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Abstract

By using a fixed point theorem of strict-set-contraction, some new criteria are established for the existence
of positive periodic solutions of the following periodic neutral Lotka—Volterra system with state dependent
delays

dx; (
dt

D — i) [n (1) =D aij(Ox;(6) = Y bij0x;(t — (1, x1 (1), ..., %0 (1))
j=1

j=1
- Zcij(t)x}(t—Gij(t,xl(t),...,xn(t))):|, i=1,2,....n,
=1

where 1y, ajj, bij, cij € C(R, RY) (i,j =1,2,...,n) are w-periodic functions and Tjj, 0ij € CR"t R)
(i=1,2,...,n) are w-periodic functions with respect to their first arguments, respectively.
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1. Introduction

Recently, by using the continuation theorem developed by Gaines and Mawhin [1], Yang
and Cao [2] studied the existence of positive periodic solutions for the following neutral Lotka—
Volterra system with delays

dN;
(’)—Nm[al(r)—Zﬁ”(rﬂv 0 =3 by Nt - 750))

d
Jj=1 Jj=1
n
—Zcij(t)N;j(t—yij(t))], i=1,2,...,n, (1.1)
j=1

where a;, Bij, bij, cij, Tij, yij are nonnegative continuous w-periodic functions. However, the
verification of the important assumption that the operator N : X — X is L-compact is incom-
plete. The reason why the verification is incomplete is the same as that pointed out by Lu and Ge
in [3]. Also, by using an existence theorem for neutral functional differential equations developed
in [4,5], Fang [6] studied the existence of positive periodic solutions of (1.1). Under the trans-
formation N;(¢) = e%i O i=1,2,...,n, Fang first rewrote the above equation in the following
form

n /
. €ij (1) i)
|:XI([)+_ZI—‘L’</»(I)6J J
j=l1 tj
n n c(t) I
=ai(t) =y (e - Z(bij (1) — (71 — (,)) )exf'“—fff“”,
j=1 j=1 tij
i=1,2....n, (1.2)

and made use of the existence theorem to obtain the existence of at least one periodic solu-
tion x*(r) = (x}(r), x3 (1), ..., x} (1)) of (1.2). Then he claimed that N*(r) = (¢*1 "), 2™, ..,
T s a positive periodic solution of (1.1). Unfortunately, according to his proof, he only
proved that (1.2) has at least one continuous periodic solution x*(¢) satisfying that

cii(t) L )
i (f)+21_”/(z) IO i=1,2,n,
Tij

are differentiable. However, in general, x*(¢) is not differentiable. So, N*(¢) is not necessarily a
solution of (1.1).

The main purpose of this paper is by using a fixed point theorem of strict-set-contraction to
establish new criteria to guarantee the existence of positive periodic solutions of the following
neutral Lotka—Volterra system with state dependent delays

dx; (1)
dt

=x; (1) |:r,-(t) — Zaij(t)xj(t) - Zbi,-(z)xj(r — i (t, x1(0), ..., X0 (D))

j=1 j=1

= eij)x(t = o1 (1. x1 (), ...,x,,(r)))], i=1,2,...,n, (1.3)
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where r;, a;j, bij, cij € C(R, R*) (i, j =1,2,...,n) are w-periodic functions and Tij,0ij €
C (R”H, R) (i =1,2,...,n) are w-periodic functions with respect to their first arguments, re-
spectively. Obviously, (1.1) is a special case of system (1.3).

For convenience, we introduce the notation

S me I 0 oy

10}
Mij=/[8jaij(s)+8jb,-j(s)—cl-j(s)]ds, i=1,2,...,l’l, j=1,2,...,m,

w
Mij=/[aij(s)+bij(s)+cij(s)]ds, i=1,2,...,n, j=1,2,....m,
0

M= max {f0O). /"= min (£},

where f is a continuous w-periodic function.
Throughout this paper, we assume that:

(H)) Sii=e  Jri@ds 110y
(H»y) Sjai./'(t)—i-Sjb,'j(t)—C,'j(l)ZO, i=1,2,....,n, j=1,2,...,m.
82M;;
(H3) (1+r] )?& >tg[1§1’7:)]{aij(t)+bij(t)+cij(t)}a
i=1,2,...,n, j=1,2,....m
(H) Mo = 1)

