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Abstract

In this paper, we consider the following Kirchhoff-type problem

—(a+ bﬁ%g [Vul?)Au = f(u), inR3,
ue€ HY(R?), u>0, in R3,

where a,b > 0 are constants, and f has a critical growth. The aim of this paper
is to study the existence of ground state solutions for Kirchhoff-type equations
with a general nonlinearity in the critical growth, without the assumption of
the monotonicity of the function ¢t — % Moveover, we will show that the
mountain pass value gives the least energy level and also obtain a mountain
pass solution.
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1. Introduction
Consider the following Kirchhoff-type problem:

{ —(a+b fgs [Vul’)Au = f(u), inR?, (K)

u € HY(R?), u>0, in R3,
where a, b > 0 are constants and f € C(R, R) satisfies the following assumptions.

(f1) f e CR,R) is odd,;
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(f) lim £ = —m < 0;

s—0 °

(f5) lim 28 =k >o;
|s|]—+o0

(f;) There exist D > 0 and ¢ € (2,6) such that f(s) +ms > ks® + Ds? ! for
all s > 0.

For the sake of simplicity, in this paper we always assume that k£ = 1. We recall
that u(z) is said to be the ground state (or the least energy solution) of (K) if
and only if I(u) = I, where [ := inf{I(u);u € H*(R?)\ {0} is a solution of (K)}.
Here, I : H*(R?) — R is the natural functional corresponding to (K), that is,

I(u) = g/R Va2 +Z (/R VUP)2 - /R Plu), (L.1)

where H*(R?) is the usual Sobolev space and F(u) = f; f(s)ds.
Note that Kirchhoff type problem on a smooth bounded domain ¢ RY
takes the form of

{ —(a+0b [, |Vul?)Au = f(z,u), inQ, (1.2)
u =0, in 00 ’
and has been studied by many mathematicians. Indeed, such a class of problems
is viewed as being nonlocal because of the presence of the term ( [, |Vu|?dz)Au,
which implies that the equation in (1.2) is no longer a pointwise identity and is
very different from classical elliptic equations. That is to say, such a phenomenon
provokes some mathematical difficulties, which make the study of such a class
of problems particularly interesting. On the other hand, problem (1.2) arises in
many mathematical biological contexts. It is pointed out in [1] that the prob-
lem (1.2) models several biological systems, where u describes a process which
depends on the average of itself (for example, population density). Moreover,
problem (1.2) is related to the stationary analogue of the following equation

{ ug — (a+b [, |Vu?dr) Au= f(z,u), inQ, (1.3)

u =0, on 0f),

which is proposed by Kirchhoff in [22] as an existence of the classical D’Alembert’s
wave equations for free vibration of elastic strings, particularly, taking into ac-
count the subsequent change in string length caused by oscillations. We have
to point out that Equation (1.3) received much attention only after Lions [25]
introduced an abstract framework to this problem. Some interesting results can
be found, for example, in [14, 6, 3]. More precisely, D’Ancona and Spagnolo
[6] proved the existence of a global classical periodic solution for the degenerate
Kirchhoff equation with real analytic data which is an example of a quasi-
linear hyperbolic Cauchy problem that describes the transverse oscillations of a
stretched string. In [3], Arosio and Panizzi studied the Cauchy-Dirichlet type
problem related to (1.3) in the Hadamard sense as a special case of an abstract



second-order Cauchy problem in a Hilbert space. Recently, the solvability of
the Kirchhoff type equation (1.2) has been well studied by many authors. In
particular, Ma and Rivera [28] obtained positive solutions of such problems
via variational methods. Alves, Corréa and Ma [1] studied problem (1.2) and
obtained positive solutions by using the Mountain Pass Theorem. Using the
variant version of the Mountain Pass Theorem, Cheng and Wu [12] also proved
two existence results of positive solutions for problem (1.2), when f satisfies
some asymptotic behaviors near zero and infinity. In [31], Perera and Zhang
obtained nontrivial solutions for (1.2) with the aid of the Yang index and crit-
ical groups. In [39] and [29], the authors used minimax methods and invariant
sets of descent flow to prove the existence of three solutions (a positive solution,
a negative solution and a sign-changing solution) for (1.2). Moreover, He and
Zou [17] showed the existence of infinitely many solutions by using the local
minimum methods and the Fountain Theorems. We refer to [11, 34, 13, 38, 12]
for more existence results of (1.2). We also note that there are several existence
results for the following Kirchhoff type problem on R¥:

{ (@b f [Vu2)Du+ V(wu = f(u), inRY, (1.4)

u € HY(R?), in RV,

where N = 1,2 or 3. In fact, under the condition that f(u) is superlinear
at infinity, Wu [36] obtained a sequence of high energy solutions for problem
(1.4) via a symmetric Mountain Pass Theorem. In [37], Wu also studied the
existence of a sequence of high energy solutions for the above system with the
help of some new critical point theorems. When the nonlinear term f(u) is
asymptotically linear at infinity, Liu and Guo [26] obtained the existence of at
least a positive solution for (1.4). If V(z) is radially symmetric, Nie and Wu
[30] studied the existence of infinitely many high energy solutions for problem
(1.4) by using Mountain Pass Theorem and symmetric Mountain Pass Theorem.
Jin and Wu [21] employed the Fountain Theorem and obtained three existence
results of infinitely many radial solutions for problem (1.4) with V(z) = 1. In
addition, Li et al. [24] made use of the cut-off function technique to investigate
the existence of positive solution for the following system without assuming
compactness:

(a+ X fon [Vul? + X [on u?)[-Au+bu] = f(u), inRY,
u e HY(RY), u>0, in RY,

where N > 3. Alves and Figueiredo [2] studied the following class of Kirchhoff
problem

2 2 = u u”  in RN .
M(/RN(WU\ +V (@) )> [~ Au+ V(z)u] = Af(u) + R, (15)

where 7 = 5 for N =3 and 7 € (1,400) for N =1,2; A > 0 and v € {0,1}.
Alves and Figueiredo [2] showed that under certain conditions on functions M,
V and f, there exists a constant \* > 0 such that (1.5) with v = 1 has at least a



positive solution for every A > A\*, and (1.5) with v = 0 has a positive solution,
for every A > 0.

We remark that problem (K) with a = 1,b = 0 and R® replaced by RY,
reduces to the well-known elliptic equation

{ —Au = f(u), in RV,

we HY(RY), u>0 inRVN. (1.6

For (1.6), there is a large quantity of results on the existence and multiplicity
of solutions in the literature. We refer to [7, 8, 20, 4, 5, 41] and the more
references therein. In particular, for the subcritical growth case, we recall that
their celebrated paper [7], Berestycki and Lions studied the nonlinear elliptic
equation (1.6) and obtained the following existence result.

