J. Math. Anal. Appl. 382 (2011) 487-502

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and
Applications

www.elsevier.com/locate/jmaa

On the Hamilton-Jacobi equation in the framework of generalized
functions

Roseli Fernandez

Departamento de Matematica, Instituto de Matemadtica e Estatistica da Universidade de Sdo Paulo, Caixa Postal 66281, CEP 05314-970, Séo Paulo, Brazil

ARTICLE INFO ABSTRACT
Article history: In this work we study, in the framework of Colombeau’s generalized functions, the Hamil-
Received 14 September 2010 ton-Jacobi equation with a given initial condition. We have obtained theorems on existence

Available online 29 April 2011

) A of solutions and in some cases uniqueness. Our technique is adapted from the classical
Submitted by J. Xiao

method of characteristics with a wide use of generalized functions. We were led also to
Keywords: obtain some general results on invertibility and also on ordinary differential equations of
Generalized functions such generalized functions.

Method of characteristics © 2011 Elsevier Inc. All rights reserved.
Hamilton-Jacobi equation

1. Introduction

In the classical context one has the following result (see [3] or [11]):

Given an open interval I of R containing 0, an open interval I’ of R, open subsets £2 and 2’ of R", H e C®°(I x 2 x I' x £2') and
f € C%°(82), there are an open subset W of I x §2 and a function u € C*°(W) such that V :={z € §2 | (0, z) € W} is nonempty and
u is a solution to the Hamilton-Jacobi equation 2% + H(t, x1, ..., Xn, U, aaTLi e 5’—;") = 0 with the initial condition u|(oyxv =7, -

The aim of this work is to obtain, under certain conditions, an analogous result for the generalized case, that is, admitting
H and f Colombeau’s generalized functions. The problem of determining, in this case, the function u is called, in this
paper, the HJ-Problem and u is called a solution to the HJ-Problem. Among the existing classical methods, we search to
adapt the method of characteristics. This method consists in transforming a Partial Differential Equation with a given initial
condition in an Ordinary Differential Equation problem with a certain given initial condition. To adapt the classical method
of characteristics, we define (see Definition 3.1) the set S(I, $2,I’, 2’, H, f, J, W) in which the elements (X, U, P) are so
that a certain generalized mapping, defined from X, is invertible and the derivative in relation to the first variable of
the generalized X, U and P satisfy a certain system of ODE evolving generalized functions (this system, in the classical
case, is called Hamiltonian system). This led us to obtain some results on invertible generalized functions (see Section 2)
and on local solutions to ODE in the framework of generalized functions (see Section 4). In Section 3 we prove that, under
certain conditions, if S(I, 2,1, 2’, H, f, J, W) is nonempty, then the H]-Problem has a generalized solution. On uniqueness
of solutions to the HJ-Problem, we have obtained partial answers to this question (see Section 5). We finish by presenting,
under certain conditions, a theorem of existence and uniqueness of solution to the HJ-Problem.

Results on generalized solutions to nonlinear first-order systems using an algebra of generalized germs G(£2 x X) (see
definition in [5]) or other specific techniques such as mollification of derivatives (see presentation in [10]) can be found in
[5,7.8].

E-mail address: roselif@ime.usp.br.

0022-247X/$ - see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2011.04.069


http://dx.doi.org/10.1016/j.jmaa.2011.04.069
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:roselif@ime.usp.br
http://dx.doi.org/10.1016/j.jmaa.2011.04.069

488 R. Fernandez / J. Math. Anal. Appl. 382 (2011) 487-502

In [12] one can find, in the framework of tempered generalized functions, results on existence and uniqueness of global
solutions to systems of ODE as well as the flow generated by these solutions. Based on these concepts and in some of the
arguments of the proofs of the results presented here (see Section 4), E.R. Oliveira has obtained some results on existence
of local solutions to systems of ODE of such generalized functions (see [14]).

Recently, S. Konjik, M. Kunzinger and M. Oberguggenberger have introduced a formulation of the calculus of variations
in the framework of generalized functions (see [13]).

2. Preliminaries

We briefly introduce the notation that will be used throughout this paper. Our mains references for Colombeau’s the-
ory and notation in general are [1,4,6,12]. Moreover we introduce some results and concepts which will be used in this
work.

Let £2 be an open subset of R" and 2’ an open subset of R™. The notation K € £2 means that K is a compact subset

of 2.1f L is a subset of RP with L # RP, then [ and L denote the closure of L and the interior of L, respectively.
The algebra R is the quotient &y (R)/No(R), where

Eom(R) := {u e R | 3N € N such that |u(e)| = 0 (¢ V) as e | 0};
NMo(R) := {u € Eom(R) | Yq € None has |u(e)| = 0(e?) as ¢ | 0}.
The Colombeau algebra G(£2) is the quotient £y (£22)/N (£2), where

Em(2) = {(ug)‘E e (€(s2))*" ) VK € 2, Ya € N", 3N e N such that sup|#®u, (x)| = 0(¢ V) ase | o};

xeK

N(Q):= ’(ue)g € (COO(Q))]O’” ‘ VK € §2, Yo € N" and Vg € N one has su11?|8“ug(x)| =0(¢ase O].
Xe

The elements of Ey(2) (resp. N(£2)) are called moderate (resp. null) nets of smooth functions. G(£2) is a unitary
associative, commutative, differential algebra whose elements are equivalence classes u := [(ug)¢].

One can prove (see [12, Theorem 1.2.3]) that u € Ey(£2) is null if and only for all K € §2 and for all ¢ € N one has
Supyek [ue(x)| = 0(s9) as € | 0.

If u=(Wie)el, ..., [(Upe)e]) € (G(2))P, then (ue)e := ((U1e, ..., Upe))e Will be called a representative of u.

Let | be an open subset of R and V an open subset of §2. Then

mo=[(tx1,.... ) € ] x 2> 1), ] €G(] x 2);

mi=[(t.x1,....x0) € ] x 2> x;), ] €G(] x 2), VI<i<n;

o= ([((a. .)€ 2> x), ] [((1 o) € 21 ), ]) € (G(2)™
uly = [Welv)e] € G(V), foru:=[(ue)s] € G(R2).

Let W be an open subset of R x R" with U :={z e R" | (0,2) € W} # @. Then uljoyxv := [(Ueclioyxv)el € GU), for
ueGw).
If u:=[(Ue)e] € G(2), w:= ([(Wig)el, ..., [(Wne)e]) € (G(£2)" and x = (X1, ..., Xy) denotes points in R", then

Vi = (3_” 3_“> c (G@)"

axq’ xn
3W,‘€
Jw:=[(0we)e] € G(2), where Jwg(x) := det( (x)) )
0x; 1<i,j<n

The space G.(£2; £2') is the set of all u € (G(£2))™ for which there is a representative (u.). such that:
(x) VK € 2, 3K’ € £2’, A €10, 1] with us(K) C K, Ve €10, n[.

The elements of G, (£2; £2") are called c-bounded generalized functions from £2 to £2’. Note that, if u € G,(£2; £2’), then all
representatives of u satisfy (x).

We say that u € G,.(£2; £2’) is an invertible mapping if, and only if, there is v € G,(£2; £2) such that uov =1g and
vou=1g. This v is unique and it is called the inverse mapping of u.

