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1. Introduction

In this paper we prove the theorem concerning the existence of continuous and orientation-preserving solutions of the
following functional equation

G"z)=F@), zeS'={zeC:|z|=1)}, (1)
where F: S' — S'is a given orientation-preserving homeomorphism with fixed or periodic points, G™ denotes m-th iterate

of Gand m > 2 is an integer. Every solution of (1) is called the iterative root od F and m is said to be the order of iterative root.
Recall also that x € X is a periodic point of ordern € N, n > 1of a mapping f: X — X if

f"x) =x and f¥x)#£x forke{1,...,n—1}.

If f (x) = x then x is said to be a fixed point of f. The set of all periodic (fixed) points of f will be denoted by Per f (Fix f).

The theorem generalizes (see [1]) the results obtained and method used for finding solutions of (1) in some particular
casesi.e., FixF = S (see [2]), # # FixF # S' (see [3]), Per F = S’ (see [4]), # # PerF # S' (see [5]).

We give the necessary and sufficient conditions under which there exist continuous and orientation-preserving iterative
roots of an arbitrary orientation-preserving homeomorphism F: S' — S! such that Per F U FixF # (. We also give the
description of these roots. It is worth pointing that in contrast to real homeomorphisms (see [6]), there may exist iterative
roots for circle mappings with periodic points.

2. Preliminaries

We start with recalling some useful facts and notions. Firstly, set Z, := {0, 1,...,n—1}and Z; :=={1,...,n— 1} fora
suitable natural n.
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Letu, w € S' and u # w, then u = €™t and w = e*™'2 for some t;, t, € Rsuchthatt; < t, < t; + 1. Put
— it — s — —  —
W, w)y:={e"", te(t, )} [([uwl=wwUluw}, [uw) = wUiu}

——
Ifu=wweset (u,u) =S'\ {u}. We call these sets arcs.

For every homeomorphism F: S' — S! there exists a unique (up to translation by an integer) homeomorphism
f: R — R, called the lift of F, such that

F (627rix) — eZnif(x)
and
fEx+1D) =fCx)+k

for all x € R, where k € {—1, 1}. We call F orientation-preserving if f is strictly increasing, which is equivalent to the fact
that k = 1. Moreover, for every continuous function G: I — J, where [ = {e*™, t € [a, b]} and ] = {e?™!, t € [c, d]} there
exists a unique continuous function g: [a, b] — [c, d] such that

G (e2z-rix) — eZJTig(x)7 X e [a, b]

In this case we also call g the lift of G and we say that G preserves the orientation if g is strictly increasing.
Now assume that F is an orientation-preserving homeomorphism, then the limit

frx)

n
always exists and does not depend on the choice of x and f. This number is called the rotation number of F (see [7]). It is
known that «(F) is a rational number if and only if F has a periodic or fixed point (see for example [7]). f F: S! — S!
is an orientation-preserving homeomorphism such that «(F) = % where g, n are positive integers with 0 < g < n and
gcd(q, n) = 1, then Per F contains only periodic points of order n (see [5,8]). Moreover, there exists a unique number p € Z;
satisfying pg = 1(mod n). This number will be called the characteristic number of F and denoted char F := p (see [3]). If
FixF # (J, then o (F) = 0 and we define char F := 1.

The following result comes from [9] or [5].

a(F) .= lim (mod 1), xeR
n—oo

Lemma 1. If F: S' — S'is an orientation-preserving homeomorphism with periodic points of order n, then for every z € PerF,

chharF(Z) - F(k+1)charF(Z)

Arg Arg——, ke Z,,
z

and

F[Ik] = I(k+q)(mod n)s ke va
where ¢ = na(F) and

Id — Id(Z) — [chhaI‘F(Z)’ F(d+l)charF(Z))’ de Zn. (2)

The starting point for our research was the so called factorization theorem proved by Zdun (see Theorem 5, [3]). In view
of it, every orientation-preserving homeomorphism F: S! — S! possessing periodic points of order n is of the form

qepn charF
F(z):{T (F'@), 7€ [20, F™ (z0)), -

—_—
T9(2), z €S\ [20. F"™ " (29)).