Theorem 1.1. Suppose N > 3 and that f satisfies the following conditions:
(Hy) f e C(R,R) is odd;

(Hp) —oo < liminf, ,o+ @ < limsup,_, o+ @ =-m < 0;

(H3) —oo < limsup,_ g+ fs(f> <0, where | = {§£2;

(Ha) there exists ¢ > 0 such that F() := foc f(s)ds > 0.
Then (1.6) possesses a positive least energy solution u such that

(i) w is spherically symmetric: u(z) = u(r), where r = |z|, and u decreases
with respect to r;

(i) u e C*RM).

(iii) w together with its derivatives up to order 2 has exponential decay at in-
finity:
|D%u(z)] < Ce™®l gz e RN,
for some C, § > 0 and for |a| < 2.

Under the assumptions that f satisfies (Hy)-(Hy4), Berestycki and Lions [8]
also investigated the existence of infinitely many bound state solutions of (1.6);
Jeanjean and Tanaka [20] showed that the mountain pass value gives the least
energy level for problem (1.6); Azzollini, d’Avenia and Pomponio [4] studied a
class of Schrodinger-Poisson problems and obtained the existence of at least a
radial positive solution; Azzollini [5] extended Theorem 1.1 to problem (K) and
obtained the existence of ground state solutions by using minimizing arguments
on a suitable natural constraint (the Pohozaev’s manifold P, see Section 4).

Zhang and Zou [41] investigated the existence of the least energy solutions
of the problem (1.6) under the critical growth assumption on f and obtained
the following result.

Theorem 1.2. Suppose N = 3, and that (f1)-(f1) hold. If g € (4,6), then (1.6)
possesses a positive least energy solution u € H'(RN) satisfying (i)-(ii) and



(iii’) w and its first derivatives decay exponentially at infinity:
|DYu(z)| < Ce™el 2 e RN
for some C, 6 >0 and for |a| =0, 1.

Moreover, motivated by Jeanjean and Tanaka [20], Zhang and Zou [41] also
showed the fact that the mountain pass value is equal to the least energy level.
Now we give the fifth assumption on the nonlinear term f:

(f5) Set g(s) = f(s)+ms, then there exists v > 3 such that %g(s)s —-G(s) >0
for all s € R, where G(s) = [; g(t)dt.

Note that, under the assumptions (f;)-(f5), Zhang [40] studied a class of Schrodinger-
Poisson problems and proved the existence of ground state solutions for g € (2, 4]
with D sufficiently large, or ¢ € (4,6).

Now, an interesting question is whether the same existence results occur to
the nonlocal problem (K). It is worth noticing that, to our best knowledge, there
is no work on the existence of positive solutions for problem (K) where f stands
for a general nonlinearity in the critical growth; that is, f satisfies the conditions
(f1)-(f2). In the present paper, we are interested in studying the existence of
positive ground state solutions for this class of problems. In fact, we can not
only obtain the existence of positive ground state solutions, but also prove that
problem (K) has a mountain pass solution. Moreover, it is easy to see that the
mountain pass solution is also a ground state solution, which is very important
for us to study singular perturbation problems of Kirchhoff-type equations, i.e.,
the search of peak solutions. The ground state often serves as the scaled limit
profile of solutions near the spike in singular perturbation problem

—(e2a+eb [ |Vul*)Au+V(z)u= f(u), inR3, e
{uEHl(]R"%])Ri u >0, in R3. ()

The peak solutions of (1.7), sometimes called semi-classical states, are families
of solutions u.(z) which concentrate and develop a spike shape around certain
points in R? while vanishing elsewhere as € — 0. For this subject we refer, for
example, to [18, 35, 27, 15]. By minimizing the energy functional restricted to
the Nehari manifold N, the monotonicity assumption ¢ — % is often used to
ensure that the mountain pass value gives the least energy. See, for example,
[18] and [24]. However, in our paper we also get the same result without the
monotonicity assumption. In addition, we obtain a positive ground state so-
lution (see Proposition 4.2) by minimizing the energy functional restricted to
the Pohozaev’s manifold P. Unfortunately, we can not distinguish between the
mountain pass solution and the positive ground state solution.

Now, we state our main result.

Theorem 1.3. Under assumptions (f1)-(f4), assume that either ¢ € (4,6) or
q € (2,4] and D is sufficiently large. Then problem (K) admits at least a positive
ground state solution u € H*(R®). Moreover, the least energy level can be given
by the mountain pass value.



Remark 1.1. Note that our result is very important in the study of semi-
classical states of Kirchhoff problem due to the facts mentioned above.

Remark 1.2. In the present paper, we can also obtain conclusions (i), (ii) of
Theorem 1.1, and (iii’) of Theorem 1.2. Indeed, in Section 2 we shall prove the
solution u is spherically symmetric and decreases with respect to r. As for the
regularity, set

—Au = q(z)u in R,
_ fu(z))

(a+b [p3 [Vul?)u(z)
have v € C%(R?) and u/(r) < 0 for any r > 0. The exponential decay of u at
infinity follows from a standard argument of ordinary differential equations. See
also [41] for the details of the proof.

where ¢(z) By using similar arguments as that in [41], we

Remark 1.3. Assumption (fi) plays a significant role in ensuring the existence
of ground state solution to problem (K). Without (fi), the assumptions (fi)-(fs)
are not enough to guarantee the ground state solution of problem (K). Indeed,
we can give a counterezample, i.c., f(u) = —ms + k|s|*s. It is not difficult to
see that f satisfies the assumptions (fi)-(f3) except (fy). But it is easy to verify
that problem (K) has not any nontrivial solutions, see [25].

