

A .
Take any t € M. Then, for arbitrary j, t € M ;. Consequently there exists s; = 1 such that
Afj(si) — Afj(0).
Recalling the definition of Af; and noting the continuity of p, we deduce from (4.7) that

pTO[f (1, %), uj) = £, 5@), 5(1))] <O (4.8)

is satisfied for all j’s and at all points  in the set of full measure M. Since f (¢, x, -) is continuous
and in view of the density of the u ;’s, the relationship

PrO[f (. %@, u) — f(t.5(10).@())] <0 (4.9)

is satisfied for all points u € U, on a set of full measure. This completes the proof of Theorem 4.2
in the case if (x, ) is a Pontryagin local minimizer and (H7) is satisfied.

Finally, let us suppose that (H7) is possibly not valid and that (x, «) is a strong local minimizer.
For j =1,2,..., consider the modification (P1;) of (P1), in which U is replaced by

Uj= [u eU: sup |f(tx,w)| <ki(0)e + |50 +j} for 7 €[S, T],
xex(t)+eB
where k1 (-) is from (H2). For each U; hypothesis (H7) is satisfied. Notice, in particular, that U ;
is non-empty for each j and U = U‘j";l U;. The Maximum Principle is verified in this case, by
applying the earlier case for each j and passage to the limit as j — o0o. Details are to be found,
for example, in [17, p. 212].
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4.3. Problem (P2)

Theorem 4.3. Assume that hypotheses (H1)—(H3) and (HS) are satisfied. Assume, furthermore
that either (x,u) is a strong local minimizer, or (x,u) is a Pontryagin local minimizer and
(H7) is additionally satisfied. Then there exists a measurable selection £*(t) € 0y L(t, x(t), u(t)),
t €[S, T] and a vector-function p(-) such that

—pT ()= pTOD,f(1.50).a() —E*() ae. p(T)=0 (4.10)

and there holds the maximum condition

pr@) f(t, X)), a(0)) — L(t,%(1), () = runea&({pT(t)f(t, X(0),u) = L(t, %), u)} ae.

Proof. The fact that the process (x¢, u®), if it satisfies the constraints of (P2), cannot have cost
less than that of (X, i) can be expressed as: e = 0 is a local minimizer for the finite-dimensional
nonlinear program:

T
minimize /L(t, x(1), ue(t)) dt overeec A:=[0,g5]1",
N

where u€ is given by (4.1) and x° is the corresponding trajectory. Due to Lemma 2.11 we may
assume that the domain of the function e — x¢(¢) is extended to a neighborhood of e = 0 for all
t € [a, b] with preservation of differentiability at e = 0.

Assume for now that the integrand L does not depend on u; the general case will be considered
later. From the Lagrange multiplier rule (2.8) we have

T
OeBS/L(t,xe(t))dtL:O—i—N(O, A). 4.11)
N

Due to Lemma 2.9 we can take 97 inside the integral and deduce that there exists a measurable
selection S;‘\“, (t) € 97L(t,x(1)), such that forallo € A

0< / EN(DDex*(1)|,_o(0)dt, (4.12)

and D,x¢(t)|.—o0(c) is given by (3.2). Thus

m(t)

f EL (DD (1)],_o(0) di = / £ 3ok 10 (1)

N T
Z / Ex(ODoRP (1, 1) Af 1) (1) dE. (4.13)
Define

(D) i=— / EX()D(s, 1) ds. (4.14)
t
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p% satisfies the differential equation

py@) = —pN@ODy f(t, %), d(1)) + &5 (1) € —py (O Dy f (1, X(), @(1)) + 3SL(t, (1)).
(4.15)

From (4.12)—(4.14) we deduce that
N

Z ok () Af 1) () <0,
k=1

which implies
PROAf1@) <0, teft,... i),

due to the fact that py(¢) does not depend on .

The limiting procedure can be furnished as in Section 4.2 taking into account the additional
fact that |5 ()1, < lk2()]lL, < oo (k2(:) is from (H3)), which implies uniform boundedness
of py and uniform integral boundedness of py.

Now let us consider the general case and assume that the integrand L depends on u. Assume
for now that we take only one needle variation of length ¢ at time t by control v € U.

