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1. Introduction and main results

In 1977 F. Calogero [3] deduced the following identity

) _ D) - D) Pl
st Jom = vk 2o

where v > —1, k € {1,2,...} and j,, stands for the nth positive zero of the Bessel function of the first
kind .J,. Calogero’s proof [3] of (1.1) is based on the infinite product representation of the Bessel functions
of the first kind and on the clever use of an equivalent form of the Mittag-Leffler expansion
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Juy1(z) _ Z 2x (12)
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where v > —1. Note that in [3] it was pointed out that results like (1.1) are related to the connection between
the motion of poles and zeros of special solutions of partial differential equations and many-body problems.
In 1986 Ismail and Muldoon [8] mentioned that (1.1) can be obtained also by evaluating the residues of
the functions in (1.1) at their poles. For other results on series of zeros of Bessel functions of the first kind
and other special functions we suggest to the reader to refer [1,10]. In this paper our aim is to present
an alternative proof of (1.1) by using only elementary analysis. Our proof is based on the Mittag-Leffler
expansion (1.2), recurrence relations, the Bessel differential equation and on the Bernoulli-L’Hospital rule
for the limit of quotients. Moreover, by using our idea we are able to prove the following new results.

Theorem 1. If v > —1 and k € {1,2,...}, then we have

> : =—2-1QZ L put? (1.3)

4 _ 54 2 2 4
n>1, n#k jl/,n .]y’k Jyyk; n>1 jl/,’ﬂ +Jy’k; 4.71/7]@

In particular, for oll k € {1,2,...} we have

1 T 7
———— = ———coth(k —. 1.4
n>122?5k nt =k 1w )+ 8k -

Moreover, for all k € {1,3,...} we have

1 s km 3
@2# T = s tanh<7) + g (1.5)
n is odd

As far as we know the above results are new and as we can see below our method can be applied for the
zeros of other special functions, like Struve functions and modified Bessel functions of the second kind. Our
proof in this case is based on the corresponding Mittag-Leffler expansion for Struve functions, recurrence
relations, the Struve differential equation and on the Bernoulli-L.’Hospital rule. During the process of writing
this paper Michael Milgram informed us that the relation (1.4) can be found in Hansen’s book [7, p. 108].
Moreover, an alternative proof of (1.3) was proposed by Christophe Vignat. His proof was based on the
formula

Z 1 1 Z 1 1 Z 1 (1.6)

4 — A - D) 5 — ) - D) ) D) 3
n>1, n#k ]V,n ]VJC 2]u,k n>1, ntk ]u,n ]ng 2.71_/,]{; n>1, n#k Ju,n +=7u,k

which by means of (1.1) evidently implies (1.3). It is worth to mention that (1.6) holds true in fact for any
set of numbers {j, ,}n>1, and by using this idea we can get (1.8) for the zeros of Struve functions.

Theorem 2. Let h, ,, be the nth positive zero of the Struve function of the first kind H,. If [v| < % and
k€ {1,2,...}, then the following identities are valid

> - i (1.7)
w1tk him —hiy 200, VA2 (v + )H (hyy)
1 1 1 V43 het
Z hi X = h2 Z h2 12 + B4 - v 7161 ; . (1-8)
n>1, n#k VN Mk 2 v,k n>1 vn + v,k 4 v,k ﬁQ F(V + §)Hv(h%k)
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It is also worth to mention that since [9, p. 291] H_, (z) = /2 sinz, by tending with v to —1 in (1.7)
5 T

and taking into account that h_i1 , = nm we obtain for all k € {1,2,...} the following known result

1
PR
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2. EE e (19)
n>1, n#k

Note that this result can be obtained also from (1.1) by choosing v = 1, as it was pointed out in [3].