First we will present some results on invertibility of a generalized function.

Proposition 2.1. Let £21 and §2, be open subsets of R" and f € G, (§21, §22). If f is an invertible mapping, then ] f has multiplicative
inverse in G(£21).
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Proof. It is enough to note that Jgo f is the multiplicative inverse of Jf in G(§21), where g is the inverse mapping of f. O

Proposition 2.2. Let £21 and $2; be open subsets of R" and f € G,(§21, £22). If there are (fo)e := ((fig,--» fne))e € (EMm(21))"
with f = ([(f1e)el, ... [(frne)e]) and T €10, 1] satisfying:

(1) fe($21) =422, Ve €]0,7;

(ii) fe is an invertible mapping with inverse g., Ve € 10, T[;
(iii) VK’ € £2,, 3K € $21,3n €10, t[ such that g.(K') C K, Ve €10, n[;
(iv) Jfe($21) CR\ {0}, Ve €10, n[;

then the following statements are equivalent:

(a) Jf has multiplicative inverse in G(£21);
(b) f is an invertible mapping and its inverse is g := ([(€1¢)els ..., [(8ne)e]), Where (g1e, ..., 8ne) := 8¢ if € € 10, T[ and
(816, ---» 8ne) =8z e elr, 1].

Proof. Suppose that (a) is true and let K’ € £2; and « € N". We will prove that there is N € N such that
sup{|9®ge (M| |y e K and1<I<n}=0(e"N) ase |0, (1)

and thus (g:)e € (EM(£22))". From this, it is easy to check that (b) holds.

Take K € £21 and n €]0, t[ as in (iii). If || =0 then (1) holds for N = 0. Assume that || > 1. We will prove (1), in this
case, using induction on |«]|.

Denote by y = (y1, ..., ¥n) points in R",

For (¢,y) €10, n[ x £2, we know, from (ii), that

08ke 1 .
)= ajx, V1<j,k<n,
9yj Me(ge()
where aji is a sum of products of elements of the set
{ 8fis

0Xs

(g8e(») ‘ 1<i,s <n} u{1, —1}.

Using that Jf has multiplicative inverse in G(§21), (iv) and [2] (see Theorem 5.3), there are 7, €10, 5[ and b € R such
that
e’ <inf{|Jfe )| |xe K}, Ve €10, nal.
Since (iii) holds and (fi¢)e € EM(£21) for all 1 <i < n, there is Ny € N such that
1
sup] —— ‘yel(’}zo e N1) ase | 0;
{ U fe(ge (¥ =)
s<ug {187 fie (ge ()| | y €K', y eN"and |y | < |a| +1} = 0(s™™) ase | 0.
n

1<i<
If |@| =1 then (1) is true for N:= (n+ 1)Nj.
Let || > 1 and v € N" with |v| = |a| + 1. By hypothesis of induction, there is Ny € N such that

sup {|3fgie(y)| | y €K', peN"and |B| < |a|} =0(e™™2) ase 0.
1<I<n

Noting that given 1 <k < n there are 1 < j<n and y € N* with |J| = |«| such that 3" gy, = 87 ‘f)g)fj it is clear that (1)
holds for v.
By Proposition 2.1 we have that (b) implies (a). O

Next result, apart from supplying invertible mappings, will be used in Section 5.

Proposition 2.3. Let I be an open interval of R containing 0, T € 10, 1], (8¢)e := (€16, .-+» &ne))e € (EmU x R, (fe)e :=
((foe, f1es -+ fne))e € (EmU X Rn))1+n given by

fg(t,X) = (t, gg(t, X) +X)
and f := ([(foe)el, [(fie)el, .- [(fae)e]) € (GU x R If
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(i) 8ie(0,%)=0,V(e,x) €10, T[ x R", V1 <i<n;
(ii) thereis M > 0 such that |0 g.(t, x)|| < M, V(g,t,x) €10, [ x I x R", VB :=(Bo, B1. ..., Bn) e N T with 1 < o < |81 < 2,

then there is I, := 1—a, a[, for some a > 0, such that I, C I, fligxrr € Gx(Ig x R™; Ig x R™) and f|1,xgrn is an invertible mapping.

Proof. Denote by (t,x) = (t, X1, ..., Xp) points in I x R", Let M be as in (ii), a* > 0 with [—a*,a*] C I and a > 0 such that
. 1 n"
a < minj{a®, , .
nn!M" " nn!(n + 1)"

Using the Mean Value Theorem, (i) and (ii) we have

|gie (6, 0| <MJEl, V(e t,0 €10, T[x [ xR, V1<i<n; (1)
8 .
’ a‘i’s (t,x)‘ <MIt, (e t,x) €10, 7[ x I x R", V1 <i,k<n. )
k
Let I :=]—a, a[. From (1) we obtain f|;,xgn € G«(Iq x R™; I x R").
Fix € €10, T[.

Let (s,x), (t,y) € I x R" with (s,x) # (t, y). If st one has f.(s,x) # fo(t, y). Suppose s=t and let 1 < j < n such that
i — yil < |xj — y;| for all 1 <i<n. From Mean Value Theorem there is z € R" for which

n

|gj8(S,X) +Xj _gje(S, y) _yj| = Z
i=1

0gje
0X;

S, )X —yi)+Xxj—Yj

and so, by (2), we obtain

|gje(s. %) +xj — gje(s.¥) — yj| = xj — yj| — nMalx; — y;j| > 0.
This implies that f¢ (s, x) # fe(s, y). Hence fe¢|j,xrn is one-to-one.
Let (s,y) € Io x R", d:= ||yl| +-nM|s| + 1, B;(0) :={z€R" | ||z|| <d} and ¥ : x € B;(0) = y — g (s, x). From (1) we have
W (B}(0)) C B);(0) and hence, applying Brouwer’s Theorem, we conclude that there is € B);(0) such that ¥ (x) = X. Thus
feli,xmrn is onto and if | € I, and K’ € R, then (f£|,aan)—1(] x K') C ] x B;(0), where r:= max{|z|| +nM]|t| | (t,2) €
] x K'}.
Let (Iy)e := ((Iog, g, ..., Ine))e defined by

o= feligxen) ™!, foreel0,zl, and Ie=(frlxen) ™', foree(r,1].

SoI.(JxK)€EI, xR" for all J €Iy, K’ €R" and € €10, 1].
Let M1 > 0 such that nn!max{M", (1 + %)”} <M < % From (2), (i), (ii) and the Mean Value Theorem we have, for all
(e,t,x) €10, T[ x I x R", that
) fe
ot

0fe(t, %] = [1f2(0, 0] — sup

selyg

(5, %)||t] 21— Mia > 0.

Thus, by [2] (see Theorem 5.3) (or see [15, Theorem 3.5]), we obtain that Jf|;,xg» has multiplicative inverse.
Applying Proposition 2.2 we have that f|;,«gre is an invertible mapping and its inverse has (I;), as its representative. O

From the proof of Proposition 2.3 we have:

Remark 2.4. In Proposition 2.3 we can add the following statement:
There are a representative (/¢)e of (f|[aan)*1, T €]0,1] and M5 > 0 for which one has

Ie=(felxe) ™', Veelo, t[;
|87 o (e, )| M2, ¥(e,t,y) €10, T[ x Ig x R", Yor € N with [or| = 1.