Let us evaluate the expression d; f ST L(t,x%(t), u®(t)) dt|.—o. (This is a one-dimensional case
and there is no need to deal with the action of this expression on o'.) We have

T

/ (L(tx° (1) 45 1)) — L(1. 500, 5(0))) di
S
T

=/(L(t,x8,u8) CL(.E@)di
T

T
_ /(L(t,xg,us) CL(Euf)) dr +/(L(t,)2,u5) LG %) di

T
T+¢e

T
= /(L(t,x's,v)—L(t,)E,v))dt—i—/(L(t,xs,ﬁ)—L(t,i,ﬁ))dt
T T+e
T+e

+ / (L(t,%,v) — L(t,x,0))dt

T

T+e T
_ /(L(;,xs,v)_L(t,;,v>)dt+/(L(z,x8,a) _ LR @)di
T+e T+e
- /(L(t,xs,ﬁ)—L(t,)E,ﬁ))dt—i- /(L(t,f,v)—L(z,)E,ﬁ))dt. (4.16)

Consider the second integral after the last equality sign. The control u is fixed, and its M—P
subdifferential can be evaluated as above.



994 LA. Shvartsman / J. Math. Anal. Appl. 326 (2007) 974—1000

For the fourth integral, there exists a limit

T+e
fim (L(r, %), v) — Lz, (1), (1)) dt

e—>0¢&
T

=L(t,x(1),v) — L(z, X(1), u(1)) := Ay L (1),
provided that 7 is the Lebesgue point of the difference. Therefore,
T
a2 /(L(t, X(0),v) — L(t, (1), a())) dt|,_, = Ay L(t)
s

because M—P subdifferential coincides with the derivative if the latter exists. It is not difficult to
show that there also exists a limit when the first and the third integrals in (4.16) after the last
equality sign are divided by ¢ and ¢ tends to 0, and this limit is equal to a zero. Thus, from (4.16)
one gets

T
8;/(L(t,x8(t),u8(t)) — L(t.x(0), u(r))) dt|,_,
N

T
= aé’/L(wcg(t),ti(t))dtL:O — ALL(7).
S
In the case if a multi-needle variation of the optimal control is applied at #1,...,7y by
Uj(t)s---» UJ(ty)> Tespectively, slightly modifying the procedure above, we get

T
o2 [ Llex' .0 w) ]yt
S

95 | (L(t. x°(@), u® (1)) — L1, X(1), u(0))) dt|,_, (o)

N
L(t, x¢(0), u(n)) dt|,_,(0) — Zak(L(tk,)E(tk), ug) — L(tk, X (1), i (t))).

Ct— P T—~

= a:
k=1
4.17)
Now from
T
0€d / L(t, x(0), ue(t))dt|e:0 + N(0, A)
N

and taking into account (4.17), (4.13)—(4.15), we get
PNAFIw () = (L(t. %), uy@) — L(t, (1), @) <0, te{t,....tn},

and derive the assertion of Theorem 4.3 after the limiting procedure described in Section4.2. O
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4.4. Problem with state constraints (P3)

Theorem 4.4. Assume that hypotheses (H1)-(H3), (HS), (H6) are satisfied. Assume, further-
more that either (X, u) is a strong local minimizer, or (X, u) is a Pontryagin local minimizer
and (H7) is additionally satisfied. Then there exist a number Ay € {0, 1}, regular non-negative
Borel measures vj supported on the sets {t € [S,T]: g;(t,x()) =0}, j=1,...,1, such that
(Ao, 1, ..., u7) # 0, a measurable selection £*(t) € 07 L(t, x(t),u(t)), t € [S, T], and a func-
tion p(-) satisfying the adjoint equation

T

Pl = / (PT () Dx f (s, %(5), it(5)) — 20E*(8)) ds — Y / D.gj (s, X(s))dp;(s),
T

1 =l
telS, T, (4.18)

such that there holds the maximum condition

Hyo (1. X(0), u(0), p(t)) = max H, (t.X(0),u, p(t)) ae. (4.19)

Proof. The fact that the process (x¢, u®), if it satisfies the constraints of (P3), cannot have cost
less than that of (X, i) can be expressed as: ¢ = 0 is a local minimizer for the finite-dimensional
nonlinear program:

Minimize fST L(t, x°(t),u(t))dt overee A=[0,Ex]", subject to constraints
gj(t,x¢(1) <0, relS,T], j=1,....1,

where u¢ is given by (4.1) and x¢ is the corresponding trajectory. Let us denote
Gj(e):= i, x¢@), j=1,...,1,
i@ ,é?f‘,’}]gf( x4n), J

and replace the pointwise state constraints g;(z, x°(¢)) <0, ¢ €[S, T, by equivalent constraints
Gje)<0, j=1,...,L

From the Lagrange multiplier rule (2.8), Proposition 2.5 part (b) and Proposition 2.6 part (b) we
get

T I
0er)as / L(t,x“(0),u®(t))dt|,_, + nya°G,-(0) + N(0, A) (4.20)
s j=1

with AY >0 for j=0,...., AYG;(0) =0for j=1,....1 and Zl,-zolkﬂvl = 1. The first term
in (4.20) was evaluated in Section 4.3 (formula (4.17)). It remains to evaluate the expression
0°G;(0) = 97 (maxe[s,11 g (¢, x°(1)))le=0-
Fix j. The function e — G (e) is a composition of two functions: G j(e) = (¢; o ¥)(e) with
¥:RY — C"[S, T], ¢(e)=x°() and

@;j:C"[S, T] — R, (pj(x(-)) :tél[lg);]gj(t,x(t)).
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The function v is differentiable at e = 0 with Fréchet derivative given by formula (3.2). Under
hypothesis (H6) the function ¢ (x(-)) is known to be locally convex, and the action of an element
x;‘ € dg;(x) from its subdifferential on z(-) € C"[S, T] can be represented in the form

(x7.2)= / Dy g} (1. 2(1)z(t) dj1 (1),
[$.T]

where i ; is a regular non-negative Borel measure with norm 1, supported on the set {t € [S, T]:

gj(t, x(1)) = @j(x ()} (see [7, p. 220]).
Consider the function e — Gj(e) = (¢; o ¥)(e). Take arbitrary o € A, e € 0°G;(0) and

let “9” denote the subd1fferent1a1 of convex analysis. Due to chain rule (2.3) there exists x €
0¢;(x(-)) such that

(¢5.0) = (x¥, DY (0)(0))
and D (0)(o) is evaluated in (3.2). Therefore,

m(t)

(er,0)= f Dg] (s, %)) Yok ® (s, ) Af sy (t1) ALY (s)

[S T] k=1
3 | Desl i) AT @ di ). (421)
k=)

where the properties of i i N (s) are stated above. From (4.20), (4.21) and derivations of Section 4.3
we get

N T
0<kf)vZ/E}C(Z)Uk@(htk)AfJ(zk)(lk)dt

- de (L (1, % (1), g y) — Ltk X(t), (1))

N
+y / Dygj (1, X(0))ox @ (t, 1) Af 1) (t1) B (1), (4.22)
i=t =l
where &5 (-) € 97 L(-, X(-), i(-)) is a measurable selection, ujy do not depend on the choice of
o € A. Denote Aydﬁy = d,ui.v and set
r !
G :=—f,\gvg;(s)q>(s,t)ds—z / Dyg] (s, ()@ (s, 0)duf (s), 1€I[S,T].

t J=LeT
(4.23)

Inequality (4.22) in terms of py can be rewritten as

N
> ok PN )AL 1) — (Lt £t u ) — Lt X (0. 1 ()] <0,

k=1
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which implies
PN AL @) — (L(t, X(t), uy) — L(t, %), @())) <O forallt € {1y, ..., tx} (4.24)
because we can set all oy ’s, except one, equal to a zero, and py, N =1,2,..., do not depend
on oy.
We would like to pass to the limit as N — oo in (4.23) and (4.24). The first term on the