The properties of the zeros of the modified Bessel function of the second kind K,,, also called the Mac-
donald function, were studied by several authors, but not so often and in detail as the zeros of the Bessel
functions of the first and second kind, i.e. J, and Y,. Macdonald was the first who discussed the zeros of
that function and he showed [11, p. 511] that K, (z) has no positive zeros when v > 0 and also that it has
no zeros for which |arg z| < 7. Note also that Ferreira and Sesma [4] studied the zeros of K, when v € C.
In the sequel we are interested in the zeros of K, when v = n + % and n € N. We know that (see for
example [5]) K, .1 for n € {1,2,...} has exactly n zeros with multiplicity one in C~ := {z € C: Rez < 0}
and that the non-real zeros are complex conjugate in pairs (see [6]). We also know that for v = n+ %, neN

Kole) =\ 35 Hala),

where H,, is a monic polynomial of degree n defined as

the value K, (z) can be represented as

e Irn—k+1)zF
Hn(2) = kZ:O Tn—Fk+O)I(k+1)27F

If we denote the zeros of K, by z,.1,. .., zun, observing that those are also the zeros of H,, we can conclude
that (see [5])

H,(z) = H(z — 2,5).

By using the ideas of the proofs of the above theorems we are able to prove the next results.

Theorem 3. For allv =n+ %, ne€Nand j € {1,...,n} we have

3
i P - 1_2;”__ = (1.10)

k=1, ktj Sk T A1 2y j
kéﬁ Zok i 22, _ 1 _QZ';%Z_ v_ 221” kzn:l ok _1,_ i (1.11)
k—é#a‘ Sk i % - _Zzizm - 421373' g(zu,j —&1-zy,k * szj—”zgk) (1.12)

2. Proofs

In this section we are going to present the proof of (1.1) and of Theorems 1, 2 and 3.
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Proof of (1.1). We start with the following identities

Jukd)) (Gue) + I, (k) = 0, (2.1)
Jy41 (k) + I, (Guk) = 0, (2.2)
w1 (o) = (V + 1), (Guk) = 0, (2.3)

which readily follow from the fact that J,, is a particular solution of the Bessel differential equation [9, p. 217],
that is, satisfies

2?J))(z) + zJ)(z) + (2* — v*)J,(z) = 0,
and from the recurrence relations [9, p. 222]

xJ)(z) —vd,(z) = —xJ,41(x), (2.4)
vy (@) + v+ Dy (2) = 2], (2).

By using the Mittag-Leffler expansion (1.2) we obtain that

li 1
2 111 2$JV(QC) ]37]@ — 2 11m

= jgn —Jok e B 2ju wivk (Jf,k —2%)J,(z)
n#£k

0, = Z 1 _ (JV+1(5U) 1 ) _ 1 . (]B,k — %) Jyp1(x) — QZEJV(:I,‘).

Now, applying the Bernoulli-L’Hospital rule two times and the relations (2.1), (2.2) and (2.3) we get

a LI (G2p — 2 (x) —dad) () — 20y 1 (x) — 4T) () — 22J]) (x)

LT 9k e (G2, — 22) 72 (@) — 4wy (x) — 2, ()
o 1 <_4ju,szI/+1(jV,k) - 2JV+1 (ju,k) - 4J1I/(]u,k) - 2ju,kjll//(ju,k)> _ v+1
2 2T, Go) 29,

Proof of Theorem 1. Let us denote by I, the modified Bessel function of the first kind or Bessel function
of the first kind with purely imaginary argument. By using the Weierstrassian products [9, p. 235]

2 2
2w+ 1a™"J,(z) = H <1 - x2 >, 2I'v+ 1z~ "I, (x) = H (1 + j; ),
n>1 v,n n>1 v,n
we obtain
2 P2+ 1) 20, () () = T (1- 2
2T (v + D™ J, (), (x) = <1, >
s Jom
Logarithmic differentiation gives
v J(x " (x 43
. u()+ y():_z — <,
z  Jy(x)  L(x) sy Jvn T L

which in view of (2.4) and its analogue

oIl (z) — v, (z) = 21,41 (2),
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can be rewritten as