In order to prove Theorem 1.3, we have to solve four difficulties. Firstly,
in our general assumptions, we don’t assume the following global Ambrosetti-
Rabinowitz growth hypothesis on f:

there exists ¢ > 4 such that 0 < pF'(s) < f(s)s for all s € R,

which makes the proof of the boundedness of Palais-Smale sequences very tough.
Thus, we will use an indirect approach developed by Jeanjean [20] to get the
boundedness. Secondly, as we deal with the critical problem (K) in H!(R?),
the Sobolev embeddings H!'(R3) — L®(R?) is not compact. The functional
I does not satisfy (PS). condition at every energy level ¢. To overcome this
difficulty, in the spirit of Brezis and Nirenberg’s celebrated paper [10], we try to
pull the energy level down below some critical level to recover the compactness.
Thirdly, it is very difficult to prove the weak sequential continuity of I’ by
direct calculations since problem (K) is no longer a pointwise identity. Indeed,
in general, we do not know whether [o; [Vu,|? = [5s [Vul? follows from u, < u
in H'(R?). Fortunately, by citing the functional

a+ bA?
I =75 [ wup - [ F,
]RS ]R?

where A% = lim [o, [Vu,|?, we do easily see that J is weakly sequentially
n—00 "

continuous at the weak limit point u of the (P.S). sequence {u, } of I, which helps
us to find the nontrivial critical point of I by pulling the mountain-pass level
¢ down below some critical energy level ¢f (see Section 3). Finally, Berestycki



and Lions [7] and Zhang and Zou [41] obtained the existence of ground state
solutions by studying the minimization problem

Minimize{/ |Vul?; /F(u):l}.
R3 R3

This method doesn’t work in our case due to the nonlocal term ([, |[Vu|?dz)Au.
Thus, we have to find another approach in order to obtain the existence of
ground state solutions. In fact, our plan is to minimize [ restricted to the
Pohozaev’s manifold P and then use Lagrange multiplier technique to obtain a
ground state solution. However, the functional J(u) is not applicable here, since
the minimizing sequence on the manifold P takes the place of (PS). sequence.
Fortunately, we can prove the minimum point of I can be attained on the
manifold P with the help of a Pohozaev-type identity of problem (K). Moreover,
motivated by Jeanjean and Tanaka’ arguments in [20], we can show that the
mountain pass solution is also actually a ground state solution.

Throughout this paper, C' > 0 denotes a universal positive constant. The
remainder of this paper is organized as follows. We will give some notations
and preliminaries in Section 2. The existence of the mountain pass solution
are presented in Section 3, and Section 4 is devoted to the existence of positive
ground state solutions. Finally, in Section 5, we prove Theorem 1.3.

2. Notations and preliminaries

Hereafter, let us fix some notations. For every p > 0 and every z € R, B,(z)
denotes the ball of radius p centered at z and |B,(z)| denotes its Lebesgue
measure. For any 1 < s < 400, we denote by | - ||s the usual norm of the
Lebesgue space L*(R?). Let DY2(R3) := {u € L5(R?) : |Vu| € L2(R?)} be the
Sobolev space equipped with the norm [[u|3,, . := [ps [Vul?. Recall that

Jga [Vul?

S= e e
ueDl-éI(le')\{O} (fgs ubda)1/3”

where S is the best constant in the Sobolev inclusion. For fixed a,m > 0, we
introduce an equivalent norm on H'(R?), that is, the norm of u € H*(R3) is
defined as

] = l/ouVuF+wnu% ,

3

which is induced by the associated inner product on H'(R?). Set g(s) = f(s) +
ms, so functional I is reduced as

2

1) =l + 7 | 1902 ) - [ G, (21)

R3



where u € H'(R®) and G(s) = [; g(t)dt. The conditions (f;)-(f3) imply that
the functional I : H'(R3) — R is of class C'. It can be proved that u is a
solution of (K) if and only if u € H*(R?) is a critical point of the functional I.
Let H}(R3) := {u € HY(R3): u is radial}. In this paper, we will look for critical
points of T on H}(R?), which is a natural constraint.

In the following, we give the abstract critical point theorem developed by
Jeanjean [19].

Theorem 2.1. ([19]) Let (E.| - ||) be a real Banach space with its dual space
E~! and J € Rt an interval. Consider the family of C' functionals on E:

Iy = A(u) — AB(u), VA € J,

with B nonnegative and either A(u) — +o0o or B(u) — 400 as ||u|| — oo,
satisfying 1,(0) = 0. For any X\ € J we set

Iy ={yeC([0,1], E) | 7(0) = 0,7(1) < 0}.
If for every A € J the set I'y is nonempty and

— inf .
ey = Inf, max I(y(s)) > 0, (2:2)

then for almost every \ € J there is a bounded Palais-Smale sequence {u,}, i.e,
{un} is bounded and satisfies that I(u,) — cx and I§(u,) — 0 in E~1.

In our case, F = H}(R?),

1 b 2
A= g+ 5 ([ 1vuR)

B(u):= [ G(u),

R3

and the associated perturbed functional we study is

i =gl 2 ([ 9 —a [ e (23)

for u € E and A € J := [3,1]. It is clear that this functional is of C'-functional
defined on the whole space E and for every u,v € F,

I (u)v = a/ VuVo+m [ wv+ b/ |Vul> [ VuVo — )\/ g(u)v. (2.4)
R3 R3 R3 R3

Note that B(u) > 0,Vu € E and A(u) — +0oo as |lu|| — oo which is suitable for
some conditions of Theorem 2.1.

We will make use of the following Pohozaev type identity, whose proof is
standard and can be found in [7, 5].

R3

Lemma 2.1. Let u be a critical point of I in E for A € J, then
2

b 3m [
9/ Vul? + 2 /|Vu\2 22 s [ a) =o.
2 R3 2 2 R3 R3

3



3. A Mountain Pass solution

Lemma 3.1. Suppose that (f1)-(f4) hold, then
(1) T\ # 0 for every X € J;
(ii) there exists a constant n > 0 such that cx > n > 0 for every X € J.

Proof (i) For every A € J, using (fy) and (2.3), we have

1, o b o\’ 1/ ¢ D
<= - N - = a,
In(u) < Sl +4</RBIWI> )Y "o L Jul

Set w € E\ {0} such that w # 0. Then . liin I (tw) = —oco. Thus there exists
— 400
to > 0 such that I (tow) < 0 for every A € J. Define 77 : [0,1] — E as

’yl(t) = tto’w, 0 S t S 1.

It is easy to see that 7y is a continuous path from 0 to fow. Furthermore, we
have Iy(y1(1)) < 0 and Ix(71(0)) = 0 for every X € J.

(ii) The conditions (f;)-(f3) imply that, for any e > 0, there exists C. > 0
such that

l9(w)| < elul + Celul®. (3.1)
In view of (2.3) and (3.1), there holds
1 C.
w2 gl -5 f -G [
2 2 R3 6 R3
m — €
> S—ull* = CCju||®.