We end this section by introducing two definitions that will be important to achieving our goal.
Definition 2.5. Let £2 be an open subset of R" and (ug), € (Em($2))X. We say that
(i) (ug)e is bounded on A C £2 if there are M > 0 and t € |0, 1] such that ||u,(X)|| < M, for all (¢,x) €10, [ x A;

(ii) (ug)s has the property (LLG) (locally logarithmic growth) if it satisfies the following statement:
VK € £2, 3N €N, 3c > 0, 3n €10, 1] such that |jus(x)|| < log(ce™™), ¥(e,x) €10, n[ x K.
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Clearly the bounded nets have the property (LLG) and if (ug), € (Em(£2))¥ has the property (LLG) and (vy)e € (Em(£2))¥
is such that (s — vg)s € (N(£2))X, then (v), also has the property (LLG).

Definition 2.6. Let I be an open interval of R, §£2 an open subset of R" and £2’ an open subset of R™. We say that:

(i) (ue)e € (EmU x 2 x ")) has the property (LLL) (locally logarithmically Lipschitz) in (I, §2, £2') if it satisfies the fol-
lowing statement:
VJelI, VK€, VK' € 2’,3IN €N, 3c > 0, In €10, 1] such that

[ue(t, x, y) — ue(t,x,2)| <log(ce™™)lly —zll, VYeelo,nl, Vte ], VxeK, Vy,ze K.

(i) (ug)e € (Em(I x £2))* has the property (LLL) (locally logarithmically Lipschitz) in (I, £2) if it satisfies the following
statement:
VJjel, VK €£2,3NeN, 3c >0, In €]0, 1] such that

lue(t, y) —ue(t, 2)| <log(ce ™)y —zl. Veelo,nl, Vte ], Vy,zeK.
3. Method of characteristics

Here £2 and £’ will be open subsets of R", I an open interval of R containing 0 and I’ an open interval of R.
Moreover, for a given tp € R and a > 0, we will denote by I,(tp) the interval Jtg — a, to + a[. Sometimes we will write
Iq instead of I;(0). We will denote by x = (x1,...,%n), (t,x) = (t,X1,...,%,) (or (s,r)=(s,1r1,...,1p)) and (t,x,y,p) =
(t,X1,..., %, Y, P1,..., Pn) points in 2, I x £ and I x 2 x I’ x §’, respectively.

Now we are ready to present the main object of our study. Consider the following statement (which here is called
HJ-Problem):

HJ-Problem. Given H € G(I x 2 x I’ x £2') and f € G(£2), there are an open subset W of I x £ and u € G(W) such that
V:={z€£](0,z) € W} #0 and one has the following statements:
au ou
(u, — s —) €G.(W:I'x 2');
0X1 0Xn
ou +Hol|m, T TTp, U
. o 9 PR ] bl 9
at ! "

ulioyxv = flv.

ou ou

—...,— | =0 inGg(W);
0Xq axn) g(W)

Our goal is to study under what conditions, given H and f, there are an open subset W and a function u as in HJ-
Problem. When there is this function u, we say that the HJ-Problem has a solution in G(W) (or that u is a solution to the
HJ-Problem in G(W)). To provide such conditions, we have adapted for the generalized case the classical method of char-
acteristics. Before presenting the theorem of existence that we have obtained, we introduce, to simplify the writing, the
definition below.

Definition 3.1. Let H € G(I x 2 x I' x 2), f € G(£2), W be an open subset of I x 2 with V:={ze€ 2 ](0,2) e W}#¢
and J an open interval of R with 0 € J C I. We will denote by S(I, 2,1I’,22',H, f, J, W) the set of all (X, U, P), where
P =(Pq,..., Py), for which one has:

(i) (X, U,P)eGu(J x V;2) x Gu(J x Vi 1) x Gu(J x V5 £2');
(ii) (X, U, P) is a solution of system:

X O0H

—=-—o(m, X,U,P);

as ap

aU *. 9H

— =—Ho(m,X,U,P —o(m,X,U,P)Pj;
s o ( ”;ap,"( )P;
opP oH oH
—=—-—-—o@X,UP)—P_—o(mX,U,P);
as dax ay

(iii) (X, U, P)ljoyxv = (v, flv. Vflv);
(iv) Y:=(r,X) € G.(J x V; W) and Y is an invertible mapping.

Unless otherwise stated, H and f belong to G(I x £2 x I x £2") and G(£2), respectively.
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Theorem 3.2 (Existence Theorem). Suppose S(I, §2,1I', 2', H, f, ], W) # (. If there is a representative (H¢), of H such that ("HS )e
has the property (LLG), then the H]-Problem has a solution in G(W). More precisely, for all (X,U,P) e S(I ,I''2,H, f,], W)
the function u := U o (;r, X)~ ! is a solution to the HJ-Problem in G(W) and (?;’TL;, e ox Uy=Po(mr,X) !

Proof. Fix (X,U,P)eSU,2,I',2',H, f, ], W). We will prove that u:=U o (7r, X)~! is a solution to the HJ-Problem in
gw).
Let Y := (w, X) and h:= (hg, h1,...,hy) =Y~1. Then
(lioyx v, T1loyx v, - - -» Talioyxv) = (Y o W) [joyx v
= (holioyxv. X o (hlioyxv))
= (holioyxv, h1lioyxv, - -, Mnlioyxv)-

Thus ulyxv =U o (hljoyxv) = flv.
Since U =u oY and Definition 3.1(ii) holds we have

ou 0X;

—oY|)+H X,U,P —oY—P =0; 1

(ar" )+ o (m, H;( % ° )as (1)
X ,

= - = wvigi<n 2

81’, Z(ax] >8ri 2)

Suppose it has been proved that g Z] 1 Pj Br =0, for all 1 <i<n. Then, by (1) and (2), we have the system:

ou X
—oY H X,U,P —oY-—-P =0;
(Fer)+Hoer ))+121< )%

n

ou X )
Z‘ — oY —Pj =0, vVi<i<n.
p 0X; ar;j

Applying that Y is an invertible mapping we conclude that JY has multiplicative inverse in G(J x V) (see Proposition 2.1).
This implies that the system above has only the trivial solution. Hence

(a—” 3—”) =PoY 'eg,(W,2');

0Xq 0Xn
ou _ au au
—=—Ho(m,X,U,P)oY ' =—Ho(m,m,...,Tp, U, —, ..., — |].
ot 0X1 0Xn

. : X

Fix 1 <i<n and define ga::g—g Yo Pigt € G x V).

To finish the proof of this theorem, it remains to verify that ¢ =0.

Let (Jj)jen be an exhaustive sequence of compact subsets of | with 0 e ﬂjeN Jj and Jj closed interval for all j €N,
(K})jeN an exhaustive sequence of compact subsets of V and (X;)e, (Ug)e, (Pe)e and (¢g)e representatives of X, U, P
and ¢, respectively.

Fix j €N, [a,b] C J; containing 0 and K’ € K}. We will prove that

givengeNonehas  sup  |pe(s,1)|=0(g%) ase |0, (3)
(s,r)ela,b]xK’

and, as j € N is arbitrary, we conclude, by [12] (see Theorem 1.2.3), that ¢ =0.
From Definition 3.1 we have that

d oH
a—f = —905 o(m,X,U,P) and ¢ljoyxv =0.