wherezy € PerF, q = na(F)and T: S' — S'is an orientation-preserving homeomorphism such thatPer T = S, a(T) = %

and T[lg] = I(g+1)(mod ny for d € Z,, where Iy = 14(zo) for d € Z, are defined by (2). The function T = T, (F) is unique up to a

periodic point of F and it is called the Babbage function of F (see [3]). Let us notice that if Per F = S, we get T,,(F) = feharF
T d

for every zy € Per F, whereas if F is such that Fix F # () we have [z, F"'F(z9)) = S' and we assume T, (F) = ids: for every

zo € FixF.
In view of (3) and Lemma 1 we have the following property (see [3]).

Theorem 1. Let F: S' — S! be an orientation-preserving homeomorphism with periodic points of order n, z € Per F, T = T,(F)
be the Babbage function of F and let {Ig}qez, be the family defined in (2). Then

0 (F"){“ ° 5;;’, if —dcharF(mod n) <k — 1,
T (F"Y o T if —dcharF(mod n) > k— 1,

FkHTl — Ta(F)nk °
g
g

ford,k € Z,andj € N.
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We end this section by the following remark.

Remark 1. Let g, n,q',n’ € Nbesuchthat0 < q < n, ged(q,n) = 1and0 < ¢ < n’, gcd(q’, n’) = 1and let

!
mq—/ 19 €EZ (4)
no o n
for some integer m > 2. Then there exists an integer [ > 1 such that n’ = nl, I|m, q? = q(mod n). If moreover p € Z; and
p’ € Z;, are such that pg = 1(mod n) and p'q’ = 1(mod n’), then p’ = % p(mod n).

Proof. Assume that (4) holds for some integer m > 2.1fq = 0,thenn = 1,Z}; = ) and mg—: € Z,thus " = | and since
ged(q', n') = 1 we have I|m. Notice that ¢'5; = 0(mod 1).
Now let g # 0, then n > 1. From (4) we get ¢’ # 0 and

mnq — n'q = knn’ (5)
for some integer k. Hence n(mq’ — kn’) = n’q and since gcd(q,n) = 1 we obtain n|n’. Put [ = ”;/ then (5) yields
mq’ = (kn + q)l and in consequence q’% = q(mod n). Moreover, as gcd(q’,[) = 1 we also have I|m. Let p € Z} and

p’ € Z7, be such that pqg = 1(mod n) and p'q" = 1(mod n’). Clearly p'q" = 1(mod n). The condition ¢’} = q(mod n) now
implies pqq’% = qq'p’(mod n) which gives %p =p'(mod n) as ged(qq’,n) =1. O

3. Main results

We begin with some properties of homeomorphisms satisfying (1). The following lemma is a consequence of Eq. (1) and
Remark 1.

Lemma2. Let F: S' — S'and G: S' — S! be orientation-preserving homeomorphisms satisfying (1) for some integer m > 2
and such that a(F) = 4 and «(G) = &, where0 < q < n,0 < q < n’ and gcd(q, n) = ged(q', n') = 1. Then

(i) n = nl and m :=m’ € Z for some unique integer [ > 1,

(ii) gm’' = q(mod n),
(iii) charG m’char F(mod n),
(iv) (™)™ =F".

Proof. Notice that (1) implies ma(G) = «(F)(mod 1), i.e., (4) holds true. From Remark 1 we have (i) and (ii). If ¢ = 0, then
n = 1, charF = 1 and (iii) is obvious. If ¢ # 0, then taking p := char F and p’ := char G we get (iii) from Remark 1. Finally,
(iv) follows from (1) and (i). O

The following lemma gives the rest of the necessary conditions for (1) to hold.
Lemma 3. Let F: S' — S'and G: S' — S! be orientation-preserving homeomorphisms satisfying (1) for some integer m > 2
and such that «(F) = % and «(G) = L where0 < q < n,0 < q' < n’ and gcd(q,n) = ged(q’,n') = 1. Then for

—_
every z € PerF U FixF there exists a partition of [Z, FF(z)) onto | = ”;/ pairwise disjoint, consecutive closed-open arcs
Jo,J1, - - -, Ji—1 such that

F'id =) ke
and if | > 1 there exist orientation-preserving homeomorphisms Vi : Jx — Jk+1, k € Z—1 satisfying

Fj, oVike=VikoFj, k€ Ziy.