RHS of (4.23) has been dealt with in Section 4.3. Let us consider the second term. Since
||,LL§-V||(CH)*[S’T] = )\j.v < 1, we conclude via weak* compactness of a unit ball in a dual space

that there exists a subsequence of pL;V (we do not relabel) weakly* converging to some non-
negative regular Borel measure u ;. Moreover, if )\9/ are bounded away from zero for large N,
then w; # 0 since the measures ;L?/ are nonnegative and f[S’T] ,u?’ (s)ds — f[S’T] wj(s)ds as

N — oo, which implies non-degeneracy of (Ao, i1, ..., t7). Also, since ,u?’ are supported on
the set {r €[S, T]: g;(t, x(t)) = ¢;(x(-))}, it is not difficult to show that u ; is supported on the
same set (see similar analysis in [17, Chapter 9]). Denote

T !
pr() = —/Aoé*(s)cb(s,t)ds -3 / Dyg (s, ()@ (s, )dpj(s), t€[S,T],
t Jj=1 [£,T]
(4.25)
where X¢ is a limit of a subsequence of A(I)v, N=1,2,...,and £*(-) € 07 L(-,x(-),u(-)) is a

measurable selection obtained as a pointwise a.e. limit along a subsequence of &} (-). It is well
known that

/uj»v(s)ds—> /Mj(s)ds
[t,T] [1,T]

for all ¢ € [S, T'] except, possibly, a countable set of points where 1 ; has atoms. Since the mea-
sures ij and ; are non-negative and finite, it is true that for any ¢ > 0

'/u?’(s)ds—/uj(s)ds
[

t,T] [£,T]

<e¢

for sufficiently large N for all ¢ € [S, T'] except, possibly, a finite set of points. Therefore we
derive from (4.23) and (4.25) that there exists M > O such that for any ¢ > 0

lpv () — p(D] < Mie

for sufficiently large N for all ¢ € [S, T] except, possibly, a finite subset. By passing to the
limit in (4.24) we obtain, via arguments similar to those in Section 4.2, that there exists M> > 0
(independent of ¢ € [S, T'] and ¢) such that

prO[f (6, %) ui) — f(t. 5@, d()] — (L(t, X@), u;) — L(t, %), d(1))) < Mae

is satisfied for all i’s on a dense subset of [S, T']. Therefore, in the points of continuity of p,
which have a full measure, the relationship

PrO[f(t. 5@ u) — f(t, %), a®))] — (L(t, %(0),u) — L(t,X(t), i(1))) < Mae  (4.26)

is satisfied for all u € U. Since ¢ > 0 in (4.26) is arbitrary, this implies the maximum principle
pT(t)[f(t, x(t), u) — f(t, x(1), ﬁ(t))] — (L(t, x(), u) — L(t, x(t), ﬁ(t))) <0 (4.27)
for all points u € U, on a set of full measure. Note that (4.27) is equivalent to (4.19).
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It remains to show that p(-) defined in (4.25) satisfies (4.18). Consider first the special case
when the measures 1 are absolutely continuous and d;(s) = ft;(s) ds. Then from (4.23) we
derive

r !
pTe) =~ / <Aoe*<s)a>(s, D+ Digj(s.5(9)) s, t);lj(s)) ds
i j=1

and, therefore

[
PTO =2ot* )+ Y Digl (£ () (1) — pT () Dy f (. 5(0). i (1)).
j=1
After integrating this equality and taking into account that p(7) = 0 due the assumption
gj(T,x(T)) <Oforall j (see (H6)), we obtain (4.18).
Now let us lift the assumption on absolute continuity of ;. It is known that u; can be ap-

proximated by a sequence of absolutely continuous measures: (;; —> ; asi—> oo. Let
(C*[8.T]

us approximate ; by 1 ; on the RHS of (4.25) and set

r !
P ::—/Aog*(s)cb(s,t)ds—z / Dygj(s.X())®(s,0)dpji(s), €[S, TI
' =)
(4.28)
Since (Cn)*? - wuj as i — oo, the RHS of (4.28) converges to the RHS of (4.25) for all

t €[S, T] and therefore p; — p pointwise on [S, T]. Moreover, due to absolute continuity
of wj;, pi satisfy

T

l
Pl = f (Pl ($)Do f (5, %(5), it(5)) — hoE*(5)) ds — ) / Degj (s, % () dpeji(s),

t JZI[; T]
tels,T],

as proved above. Passing to the limit as i — oo involving the Dominated Convergence Theorem
in the first term, we obtain (4.18). O