8;i(1—=156;) <[€[Om {8 au(t)—}—(S bu(t) C,'j(l‘)},

i=1,2,...,n, j=1,2,....m

1—8 n
H ma max cM <1.
(Hs) [1<z<n{8 mln1<j<n{M,j}}:||: éign{ J; ij }:|

2. Preliminaries

In order to obtain the existence of a periodic solution of system (1.3), we first make the
following preparations:

Let E be a Banach space and K be a cone in E. The semi-order induced by the cone K is
denoted by “<.” That is, x < y if and only if y — x € K. We also use the notations £ and % that
mean x € yifandonlyif y —x ¢ K and x 2 y ifand only if x — y ¢ K, respectively. In addition,
for a bounded subset A C E, let g (A) denote the (Kuratowski) measure of non-compactness
defined by

ap(A) =inf {8 > (: there is a finite number of subsets A; C A
such that A = U A; and diam(A;) < 5},
i

where diam(A;) denotes the diameter of the set A;.
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Let E, F be two Banach spaces and D C E, a continuous and bounded map @ : D — F is
called k-set contractive if for any bounded set S C D we have

ar (9(S)) < karp (S).

@ is called strict-set-contractive if it is k-set-contractive for some 0 < k < 1.
The following lemma cited from Refs. [7,8] which is useful for the proof of our main results
of this paper.

Lemma 2.1. [7,8] Let K be a cone of the real Banach space X and K, rp = {x € K: r <
lx|| < R} with R > r > 0. Suppose that @ : K, p — K is strict-set-contractive such that one
of the following two conditions is satisfied:

(i) @x L x, Vx €K, |x|| =r and ®x * x,Vx € K, |x|| = R.
(i) dx 2x,Vx €K, x| =r and Px £ x,Vx € K, x| =R.

Then @ has at least one fixed point in K, g.

In order to apply Lemma 2.1 to system (1.3), we set
Cg = {x = (X1, X2, ..., x0): x € CO(R, R"), x(t + w) =x(t)}

with the norm defined by ||lx|| = >_7_; |xilo where |x;|o = max;e,wiflxi (|} i =1,2,...,n,
and

Cal): {x:(xl,xz, e x) o x ECI(R,R"), x(t + o) :x(t)}

with the norm defined by ||x||; = max{|| x|, |x’||}. Then Cg, C(}) are all Banach spaces. Define
the cone K in C by

K={xix=@nx....x)" €Ch, x;(1) 28;lxjl1, t€[0,0], j=1,2,....n}, (2.1)

w?
where |x ;|1 = max; (0,0 {|x; ()], |x}(t)|}, j=12,...,n.
Let the map @ be defined by
(@x)(1) = ((@10) (1), (B20) (1), ..., (D, 0)(1)) ", 2.2)

where x e K, t € R,

to n n
(@ix)(1) = / Gi(t,5)xi (s)[Zaij(s)xm + Y bij()xj(s = 1ij (5, X1(5), ., xa(5)))

t Jj=1 j=1

+ Zcij(s)x} (s —oij (s, x10s), ..., xn(s)))] ds
j=1

and
o= i ri(@)do
1 _efj(;”r,-(e)de’

It is easy to see that G; (t + w, s + w) = G;(¢, s) and

Gi(t,s)= selt,t+w], i=1,2,...,n.

S
< Gi(t,s) <
g, SIS

, seltht+w], i=1,2,...,n.
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In the following, we will give some lemmas concerning K and @ defined by (2.1) and (2.2),
respectively.

Lemma 2.2. Assume that (H)—(Hz3) hold.

@) Ifmax{riM, i=1,2,...,n} <1, then @ : K — K is well defined.
(ii) If (Hy) holds and min{riM, i=1,2,...,n}>1, then ®: K — K is well defined.

