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Ordinary differential equations

1. Introduction

By n-body problems we mean problems where we are tasked with deducing the dynamics of n point
masses described by a system of differential equations. The study of such problems has applications to var-
ious fields, including atomic physics, celestial mechanics, chemistry, crystallography, differential equations,
dynamical systems, geometric mechanics, Lie groups and algebras, non-Euclidean and differential geometry,
stability theory, the theory of polytopes and topology (see for example [1,2,16,17,19,27,53,61,60,59,66] and
the references therein). The n-body problems that form the backbone of this paper are a generalisation of a
class of quasi-homogeneous n-body problems, which we will call generalised n-body problems for short and
the n-body problem in spaces of constant Gaussian curvature, or curved n-body problem for short. By the

generalised n-body problem we mean the problem of finding the orbits of point masses qi, ..., ¢, € R? and
respective masses my > 0,...,m, > 0 determined by the system of differential equations
n
gi= Y, mi(g;—a)f (g —al), (1.1)
J=1, j#i
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where ||-|| is the Euclidean norm, f is a positive valued scalar function and x f (z) is a decreasing, differentiable
function. Our definition of generalised n-body problems thus includes a large subset of quasi-homogeneous
n-body problems, which are problems with f(z) = Axz~% 4+ B2z =", where A, B € R and 0 < a < b, which in-
clude problems studied in fields such as celestial mechanics, crystallography, chemistry and electromagnetics
(see for example [8-10,13,12,14,11,25-27,33] and [49,50,52,51]).

By the n-body problem in spaces of constant Gaussian curvature, we mean the problem of finding the
dynamics of point masses

Diy.vyPn € Mi = {(x1,22,23) € R3|m§ +x% —|—U:U§ =0},

where o = +1 and respective masses m; > 0,...,m, > 0, determined by the system of differential equations

i —~  m(p; — o(pi © p;)pi L .
Di = Z J( J ( 23)5 ) *(T(]Dl@pz)p“ 1€ {1,...,71}, (12)
=1, j#i (U_U(piGpj) )2

where for x, y € M2 the product - ® - is defined as
rOY = 21Y1 + T2y2 + 0T3Ys3.

The curved n-body problem generalises the classical, or Newtonian n-body problem (f(z) = =% in (1.1))
to spaces of constant Gaussian curvature (i.e. spheres and hyperboloids) and goes for the two body case
back to the 1830s, (see [6] and [43]), followed by [57,58,36-38,40-42,39], but it was not until a revolution
took place with the papers [30,28,29] by Diacu, Pérez-Chavela and Santoprete in which the successful study
of n-body problems in spaces of constant Gaussian curvature for the case that n > 2 was established.
After this breakthrough, further results for the n > 2 case were then obtained in [7,15,16,18,17,20-24] and
[62-65]. See [15,16,18,17] and [21] for a detailed historical overview of the development of the curved n-body
problem. In this paper we will only consider the negative constant curvature case, i.e. the case 0 = —1.

For these two types of n-body problems we will prove results regarding the finiteness of relative equilibrium
solutions of (1.1) and (1.2), which are solutions of (1.1), or (1.2), for which the configuration of the point
masses stays fixed in shape and size over time. Specifically:

We will call q1, . . ., g, € R? a relative equilibrium of (1.1) if g;(t) = T(At)(Q: —Qn) +Qur, i € {1,...,n},
where Q; € R2, A € Ry are constant,

cost —sint
I(t) = <sint cost )
is a 2 x 2 rotation matrix and

1 n
Qu = i ;lkak

n
is the center of mass with M = > my. If the ¢; lie on a circle with the origin at its center, we will call
k=1
q1,- - -, qn a polygonal relative equilibrium solution of (1.1). If all but one of the masses form a polygon with

the origin at its center, with the remaining mass at the origin, then we will call such a relative equilibrium
a polygonal relative equilibrium with center zero of (1.1) for short.