Uniting the results of Sections 4.1-4.4 we obtain the assertions of Theorem 1.3.
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Appendix A
In Appendix A we prove the claim from Proposition 2.8.
Lemma A.l. Let 2 C RN be an open set containing X, ¢ :[a,b] x 2 — R and d°¢,(x, h),

97¢(t, x) denote the M—P directional derivative of ¢ at (t,X) in the x-variable and the partial
M-P subdifferential in the x-variable, respectively. Assume that
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(a) the functiont — ¢(t,x), t € [a, b], is measurable Vx € £2;
(b) |d°pi(x,h)| <ooforallh e RN and a.e. t € [a, b].

Then the set Sz := f ab 9 ¢(t, x) dt is non-empty, bounded, closed and convex.

Recall that for a multimap ¢t — I'(¢), ¢ € [a, b], the integral f ab I'(t)dt is defined as
b b
f I't)dt= {y: y= / y(t)dt, y(-) measurable and y(¢) € I'(¢) fora.e.t € [a, b] .

a a

Following [7] we say that a multimap t — I'(t), t € [a, b], is measurable if it can be approxi-
mated by a countable set of measurable selections, i.e., El{yn(-)}flo:1 such that y,, n=1,2,...,
are measurable and U;‘;l ¥n(t) is dense in I"(¢) for a.e. t € [a, b].

Proof. As a first step we shall prove that the multimap ¢ — 97¢(¢, X), t € [a, b], is measurable.
Due to Proposition 2.4, the function 2 — d;¢(x, h) is convex. The function t — d¢(x, h) is
measurable in ¢, since, by definition, the M—P directional derivative is equal to a pointwise limit
of measurable functions.

Recall a definition of a Fenchel conjugate function to a convex function f:Y — R, where Y
is a linear vector space:

O =sup{(y*. y) — f(M}
yeY

and let d;* (X, x*) = sup,cpny {{(x*, h) — d/ ¢ (x, h)} be the Fenchel conjugate of d/¢(x, ). The
function dP*¢(x, x*) is convex in x* and measurable in 7, as a pointwise limit of measurable
functions along the maximizing sequence.

We can see that the M—P subdifferential of ¢ with respect to x has the following representation

e, x) = {x*: dp(x,x*) =0}.
Indeed,

x*edpt,¥) = (x* h)—d’e(F, h)<0 VheRY

<« sup {(x*,h) —dPe(x,h)} <0 <<=  sup {(x* h) —de(x,h)} =0,
heRN heRN

because zero is reached when 7 = 0. Now the measurability of the multimap ¢ — 97¢(¢, x),
t € [a, b], follows from [7, Corollary 2, p. 332]. The convexity of Sz = f: d;¢(t, x)dt follows

X
from Lyapunov’s theorem [7, Theorem 2, p. 335] for measurable multimaps. Its boundedness is
obvious; the non-emptiness follows from Proposition 2.5 and Fillipov’s lemma on the existence
of a measurable selection (see, e.g., [17]). It remains to prove the closedness of Sx.
Let {yx}72, be such that y; € Sz, k=1,2,..., and y; — y. We shall show that y € S;.

Let y (1) € 97¢(t, ), t €[a,b], k=1,2,..., be a sequence of measurable selections such
that yx = f£ f’ Yk (t)dt. Since the sequence {yy};2, is uniformly bounded, it contains a weakly
convergent in Ly[a, b], 1 < p < 0o, subsequence (we do not relabel). Denote its weak limit

by y and it is clear that y = f: y(t)dt. Due to the Mazur theorem, there exists a sequence of

convex combinations {z, =Y ;_, a,ﬁ")yk, a,En) >0, Y, a,in) =1, n=1,2,...} such that z,

converges strongly in L ,[a, b], 1 < p < 00, to y and hence a subsequence converges pointwise
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to y a.e. Since the multimap ¢ — 97¢(¢, X), t € [a, b], is convex and close-valued, it follows
from z, — y a.e. that y (¢) € 07 (¢, X) a.e. and, therefore y € Sz, which proves the lemma. O
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