Proof. For any x € K, it is clear that ®x € C! (R, R). In view of (2.2), for t € R, we obtain

t+2w n
(Pix)(t +w) = / Gi(t+w,s)x; (S)[Zaij (s)x;(s)

tHw j=1

+ Zbij(s)xj(s — rij(s,xl(s),...,xn(s)))

j=1

+ Zci‘/(s)x;- (s —oij(s, x1(s5), ... ,xn(s))):| ds
j=1

+w n
= / Gi(t+w,u+ w)x;(u +w)|:2aij(u+a))xj(u + w)

1 Jj=l1

n
+Zbij(u+a))xj(u+a)—r,-j(u+a),x1(u+a)),...,xn(u+a))))
j=1

—i—Zc,'j(u+a))x}(u—}—a)—ai.,-(u—i—w,xl(u—i—a)),...,x,,(u+a)))):| du

j=1

t+w n
= / Gi(t, u)x; (u) |: D aij(w)xj(u)

1 j=1

+ Zbij(u)xj(u — rij(u,xl(u),...,xn(u)))

j=1

+ Zc,'j(u)x} (u—oijj(u, x1 (), ..., xn(u)))i| du
j=1

=(@ix)(1), i=12,...,n
That is, (@x)(t + w) = (®x)(t),t € R. So &x € C). In view of (Hp), for x € K, ¢ € [0, w], we
have

D aij@xp)+ Y bij0x;(t — 1ij (. x1(0), ., x4 (1))

j=1 j=1

+ ) O (t = oy (£ x1(0). . xa (D))
j=I
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> Zaij(t)xj(t) + Zbij(l‘)x]'(t — ‘L’,‘j(bt, x1(),..., xn(t)))
j=1 j=1
=Y Xt —oij(t x10), ... x4 (1))
j=1
> " 8ai;(Olxjli+ Y 8;bij0xih — Y eij(1x;l
j=1 j=1 j=1

= Z[‘Sjaij(f) +8,bij(t) — cij ()] Ix; 1

j=1
>0, i=1,2,...,n. 2.3)
Therefore, for x € K, t € [0, w], we find
1 w
|Dix|o < 1—s, Xi (s)|:Za,j(s)x](s)—i—Zb,](s)x] rij(s,xl(s) ..... xn(s)))
0 Jj=1 Jj=1
+ Zc,] (s)x oOij (s,xl(s) ..... xn(s))):| ds
and
tHw
@0 [ xl<s>[121au<s>x,<s>+]Zlbz,<s>xj (5 = 7 (5, 5165)s - 30 9)))
t
+ ZC,J (s)x O’,] s, x1(8), ..., Xn (s)))] ds
/ s)|: a;j(s)xj(s) + Zbij (s)x; (s —Tjj (s, x1(8), ..., xn(s)))
lo j=1 j=1
—+ ZC’J (s)x 0ij (s,xl(s) ..... xn(s))):| ds
> 6| Dixlg, i=1,2,...,n. 2.4)

Now, we show that (®;x)'(¢t) > 8;|(Pix) |0, t € [0, w]. From (2.2), we have

(@ix) (1) = Gi(t, 1 + w)xi (t + w) [ > aij(t + w)xj(t + )

j=1
+Zbij(t)xj(t+a)—r,-j(t,xl(t+a)) ..... xn(t+a))))
=1
—|—Zcij(t)x}(t—}—a)—aij(t,xl(t—f-w) ..... xn(t+w)))i|
=1
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—Gl‘(t,[)Xi([)[Xn:al’j(t)Xj(t)+Xn:bij(t)xj'(t—Tl'j([,x1(t) ..... xn (1))
j=1 j=1

+Zc,,(r)x —oij(t,x1(0), ..., xn(t))):| + i (1)(Pix) (1)
=ri(D(Pix)(t) — x; (1) { Zai‘/ (Dx ()

=l

+ Xn:bij(t)xj (t—7ij(t. x1(0), ..., %0 (1))

=

—i—chj(t)x —aij(t,x1(0), ..., xn(t)))i|, i=1,2,...n. (2.5)

It follows from (2.3) and (2.5) that if (®;x)'(¢) >0,i =1,2,...,n, then
(®ix)' (1) < ri(O)(@ix) (1) <M (@ix) (1) < (@ix)(1), i=1,2,....n. (2.6)
On the other hand, from (2.4), (2.5) and (H3), if (®;x)'(t) <0,i=1,2,...,n, then