Following the example of [30,28,29] by Diacu, Pérez-Chavela and Santoprete, we will call py, ..., p, € M2
a polygonal relative equilibrium of (1.2) if

win = (TR,
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where P; € R?, 2 € R, B € Ry are constant and i € {1,...,n}. For a proof of the existence of such
solutions we refer the reader to Theorem 1 of [16].

Finally, following [27], we will say that two relative equilibria of (1.1) are equivalent, or are in the same
equivalence class, if they are equivalent under rotation. For the constant curvature case, we will say that

two polygonal relative equilibria are equivalent if they are equivalent under a rotation induced by a rotation
T() O
o 1
It should be noted that these definitions differ from the usual definition (see for example [61]), where two

matrix of the type ( , where ¢ € R is a constant, 0 € R? is the zero vector and 07 its transpose.

relative equilibria are also considered to be equivalent if they are equivalent under scalar multiplication.
The relevance of the relative equilibria studied in this paper is twofold: In [9], Cors, Hall and Roberts
proved for the case that if Qy = 0, f(x) = 2772 a > 0 and if A and the masses my, ..., m,, are fixed, then
for every order of the masses there exists at most one equivalence class of polygonal relative equilibrium
solutions (called co-circular central configurations for power-law potentials in [9]) of (1.1). This may be a
significant step in the direction of proving Problem 12 of [2], an important list of open problems in the
field of celestial mechanics, composed by Albouy, Cabral and Santos: Are there, except for the regular
n-gon with equal masses, any polygonal relative equilibria of (1.1) for the case that f(z) = 7%, a > 17
A logical step to make is to investigate to which extent Cors’, Hall’'s and Roberts’ result can be applied
to n-body problems in spaces of constant curvature, or any generalised n-body problems. Additionally,
generalising this result may shed further light on solving Problem 12 of [2] and the sixth Smale problem,
which conjectures that for any fixed set of masses, the corresponding set of equivalence classes of relative
equilibria of the classical n-body problem is finite (see [61]). Secondly and entwined with the theoretical
aspect, relative equilibria can tell us a great deal about the geometry of the universe and orbits in our solar
system: It was proven in [30] and [28] that while for the zero curvature case polygonal relative equilibria
shaped as equilateral triangles with unequal masses exist, in nonzero constant curvature spaces the masses
have to be equal, proving that the region between the Sun, Jupiter and the Trojan asteroids has to be flat.
This means that getting any information about polygonal relative equilibria that exist in spaces of positive
constant curvature, zero curvature, or negative constant curvature can further our understanding about the
geometry of the universe. Additionally, the ring problem, or a regular polygonal relative equilibrium with
one mass at its center and all masses on the circle equal (see for example [31]) is a model that was originally
formulated by Maxwell to describe the dynamics of particles orbiting Saturn (see [44]) and has since then
been applied to describing other planetary rings, asteroid belts, planets orbiting stars, stellar formations,
stars with an accretion ring, planetary nebula and motion of satellites (see [3-5,31,32,34,35,45-47,53-56]).
In this context, considering the more general solutions of polygonal relative equilibria, proving the number
of possible equilibria to be finite may be a very fruitful endeavour. We will prove the following theorems:

Theorem 1.1. Let A, m, ..., my, be fixed. For every order of the masses, there exists at most one equivalence
class of polygonal relative equilibria of (1.1) with Qur = 0.

Theorem 1.2. Let B, m1,...,m, be fized and let 0 = —1. For every order of the masses, there exists at
most one equivalence class of polygonal relative equilibria of (1.2).

Theorem 1.3. Let A, mq,...,my be fixed. Let n = N + 1. Then for every order of the masses, there exists
at most one equivalence class of relative equilibria of (1.1) with Qpr = 0 where fori € {1,...,N} the q; lie
on a circle with the origin at its center and qn4+1 = 0.