So, by fixing € € (0,m) and letting |lu|| = p > 0 small enough, it is easy to see
that there is 7 > 0 such that I(u) > n for every A € J. Now fix A € J and
~v € TI'y. Since v(0) = 0 and I(v(1)) < 0, certainly [|v(1)|| > p. By continuity,
we conclude that there exists ¢, € (0,1) such that ||y(¢,)|| = p. Therefore, for
every A € J,

ex > inf I(y(t,)) =0 > 0.
RISIDY

This completes the proof of this lemma. O

It follows from Lemma 3.1 that the conclusions of Theorem 2.1 hold. In the
following, we will give an upper bounded estimate on cy.

Lemma 3.2. Assume (f1) -(fa) hold and if ¢ € (4,6) or q € (2,4] and D is
B25%44xaS])3 | p3g0
2477 2457 -

sufficiently large, then cy < ¢} := %53 +

Proof For e,r > 0, take Uc(z) = %, where ¢ € C§°(B2,(0)) satisfies

0 < ¢(x) <1and ¢(x) =1 on B,(0). Recall that S is attained by the functions
(/4

[ EDREE Direct calculation shows that

/ VU |?dz = K1 + O(e?), / |U.|Sdz = Ky + O(e?) (3.2)
R3 R3



and

O(e), te2,3);
/ Uddr={ O(line)),  t=3; (3.3)
R O(e*T), te(3,6),

where K1, K» are positive constants. Moreover, S = ﬁ Using (3.2) and (3.3)

we have

Jzs |VU|?dz
(Jgs Ue|5dzx)t/3

In view of the definition of ¢y, we have ¢\ < m>ag<I (tUe). Define function

= S+ 0(e?). (3.4)

y(t) == DU + B (frs [VU2)2 = X2 [ U5, Tt is clear that y() attains
its maximum at

b(fs [VU*)? + \/bz(fRs IVUP)* + AU fa |Ue[®
2\ [ |Ue[6

and

(o) = DU ps [VUEP)? | 0% (Jia [VUP)* +ANIUe® fe Ue®2 (s IVU)®

AN oo | U5 24(N [0 [U|5)? 24(\ [, |U[6)2

Observe that there exists ¢’ € (0,1) such that for e < 1, we have

bt*
e K0, (0) < guas (G107 + 2 [ v0L7)
i #2620 RS (3.5)

~ v>t>0

< max (§HU€H2 +Ct4||U€||4> <.
By (f4) and (2.3), one has
D) <o) = 2200 [ U
(3.6)
—Cth/ |U|9.
R3

Now we claim that there exists ¢y € (0,1) such that tli?l I(tUc(z)) < 0O
—+0o0

uniformly in € € (0,¢0). Indeed, It follows from Lemma 3.1 and (3.6) that
. ligl I (tUc(x)) = —oo and I (tU(z)) > 0 as t is close to 0. Define
— 400

bt At
dw:AWW+—/Www /| ——ﬂ/uw

then there exists ¢, > 0 such that e(t.) = 0 and e(t) < 0 for ¢ > t.. From

bt? At?
O A I A I AD B

10



we have

bt? )\t4 D
—|\U||2+—/ VL) /|U\6 t/ [T
q R3
>)‘—té/ U,
— 6 Jps

Furthermore, using (3.2), (3.3) one has

M _ 1 ||UP bt2 (Jgs [VU*)?
6 2|V’ 4 [oulUdO
laK; 4+ O(ez)  bt2 K2+ O(e? .
< 1ol +0@) LHOE) | oeh (3.7)
2 Ky +0(e2) 4 Ky+0(eh)
_ aky +|0()] | b2 KF +10(5)
- K5 2 Ky

+10(¢5)|

for € € (0,€0), where ¢y > 0 is small enough. (3.7) implies that ¢, is bounded
from above by some t* > 0 uniformly for ¢ € (0,¢), where t* is independent
of e. Combining the above fact and (3.6), it is easy to see that there exists
€0 € (0,1) such that tlg?oo I (tUc(x)) < 0 uniformly in € € (0,€p). Thus there

exists ¢/ > ¢* such that for € € (0, ¢),

max I (tU(z)) < c3. (3.8)

>t

It follows from (3.3), (3.4) and (3.6) that

Jax I\(tUe(z))

< () =CD [ Uy 39)
_ab y  (b?S*+4MaS)E B3SO 1 .

N 4)\5 2402 t o +0(ez) - CD / [Uel*-

For ¢ € (2,4] and D sufficiently large, € € (0, ¢) fixed, we derive from (3.9) that

2 g4 2 3 o6
max (120, (tz)) < Dgo T+ haS)2 | 7S

€ . 1
>t 4\ 242 + 242 (3.10)

For ¢ € (4,6), observe that % < 1, then it follows from (3.3) and (3.9) that,
there exists €1 € (0, €9) small enough such that for € € (0,¢€1),
ab (b25% 4+ 4XaS)3 B3SO

2 g3y
e TEU(tz)) < 257 + 2402 tone

(3.11)

Combining (3.5), (3.8) and (3.10), (3.11), we deduce that c\ < c}.
We cite a variant of Strauss’ compactness result [33] which plays a crucial
role in our arguments:

11



Theorem 3.1. ([33]) Let P and @ : R — R be two continuous functions satis-
fying P(s)
s
lim
s—»00 Q(s)
Let {vp}n, v and w be measurable functions from RN to R, with z bounded,
such that

=0.

sup / Q)] < +oo

n

and
P(vp(z)) = v(z) a.e. in RN, as n — +oo.

Then for any bounded Borel set B one has ||(P(vy) —v)w|[L1(p) — 0. Further-
more, if
(G
Q)

=0

and

lim  sup |v,(x)] =0,
|z]|—=+o00 n

then ||(P(vn) — v)wl| L1 @~y — 0 as n — 4-o0.