—(®;x)' (1)
:xi(t)[zaij(l)xj(t)+Zbij(t)xj(t_Tij(t’x1(t) ’’’’’ ()
j=1 j=1
+ch](;)x —oij(t. x1(0), ..., xn(t)))i| — ri()(Dix)(1)
< lxih D _[aij (0 + bij (1) + cij O] Ixj |l — " (@ix)(1)
j=1
82 "
<(1+r{")1_15_lxi|12{ /[Sjaij(S)Jr(Sjbij(S)—Cij(s)]|xj|1ds} — i (@ix)(0)
i j=1 0
t+w 5 n
=(1+r§")/ 15 '|1JZI[3jaij(s)+5jbij(S)—Cij(s)]|xj|1ds—rim@fx)(l)
t =
t+w n
<(1+7") / Gi(t,S)x,'(S)|:Zaij(S)Xj(S)
! j=l
+Zb”(t)x/ le S, )C](S) aaaaa x,,(s)))
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o "
< (1+rlf”) f G,-(z,S)xi(s)|:Zaij(s)xj(s)

t Jj=1

+ Zbij(t)xj(s — r,-j(s,xl(s), . ..,xn(s)))

=1
+ Zcij (t)x} (s — 0jj (t, x1(8), ..., Xp (s)))i| ds — " (Pix)(1)
=1

= (L4 ") (@ix)(1) — " (@ix) (1)
= (@ix)(1), i=1,2,...,n. .7)

It follows from (2.6) and (2.7) that |(®;x) |o < |Pix|o, i =1,2,...,n. So |P;x|1 = |P;x|o,
i=1,2,...,n. By (24) we have (®;x)(¢) = 6;|Pix|1,i =1,2,...,n. Hence, ®x € K. The
proof of (i) is complete.

(ii) In view of the proof of (i), we only need to prove that (®;x)'(t) >0,i=1,2,...,n, imply

(@) (@) < (@ix)(@), i=1,2,...,n
From (2.3), (2.5), (H») and (Hy4), we obtain
(@ix) (t) < ri()(Pix)(t) — 8i|xi|1 |: Zaij (H)x;(0)

j=1

+ Y b Ox (1 —1ij (1 x1 (), L 60 (0))

j=1
=Y ci@x (=i (. xi @), .. .,xn(t)))’:|
j=1
<ri(@)(Pix) (@) — 8ilxi 1 Z[Sjaij(f) +8;bij (1) — cij (O ]lxj 11
j=1

<M (@i @) - 5 lell(S =8 Z/ aij(s) + bij (s) +cij ()] 111 ds
=10

tHw
1

<rM@ix) @ = (M =1) f 5 il

t

n
x Y [lxjhaij(s) + |xjl1bij(s) + xl1cij(s)] ds
j=1

t+w n
<rM@ixy o) — (P 1) / G,»u,s)x,-(s)[Zai,-(sm(s)

1 j=l1

+ Zb,-j ($)x; (s —Tjj (s, x1(s), ..., xn(s)))

j=1
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n
+ Zcij(s)|x}(s — 0jj (s, x1(8),..., x,,(s)))|:| ds
Jj=1

t+w n
<M @ix)(0) — (P} - 1) / G,-(t,sm(s)[Za;,-(s)x,-(s)

t Jj=1

+ Zbif (8)x; (s - Tjj (s, x1(8), ..., Xy (s)))
j=1

+ Zcij (s)x;- (s —oij (s, x1(s), ..., xn(s)))i| ds
j=1

= rzM(¢ix)(t) - (ViM - 1)(@,’)6)([)
=(@ix)(), i=1,2,...,n.

The proof of (ii) is complete. O

Lemma 2.3. Assume that (H1)—(Hs) hold and R max<i<a{d"}_ C%} <1

@) Ifmax{riM, i=1,2,...,n}<1,then ®:KnN 2r — K is strict-set-contractive.
(i) If (Ha) holds and min{riM, i=1,2,....,n} > 1, then ®:K N 2 — K is strict-set-
contractive.

Here Qr ={x e CL: |Ix|| < R}.