We will first prove Theorem 1.1 in section 2, after which we will prove Theorem 1.2 in section 3 and
finally Theorem 1.3 in section 4.
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2. Proof of Theorem 1.1

We will prove Theorem 1.1 by to a large extent following the proof of Theorem 3.2 in [9], which is
reminiscent of a topological approach by Moulton (see [48.9]), but instead of making the proof work for
f(x) = 27272 where a > 0, as was done in [9], we successfully realise the result for any positive function
f for which z f(x) is a decreasing function:

If ¢;, i € {1,...,n} is a relative equilibrium of (1.1) and Qs = 0, we may write ¢;(t) = T(At)Q;, where

cos o .
Qi=r <sinai) , fori e {1,...,n}, r>0
and 0 < a1 < ag < ... < a, < 27, meaning that if we insert ¢;(t) = rT(At)Q; and ¢;(t) = rT'(At)Q; into
(1.1) and using that in that case

1
Qi — Qjll —T\/2—2cos a; — o) = 2rsin (§|ai—aj|>

and multiplying both sides of the resulting equation with —T'(—«;) from the left, we can rewrite (1.1) as

(§)=r 2, m (W) s (rmGomen)). e

which, if we write g(x) = 2 f(z), can be rewritten as

n
m;A%r = 3 m;m; sin (%|ai — aj|)g (2r sin (%|ai — ozj|))
" Jj=1, j#i (22)
0= > ) m;m;rd;; cos (%(ai — aj))g (27“ sin (%|ai — ozj|)) ,
j=1, j#i

where

lifi>j
6ij:
—1ifi < j.

If G is any scalar function for which G’'(z) = g(x), then defining

Z mym,G (2r sin ( lag — ak|>> — ZmlA2r2 (2.3)
1=1

1 k=1, k#l

Vir,ag,...,an) =
1

n

gives by (2.2) that

ov aVv

— =0and =0forallied{l,...,n}.

5 an o orallie{l,...,n}
This means that, for whatever values of r, a1, ..., a,, the vectors g;(t) = T(At)Q; give a relative equilibrium
solution of (1.1), (r,aq,...,ay,) is a stationary point of V. We will show that for such a stationary point V'

has to have a local maximum, i.e.

< .
z; va 8a Doy = 0 (2.4)

for all vectors (p,v1,...,vn) € R*TL
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Note that by (2.2)
1 . 1
—— = 4p? Z Z m;m; sin (§| o — og)g’ (27’ sin (§|ai - aj|>) —2p? Zm A% (2.5)
=1 j5=1, j#i
Secondly, again by (2.2), note that

9V SN A 1 !
2p g %m =4p E Vg, E m;m;7;j COS (i(ai - aj))g (2r sin <§|ai - aj|)>
i=1 '

i=1 =1, j#i

= 4'02% Z m;m;0;j COS (5(0@- — aj))g (2r sin <§|o¢i — aj|)>
i=1

Jj=1, j#i
+2‘ ;#mimﬂcos 5(0&1’*0[]') sin 5(041‘*05]‘) g | 2rsin §|ai—aj| ,
J=1, j#i

which, by the second identity of (2.2), gives

S

R
M-

o

+

[N}

2
[~]=

E

3
o

3

o

@]

»n
N
N —

—

8

\

o
<
N———

&

=
7N

|

&

Q
<

S~—
N———
7N

[N}

S

&

=
7N

1
gle — oy
SR 1 1 1
= 4PZ | Z ,(% — 7y )M m ;T COS (§(ai — aj)> sin (E(ai - aj)>g’ <27‘sin (5041- — aj|)> :
so combined with (2.5), this gives

p° 62 +2pz 88 72p2ZmA2+Z Z mim; <4p sin <;|aiaj|>

i=1 j=1, j#i

+4(vi — ;) pr cos (%(Oﬁ - aj)) sin (%(az‘ = aj))) g (27‘ sin (%ai - aﬂ))

which can be rewritten as

z o9 2
(9 pZ%a Oa; 2p ;mlA
n n 1 1 )
+ ;j;# MM (2,081n (5(% - aj)) + (i — 4) cos (5(0” — aj)>>