—_—

Proof. Fixz € Per F UFix F (one of these sets must be empty). Ifn = n’ setJo = [z, FCharF(z)), then F"[Jo] = Jo. Let us notice
—s

that [z, F"F(z)) = S'ifn = 1.1fn’ > n, then! > 1 and we define

J = [chharc(z), G(k+1)charG(Z))7 k ez

This and Lemma 1 imply that Jy, ..., Ji_; are disjoint and consecutive arcs. Moreover, by Lemma 2(iii) we get IcharG =
mchar F(mod n’), hence and by (1) we have

-1
Ujk — [Z, GlcharG(z)) — [Z, GmcharF(z)) — [Z, FCharF(Z)). (6)
k=0
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Since Per G = Per F U Fix F we have z € Per G and G*""(z) € Per G for k € Z;1. Thus F" (G*M¢(z2)) = G*MC(z), k €
Z14+1 and in consequence

Fn[]k] — [Fn (chharc(z)) , E" (G(k+1)charG(Z))] =), kez.

Now let T, (G) be the Babbage homeomorphism of G. Fixk € Z;_; and put Vi := T,(G);,. Then by Theorem 1, Vi : Jx — Ji1
satisfies
GGH] oVy=V,o Gf]k.

Hence

A A
(Gn> OVkZVkO<Gn> B
U1 Uk

where m’ = 7, and in view of Lemma 2(iv) we have

n — n
FUk+1 oV =V,o FUk' O
Before the main theorem let us recall the following result (see [5]).

—
Lemmad4. Let u,w € S', u # wand I := [u, w]. For every integer m > 2 and every orientation-preserving homeomorphism
F: I — I with FixF # () there exist infinitely many orientation-preserving homeomorphisms G: I — I satisfying (1) and such
that Fix G # 0.

From Corollary 3 and Lemma 3 in [10] we also have

Lemma5. If F: S' — S! is an orientation-preserving homeomorphism with periodic points of order n > 1,z €
PerF,{z,F(2),...,F""Y(2)} = {20, z1, . .., Zn_1}, Where zy = z and

z z

Arg—d < Argﬂ <2m, de€Znq

20 2y

and F(z9) = z, then a(F) = 1.

Theorem 2. Let m > 2 and | > 1 be integers and let F: S' — S be an orientation-preserving homeomorphism such that
a(F) = % where 0 < q < nand gcd(q, n) = 1. F has continuous and orientation-preserving iterative root of order m with
periodic points of order In if and only if the following conditions are fulfilled:

(i) 7 = m' € Zand thereis q' € Zy such that gcd(q', In) = 1 and ¢m’ = q(mod n);

e — e o
(ii) for some zg € PerF there is a partition of [zo, Fd““F(zo)) onto I consecutive disjoint arcs Jo, ..., Ji—1 such that F'[J;] =
Ji,i € Zyand if | > 1, then there exist orientation-preserving homeomorphisms V;: J; — Jiv1,1 € Z—1 satisfying

FGH] =Vio Fl’;i °© Viil’ i€ Zi-1. (7)

Forany zy € PerFUFixF, m, 1, ¢, arcs o, . .., Ji_1 and homeomorphisms V;: J; — Jix1,1 € Z;_1 satisfying (7) the iterative root
G: S' — S' of Fis of the form:

V9 (Go(2), z €,

V7 (2), ze S\ Jo, (8)

G(z) = {

where Go: Jo — Jo is an orientation-preserving homeomorphism such that Fix Gy # ¢ and G{,”/ = F’JO andV = wharFjf | — 1
or