Proof. We only need to prove (i), since the proof of (ii) is similar. It is easy to see that @
is continuous and bounded. Now we prove that aCl})(fp(S)) < (R maxlg,-gn{Z’}-:l c?f})acol)(S)

for any bounded set S C 2g. Let
n=aci(S).

Then, for any positive number & < (Rmaxi<;<n {Z?zl ci’;’.’ D, there is a finite family of subsets

{S;} satisfying S = | J; S; with diam(S;) < 5 + €. Therefore
lx —ylli1 <n+e foranyx,yce€s;. (2.8)

As S and S; are precompact in Cg, it follows that there is a finite family of subsets {S;;} of §;
such that S; = U/. S;;j and

lx —yll <e foranyx,yes;;. (2.9)
In addition, for any x € S and ¢ € [0, w], we have

t+w n
|(@ix)(1)] = / Gi(t,s)x,'(S)[Zatj(s)x/'(s)

1 Jj=1

+ Zbij(s)xj (s - Tjj (s,xl(s), . .,x,,(s)))

j=1
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+ Zcij(t)x;- (s — Tjj (s, x1(s),..., x,,(s))):| ds
j=1

<15 fZ [aij () + bij (5) + cij(s)] ds =
1 O 1
and
[(@ix) ()| = [ri (0)(Pix)(2) _xi(t)[zaij(t)xj(t)
=1
+Zb,~j(t)xj(t—rij(t,xl(t),...,xn(t)))
j=1
+ch‘j(t)x}(t—Tij(f,)C](f),...,xn(t)))]‘
<rMH; +R2Z Mybl+c), i=1.2.....n
j=1
Hence,
[@x)] <} H
i=1
and

||(cbx)/||<z M H;) +RZZZ all + b} +clf).
i=1

i=1 j=1

Applying the Arzela—Ascoli theorem, we know that @ (S) is precompact in Cg. Then, there is a
finite family of subsets {S;;r} of S;; such that S;; = Uk Sijk and

@x — @yl <e foranyx,y e Siji. (2.10)
From (2.3), (2.5) and (2.8)—(2.10) and (H»), for any x, y € S;jx, we obtain

[(@ix) — (@:iy) |

= max { ri(1)(@ix)(t) —ri(t)(®@;y)(2)
te[0,w]
—xi(z)[zaij(t)xj(t)+Zb,-,~(t)xj(t—ri,-(t,xl(t),...,xn(t)))
j=1 j=1

+ Zc,-j(t)x;(t — i (t, x1(0), ..., x,,(t)))]
j=1

+3i(6) [ D ai )y )+ Y b0yt =i (t. 1), ..., ya(®)))

j=1 j=I
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< max {|rl(f)[(4’,X)(t)—(¢iy)(l)]|}

+tg[1a§) [ xl(t)[Za,](t)xj(t)+Zb,](t)x] t =1t x1), ..., (1))
Jj=1 j=1
+Zc,j(t)x — i (t, x1(0), . .., x,,(t)))]
—w(t)[Za,-j(t)yj(t)+Zbi,-(r)y,-(t—r,-j(t,yl(r) ..... Ya(®)))
j=1 j=1

< \@,-x) — (@),

+tg[l(§3.x]{ xi(l‘){ |: Zaij(t)xj(t) + Zbij(l)xj(t — ‘L’ij(t,xl(l‘) ..... xn(t)))
@ j=1 j=1
+Zc,j(r)x — it x1(0), ..., xn(t))):|
- |:Zaij(t)}’j(t) +Zbij(l)yj(t — 7 (t, y1(0), ..., ya (1))
j=1 j=1