Thus there are (g¢)¢ e/\/(jj x I%’j). (he)e e./\/(lzg.) and n; €10, 1] such that

N

Pe(5.1) — he(r) = / (e (w. e (w. 7). 1) + ge(w. 1)) dw

0

where (s, t, 1) = "’”é (s, Xe(s,7), Ug(s, 1), Pe(s, 1)), for all (g,s,t,1) €10, nj[ x j] x R x 1</
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Using Definition 3.1(i) and that ("Hf )e has the property (LLG) we can find N €N, ¢ > 0 and 7 €]0, n;[ such that

V(e,s, 1) €10, t[ x [a,b] x K.

[We (s, @e (s, 1), 1) | < log(ce™
So, for all (g,s,1) €10, T[ x [a, b] x K’, we obtain that
s
/ log(ce ™) |@s (W, 1) — he(W)| + log(ce ™) |ne (W)| + | ge (W, 1)]) dw|.
0

|e(s, 1) —he(r)| <

This, together with (g¢)¢ € N(jj X I%;) (he)e e/\/(l%’j) and Gronwall’s Lemma, gives us

sup  |ge(s,r) —he()|=0(e%) ase 0.
(s,r)ela,b]x K’

Hence (3) holds. O
As an application of the previous theorem we give the following result:

Proposition 3.3. Let (hg)e € Ey(I x RY), ((Hos, Mg, - - - » ne))e € (Eom BN, (He)e € EpI x R x R x R™) defined by

He(t, X1, ..o, Xn, ¥, D1, Pr) i=he(t, P, .. Pn) + oY + ) _ HieXi,
i=1

H=[(Ho)e] € GUI xR" x R x R") and f =[(fe)el € GRM). If

i) 3K € R" such that e :== (U1g, ..., Une) € K, Ve €10, 11;
(ii) 3L € I such that 0 ¢ L and pos € L, Ve €10, 1];
(iii) (8%hg)g is bounded on I x R", Vor := (ag, @1, ..., o) € NI with0 =g < || <2 0r 1 =g < || = 2;
(iv) (8” fe)e is bounded on R", VB € N* with 1 < |8| < 2;
(v) feG«R";R)and h:=[(he)c] € Gu(I x R"; R);

then the HJ-Problem has a solution in G(I, x R"), for some a > 0.

Proof. Clearly (aHE )e has the property (LLG). So it is enough to prove that S(I, R",R,R", H, f, Ig, I x R") # @, for some

a> 0 (see Theorem 3.2).

Denote by (t,x,y,p) = (t,X1,..., %, ¥, P1,..., pn) points in R4 and by (s,r) = (s,r1,...,1m) or (t,p) :=
(¢, p1,..., pn) points in R+,

Let (Pg)e := ((P1g, ..., Pne))e, (Xe)e :=((X1g, ..., Xne))e and (Ug)e defined, on I x R", by

Pe(s.1) = (st(r) + —) exp(—HLosS) — 2
m m

O¢ 05

N
ah
Xe(s,1) ;:r+/ a—ps(t, Pe(t,r))dt
0
N

Ug(s, 1) := exp(—[LoeS) (fe ) — /EXP(MOst)hS (L Pe(t, r)) dt)

0

n
+exp(—M05$)Z/—exp(uoﬁ)maxjg(t,r) dt
j=1y

+ exp(— MOSS)Z f exp(MOSt) (t Pe(t,1)Pje(t, 1) dt.
j=1y

Define (g¢)e := ((81¢,---1 &ne))e bY ge 1 (5, 1) € I x R 1> X (s, 1) — 7.
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Note that, for all (¢,s,r)€]0,1] x I x R" and 1 < i,k <n, we have

0g; oh
aj (s,1) = —api (s, Pe(s,1);
n 2 2
gzs 9°hg fe 0%hg
, Pe(s, — P
(s,1) = El 3079p: (s, Pe(s r))( -(r) + Mog)exp( HoeS) Hoe + ——— 33D, (s, Pe(s,1));

n 2 2

9%gie 92h,
s, 1) = S, Pe(s, 1
TR ]Zlap]ap,( £6.1);

O Je (r) exp(—[LogS).-
T j

Let J be an open interval of R with 0 € J ¢ J € I. Thus, from (i), (ii), (iii) and (iv), there is M > 0 such that for all
1 <i,k <n one has
} (1)

92 gie

a .
8ie & 6.7,

max
(s,s,r)eJO.ljx]xR”{ as

Let (Ye)e :=((Y1g, ..., Yne))e defined by

gw

(s,1)

(s r

’

Yei(s,r) € J xR > (s, Xe(s,1))

and Y := ([(Y1e)el, ..., [(Yne)e]) € (G(J x R™)™.
Since gic(0,1) = O for all (e,r) €10,1] x R" and 1 <i < n and (1) holds, we have, by Theorem 2.3, that there is a > 0

such that I, c J, Yl x®r € Ge(Ia x R"; Ig x R™") and Y|, «rr is an invertible mapping.
It is easy to verify that (X, U, P) e S(I,R",R,R", H, f, I, I, x R") (note that, from (v), U € G.(I; x R"; R)). O

To find H and f for which the HJ]-Problem has a solution we need, according to Theorem 3.2, to solve a system of
ordinary differential equations in the framework of generalized functions. This led us to obtain, in this context, some results
on ordinary differential equations. These results will be presented in the next section. From these results we have obtained
functions H and f for which the HJ-Problem has at least one solution. We have also studied some cases in which one has
unique solution (see Section 5).

4. Some results on the existence and uniqueness of solutions to ordinary differential equations

Here £2 will be an open subset of R", 2’ an open subset of R™, I an open interval of R, tg € I and I,(tg) := |to —a, to+a[,
for a > 0.
The purpose of this section is to study under what conditions one has the following statement:

Problem 4.1. Given f € (G(I x 2 x £2’))™ and g € (G(£2))™, there are an open subset W of £2, a > 0 and u € G,(I4(tp) X
W; £2’) such that

a—l;l(t»YL---,J/n)=f(taJ’Ln-J’nvu(tv}’lv--~7J’n)) in (g(la(to) X W))ma

Ulitorxw = glw.

The function u € (G(I4(tg) x W))™ is said to be a solution to Problem 4.1 and we say that Problem 4.1 has a solution in

(G(Ia(to) x W))™.

The first equation that appears in Problem 4.1 should be read as & = f o (;, 71, ..., Ty, U).

Theorem 4.2. Let W be an open subset of 2, xg := ([(Xo1e)el, ..., [(Xome)e]) € R™ and f := ((fie)el, ..., [(fme)e]) €
(G(I x £2 x )™ satisfying

(i) W e 2;

(ii) 3K € £2/, 311 €10, 1] such that (Xo1e, - . ., Xome) € K1, Ve €10, 71[ (i.e. xg is a compactly supported generalized point in 2');
(iii) f e Gi(I x 2 x 2/;R™);
(iv) (3“ fig)s has the property (LLG), V1 < i< m, Vo € Nt with |o| =1 and o = (0,0, ..., 0,01, ..., Om).