Vi(z)5 4 G]i7 i€ Zl—]7
V(@) = Vi@ =™ oy o 0V, z€i, (9)
qjdcharF ° Vi ° lI,—dcharF(Z)’ z e chharF[]i], ie 7, de Z:

if | > 1, where & : S — S is given by

W) =T1oT' oG 0T @), zeF ™), dez, je, (10)
where

G =VioG_ioV ', jeuz, (11)
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T = T,,(F) denotes the Babbage homeomorphism of F and

b=

m—[ml]—l, ifd=01<m [ ]
[ ] ifd=0,i>m-— [ ]

[%] fdez fa=m-| ]nl—l
ik

ifdeZy, ij,g>m-— [nl]nl—l

n

E

Bia =

3\3

for i € Zy with i, € Zy uniquely determined by (k + i,q’)(mod nl) = 0 for k € Zy,.
Moreover, every orientation-preserving iterative root of order m of F with periodic points of order nl (if exists) may be expressed
by (8)-(12).

Proof. Clearly, if Eq. (1) holds true then (i) follows from conditions (i) and (ii) of Lemma 2 and (ii) follows from Lemma 3.

Now assume thatm,l € Z,m > 2,1 > 1m' = 7 and F: S! — S!is an orientation-preserving homeomorphism such
that «(F) = % where 0 < q < nand gcd(g, n) = 1. Let conditions (i) and (ii) of Theorem 1 be fulfilled. We give the proof
only for the case | > 1, the case | = 1 was proved in [5] (let us mention that if | = 1 condition (ii) is not the case and (i) is
equivalent to the fact that gcd(m, n) = 1). Notice that as | > 1 we have nl > 1 and therefore ¢’ > 0. The proof is divided
into four steps.

Firstly, we show that the function ¥ given by (10)-(12) is an orientation-preserving homeomorphism such that o« (¥) =
dand ¥" = idg1. To see this set, if n > 1,

Jjvar = FIF[L dez: jen. (13)

Since F preserves the orientation, J; for j € Z,; are pairwise disjoint and consecutive arcs. Moreover,

P i) = FOE[FOVRI] = )y j ez (14)

and
F'ljeall = F [FEN ] = FOF (U] = FY T = i (15)
ford € Z} andj € Z. Let zy,2,, ..., Zy—1 be such that Jy = [z, Zxy1) for k € Zy_;. From (15) since F preserves the

orientation we have F"[z;] = z for k € Zy, thus z, for k € Z, are periodic or fixed (if n = 1) points of F. Hence and by (13)
and (14) we get

Zaerhmod ny = F™ F[z], ke Zy
and as a consequence
Flzi] = F*M (2] = Zgerghmod nys K € Zat.
This and the fact that F preserves the orientation yield
FlJk] = Jik+aqp(mod npy> K € Zn. (16)

Now assume that T = T, (F), then from (3) one can obtain

1-n 2
T9(z) = {F (@), z€ [zlo,Zz),
F@2), z €S \lz,2),

hence in view of (16),
T] = FUk] = Jocran(mod niy, Kk € Zni.
This and the equalities T = T9M"F and gchar F = 1(mod n) give
Tkl = T[] = Joergichar Fy(mod nty = Jakrn@mod ny> K € Zat. (17)

On the other hand, if Go: Jy — Jo is an orientation-preserving homeomorphism such that Fix Gy # ¢ and 631/ = FGO, then
by (11),

GjU]'] :]j, ] € 7. (18)
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Finally, by (10), (17) and (18) we get

B, -
Uizl =Tl o T¢o Gj’d oT de+d!]

= T70T% 0 G P[] = T o T[]

= Ji+@+d)D(mod s J € Zi, d € Zn.
Thus

Y] = Jatqhmod niys K € Zn. (19)

Let us notice that as a composition of orientation-preserving homeomorphisms, ¥, is an orientation-preserving
homeomorphism. Hence ¥ : S' — S! is an orientation-preserving homeomorphism.