Lemma 3.3. Fort,s >0 and \ € [%, 1], the following system
B(t,s) =t — aSAT (t+5)5 =0,
(t,s) =s—bS2AT (t+5)5 =0

has a unique solution (to,so). Moreover, if ®(t,s) > 0 and V(t,s) > 0, then
t 2 t(), S 2 S0-
Proof The proof is similar to that of Lemma 3.6 in [37], we now provide it

3
for the completeness. If ®(to, so) = ¥(to, s0) = 0, then ty + sg = % Hence,
it follows from the second equality of system that

3 2
(At% ‘3a3S3to> -2 ( pYA ) ’
a3S3 a3S3

which implies that
abS? + a/b256 4 4a)\S3
2\

to =

and

 b28%V/B2505 + 4a)S? N b356 N abs®

- 2)2 2)2 A

If (t,s) > 0 and U(t,s) > 0, then t+s > aSAF (t+5)5 +bSAT (t+5)3. Let
K(l) :=1—aSA7 13 —bS?2AF 13, 1 > 0. Then, K(l) has a unique zero point

S0

12



lp > 0 and K(I) > 0 and hence [ > ly. Namely, ¢t + s > ty + sg. Suppose that
t < tg, then

D(t,s) =t —aSAT (t+5)3 <to—aSA7 (to+ s0)3 =0,
which contradicts with ®(¢,s) > 0, so t > to. Similarly, s > sq. O

Lemma 3.4. Under the conditions of Theorem 1.3, for almost every \ € J,
there exists uw € E, u # 0, such that I§(u) = 0 and I\(u) = c,.

Proof By Lemma 3.1 and Theorem 2.1, for almost every A € J, there exists
a bounded sequence {u,} C E such that

In(un) — cx;  Ii(up) — 0in B7Y (3.12)

where E~! is the dual space of E. Up to a subsequence, we can suppose that
there exist v € F and A € R such that

U, — u  weaklyin E,
U, —u inLP(R3), 2 < p<6, (3.13)
up = u  ae inR3

and

/ |Vug|? — A% (3.14)
R3

Set h(t) = g(t) — 5. If we apply Theorem 3.1 to P(t) = h(t), Q(t) = |t|°,
{vntn = {un}n, v = h(u), and w € CF(R?), then it follows from Sobolev
inequality, (3.13) and (f)-(f4) that

/iWMwa h(u)w. (3.15)
RS R3
As a consequence, from (3.12)-(3.15), we deduce that

/ (aVuVw-+muw)+bA? Vqu—)\/ (h(u)+u®)w =0, Yw € C°(R?),
R3 R3

R3

ie., Ji(u) =0, where u € E and

1 bA2 A
Ja(u) = L+ 222 / Vul? — A [ Hw) -2 / o,
2 2 R3 ]RS 6 R3

and
H(u):/O h(t)dt.

Note that J§ is weakly sequence continuous in E. From Lemma 2.1, we can
easily conclude that the following Pohozaev type identity

bA2 A
Py (u) ::37m Rsu2+%/ﬂgs|vu|2_3)\/RaH(u)_5/]1@3166:0

13



holds. It follows from (3.12) and (3.14) that {u,} is a bounded (PS)CH_E
4
sequence of Jy and

1 a+ bA?
B = 3P = /IR Vul2 > 0. (3.16)

Set v, = u, — u, then we have v,, — 0 in E. By the well-known Brezis-Lieb
lemma [9], one has

[vnll3 = llunll3 = llull3 + o(1),
A% +0(1) = [[Vua|3 = Voall3 + [Vull3 + o(1), (3.17)
lvalls = lunllg — llull§ + o(1).

where o(1) — 0 as n — oo. If we apply Theorem 3.1 to P(t) = h(t)t, Q(t) =
t2 + 1% {v,}n = {tun}n, v = h(u)u, and w = 1, then it follows from (3.13) and
(f)-(f4) that

/11@3 h(ug)uy — . h(u)u. (3.18)

Similarly, we also have

H(uy) — | H(u). (3.19)
R3 R3

Then, by (3.17), (3.18) and J4(u) = 0, we have
0(1) = <J§\(un):un>
= (T () + (a+ bA2>/ Vun[? +m/ o2 A/ ol + o(1)
R3 R3 R3

= Jluall? + b / Vual?)? +b / V2 / Tl — A / fol® + 0(1)
R3 R3 R3 R3

which yields

||vn||2+b(/ 1an|2)2+b/ |an|2/ |vu\2—,\/ [v,]® = o(1).  (3.20)
R3 R3 R3 R3

Up to a subsequence, we assume that there exists I; > 0 (i = 1,2, 3) such that

on]2 = 11, /|m| —|—b/ \wnﬁ/ Vul2 = I, /|vn| s,

then Iy +ls = I3. If I} > 0, then la,l3 > 0. In view of (3.13), (3.19), (3.20) and

14



the definition of Jy, we conclude that

a+ bA? m A
Ty(u) =T () + 2 / Vo2 + / o2 — 2 / ol + 0(1)
2 ]RS 2 ]RS 6 R3

1 b
I+ gl + 30 Ve [ vl [
3 RS
A2
—5/ o6+ 2 /|w2+o )
=)+ 3ol + 2510 / Vo [2)? /\wnF/ IVl

hA?
+T |VU7L‘2+0( )-

Letting n — oo, we have

bA* 1 bA4
ey + v > Jy(u) + —l1 + —12 4+ — lim |an|2

4 n—oo

Note that, by Sobolev imbedding inequality we have

) 2 :
/|V%F25(/|wﬁ> wdb</|v%ﬁ>zb§(/\wf>
R3 R3 R3 R3

Then ) )
l1 > aS\73 (ll + lg)§ and [y > bSZ\ T (l1 + 12)5.

By Lemma 3.3, we have

ll + *12 =3 2\ 12 2)2
_ by [b25% + 4)aS]? bs0_
4\ 242 2402~ N

Hence, it follows from (3.16) and (3.21) that

bA* 1 1 bA* 5
= > l il 22
e+ _JA(u)+3ll+1212+ 1 nh_}n;o . [V,
bA?
>cy+— lim |V, | + |Vul?
4 n—oo R3 R3
. bAt
= C>\+ T’

that is, ¢y > ¢} which contradicts with Lemma 3.2. Therefore, iy = 0, ie.

[lon|I* = o(1), hence u,, — u in E.

Proposition 3.1. Assume (f1)- (f4) hold and if g € (4,6) or q € (2,4] and D

is sufficiently large, then I has a critical point v € E with I(u) = ¢;.

15
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Proof In view of Lemma 3.4, in order to show that I has a nontrivial critical
point, it suffices to construct a bounded (PS)., sequence for I, where ¢; is the
mountain pass value of Iy = I. Lemma 3.4 implies that there exists uy €
E,uy # 0, such that

I(u)) =0, Ixy(uy)=cy fora.e. XAe.