Then Problem 4.1, for g := ([(x = Xo1e)e], - - ., [(X > Xome)e]) € (G(£2))™, has a solution in (G(I4(to) x W))™, for some a > 0.

Proof. Let a* > 0 with I (tg) C I, K1 and 77 as in (ii), V an open subset of £2’ such that K1 C V c V € 2’ and d > 0 the
distance of Ky to £2/\ V.
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Define xgs := (X01g, - - . » Xome) and fe := (f1e,..., fme), for all € €10, 1].
By (i) and (iii) there are t €10, 71[ and M > 0 such that

[fet,y, 2| <M, V(e t,y,2) €10, T[ x Io=(to) x W x V. (1)

Take a > 0 with a < min{a*,d/M}. Fixed any ¢ € ]0, [ there is a unique u, := (U1e, ..., Une) € C(Ia(to) x W; V) N
C®(I4(tg) x W; R™) such that

ua(taJ’):XOa+/fa(3’y,ua(5,.3/))d5, V(t».V) EIﬂ(tO) X W

Remark that ug(Io(tg) x W) C {zeR"| |z —xps|| <d} C V.
For all ¢ € [T, 1], define u, := uc.

By induction on |y|, where y € N'*", we will prove that there is N € N such that

sup [87ust, y)||=0(c"N2) ase 0. (2)
(t.y)€lq(to)xW

Thus (ug)e € (EpUa(to) x W)™ and u := ([(U1e)e], ..., [(Ume)e]) is a solution to Problem 4.1 in (G(I4(tg) x W))™.

Note that (2) is true for |y| =

To facilitate the writing we will prove (2) for the cases |y| =1 and |y| =2, since the induction argument is similar.

Denote by (t, 1, ..., Yn, 21, ..., 2Zm) points in I x £2 x £2'. Let B € N'*" and suppose that 8 = (8o, B1, . .., fn).

Using that Ig(tg) x W x V €I x 2 x 2/, (fe)e € (EmlI x 2 x £2’])™ and (iv), there are ¢ > 0, 7 €0, T[ and N € N such
that

afia
BZ]'
V(e,s,y) €10, n[ x Iq(to) x W, V1 <i, j <m and V|| < |B|.
If Bo #0 and |B| =1, then 3f‘ug(t y) = f(t,y,ue(t,u)), for all (e,t,y) €10, n[ x I4(to) x W. Then, by (1), it is clear that
(2) is true for y = 8.
If Bo =0 and |B| =1, then

(s,y,ua(s,y))‘élog(w’”) and 9% fig(s. y.ue(s, )| <ce™M, 3)

818 e n
BL;( )—/(f(syus(sy) Z syus(sy)) ,,>ds

J 4 Yj e Zk
V(e t,y)€l0,n[ x Io(tg) x W, V1 <i<m and V1 < j<n with j=1.
From (3), for all (¢,t,y) €10, n[ x I4(to) x W, one has

t
/ (mce ™ + 2mlog(ce™M)| 8P ug (¢, y)|) ds

fo

|0Puece ] < Z|aﬁuw<t | <

This inequality, together with Gronwall’s Lemma, proves (2) for y = 8.
If Bo#0 and |8| =2, then

m
3? Ujg 0 fie

t Ug(t
a0t =3 (yg(y> Z 2
k=
Ve, t,y) €10,n[ x Ia(to) x W, V1 <i<m and V1 < j<n with gj =1.
So, by (2) for || =1 and (3), we have that (2) holds for y = 8.
If Bo=0 and |B| =2, then

(t.y uet, y))

t 2f t m azf
aﬂuie(t,y)—/ “ (s, Y. Ue (s, ) dH/(Z “ (s, ¥, us(s, )
1

ayvoy; 020y j
to =1

¢ m
azfis ke
S, Y, UglS, ds
+/<;ayuazk( Vs e (s, ) J
to =

3
te (s, y)) ds
Yy
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t

+/ iz O fie (5. v, 115, 90) 22 (s, ) 22 (s y) ) as
0210z LAY Y i

k=1 1=1 J

to

ol

to

=5

Z afia (S, Y, u&‘(sv y))aﬁuké‘(t’ y)) dS,

Z|
=1 7%k

V(e t,y)€l0,n[ x Ig(to) x W, VI<i<mand V1< j,v<n with §; =1=4,.
From (2) for |y| =1 and (3), there are ¢; > 0, Ny € N and n; € ]0, n[ such that, for all (¢,¢t, y) €10, n1[ x I4(to) x W, one
has

t
/(cw‘”l +2mlog(ce™N)| 8P uc(t, y)|) ds|.

to

m

|0Pucce. )| < [0Puie(t. y)| <
i=1

This inequality, together with Gronwall’s Lemma, proves (2) for y = 8. O

Theorem 4.3 (First Existence Theorem). Let f := ([(fie)el. ..., [(fme)e]) € (GU x £ x £2'))™, W be an open subset of 2 and
g:=([(Z1e)el. ... [(&me)e]) € (G(W))™ such that

(i) W e 2; B
(ii) 3 an open subset U of £2/, 3ty €10, 1] such that U € 2’ and

(81es----8me) (W) C U, Veel0, 1r1[;

(iii) g € G«(W; U), where U is as in (ii);
(iv) feG.(Ix 2 x 2 RM;
(V) (8% fig)e has the property (LLG), V1 < i <m, Yoo € N4 with || =1 and @ = (0,0, ...,0, o1, . ..., Om).

Then Problem 4.1 has a solution in (G(I4(tg) x W))™, for some a > 0.

Proof. Let U and t; be as in (ii), take Uy and U, opens subsets of £2’ such that UcU,cU;cU,cU,; &£ and let 4d
the distance of U; to 2’ \ Us.

Note that, if z € B4(0) :== {w e R™ | ||w| <d}, then y + z € 2’ for all y € U;. Thus we can define the moderate net
(he)e := ((h1e, ..., hme))e by he(s, X, y,2) := fo(s,x, ¥y + 2), for all (s,x,y,2) €l x 2 x Uy x B4(0).

We will denote by (s,x,y,2) =(S,X1,...,Xn, Y1, --+» Ym»Z1, ..., Zm) points in I x £2 x Uy x B4(0).

Note that the hypotheses (iii) and (iv) in Theorem 4.2 are satisfied replacing (f¢)., £2 and 2’ by (he)e, £2 x Uy and
B4(0), respectively. In fact, for J €I, L € 2 x Uy and K, € B4(0), take K € £2 and K1 € Uy such that L C K x Kj. Using
that Ky + Ky € €2/, (iv) and (v), there are M > 0, ¢ > 0, n €10, 71[ and N € N such that, for all (¢,s,x,2z,¥) €10,n[ x J x
K x K1 x K3, one has

oh;
= (5.%,Y,2)

< N, vigij<m.
22; log(ce™) 1<i,j<m

|he(s,x,y,2)| <M and ‘

From Theorem 4.2 and its proof, there are a > 0 with I4(tg) C I, T €10, 71[ and (v¢)e € (EmIq(to) x W x U))™ such that
ve(la(to) x W x U) C B4(0), Veeo,zl;
ve(to,.) =0, Veel]O,t[;
%(s, Y, 2) =hg(s,y,z, ve(s, y,z)), V(e,s,y,2) €10, [ x Ig(tp) x W x U.
From (ii) and (iii) we can define (ug)s := ((U1g, .., Ume))e € (EmU4(to) x W))™ by
ug(t,y) :=ge(y) +ve(t,y, g:(y)), ifeelo, [;
ug(t,y) =gz () + vy (t.y.gz (), ifeelr.1l.