+z2€(§1§)]{ |:Zaz](t)))j(t)+zbz](t)y] t_Tl](l yi(®), ..., yn(t)))
j=1
+ch,(t)y, =t (), ..., yn(t)))][xl(t) —yi(®)] }
<rMe+ |xi|0,g[1§lx]{ Z[aij(t)’xi(l) —yi(0)]
, W =1
+ b ()| xj (t — wj (£, x1(0), ..., xn () =yt —7ij(t, y1(0), ..., yn(@®))]
+cij )| (=i (6, x1(0), . x())) = V(0 = T (8, 010, y,,(r)))y]}
+tg[l(?x]{ [Zazj(t)yj(t)+zbt/(t)Y/ t_TtJ(t i@, ..., yn(t)))
,W =1
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n
+ Y e Ot =i (6,10, v (t)))] [xi () = yi (r)]”
j=1

n n
<r,Me+R<Z[a{‘f+b{?]>e+ |)C,'|0<ZC%)(7]+8)

j=1 j=1

n
+R<Z[a£’-’ —l—bi"]/-’—l—ciﬂf])e

j=1
n
=|xilo<Zc{§’>n+His, @.11)
j=1

where

n n n
ﬁi=r}‘4+2RZai’;4+2RZb{‘f+2RZc{‘f, i=1,2,...,n.
j=1 j=1 j=1

From (2.10) and (2.11) we have

n

n n
[®x — Pyl < (ZIMIOZC?}I)W"‘EZI:I"
i=1 j i=l

—1

n n
:ergag Zcf‘j” n—i—sZHi for any x, y € Sjji.
D i=1

As ¢ is arbitrary small, it follows that

a1 (@(S)) < (R max { Y M >aCL10(S).
j=1

1<ign

Therefore, @ is strict-set-contractive. The proof of Lemma 2.3 is complete. O
3. Main result

Our main result of this paper is as follows:
Theorem 3.1. Assume that (H1)—(Hz3), (Hs) hold.

@) Ifmax{rl.M, i=1,2,...,n} <1, then system (1.3) has at least one positive w-periodic solu-
tion.

(i1) If (Ha) holds and min{riM, i=1,2,...,n} > 1, then system (1.3) has at least one positive
w-periodic solution.

Proof. We only need to prove (i), since the proof of (ii) is similar. Let R =

1=; : 5 (1—-8)
max|<i<n{z—————} and 0 < r < minjg;,{——-—1}. Then we have 0 < r < R.
lglgn{gizmmléjén{Mij}} lglgn{maxlstn{Mi’ }

From Lemmas 2.2 and 2.3, we know that @ is strict-set-contractive on K, r. In view of (2.5), we
see that if there exists x* € K such that @x* = x*, then x™* is one positive w-periodic solution of
system (1.3). Now, we shall prove that condition (ii) of Lemma 2.1 holds.
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First, we prove that ®x ¢ x,Vx € K, ||x||; = r. Otherwise, there exists x € K, ||x||; =r such
that @x > x. So ||x]| > 0 and @x — x € K, which implies that

(@ix)() —xi(t) 2 6i|Pix —xi|1 =20 foranyte[0,w], i=1,2,...,n. 3.1
Moreover, for t € [0, w], we have

t+w

(®ix)(1) = / Gi(r,s)ms)[Za,-,-(s)xjm+Zb,~,,<t>x,,~(s—ri,-(s,xl(s),...,xn(s)))
j=1 j=1

t

+ ZC"/ (s)x; (s —0jj (s, x1(8), ..., X, (s))):| ds
=1

1 "o
ST% |xi|OZ/[aij(s) +bij(s) + cij()]I1xj]1 ds

1 ,
Jj=1 0

n

< max M Xilo Xil1

<0 max (M )ilo ) lﬁ| Jl
j=

max; < j<n{Mij}
=————rlxilo
1—36;
<8ilxilo, i=1,2,....n. (3.2)
From (3.1) and (3.2), we find

Ixll < [@x]l < max {&}|x[l < llx],
1<i<

KN

which is a contradiction. Finally, we prove that @x 7( x, Vx € K, ||x||1 = R also holds. For this
case, we only need to prove that

dx £x, xek, x| =R.