Choosing A,, — 1, we have a sequence of {uy,, }, denoted by {u,}, which are the
critical points of I . Next, we show that {u,} is bounded. Indeed, by Lemma
2.1 and I, (u,) = ¢y, , we have

2 [os [Vun* + % (ng \VunP)z + 377" Jgs vz — 3\ fgs G(un) =0,
§ Jos [Vunl® + 3 (Jio IVunl?)” + 5 foo s = An fps Glun) =, < -

From these relations, we have

2

b
a/|Vun|2 + i /|Vun|2 < 3cy. (3.23)
R3 3

Moreover, by Lemma 2.1 and (3.1), for any € € (0, m), there exists C. > 0 such
that

3
om u? §3/ G(uy)
R3 R3
< % uZ 4 % ul
<5 )t [, un (3.24)

3¢ 2 —3C / 2 ’
< — ST — n .
=5 L us + 6 s [V,

Combining (3.23) and (3.24), we can deduce that {u,} is a bounded sequence
in E. Therefore, by using the fact that the map A :— ¢ is left-continuous (see
[19]), we have

n—o00

lim I(u,) = lim <I>\n(un) + (A — 1)/ G(un)) = lim ¢y, =1 <]
n—oo R3 n—oo

and

lim I'(up)w = lim (
n—oo n—o0

I (un)w + (o — 1) /

R3

g(un)w) =0
for all w € C§°(R?). Then it is easy to see that I'(u,) — 0 in E~! and Lemma
3.4 yields that there exists ug € F,ug # 0, being a critical point of I.

Let us note that all the calculations above can be repeated word by word,
replacing I with the functional

@ =l + 5 | [ 1va? - Jaw- [ @
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where u™ = max{u, 0} is the positive part of u. Therefore, there exists nonzero
function wug can solve the equation

—(a+b [ |Vuldz)Au+mu = h(u) + (uh)? (3.25)
R3

In (3.25), using u, = max{—up,0} as a text function and integrating by parts,
we obtain

0 :/ (a|Vug [*4+mlug |?)dz+b (/ |Vu0\2dac> / |Vu5|2d;rf/ h(ug)ug da.
R3 R3 R3 RS
(3.26)

It follows from (f;) and (fy) that A is an odd function and h(t) > 0 for ¢ > 0.
So from (3.26) we have

0= / (a|Vug |* + mlug [*)dz + b (/ \Vu0|2dx> / |Vug [2da.
RS RS RS

Thus u, = 0, and ug > 0is a solution of problem (K). From Harnack’s inequality
(see[16]), we can infer that ug > 0 for all z € R3. Therefore, ug is a positive
solution of (SK). The proof is complete.

d

4. A ground state solution

Based on the previous sections, in this section we will find a ground state
solution. As mentioned before, we plan to consider energy functional I on the
Pohozaev manifold. By Lemma 2.1, we know that if u is a solution of problem
(K), then u satisfies the following Pohozaev type identity

T () = %/R |Vu|2—|—g (/nguﬁ)z—s/wmu)—o.

We introduce the Pohozaev Manifold P:
P = {uec H (R \ {0} : J*(u) = 0}.
By Proposition 3.1, we know that P is nonempty.

Proposition 4.2. Assume that (f1) -(f1) hold, and if ¢ € (4,6) or q € (2,4] and
D is sufficiently large, then there exists a minimizer u € P of I|p (I is defined
on the manifold P). Moreover, u is positive and I'(u) = 0 in H*(R3).

Proof Similarly to [32], the proof will be developed in several steps.

17



Step 1. There exists a positive constant C' such that ||u| > C for all u € P.
For every u € P and 0 < € < 1, by (3.1), there exists C. > 0 such that

b >3
0:J*(u):g/ Vul? + - /|Vu|2 +—m/ w? -3 [ G
2 R3 2 R3 2 R2 R3
3 1
S [va e a0 [ wogo [ w (4.1)
2 R3 2 R3 2 R3

9/ |Vu|2—C€C(/ V2.
2 RS RS

We recall that u # 0 whenever v € P and (4.1) implies

2
(/RB \vu|2> > % > 0. (4.2)

Hence every limit point of a sequence in the Pohozaev manifold is different from
Zero.

Step 2. We claim that [ is bounded from below on P. For every u € P,
the following formula holds:

%

Y%

a

I(u) = I(u) — %J*(u) -2 /R IVuf? + % </R |Vu|2)2. (4.3)

It follows from that (4.3) and (4.2) that

a b 2 ab
I(u) = §/Rs |Vul? + 5 (/RS |Vu\2> > 500> " (4.4)

for all u € P. Therefore, I is bounded from below on P.
Define

[ =inf{I(u),u € P}

and [ > 0. Let a sequence {u,} C P be such that I(u,) — [. Let u} denote the
Schwarz spherical rearrangement of |u,| (the definition and some properties of
the Schwarz symmetrization are recalled in [7]). One has [5; F(u);) = [ps F(un),
and [L, |Vui|? < [os [Vug|?. This means that

b . 2
S / Vs ? 42 / vus?) -3 / Fu)
2 R3 2 ]R3 ]R3
a b 2
< —/ |Vun|2 + = </ |Vun|2) — 3/ F(uy)
2 RS 2 ]RS RS
=0.

Hence, for each n € N, we can find a positive constant 0 < w, < 1 such that
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*
n

b 2
5 [vel e g ([ ver) <5 [ Fa
3 3 R3
‘Wn 2, 72L * |2 ? 3 *
= lv n‘ 2 ‘Vu"‘ —3(4}” F(un)
R3 R3

Obviously, {w,} C P. From [ps F(u) = [ps F(uy), it is easy to conclude that

awy, R bw? . 2 2
Iw,) = /RBWWMT(RSW%F) —at [ e
awn bw,% 2
[ VP (/R |Vun|2) _wg/RaF(un)
2
/ Vuun? + (/ﬂawﬁ) —/R3F(un):1(un).

Combining the above inequality and I(u,) — [, we have I(w,,) — [. Replacing
{wn} by {u,}, we will assume henceforth that, for all n € N, u,, is nonnegative
and spherically symmetric.

Similarly to the proof of boundedness in Proposition 3.1. we can prove that
{uy} is bounded. Assume, passing to a subsequence, that u, — u in P.