Let u = ([(u1e)e], . . ., [(Ume)e]) € (GUa(to) x W)™,
It is easy to verify that u is a solution to Problem 4.1 in (G(I,(tp) x W))™ (note that, if V :=U + B%(O) then

us(Ig(tg) x W) c Ve, foralleel0,t]). O

From the proof of previous theorem, we have:
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Remark 4.4. In Theorem 4.3 we can add the following statement:
Problem 4.1 has a solution u € (G(I4(tg) x W))™, for some a > 0, for which there are a representative ((U1e, ..., Umns))s
and t €]0, 1] such that

ug(Ia(to) x W) CK', Ve €]0, [ and some K’ € 2';

dug
W(tay) = f&‘(tv Y»ue(ts.)’))» V(Satsy) € ]07 ‘E[ X Ia(tO) X W;

ug(to,.) = (g1e, .-, 8me), VEE10, T[.
Now we will provide conditions for which Problem 4.1 has a solution in (G(I4(tg) x §2))™, for some a > 0.

Theorem 4.5. Let f := ([(fie)el ..., [(fme)e]) € (GU x §2 x )™ and xg := ([(Xo1e)e], - - -, [(Xome ) 1) € R™ such that

(i) the hypotheses (ii) and (iv) in Theorem 4.2 are true;
(ii) ((f1gs---» fme))e isboundedon I x 2 x 2.

Then Problem 4.1, for g := ([(x = Xo1e)e], - - ., [(X = Xome)e]) € (G(£2))™, has a solution in (G(I4(tg) x £2))™, for some a > 0.

Proof. Let a* > 0 with I4«(tg) C I, K1 and 7; be as in Theorem 4.2(ii), V an open subset of £2’ such that K1 CcV cV € 2’
and d > 0 the distance of Ky to 22"\ V.

Define xgs := (X01¢, - .. » Xome) and fe := (f1e,..., fme), for all € €10, 1].

By (ii), there are t €]0, t1[ and M > 0 such that

[fet.x, 2| <M, V(e t,x,2)€10,7[ x I x 2 x 2'.

Take a > 0 with a < min{a*, d/M}. Using an argument similar to the proof of Theorem 4.2 we have:
V(e,y) €10, T[ x £2, there is a unique ufy € C(I4(to) x By, (¥); V) such that

t
ur, (¢, 2)=x08+/fg(s,z, uy,(s,2))ds, V(t,2) €la(to) x Br, (¥),
to

where ry, >0 and IW C £2 is the closed ball of center y and radius ry.

Note that, if there is (e, y,2) €10, T[ x £ x £ such that K := B, (y) N By, (2) # ¥, then U I Goyk = Ur, | gy« k- SO We
can define the net (ug)e := ((U1g, ..., Ume))e € (CP(g(to) x £2))™ by Uglla([O)XBry(y) = ufy if € €]0,7[ and ug constant in
Iq(tg) x 2 if e €[7,1].

By an argument similar to the proof of Theorem 4.2 we conclude that the net (ug), is moderate and u :=
([(u1e)el, ..., [(Ume)e]) is a solution to Problem 4.1 in (G(I4(tg) x £2))™. O

Theorem 4.6 (Second Existence Theorem). Let f := ([(fie)el, ..., [(fme)e]) € (GU x 2 x R™)™ and g := ([(g1e)e],---»
[(gme)s]) € (G(£2))™ such that

(i) the hypothesis (v) in Theorem 4.3 is true;
(i) g€ Gu(2,R™);
(iii) ((fie,.-.» fme))e is bounded on I x 2 x R™.

Then Problem 4.1 has a solution in (G(I4(tg) x £2))™, for some a > 0.

Proof. Define (f:)e := ((f1e,..., fme))e and let (ho)e := ((h1g,...,hme))e Where he(s,x,y,2) := fo(s,x,y + z), for all
(5,%y,2) €I x 2 xR™ x R™,

Note that the hypotheses (iii) and (iv) in Theorem 4.2 are satisfied replacing (f¢)e, £2 and 2’ by (he)e, 2 x R™ and R™,
respectively.

From Theorem 4.5 and its proof, there are a > 0 with I,(tg) C I, T €10, 1] and (v¢)s € (Ema(to) x 2 x R™)™ such that

ve(to,) =0, Veelo, 7l
0
%(S, ¥.2)=he(s,y,2,ve(s,y,2), V(&,5,y,2)€10,T[ x I4(to) x £2 x R™.

Let (ug)e and u be as in the proof of Theorem 4.3 (replacing W by £2 x R™). This u is a solution to Problem 4.1 in
(Ga(to) x 2)™. O
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It follows from the proof of the last theorem, together with Gronwall’'s Lemma, the following fact will be important in
Section 5 (see Theorem 5.3).

Remark 4.7. If in Theorem 4.6 we add the conditions:
(Bo‘fig)s is bounded on I x £2 x R™, V1 <i<m, Vo € NIt with || =1 and @ = (0, a1, . . ., )
(97 gie ), is bounded on 2, V1 <i<m,Vy e N" with |y | =1;

then, for some a > 0, Problem 4.1 has a solution u € (G(I4(to) x §£2))™ for which there are a representative ((U1e, ..., Ume))e
and 7 €]0, 1] such that

dug

E(ts }’) = fé‘(t’ .V, ué‘(ta Y)), V(Ea ts Y) € ]07 T[ X Iﬂ(to) x Q,

Ug(to,.) = (816, ..., 8me), Ve €]0,7[;

(9Puje), is bounded on J1 x 2, V]1 € Ia(to), VB € N'*" with || =1and B = (0, B1,.... Ba). VI<i<m.

We finish this section with a theorem on uniqueness of solution to Problem 4.1.

Theorem 4.8 (Uniqueness Theorem). Let f := ([(f1e)el, ..., [(fme)el) € (GU x 2 x £2')™ such that ((fie, ..., fme))e has the
property (LLL) in (I, £2, £2’). If u and v are solutions to Problem 4.1 in (G(I x £2))™, thenu = v.

Proof. Suppose u := ([(u1e)e], ..., [(Ume)e]) and v i= ([(Vie)el, ..., [(Vme)e D).