55 e (Yoo} (o (o)) e

Thirdly, for i # j, by (2.2),
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oV 0 1 1
T _—9 [ v — v I si I P
Basda; 8a; (mzmjréw cos <2(al aj))g ( 7 sin <2|al ozj|)>>
. (1 Al
= 2m;m;rd;; sin (E(ai — aj)>g <2r sin (§|ai — aj>>
2 o1 / (1
— 2m;m;r= cos §(ai — ;) |g' | 2rsin §|ai —

and thus
>’V - (1 (1
v -2 Z mim;rd;j sin (5(0[1» — aj))g (27“ sin <§ai — ozj|)>
i =1, j#i
- 1 1
+2 Z m;m;r? cos (E(ai — og))g’ <2r sin (§|ai — aj|>>
=1, j#i
—~ 9V
j=1, gz 010N
so by (2.7),
n n n n n
oV 5 0%V oV
D2 =2 Mozt X Wigaga
== Oa; 0 v 0oy = P Oa; 00
n n 82 n n n 82‘/
2
=2, > > Y g = Y (e
ey Oa;0a; S aa 8a e Oa; 0
giving
ZZ%%@aaaj:Z_ Z ( %jL%%)aaaa
i=1 j=1 i=1 j=1, j#i
1 n n 82V n n 5 2V
=3 >« %+vm)8aia Z >« vj+vm)aa'aai
=1 j=1, j#i Jj=1l1i=1, i#j J
e <« o OV e s 0%V
o I SR A D S e
i=1 j=1, j#i Lt i=1 j=1, j#i Lt

and therefore

3 e DD R ] e ) M CE T )

i=1 j=1 i=1 j=1, j#i

. 1 1
+ mim; (yi — v;)?r? cos? (5(% — aj))g' <2rsin <§|ai - Oljl)) . (2.8)
J=1, j#i

Combining (2.4), (2.6) and (2.8), we now get that

p* 02 +2p2maa +ZZ%%B aa —pQZ;miAQ

i=1 j=1
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As by construction ¢’ (2rsin (3]e; — o])) < 0 and g (2rsin (1|a; — a;])) > 0, this means that

o’ 82 +pZ%aa +ZZ%%30¢30¢ <0 (2.9)

=1 j=1

with equality if and only if v; = «,; and p = 0, which can be prevented by fixing one of the Q;, 7 € {1,...,n}.
This proves that any stationary point of V' gives a maximum value of V', proving Theorem 1.1.

3. Proof of Theorem 1.2

Let p1,...,pn be a polygonal relative equilibrium of (1.2) and let for i € {1,...,n}

Pi=p (CF’S%) , (3.1)

sin y;

where ¥1,...,7, € [0,27) are ordered from smallest to largest and p > 0. We will prove that the P; will
give rise to a system of equations in the same way the @; in the proof of Theorem 1.1 give rise to (2.1):
Inserting (3.1) into (1.2) and multiplying both sides of the resulting equation for the first two entries of p;
with T'(—Bt) gives

n

“BRi= ), Dl (<P“P>+az2)P")—a(ﬁ-@p,)P» i€{l,...,n}
l Jj=1, j#i (G_U(<Pi7pj>+022)2)% ¢ ekt yeeea TUg,

which can be rewritten as

~B’P; = zn: m;(P; — P;) 3
i1 g (0 =0 (P, Pj) +02%)%)2

" m 022
Z (1 —o (B, By) + 02)) —o(piOp) | B (3.2)

+
= (0~ o((PPy) +02)%)}

and the identity for the third entry of p; then is

n

- (L= o((PP) +0?)z
0= Z (O-_U(<P“P>+a'z )2 )% (Di © pi)z. (3.3)

=1, j#i

Note that —1 = p; ® p; = ||P||> — 22 = p? — 22 for 0 = —1, so z # 0. Therefore, using (3.3), the second sum
of (3.2) may be replaced with zero, giving

2 - m;(P; — P;)
—-B 131 = 3
Z (o —o((P;, Pj) +022)?)2

Jj=1, j#i

; (3-4)
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which by (3.1) can be rewritten, using that 02? = o — p? and multiplying both sides of (3.4) with —T(—~;),
as