Step 3. We claim that v € P and u, — u strongly in H'(R3). Thus, it
is clear that I|p attains its minimum at u. Actually, in view of Proposition
3.1, we know that problem (K) has a mountain pass solution u* satisfying

3
0 < I(u) =ci <ci, where ¢f = %bSS + WS%%S]Q + b;; Hence, it is easy to
see that [ < ¢}. By (3.19), the lower semi-continuity of the D 2(R?’)-norm and
the Fatou lemma, we have

b >3
9/ IVl + 2 / Vu2) +22 [ w2 -3 H()
2 R3 2 R3 2 R3 R3
a b * 3m
<liminf | - |Vun|? + = / Vu,|?) + = ui—?)/ H(uy)
n—+4oo \ 2 R3 2 R3 2 R3 R3

1
:—1iminf/ ub.
2 n—+oo R3

Therefore, we have

wy () = uy, (=) solves the following equation

| A

J*(u) < *liminf /Rg(ug ), (4.5)

n——4oo

If J*(u) < 0, then, from Step 2 we know that there exists 0 < 6 < 1 such
that @ = u(;) € P. Using the lower semi-continuity of the D'?(R?)-norm and
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(4.3), we infer that
I(a) = I(a) — 1J*(a) = / |Val? + L / Val® 2

- 3 "3 12

_ab 5  bO? 9

=5 IV +ﬁ(/Rg'V“‘

b 2
< liminf < / |Vun|2 + — (/ \Vun\z) ) = lim I(u,) =1,
n—-+oo R3 n—-+oo

which contradicts with (@) > [. Therefore, from (4.5), we infer that J*(u) €
[0,% liminf Jrs (WS —u®)]. Set vy := uy — u, then v, — 0 in H'(R3). It follows
n—-+00

from (3.17) and (3.19) that
0> J"(uy) — J*(u)
=5 [ v [ 0

1
42 /\wnﬁ +2/ \wnﬁ/ Vul? ——/ W 4 o(1),
2 R3 R3 R3 2 Jgs
Hence,
2
a/ \an|2+b(/ \wnF) +2b/ \an|2/ |Vu|2f/ W < o(1). (4.6)
R3 RS RS R3 R3

Up to a subsequence, we may assume that there exists [; > 0(z = 1,2,3) such
that

a/ |Vun|? = 11, b(/ Jan|2)2+2b/ |wn|2/ |Vu|? = Iy, /\vn\fj—mg,
R3 R3 R3 R3 R3

then Iy + o <l3. If [; > 0, then l2,l3 > 0. By (4.6) and the definition of I, we
conclude that

T(un) =I(un) — %J*(un) =5 | Ivu e g (/ \vun\2>

—9/ Vu + 2 / vup)
"3 Jps 12 \ Jps
b 2 ’ 2 2 a 2
+ = (Voo ] +2 [ |Vu,] [Vul* | + = [ |Vou]® +o(1).
12 R3 R3 R3 3 Jrs

Letting n — oo, we have that

a b S 1
cg_ @ 2 2 A
cl>lf3/RsWu|—|—12(/RB|Vu|) +3l1+1212.
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Similarly to the proof of (3.22), we see that

a b ?
* == 2 2 *
> B/RSWu\ +—12 (/RS|VU|> +a

Obviously, it is impossible. Therefore, Iy = 0, i.e. [Jv,] — 0, hence u,, — u in
HY(R3) and I(u) = l,u € P.

Step 4. We claim that J'(u) # 0, where u € P is the minimum point of I|p
found above. Again reasoning by contradiction, suppose that J'(u) = 0. Define

A:a/\vm% Bzm/|vm%% Z:/’ﬂm. (4.7)
R3 RS R3
In a weak sense, the equation J'(u) = 0 can be written as
7(a+2b/ V) A — 3f(u) = 0. (4.8)
R3

Then, the following equalities hold:

1A+1iB-3Z=0,
(4.9)
$A+B—-9Z=0.

The first equation comes from the fact that J(u) = 0. The second one is the
Pohozaev equality (see [7]) applied to (4.8). From (4.9), we get A+ £ = 0. It
is not possible. Therefore J'(u) # 0.

Step 5. We show that I'(u) = 0 in H'(R3). Thanks to the Lagrange
multiplier rule, there exists p € R so that I'(u) = pJ'(u). We claim that g = 0.
As above, the equation I’(u) = pJ’(u) can be written, in a weak sense, as

~(a+ [ Va0~ fw) = pl~(a+2 [ V00— 350)

Then u solves the equation
—[(p—Da+ (2n— 1)b/R% [Vul)] Au — (3p — 1) f(u) = 0. (4.10)

Recall the definitions of A, B, Z; arguing as above, we have

A+ 3B —-3Z=0,
(4.11)
LA+ 2B - 3(3u—1)Z =0.

The first equation holds since J(u) = 0. The second one is the Pohozaev equality

(see [7]) applied to (4.10). It follows from (4.9) that (A + £) = 0. Obviously,
p = 0. Therefore, I'(u) = 0 in H*(R3). The proof is complete. O
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5. Proof of Theorem 1.3

Let ug € H'(R3) be the mountain pass solution of problem (K) satisfying
I(ug) = ¢1, where ¢; has been defined in Theorem 2.1, then uy; € P and ¢; > [,
where [ is defined in Proposition 4.2. Let v € H'(R?) be a ground state solution
of problem (K) found in Proposition 4.2, then I (u) = [. It follows from Pohozaev
type identity of I that t—li+moo I(u(;)) = —oo. So there is t* > 1 such that

I(u(3=)) < 0. In the following, we define a continuous curve y € I': v : [0,1] — E
as
), 0<t<1.

Y() = ul;

So following the definition of ¢;, we have ¢; < I(u) = I. Now it is easy to
see that | = ¢;. Furthermore, ug € H*(R?) is also a ground state solution of
problem (K). The proof is complete. O

[1] C. Alves, F. Corréa, T. Ma, Positive solutions for a quasilinear elliptic equa-
tion of Kirchhoff type, Comput. Math. Appl. 49 (2005), 85-93.

[2] C. Alves, G. Figueiredo, Nonlinear perturbations of periodic Krichhoff equa-
tion in RN, Nonlinear Anal., 75 (2012), 2750-2759.

[3] A. Arosio, S. Panizzi, On the well-posedness of the Kirchhoff string, Trans.
Am. Math. Soc., 348 (1996), 305-330.

[4] A. Azzollini, P. d’Avenia, A. Pomponio, On the Schridinger-Mazwell equa-
tions under the effect of a general nonlinear term, Ann. I. H. Poincar-AN
27 (2010), 779-791.

[5] A. Azzollini, The elliptic Kirchhoff equation in RN perturbed by a local non-
linearity, Differ. Integr. Equ., 25(5-6) (2012), 543-554.

[6] A. D’Ancona, S. Spagnolo, Global solvability for the degenerate Kirchhoff
equation with real analytic data, Invent. Math., 108 (1992), 247-262.