1 JV 1((E) L, 1(1’) - 1
w5y ) " S

n>1

By using the above Mittag-Leffler expansion we obtain that

1 . Jy41(2) Ly () 1
\Q = —_——— 1 — —_
2= D G i (570 Tt e

n>1
n#k
— lim Juy1() _ 1 _ Iu-&-l(jv,k)
e=gua \ 423, () gy, — ot 453 1. 1o (G 1)
~ lim 1 (jg,k"‘xQ)Jqul(m) B x? L Gug)
T vk (szq + x2)x2 dzJ, () jg,k — 2 4j37k1u(jv,k) .

Now, applying again the Bernoulli-L’Hospital rule two times and the relations (2.1), (2.2) and (2.3) we get

2;= 1
37 e e (G2 + x?)a?

1 . (]37]C - .’IJ4)JV+1(SL‘) — 4-’173J,,(£C)
m

4z, (x) j2 . —a?

1 ((jf,k + 22)Jy 41 (z) 22 )

T 8it ﬁﬂj,,,k (72 — 22 (x)

L Gl )T @) = 820 (1) 1207 (2) = 24 (T, (@) 4 2T, () — 42T (x)
85 1 (725 — 22)J/ (@) — 4z (x) — 2J,(x)

. 1 <_8j§,k‘]1//+1(ju,k) - 12j3,kJV+1(jVJ€) - 24j3,k‘]1//(j1/,k) - 4j§,k‘]1£l(ju,k)> v +2

8y — 4wk}, (Gu,k) C4g

Finally, by using the Mittag-Lefller expansion

L,+1(.’E) _ Z 2x (25)

2 2
+x
n>1 ju,n

the proof of (1.3) is complete. Now, by taking v = % and v = —3 in (1.3) we get (1.4) and

1 B ™ (2k —1)7 3
@n—1)%— (2k—1)*  8(2k—1) tanh( 2 ) TR )T

n#k

which is equivalent to (1.5). Here we used the Mittag-Leffler expansion [9, p. 126]

1 1

n2m2
n>1

and (2.5) for v = —1 together with [9, p. 254]

2
1(z) =4/ —sinh, I_
2 T

Nl=

2 11 (2)
() = 4/ — coshz, tanhx = —2 .
T I_1(x)
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_ @2n—-Dm _.
_1n =5 since Ji(2)

is proportional to sinz and J_1(z) is proportional to cosx, that is, we have [9, p. 228]

2
= —_ . O
() =4/ — Ccos T

Proof of Theorem 2. The proof is quite similar to the proof of (1.1). We start with the following identities

Moreover, we have used the fact that for n € {1,2,...} we have Ji ., =nmand j

<
[N
"
S~—
Il
3
29
@,
=]
&
‘K(
N[

hl/
hy o HY (hyso) + HY (hy ) = ik 7 2.6
K 1/( ,k) + 1/( »k) \/EQV_lp(V 4 %) ( )
H, () — H () = 0, 27)
ho 1,y (B i) — vH, (ho k) = ho HY (ho k), (2.8)

which readily follow from the fact that H, is a particular solution of the Struve differential equation
[9, p. 288], that is, satisfies

2 v
H/(z) + H 1- 2 )H,(z) = ’
)+ H ) o (1 5 YR = s

and from the recurrence relations [9, p. 292]

zH, (z) + vH, (x) = 2H, _1(z), (2.9)
H,_1(z) +2H,_,(z) = (v + )H, () + 2H ().