Let (Ug)e := ((U1e, ..., Ume))e and (Ve)e :=((Vig, ..., Vme))e.
It suffices to prove (see [12, Theorem 1.2.3]) that, if ] €I and K & £2, then one has
sup  ||(ve —ug)(t, y)||=0(e?) ase )0, VgeN. (1)
(t,y)e] xK

Fix J €I, K € 22 and q € N. Take a, b € R such that J U {to} C [a, b] € I. Since u, v € G.(I x £2; £2'), there are K’ € 22’
and 1 €10, 1] such that

ug([a,b] x K) Uve(la,b] x K) CK' €2, Vee]0,nl[.
Thus, from (fg)s := ((f1e, ..., fme))e has the property (LLL) in (I, §2, £2), there are N € N, ¢ > 0 and 7 €]0, 5[ such that

| fe(t. v, ue(t, ) = fe(t, y. ve(t, )| <log(ce™)| (we — ve)(t, ). ()

V(e,t,y) €10, t[ x [a,b] x K, V1 <i,k<m.
Let (g¢)e € N x £2))™ and (he)e € (N (£2))™ such that

t
ve(t,y) —ue(t,y) —he(y) = /(fe (5. ¥, ve(s, ¥)) — fe(s. y.ue(s, y)) + g (s, y)) ds

to

Ve, t,y)el0, T x I x £2.
Let I : I x 2 — R™ defined by I.(t, y) := ve(t,y) — ug(t, y) — he(y), with € €10, T[.
Since (hg)e and (g¢), are null there are c¢; >0, 71 €10, T[ and Ny € N with Ny > max{N, N(b — tg), N(to — a)} such that

max{|he V)|, | &e €. )|} <181, V(e t, y) €10, 1l x [a, b] x K.

From this inequality and (2) we have, for all (¢,t, y) € 10, T1[ x [a, b] x K, that

t

/(log(cs‘”) lice.s. )| + (c + ey ™) ds|.

to

lle(t. »|| <

This, together with Gronwall’s Lemma, implies that

sup  [(ve —ue) (€, y) —he(0)| = sup L, y)| =0(eh) ase 0.
(t,y)ela,b]xK (t,y)ela,b]xK

Hence (1) is true. O

For an open interval | of I, we define 7, :=[(7T4¢)e] € G(J), Where .. (t) :=t. Using this definition and with arguments
similar to the proof of Theorem 4.2 and Theorem 4.8 can be verified that:
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Remark 4.9. Let xo := ([(Xo1¢)¢]. - - ., [(Xone)e]) € R" and f :=[(f1e)e], ..., [(fae)s]) € G (I x £2; R") such that

(i) {(xo01¢,..-,Xone) | € €10, T[} € £2, for some 7 €10, 1];
(ii) ((f1e,.--, fne))e has the property (LLL) in (I, £2).

Then there are a > 0 with I4(tp) C I and a unique u € G,(Iq(to); §2) satisfying: u’ = f o (74, u) and u(tp) = xo. Moreover,
from (G(.))" be a sheaf of vector spaces on R, one has that there is a unique maximal solution of &’ = f o (74, w) satisfying
w(tg) = Xp (a maximal solution is a solution that cannot be extended).

5. Some results on uniqueness of solution to the HJ-Problem

In this last section we present, using the results of the previous section, some cases in which the HJ-Problem has a
unique solution.

Here the sets §2, £2/, I and I, and the notations are as in Section 3. Moreover, the functions f :=[(f¢)e] and H :=[(H)¢]
belong to G(£2) and G(I x 2 x I’ x £2’), respectively, and S(I, £2,1’,2',H, f, J, W) is as in Definition 3.1.

Under certain conditions, for each element of S(I, £2,1’, 2, H, f, J, W) is possible to find a solution to the HJ-Problem
(see Theorem 3.2). Therefore, it is important to obtain some conditions for which it has at most one element. The result we
have obtained is the following:

Proposition 5.1. If (H,). is such that (Hg)g, ("H‘)g ("H‘)g and (3Hy )e have the property (LLL) in (I, 2 x I' x £2'), then
SU,R,I',2',H, f, ], W) is empty or has a unique element

Proof. Let V :={ze€ 2| (0,2) € W}.
Define (@¢)e := (@16, > Pant+1e))e € (EM(J X V x £2 x I' x Q/))n+1+n and ¢ by

aHg
(@16, -, Pne)(t, 2,X, Y, p) := —(t: X, ¥, D);

Paine (6. 2,X, Y. p) i= —He (£, X, ¥, p)+z =(t, X, ¥, P)Pj;
j=1 °Pi

oH¢ JH¢
@mn+2)es - Pn+1)e) €, 2,X, Y, p) = —W(t,X, y.p)— pW(t’ X, ¥,D);

n+1+n

¢ = ([@1e)e]. - [@ansne)e]) € (G(J x V x (2 x I x £2)))

Then (¢¢)e has the property (LLL) in (], V, 82 x I’ x £2').
Let (X, U, P), (X, U, PYYyeSW,$,I', 2", H, f, ], W). Since the elements of S(I, 2, I’, 2’ H, f, ], W) are solutions of
the system

9X a0 ap (., 70, X, U, P)
—, . |=9po ., 7, X, U, P);
ds’ 3s’ 9s ¢ N 4
(X, U, P)loyxv = (lv, flv, VFlv)
we obtain (X, U, P) = (X', U1, P1) (see Theorem 4.8). O

For the case 2 =R" and I’ =R we have the following theorem:

Theorem 5.2 (Uniqueness Theorem). Let (H), such that

(i) (8”‘("”5 ))5 has the property (LLG), Voo € N1+ with || = 1 and o = (0, a1, . . ., 0tans1);
(ii) (Hg)e, ( e (ng )e and (8H€)5 have the property (LLL) in (I, R" x R x £2');
(iii) (BHé )e IS bounded onl xR" xR x £2'.

IfSU,R", R, 2", H, f, ], ] x R") # @, then there is at most one solution u to the HJ-Problem in G(J x R") satisfying:

(I) there are a representative (uz)s of u and t € ]0, 1] for which

oug dug
— ., — RY) c ', Veelo, t[;
<8x1 8xn>(jx )C 10.71
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(I) 8%u e G(J xR, Vy e N with1 < |y|<2andy = (0, ¥1, ..., o).
Moreover, if there is this solution u, then S(I, R", R, 2’ H, f, ], ] x R = {(X,U, P)}andu =U o (7r, X)~ .
Proof. Note that S(I,R",R, 2", H, f, ], ] x R") = {(X, U, P)} (see Proposition 5.1). Suppose that there is a solution

u := [(ug)e] to the HJ-Problem in G(J x R") satisfying (I) and (II). Thus we can define (¥¢)e := ((¥1g,..., Yne))e €
(Em(J xR" x RM)" by

d0H, oug
Ye(t,z,X) = —p(t X, ug(t, x) (t X), . 9 (t,x))

and ¥ 1= ([(Y1e)e], - ., [(Yne)el € (G(J x RT x R™)™, _
Applying (i), (iii), (II) and Theorem 4.6, we know that given t € J there are a; > 0 with I, (t) C J and X; € G, (I, (£) %
R"; R™) such that

aX . N
8—;=W0(7TJT1,---,7Tn,Xt) and  X¢liyxrn = Xlgryxre.
Since J x R" =, Ia, (t) x R" and G,(,,R") is a sheaf of vector spaces on R, there is X € G.(J x R"; R") such that

Xlla[(t)xR" =)~(t forall t e _] Hence Xl{O)xR" =X0|{0}XR" =X\{0}X]Rr1 =1pn and

X oH du .
7, X, uo(m, X)—o(n X)oiy— o (@, X)).
3s ap " 0xp
Let U:=uo (7, X) and P:(WO(JT,X),...,WO(N X)). Define (¢g)e € (Em(J x R x R" x R x 2')"1*" and ¢ as
in the proof of Proposition 5.1 (replacing | x V x 2 x I’ x 2’ by J] x R" x R" x R x §£2’). Then we have

dX 90 aPp oo -

= T, ..., 7, X, U, P);

<85 as as> vol ! " )

(X, U, P)ljoyxrr = (1gn, flrn, V flrn).
This together with (ii) and Theorem 4.8 gives us (X, U, P) = (X, U, P). Therefore u=U o (7w, X)~'. O

For the case 2 = 2’ =R" and I’ =R we have the following theorem of existence and uniqueness of solution to the
HJ-Problem.