To show that a(¥) = % observe that from (19) and (16) it follows that
F¥(z0) = ¥*(z0), ke,

so by the definition of the rotation number «(¥) = «(F) = % and hence char ¥ = char F.
Now we are in the position to show that ¥" = idsi1. Fixj € Z and d € Z,. From (19), (10) and (17), in view of the fact
that TP = TP(™°d M for p € N, we obtain

"Ul?jm — (T9 o T4V ij‘k,0+<n—1>q><mod o T@HE-DDY oo (T9 6 TH o G]{f‘j,<d+q)(mod " o T+

B, -
o(T'0T%0 ijd o Tujiﬂ)
— T4 o Td+(=Da g Gﬂj.<d+<n—1)q)(mod m++Bid T
- j Ujtar*
Moreover, since gcd(q, n) = 1 we get
{d,(d+ q)(mod n),...,(d+ (n—1)g)(mod n)} ={0,1,...,n—1}.
We thus have

Wl =T9o TV Ghin-1ttho o d |

Ui Ui

We finish the proof of this step by showing ;.1 + --- + Bj0 = 0. In order to do this we examine the properties of the

mapping Zy > k +—> i, € Zy defined by (k + i,q')(mod nl) = 0 for k € Zy. As ¢ > 0 there is a unique p’ € Z, such

that ¢'p’ = 1(mod nl). Hence i;, = —p’k(mod nl) for k € Zy. If we had i;q = i;Q for some distinct ki, k; € Z, we would

get k; — ko = cnl for some integer ¢ # 0, a contradiction. Thus the mapping is an injection, and in consequence a bijection.
Moreover,

(20)

ii,q = —p'(i+ th(mod nl) = —p'i — p'ti(mod nl), t € Zy,, i €Z. (21)

Now turn to the definition (12) and put b := [%] and ¢ := m’ — bn,thenb > 0, ¢ € Z, and m— [] nl = cl. On the other

hand, by (21) we get that A; := {i+tl: t € Z,} is mapped onto A_pjmod 1) fori € Z;. Thus i, < cl— 1 for exactly c elements
k € A, fori € Z,. Consider two cases

(a) if < cl— 1, then by (12),

Bin-1+ -+ Bo=0—0(=b)+(Cc—D(=b-1D+m —-b—-1=0.
(b) i > cl — 1, then again by (12),

Bino1+ - +Bo=m—c—1)(=b)+c(=b—1)+m —b=0.

This finishes the proof that ¥" = id;:.

In the next step we show that V! = w™F Immediately from (9) we get that V is an orientation-preserving
homeomorphism such that
VUil =Jaerymod nys Kk € Zn. (22)

Fixj € Z;,d € Z, and z € Jjq, then since ¥" = ids1 we get
VI(Z) — ,p(d+l)charF ° Vj_1 o wf(d+1)charF 0---0 lp(d+1)charF o VO ° lIlf(dJﬂ)charF o !I,dcharF ° Vl—l ° l1[,7dcharF
OlpdcharF o VI*Z ° lI/—dcha\rl-' 00 t]/dCharF o Vj+l ° lIl—dcharF ° lIldcharF ° V] o t]/_dCharF(z)
— lp(d+l)charF ° Vj_1 0-+0 VO o lIlfcharF ° Vl—l ° Vl—2 0---0 Vj+1 o V] o lpfdcharF(Z)
— W(d+l)charF ° V]__1 0---0Vpo0 q/—charF ° lI,charl-‘ ° V(;] 0---0 Vl:; oV,

0.0 Vj+l ° V] o lpfclcharF(Z) — lIl(dJr])charF ° lpfdcharl“(z) — lpcharF(Z).
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ln the third step we show that the function G given by (8) satisfies (1). Since V! = ¥ F and ¢" = ids1 we get
v = gneharF — jd, . Moreover, in view of (22) and (8),

G(zk) = Z(k+q'y(mod npy> K € Zni,
where 29, 21, 23, . . . , Zni—1 are such that Jy = [z, zx41) for k € Zp_1. As gcd(q', nl) = 1 we get that G has periodic points of

order nl. Lemma 5 implies now that «(G) = %} Thus V = T,,(G) is the Babbage homeomorphism of G.