Suppose, for the sake of contradiction, that there exists x € K and ||x||; = R such that ®x < x.
Thus x — @x € K \ {0}. Furthermore, for any ¢ € [0, w], we have

xi(t) — (Dix)(t) = 8i|xi — Pix|; >0, i=1,2,...,n. (3.3)

In addition, for any 7 € [0, w], we find

t+w n n
(Pix)(t) = / Gi(t,s)x;(s) [ Zaij (s)xj(s) + Zbij ()xj(s — 7 (s, x1(5), ..., x4 (5)))

A j=1 =1

+ Zcij(s)x} (s —oij (s, x1(s), ..., xn(s))):| ds
Jj=1

w
Si =
> ?l(siai|xi|ljzl|xj|l/[3jaij(s)+3jbij(s)_Cij(s)]ds
= 0

82 d
1 ’5 |xi|leij|Xj|1, i=1,2,...,n.
—di ;

j=l1
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Thus,

Iox) =Y "|(@ix)|,

i=1

n
5>
i=1
n

82 minj< j<n{Mi;} "

Jn 2

> E L = |xi |1 E lxj 11
i=l1 j=1

82 “
T il > Mijlx;li
1 .
j=1

1—6;

n

. [ 87 mini<j<niMij} ] —
> min { i A 2 leihZ'lel
1<i<n 1—5,‘ i s

82 minj < ; M;;
> min i 1<j<n{Mij} R2Z—R.
1<i<n 1-6;

From (3.3) and (3.4), we obtain
xll > [®x]l > R,

(3.4)

which is a contradiction. Therefore, condition (ii) of Lemma 2.1 holds. By Lemma 2.1, we see
that @ has at least one nonzero fixed point in K, g. Therefore, system (1.3) has at least one
positive w-periodic solution. The proof of Theorem 3.1 is complete. O

Example. Consider the following system

B! t
(1) =x1(1) % — (5 —2sin0)xa(t) — 2+ sint)x (1 — 711 (1)
T
1 —sint
-0 x5 (¢ _Ulz(t))i|,
_ . 3.5)
, 1 —sint .
X5 (1) = x2(1) 0 (3—2cost)xi(t) — (4 — smt)xz(t — ‘L'21(t))
2— cos;
- Txl(l — o1 (1) |,
where 111, 721, 012, 021 € C(R, R) are 27 -periodic functions. Obviously,
1+ cost 1 —sint .
ri(t)=——, r(t) = , ap(t) =0, ayp(t) =35 —2sint,
V% 20
a1 (t) =3 — 2cost, axn(t) =0, b11(t) =2+ sint, b12(t) =0,
. 1 —sint
by1(1) =0, by (t) =4 —sint, c11() =0, cpp(t) = 0
2— t
Czl(t) — %’ 022([) = 07 ri" = O, ré" =0.

Furthermore, we have

Si=e 2<1, So=me Ti<1, My =4ans =7.6219,

T 2
M, =107y — 0 = 22.946, My =678 — 5 =10.176,
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M =8m§y =18.357,

min {M,;} = M;; =7.6219, min {Ma;} = My; = 10.176,
1<j<2 1<j<2

d1a11(t) +81b11(t) — c11(t) = 81b11(t) =61 (2 +sint) > 0,

2 —cost 1 1
S1a21(t) + 81b21(2) — c21(t) =81 (3 — 2cost) — 0 Se 7 — e 0,

1 1
Sran(t) + 82b12(t) — c12(t) =56 — — — <252 — 2—0) sint > 348, > 0,

20
82a02(t) + 82b22(1) — c22(t) = 82(4 —sint) = 0,
()23 ma fan @) 4500+ en ()]
- d1 te[0,27] ’
82M
(142 537 > 7.0 = max {an() +bi) +cn®)},
1—-96; t€[0,27]
82M
(1473 2721 o7 >53= max {a21(t) 4+ b21 (1) + c21 (1)},
1—267 tef0,27]
82M
(147 272 57 >5= max {an(t) + b () + e (1)},
1—68; 1€[0,27]
-6 1—e2
— = — =0.14033,
8y minyj<n{Mij} de™ 3
1-8, 1—e 10
— = , =0.04966,
Syminigj<niMijl ) e75 (6me™2 — %)
1 3
M, M_ M M, M_ M
mtep=m=1g<l o tm=mg=p<l

Hence

2
1—4; M
max | —— max Zcij < 1.
1<i2 Si min; ¢ j<2{M;j} 1<i<2 =

Therefore, (H{)—(Hs3), (Hs) hold and riM < 1,i =1, 2. According to Theorem 3.1, system (3.5)
has at least one positive 2 -periodic solution.
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