[

B (g): zn: ﬁsz(l;ﬁﬁgvi;i@)

=1, j#i

e

p73 (1 —cos (v — %)) "2 (2 — 0p*(1 — cos (5 — 7))~ (3.5)

1
2

= V2 psin (1|v; — i), we may rewrite (3.5) as

i (1 — cos (75 —)yj)>

sin (y; — v

As p(1 —cos (v — i)

2 (P _
B <O>_ E
J=1, j#i
_3
2

8 (200 () m))B (40 (2050 (31 7|))> . (36)

If we define h(z) = 827 3(4 — 0x2)~ 2, then we can rewrite (3.6) as

B (8) = i mjp (1 ;ﬁo(svgvi ;)%)> h <2psin (%Iw - %I)) : (3.7)

J=1, j#i

3

Now (3.7) is an identity exactly of the same type as (2.1), as (zh(z))" < 0. So going through the proof of
Theorem 1.1 using (3.7) instead of (2.1) now proves our theorem. It should be noted that (3.5) was already
proven in [16] in a more general setting, but as the calculation is not that long for this specific case, the
argument has been repeated to make the paper self contained.

4. Proof of Theorem 1.3

Let n =N+ 1. If 1,..., ¢y is a relative equilibrium of (1.1) with Qs = 0, the point masses ¢1,...,qn
lie on a circle and Qn4+1 = 0, then we may write for ¢ € {1,...,N}

COS ;
Qi =T : ;
SitaNe7;

where r > 0 and 0 < ay < ... < ay < 2m. Following the proof of Theorem 1.1, again for ¢ € {1,..., N},
inserting these expressions for the @; into (1.1) gives instead of (2.1) the slightly different identity

N
—A%Qi = > mi(Qy — Q) fIQ; — Qill) + mar1(0 = Qi) £([10 = Qill),
J=1, j#i
giving
N
(maf(1Qil) — A%) Qi = Y m;(Q; — Qi) F(IQ; — QilD),
j=1, j#i

which by the same argument that gave (2.2) now gives

N
mi (A%r —mpg(r)) = > mumysin (3a; — o)) g (2rsin (3o — a;1))
N =1, g7 (4.1)

0= > mym;rd;jcos (%(ai — aj))g (2r sin (%|ai — aj|)) ,
=1, j#i
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with again g(z) = xf(z) and &;; as in the proof of Theorem 1.1. So as long as (A% —m,, f(r)) > 0 (as the
right hand side of the first identity of (4.1) has to be positive) we can continue to go through the proof of
Theorem 1.1, replacing the function V' (see (2.3)) with

N N n
1
W(r,ay,...,ay) = E g mym,G <27’Sin <§|al - ak|>> - g my (A2T2 - 2mnG(r)) .

=1 k=1, k#l 1=1

Repeating the proof of Theorem 1.1 using W instead of V' leads to

N
PO 203 i+ 3 Y s = 47 YA 1)
=1

=1 5=1

+i | i mim, <2psin <%(O¢i - aj)) + (v — ;) cos <%(ai - aj)>>2

1
g <2rsin <§|ai - aj|>>

N N 1 1
_ Z Z (i —7;)?mimrsin <§|ai - aj|>g <2r sin <§|ai - aj|>>

i=1j=1, j#i

for all p, v1,...,7n € R. As ¢/ (2rsin (3| — o;])) < 0, ¢'(r) < 0 and g (2rsin (3|a; — oy])) > 0, this
means that

2 82 T Z aa +ZZ%%80¢80¢ =0

=1 j=1

with equality if and only if p = 0 and v; = ; for all 4,5 € {1,..., N}, which can be prevented by fixing one
of the Q;, i € {1,..., N}. We thus find that by the same argument as used in the proof of Theorem 1.1,
that for any order of masses my, ..., my,, there exists at most one relative equilibrium of (1.1) with center of
mass zero, where all point masses but one lie on a circle around the remaining point mass, which coincides
with the center of mass.
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