Theorem 5.3 (Existence and Uniqueness Theorem). Assume that the following statements are true:

(i) feG.R";R);

(ii) (3% fe)e is bounded on R", Voo € N" with 1 < |a| < 2;
(iii) (3¥ He)e is bounded on I x R™ 141, vy € NI with |y | <2 and y = (0, Y1, ..., Vs Va1, Yatzs - -0 Vang1)s
(iv) (37 Hg)e is bounded on I x R™ 147 vy e NI*H141 with |y| =2 and y = (1,0,...,0,0, Yni2, ..., Yans1)-

Then the H]-Problem has a unique solution in G(I; x R™), for some a > 0, satisfying the assertions (1) and (II) of Theorem 5.2.

Proof. Let (¢): € (Ey(I xR" xR" x R x R™))"+1+7 and ¢ be as in the proof of Proposition 5.1 (replacing J x V x £2 x I’ x £’
by I x R" x R" x R x R").
Define (ge)e := ((g1¢----» anine))e € (Em@RM)H1H by
g:(2) = (Z, fe(2), Vfa(z))

and g := ([(g1e)e]. -, [(@n+1e)e]) € (GRM)™ 11, N
Applying (i), (ii), (iii) and Remark 4.7 there are a* > 0 with I C I and (X, U, P) € G, (Ig+ x R"; R**141) for which there
are (Xe)e :=((X1e, ..., Xne)e, (Ue)e, (Pe)e :=((P1e, ..., Pne))e and T €10, 1] satisfying
:([(Xls)e],-n, [(an)s])§ U:[(U5)8]7 P:([(Pls)s],n-, [(Pna)s])§
0Xe oUg 9P
5 = = ) =@ 0 (e, Wie, ..., e, Xe, Ue, Pe) onIge x R", Ve €10, 7[;
as  9s  9s
(Xe(0,1),Uc(0,1), P(0,1)) = ge(r), V(e,1) €10, T[ x R™;
(0 Xie),. (0%Ue),. (3% Pie), are bounded on I, x R", Vb € 10, a*[,

Vo := (0,01, ...,00) € N'*" with |o| =1and V1 <i <n.
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Fix b € ]0,a*[. Define (Ye)e := ((Yie..... Yasne))e € EmUp x RN by Ye(s,1) := (s, Xe(5.1), Y := ([(Yie)el. ...
[(Yane)eD € (GUp x RN and (le)e € (EnUp x RM)" by le(s,1) 1= Xe(s,1) —T.
Note that, for all (¢,s,r) €]0,1] x I, x R", one has Y¢(s,r) = (s,ls(s,r) + 1) and

N
oH
18(s5r):/ 3; (t7 XS(Lr)’US(tsr)sPS(tvr))dt’
0

Then, by (iii), (iv), Proposition 2.3 and Remark 2.4, there is a > 0 with I, C I, such that:

Yl xrn € G(Ia x R"; I x R™) and it is an invertible mapping;
there is a moderate net (I'e)e := ((Ig, ..., [(n+1)e))e satisfying

Y i)™ = ([(Me)e]s - [(Tinsnye)e])s
I = (Y5|Iaan)’1 for all ¢ €10, 71[, for some 71 € 10, T[;
(99T%), is bounded on Io x R", Vo € N'*" with |or| = 1.

Hence (X, U, P)|j,xrr € SU, R, R,R", H, f, Iq, Iq x R"). Thus, from (iii) and Theorem 3.2, one has that u =U o (Y|1aan)—1

is a solution to the HJ-Problem in G(Io x R™) and (g, ..., 24) =P o (Y | xrn) .

Clearly u satisfies the requirements of our proposition. The uniqueness is a consequence of Theorem 5.2 (note that the
hypothesis (ii) of Theorem 5.2 is obtained from the Mean Value Theorem and (iii)). O

We conclude our work by providing some (f;). and (H¢) that satisfy the assumptions of previous theorem.

nl0.1]

Example 5.4. Let u,veR and ¢, ¥ € C®°(R;R") such that u, v, ¢, ¢’, ¥, ¥’ and ¥” are bounded. Suppose u :=
(U1 ey Mn), Vi=(V1, .., Vn), @ = (@1, ...,¢p) and ¥ := (W1, ..., ). If (fo)e € EMRM) is given by

n T

=17

and (Hg)s € Eu( x R™1471) s one of the following nets:

n
He(t. X1, . X0, Y. P1o o D) == D W0 (@)t + X5+ Yy + D))
j=1

n
He(t,X1,..., %0, Y, P1, -+, Pn) i= Zvj(s)llfj(t-l-xj +y+pi.
j=1
then (f¢)e and (Hg), satisfy the assumptions of Theorem 5.3.

For the next example consider the following embedding of space of Schwartz distributions D’(R™) into G(R™) (see [9]):
Take p € S(R™) even such that

/p(x)dx:l; /xp,o(x)dx:o, Vp e N™\ {0}
Rm Rm

and x € C*°(R™) such that 0< x <1, x =1 on B1(0) and x =0 on R™\ B,(0). Define

W= o(*). Veel0.1]. vxeR™
Pe -—Em,O : ) , 1, ;

0c(x) := pe () x (x|log(e)|). Velo,1; 61 =1.
Let ip : D'(R™) — G(R™) given by ip/ (T) = [(T *6:)e]. We recall that (T x6,)(w) =T (x > 6 (W — X)).
For g € C(R™) denote by T the distribution

Tg:9 € D(R™) —> /g(x)go(x) dx
Rm
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and by (Tge). the representative of ip/gm(Tg) defined by

Tge(W) = / g2(X)0:(w —x)dx, YweR™
Rm

Note that, if g € C(R™) is globally Lipschitz-continuous, then there is L > 0 such that

|Tge(2) — Tgew)| <Llz—wl, Vz,weR™, Vee]0,1].
Thus

(8%Tge), is bounded, Yo € N™ with |er| = 1.

From the above definitions and notations we have the following:

Example 5.5. Let h € C(R), g € C'(R") and ¥ € C'(R™1*+") such that

(i) h and ¥ are bounded;
(ii) h, g and ¥ are globally Lipschitz-continuous;
(iii) 0%g is globally Lipschitz-continuous, for all o« € N" with |o| =1;
(iv) ¥ ¥ is globally Lipschitz-continuous, for all y € N**1+" with |y|=1.

Define (fe)e := (Tge)e and (He)e by

He(t, X1, ..., %0, ¥, P15+ -5 Pn) i=Tre O Twe (X1, ..., X0, ¥, D1, -, Pn)-

Then the HJ-Problem, for f :=[(f¢)e] and H :=[(H¢).], has a unique solution in G(I; x R"), for some a > 0, satisfying the
assertions (I) and (II) of Theorem 5.2 (see Theorem 5.3).
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