[7] H. Berestycki, P. Lions, Nonlinear scalar field equations. 1. Existence of a
ground state, Arch. Ration. Mech. Anal., 82 (1983) 313-345.

[8] H. Berestycki, P. Lions, Nonlinear scalar field equations. 11. Ezistence of
infinitely many solutions, Arch. Ration. Mech. Anal., 82 (1983) 347-375.

[9] H. Brezis, E.H. Lieb, A relation between pointwise convergence of functions
and convergence of functionals, Proc. Amer. Math. Soc., 8 (1983) 486-490.

[10] H. Brezis, L. Nirenberg, Positive solutions of nonlinear elliptic problems
involving critical Sobolev exponent, Comm. Pure Appl. Math., 36 (1983)
437-477.

[11] C. Chen, Y. Kuo, T. Wu, The Nehari manifold for a Kirchhoff type prob-
lem involving sign-changing weight functions, J. Differential Equations, 250
(2011), 1876-1908.

22



[12] B. Cheng, X. Wu, Ezistence results of positive solutions of Kirchhoff type
problems, Nonlinear Anal., 71 (2009), 4883-4892.

[13] B. Cheng, New ezistence and multiplicity of nontrivial solutions for nonlocal
elliptic Kirchhoff type problems, J. Math. Anal. Appl., 394 (2012) 488-495.

[14] M. Chipot, B. Lovat, Some remarks on nonlocal elliptic and parabolic prob-
lems, Nonlinear Anal., 30 (1997), 4619-4627.

[15] G. Figueiredo, N. Ikoma, J. Junior, Ewzistence and concentration result
for the Kirchhoff type equations with general nonlinearities, Arch. Rational.
Mech. Anal., 213 (2014), 931-979.

[16] D. Gilbarg, N. Trudinger, Elliptic Partial Differential Equations of Second
Order, 2nd ed., Grundlehren Math. Wiss., 224 Springer, Berlin, 1983.

[17] X. He, W. Zou, Infinitely many positive solutions for Kirchhoff-type prob-
lems, Nonlinear Anal., 70 (2009), 1407-1414.

[18] X. He, W. Zou Ezistence and concentration behavior of positive solutions
for a Kirchhoff equation in R3, J. Differential Equations, 252 (2012), 1813-
1834.

[19] L. Jeanjean, On the existence of bounded Palais-Smale sequence and ap-
plication to a Landesman-Lazer type problem set on RN, Proc. Roy. Soc.
Edinburgh Sect. A, 129 (1999) 787-809.

[20] L. Jeanjean, K. Tanaka, A remark on least energy solutions in RN, Proc.
Amer. Math. Soc., 131 (2002) 2399-2408.

[21] J. Jin, X. Wu, Infinitely many radial solutions for Kirchhoff-type problems
in RN, J. Math. Anal. Appl., 369 (2010), 564-574.

[22] G. Kirchhoff, Mechanik, Teubner, Leipzig, 1883.

[23] G. Li, H. Ye, Emistence of positive solutions for nonlinear Kirchhoff type
problems in R? with critical Sobolev exponent and sign-changing nonlinear-
ities, Math. Methods Appl. Sci., (2014). doi:10.1002/mma.3000

[24] Y. Li, F. Li, J. Shi, Ezistence of a positive solution to Kirchhoff type prob-
lems without compactness conditions, J. Differential Equations, 253 (2012),
2285-2294.

[25] J. Lions, On some questions in boundary value problems of mathemati-
cal physics, In: Contemporary Developments in Continuum Mechanics and
Partial Differential Equations. Proc. Internat. Sympos. Inst. Mat. Univ. Fed.
Rio de Janeiro, (1997). In: North-Holland Math. Stud.,30 (1978), 284-346

[26] Z. Liu, S. Guo, Positive solutions for asymptotically linear Schroinger-
Kirchhoff-type equations, Math. Meth. Appl. Sci., 37 (2014), 571-580

23



[27] Z. Liu, S. Guo, Eristence and concentration of positive ground states for
a Kirchhoff equation involving critical Sobolev exponent, Z. Angew. Math.
Phys., DOT 10.1007/s00033-014-0431-8

[28] T. Ma, J. Muitioz Rivera, Positive solutions for a nonlinear nonlocal elliptic
transmission problem, Appl. Math. Lett., 16 (2003), 243-248.

[29] A. Mao, Z. Zhang, Sign-changing and multiple solutions of Kirchhoff type
problems without the P.S. condition, Nonlinear Anal., 70 (2009), 1275-1287.

[30] J. Nie, X. Wu, Emistence and multiplicity of non-trivial solutions for
Schrainger-Kirchhoff-type equations with radial potential, Nonlinear Anal.,
75 (2012), 3470-3479.

[31] K. Perera, Z. Zhang, Nontrivial solutions of Kirchhoff-type problems via
the Yang index, J. Differential Equations, 221 (2006), 246-255.

[32] D. Ruiz, The Schridinger-Poisson equation under the effect of a nonlinear
local term, J. Funct. Anal., 237 (2006) 655-674.

[33] W. Strauss, Ezxistence of solitary waves in higher dimensions, Comm. Math.
Phys., 55 (1977) 149-162.

[34] J. Sun, C. Tang, Ezistence and multiplicity of solutions for Kirchhoff type
equations, Nonlinear Anal., 74 (2011) 1212-1222.

[35] J. Wang, L. Tian, J. Xu, F. Zhang, Multiplicity and concentration of posi-
tive solutions for a Kirchhoff type problem with critical growth, J. Differential
Equations, 253 (2012), 2314-2351.

[36] X. Wu, Euzistence of montrivial solutions and high energy solutions for
Schroinger-Kirchhoff-type equations in RY, Nonlinear Anal. RWA., 12
(2011), 1278-1287.

[37] X. Wu, High energy solutions of systems of Kirchhoff-type equations in RY
J. Math. Phys., 53 (2012), 063508.

[38] Y. Yang, J. Zhang, Nontrivial solutions of a class of nonlocal problems via
local linking theory, Appl. Math. Lett., 23 (2010) 377-380.

[39] Z.Zhang, K. Perera, Sign changing solutions of Kirchhoff type problems via
invariant sets of descent flow, J. Math. Anal. Appl., 317 (2006), 456-463.

[40] J. Zhang, On the Schridinger-Poisson equations with a general nonlinearity
in the critical growth, Nonlinear Anal., 75 (2012), 6391-6401.

[41] J. Zhang, W. Zou A Berestycki-Lions theorem revisted, Commun. Contemp.
Math., 14 (2012), 14 pages.

24