By using the Mittag-Leffler expansion [2, Lemma 1]

H, () 2v+1 2x
H,(x) T Z 2 _ 42

n>1 " vn

we obtain that

1 . 2v+1 H,_1(z) 1
Q = _— = 1 — —
* Z h2., —h?, mﬁgznk< 222 20H, (z)  h%, —a?

n>1 N v,

n#k

w41 L (h2 ), —2*)H,_1(x) 4 22H, (z)
= 75 T =3 1m

2h12/,k 2h,/7k z—hy (h'12/,k — .ITQ)HV(JJ)

Now, applying the Bernoulli-L’Hospital rule two times and the relations (2.6), (2.7) and (2.8) we get

1 (h2, — 2*)H,_1(x) + 22H, ()
95 = lim : 2 3
2hy e @—hu i (hu,k —2?)H, (z)
LI (hy ) — 2*)H)_(2) — 42H),_, (2) — 2H,_1(2) + 4H) (2) + 22H](z)
T Ohy g wohos (W2, — 2?)H}(z) — 42H, (z) - 2H,(2)
1 (A H (huk) — 2H,  (hy) + A (hy k) + 2Ry HY (B k)
o Qh,,’k _4hu,kH;/(hV,k)
v—1 hll;;fz

Tz, T VR (o + DE ()
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which completes the proof of (1.7). Now, to prove (1.8) observe that by means of (1.7) and the analogue of
(1.6) for the zeros of Struve functions we have

1 1 1 1
2 —hb,  2h%, 2 —hZ, 202, Z h2, +h2, +h

n>1,n#k VT n>1,n£k VT

- 1 <l/ +2 B hZ,kz > (Z 1 )
25 \2h3, VA2 I (v + 5)H (hu) 2’13 k hen+ h2 22, )
which completes the proof. O

Proof of Theorem 3. First we note that if v =n + % and n € N, then for all z € C there holds

fj(j) K, (2) = ﬁ (1 = ) (2.10)

z
el v,k

which by using logarithmic differentiation yields the next result
KVJrl ( -
K,(z) z kZ

We note that the equality (2.11) is already known [5, Lemma 3.2] and it is a corresponding Mittag-Leffler

2.11
P (2.11)

expansion for K. Now, let us notice that from (2.11) it follows that

n

3 g (B
— . Z=2Zu,j KV(Z) z ; 4

k=1, k#j ZV7k ZV;] ZV7] -

_ L 2 = DK () — (20 (e — DK (2) — 2K (2)
R (g — 2K (2] |

On the other hand, by using the fact that K, is a particular solution of the modified Bessel differential
equation, i.e. there holds

2K (2) + 2K/ (2) — (z2 + VZ)KV(z) =0,
and in view of the relations

2K (2) = vK,(2) — 2K, 41(2),
2K, 1 (2) + (v 4+ DKy (2) = —2K,(2),

we obtain the next identities for all k£ € {1,2,...,n}

2o K (20 k) + K (20k) = 0, (2.12)
Ky (zuk) = =Kyt (zk) (2.13)

and
2o B (k) + (v + 1) Kppa(z08) = 0. (2.14)

Applying the Bernoulli-L’Hospital rule two times and in view of (2.12), (2.13) and (2.14) we get



34 A. Baricz et al. / J. Math. Anal. Appl. 422 (2015) 27-36

2": =2 K] (205) = 220 K], (205) 4+ 2(z05 + 20 — 1)K (2,5) — 2K,41(20,5)
— 2 -2z, ;K (2.5) ’

k=, kg ok

which completes the proof of (1.10).
Now, we focus on the identities (1.11) and (1.12). These can be deduced by using the next relations

n n

Z 1 1 1 1 1
2o, — 25 22y Zuk — v 22y z 2y j
k=1, k#j v,k v, v,J k=1, k#j v,k v, L2V} k=1, k#£j v,k + L2V}

1 1-2w—-2z,; 1 i 1 1
22, 22, 220\ vk T vy 220

and
z”: 1 1 - 1 1 - 1
1 4 9.2 E : 2 .2 2 E : 52 2
k=1, k#j ok T Ao 22:”’]» k=1, k#j Fuk T Fug 2 ViJ k=1, k#j ik + “u,j
1 (1-v-— - 1 - 1 1
T 222 2 Z T 9.2 Z 2 2. 95,2 |
2z, ; 221,] 2zw PN 22, i \i o T A0y 2205