Equations V! = whrF @ — idg and equality gchar F = 1(mod n) yield also V!9 = @9haF — g which together with
(10) result in

%

Uial deZ, je€ . (23)

_ 74 7d . Pid d
=T"oT oGj oTU““,
In virtue of the fact that T? = TP(M°d " for p € 7 Eq. (23) is equivalent to

Iq_ =T9%TPo Gﬁj'p(md RS —P ,
UGi+ply(mod niy J U(i+ply(mod niy

peN, jez. (24)
Thus

V{;}_’q =TIoTk Mo ij’q(kq)(md MoT DD 5. . 6TI6TI0 ij'“m"d "oT90T90 ij.o

)

— Tk o G(ﬁj,q(k—l)(mod m +Bj.qk—2)(mod n)++Bj,q+Bj.0)
- i

which gives

Tl’;q vk o G'_(ﬂj,q(k—n(mod n)+Bj.q(k=2)(mod n)+-+Bj.qtBj.0) (25)
j 9
fork € {1,...,n}andj € Z. Nowifn > 1,fixd € Z} and j € Z;. Since gcd(q, n) = 1 there is a unique t € Z such that
tq = d(mod n). Hence by (24) we have
lq _ vl _Tq tq ﬁj tg(mod n) —tq
VUjerI ™ "lj+itg(mod ni) =T'oT G © Uj+ltq(mod ni)
By substituting (25) twice to the above equation we obtain
&;}erl — T (thq o Gj*(ﬁj,q(ffl)(mod n)+'“+ﬂj.q+ﬁj,o)) o Gj{”j.fq(mod n (G;ﬁj,q(t—l)(mod ny++Bj.q+Bj.0) VU:ZI)
Thus
q lq tlq _ﬁj.tq(mod n) —tlg
Tll f+dl =VZoV o GJ ° VUj+dl
and
— yla dl f —dl
Tl]j+dl =V70V%0 Gj ‘5 Vl]j+dl’ (26)
as tql = dl(mod nl) and V' = V¥, In view of (11) we finally obtain
a  _ ylg yitd _ ~Bid —(j+dI)
T|Jj+dl =VTo V™ oG, o VUj+dl . (27)
Now notice that since T is a Babbage homeomorphism of F and « (F) = % then by (27) and (3) we get
; " VoG, oV_joFl'; forj € 7,
. = (o] . —
U vitd o g “ov U forjew, dez;.
This, (7) and the facts that V|, =V}, j € Z; and Gm = F" yield
i Vio G(;ﬂj‘“m o Vl;j forj € 7,
Fjg=V"0 jrdl iy . " (28)
VT o GO °Viia forje 7z, deZ,.

We may write m = i + bnl, where b = [%] and i € Zy, hence m'q’ = q(mod n) and q'i = q'(i + bnl)(mod nl) give
q'i = ql(mod nl) and in consequence

vil = 9, (29)
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Furthermore, according to (12),
b+1, ii<i—1

_B I — = ’
ﬂl’°+m_{b, i>i-1

forj € 7, and

b+1, i,,<i—1
2 J— ’ j+dl — ’
P {b, g >i—1

forj € Z;and d € Z;. Putting these and (29) to (28) we have

.. Vk ° Gb+1 o ka l-/ <i—1

Fr = Vi 0 U » k= ’ 30

U O{v"ocgovu—k", i >i—1 (30)
for every k € Zy,.
On the other hand, by Theorem 1 we obtain for all k € Z,,.
k _ ~b+1 -k :

o _ i [ViO Gotlo VX, if —kp'(modnl) <i—1, (31)

I Vo Goo VK, if —kp'(mod nl) > i—1,

where p’ = char G is such that ¢'p’ = 1(mod nl), Recall that i, = —p’k(mod nl) for k € Zy, thus (30) and (31) result in
G™ = F and the proof of the third step is completed.