Alternatively, the identities (1.11) and (1.12) can be deduced as follows. First, let us notice that
from (2.10) it follows that

. 22 2(-1)2?*K,(2)K, (-2
H<1 - ) _ 221 22"F((V))2 (=2). (2.15)

which can be rewritten as follows

zn: 1 _ Ky41(2) _ Kyy1(—2) 2v
2.—22 2zK,(2)  22K,(—z) 2%

This in turn implies that

n

1 ) Koi1(2) 2v 1 ) Kyi1(—204)
—— = lim (7 - - 2K - Ks.  (216)
k—g;ﬁj G =2y oaa\22K,(2) 22 20 -20) 220Ku(—2)

By using the Bernoulli-I’Hospital rule two times and then the relations (2.12), (2.13) and (2.14), we can
conclude that

1 2(22 . — 22K, 11(2) —dv(22 . — 22K, (2) — 222K, (2)
K1 = G lim -

2 (2.17)
4z} 5 == (20, — 2) K, (2)
_ A K () — 42 K (20g) — 20420, — 8v20,5) K (20) — 620, Kouga (20,5)
—8z) ;K| (2v,5)
_1-3v
222

v,J
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Using the substitution z — —z, ; from (2.11) it follows that

1 1 & 1
Ky = 5—— : (2.18)
2z, 2, 2z, = 2k + 2u

Combination of (2.16), (2.17) and (2.18) yields the proof of (1.11).
Similarly, let us notice that from (2.15), using the substitution z + iz it follows that

- 2 22K, (i2) K, (—iz)
T+ 3,) = Smp

which in turn implies that

“ 4(=1)"2*"K,(2)K,(—2)K, (i) K, (—iz)
HQ) 210! |

2k

Logarithmic differentiation of the previous expression gives

z”: 424 v N Ky(z)  K(-=2) N K, (iz) K, (—i2)
— =2t 2 K (2) K, (-2)  K(iz) K,(-iz)’

which can be rewritten as

1
vk z K,

— + —

~ 8y Ku(2)  Ko(-2) | iKpa(iz)  iKpa(-iz)
Zz Y RG) K= K2 | Ky(—i2)

k=1

Consequently we have

Z 1 1 li Kl/+1 (Z) 8v 423
= 1m _— — —
=2y Az emag Ky (2) z 22t

k=1, ktj “v.k v,J v,J v,j
1 KV+1(—ZVj) iKVJrl(iZVj) iKl,+1(—iZVAj)>
+ - ’ - — — : S =: K3+ Kjy. (2.19)
423,;‘ ( Ky (=2zu5) K, (izy,5) K, (—iz,;)

By using again the Bernoulli-L’Hospital rule two times and then the relations (2.12), (2.13) and (2.14), we
obtain that

Ko — L 2@y K (2) —8u(zn; — 2K (2) — 42K (2)
271627 s (20,5 — 2)Ku(2)
_ 4z§)jKL’(z,,7j) - 823}]4}(;“(21,7]-) + 322§,j(2u - 1)K (z5) — 2023’]»KU+1(Z,,7J')
—32zZ’jK;(zy7j)
2— Ty
_ . 2.20
423’]. ( )

Finally, from (2.11) it holds
1 A 1 i i
Kiy=—7(-14—- + - + -
4 425’7]. ( 2y j kX—:l(ZV’j + Zu i 12y — Zuk 12y, + Zl,k>>

1 6v - 1 22,
=— -1+ — E ( + ) ) . 2.21
) ( Zvg s \Fvgt 2k z i+ 2 (221)

From (2.19), (2.20) and (2.21) the desired formula (1.12) immediately follows. O
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