What is left is to show that every orientation-preserving iterative root of order m of F with periodic points of order
nl (if exists) may be expressed by (8)-(12). Suppose that F, G are orientation-preserving homeomorphisms satisfying (1)
for some integer m > 2 and such that a(F) = % a(G) = %: where gcd(g, n) = gecd(q’,n’) = 1. Let moreover
zg € PerF =Per G,V =T, (G), T = T, (F). By (i) of Lemma 2, n’ = nl for some integer I. Put

]k — [chharG(zo)’ G(k+l)CharG(Zo)), kez*

nl»

then we get (6) with z = z5. Moreover, by Lemma 2(iii) and (1) we obtain

i+d)char G i+di-+1)char G
Jiva = [GU+ )eharC (z), GUHdHDehar (Zo))

— GdlcharG [[jSharc(zo)’ GU+1)charG(ZO))]

— GdlcharG []]] — GmdcharF []j] — chharFUj], de Z:, ] e Zl~
Now let G; == G’l‘,;, and V; == Vi, for j € Z;, then from Lemma 2(iv) we get
m .
(G")" =Fj. jez (32)

where m’ = % By Theorem 1 we also get that V;: J; — Jj41 forj € Z;_ satisfy

GT/j+1 oVi=Vo Gle’ j €74,
which is equivalent to (11). By Theorem 5 from [3], functions G and F are of the form (8) and (3), respectively. Write
m = i+ bnl, where b = [%] and i € Zy, then Theorem 1 gives (31) with p" = charG. Put i;, := —kp'(mod nl) for
k € Zy and let B 4 forj € Z; and d € Z, be defined by (12). As (1) is satisfied, (3), (31) and (11) give

T1oF) =Viio G, e (33)
and

q  _ yqi dl —Bj.d —dl . *
TUj+dl =Vio V%o o VUJ_M, jen, deZ. (34)

In view of (32), Egs. (33) and (34) my be written as

Tq

Uppar = Viiov®o Gjiﬁj’d oy, j €7, de Z,. (35)

Ujtar?
From Lemma 2(ii) we get mq’ = gl(mod nl) thus q'i = gl(mod nl) and we have (29), which together with (35) give (26) for
j€Z,de Zy,.1fn > 1, forevery d € Z, there is a unique t € Z, such that tq = d(mod n). Hence by (26),

—yiloytalg Gj—ﬂj,tq(mod n g V—tql (36)

Tq
Uj+tql(m0d nl) Uj+tql(mod nl)
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forj € Z;and t € Z;. This implies

Tl’,‘jq — yil o k=l g Gj—ﬂukfnq(mod moy—k=Dal g oydlsyd g Gj—ﬂf,«mod nov=d oyl o Gj’ﬂjﬁ

—(Bj, (k— ++B; +6j.0) .
_ qul ° Gj ’j, (k—1)q(mod n) ’j,a(mod n) TFj,0 , je 7

and as a result

V{;qu — Tk o ij,(k—l)q(mod ny+++Bj,q(mod n)+l3j,07 jez, (37)

for k € Z,. Putting (37) with k = t into (36) we get

q __yal tq _ﬂj,tq(mod n) —tq .
TUj+tql(mod nl) =VToT 0 GJ © TUj+[ql(m0d nl)’ J < Z” te Zn

which yields (23), with tq = d(mod n). Let ¥ be defined by (10), then ¥ is an orientation-preserving homeomorphism

such that ¥" = idg1, a(¥) = % and char ¥ = charF (see the first step of this proof). By (10) we obtain V¥ = ¥, thus

vatcharE — ychark which yields

Vl — lpcharF’ (38)
as glchar F = I(mod nl) and V" = id,1. From (38) we have

Vo 'chharF _ lIlcharF oV
This and the fact that V; = Vi, forj € 7, give (9). O
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