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1. Introduction

Let Q C R? be a bounded smooth simply connected domain, the motion of a viscous, incompressible,
and heat conducting magnetohydrodynamic fluid in €2 can be described by the following MHD system

Op + div(pu) = 0,

O¢(pu) + div(pu @ u) — div(2u®(u)) + VP =b - Vb,

co[0¢(pf) + div(pud)] — kAO = 2u|D(u)|? + v| curl b|?, (1.1)
b —b-Vu+u-Vb=rvAb,

divu=0, divb=0

with the initial condition
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(p7u76ab)(07x) = (pOau07607b0)(m)a HAES Qa (12)
and the boundary condition
00
uzO,a—m:O,b-n:O7 curlb x n = 0, on 91, (1.3)

where n is the unit outward normal to 99). Here, t > 0 is time, x € Q is the spatial coordinate, and p, u,
0, P, b are the fluid density, velocity, absolute temperature, pressure, and the magnetic field, respectively;
D(u) denotes the deformation tensor given by

D(u) = %(Vu + (Vu)™).

The constant p > 0 is the viscosity coefficient. Positive constants ¢, and x are respectively the heat capacity,
the ratio of the heat conductivity coefficient over the heat capacity, and v > 0 is the magnetic diffusivity
acting as a magnetic diffusion coefficient of the magnetic field.

Magnetohydrodynamics studies the dynamics of electrically conducting fluids and the theory of the
macroscopic interaction of electrically conducting fluids with a magnetic field. The issues of well-posedness
and dynamical behaviors of MHD system are rather complicated to investigate because of the strong coupling
and interplay interaction between the fluid motion and the magnetic field. In the absence of magnetic field,
that is, b = 0, the MHD system reduces to the Navier—Stokes equations. In general, due to the similarity of
the second equation and the third equation in (1.1), the study for MHD system has been along with that
for Navier—Stokes one.

When b = 0 and 6 = 0, the system (1.1) reduces to the well-known nonhomogeneous incompressible
Navier—Stokes equations and there are a lot of results on the existence in the literature. In the case that
the viscosity u is a constant, Kazhikov [16] (see also [2]) proved that when pg is bounded away from zero,
the nonhomogeneous Navier—Stokes equations have at least one global weak solution in the energy space.
In addition, he also proved the global existence of strong solutions to this system for small data in three
space dimensions and all data in two dimensions. When the initial data may contain vacuum states, Simon
[25] obtained the global existence of weak solutions, and Choe-Kim [6] proposed a compatibility condition
and investigated the local existence of strong solutions, which was later improved by Craig-Huang—Wang
[7] for global strong small solutions. On the other hand, in the case that u depends on the density p, Li-
ons [20, Chapter 2] established the global existence of weak solutions to nonhomogeneous Navier—Stokes
equations in any space dimensions for the initial density allowing vacuum. Recently, Cho—Kim [4] proved
the local existence of unique strong solutions for initial data satisfying a natural compatibility condition.
Very recently, Huang-Wang [15], and independently by Zhang [29], showed the global existence of strong
solutions on bounded domains under some smallness assumption. There are also very interesting investi-
gations about the existence of strong solutions to the 2D nonhomogeneous Navier—Stokes equations, refer
to [14,19,21,24].

For the study of nonhomogeneous incompressible MHD system (i.e., ¢ = 0 in (1.1)), Gerbeau and Le
Bris [11], Desjardins and Le Bris [8] studied the global existence of weak solutions with finite energy on 3D
bounded domains and on the torus, respectively. In the presence of vacuum, under the following compatibility
conditions,

divug = divbg = 0, —/LAUO +VF — (b() . V)bo = \/p_()g, in €, (14)

where (P, g) € H! x L? and Q = R?, Chen-Tan-Wang [3] obtained the local existence of strong solutions
to the 3D Cauchy problem of (1.1). Later, Gong-Li [12] showed that the local strong solution obtained in
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[3] is indeed a global one provided that some suitable smallness conditions hold true. Without compatibility
conditions as that of (1.4), for small initial velocity and magnetic field in suitable norm, Li-Wang [18] proved
the global existence of strong solution for a 3D nonhomogeneous incompressible magnetohydrodynamic
flow in a bounded domain © C R?® with C?*¢ boundary for some € > 0, as well as the weak-strong
uniqueness. There are also very interesting investigations about the existence of strong solutions to the 2D
nonhomogeneous incompressible MHD system, refer to [9,13,22,23].

Recently, the local and global existence of strong solutions to the 3D viscous incompressible heat con-
ducting Navier-Stokes flows with non-negative density were established, by Choe-Kim [5] and Zhong [30],
respectively. At the same time, the local unique strong solution to the 3D viscous incompressible heat con-
ducting magnetohydrodynamic flows with large initial data was obtained by Wu [27]. However, whether the
unique local strong solution to the problem (1.1)-(1.3) can exist globally is still unknown. In fact, this is
the main aim of this paper.

Before stating our main results, we first explain the notations and conventions used throughout this

[ o= [

Q

paper. We denote by

For 1 < p < 0o and integer k > 0, the standard Sobolev spaces are denoted by:

1P = 12(Q), Who = Whr(Q), H* = HF2(Q),
H} ={ue H'lu=0o0n 00}, H: ={ue€ H?*Vu-n =0 on 90N}

Now we define precisely what we mean by strong solutions to the problem (1.1)—(1.3).

Definition 1.1. (p,u, 6, b) is called a strong solution to (1.1)—(1.3) in Q x (0,7, if for some gy > 3,

p >0, peC([0,T);Whe), p, € C([0,T]; L),

u € C([0,T]; HE 0 H?) N L2(0, T; W20),

>0, (6,b) € C([0,T); H?) N L2(0, T; WD),

(b, g, 0,) € L2(0,T; HY), (by,/puy, \/pbs) € L0, T; L2).

Furthermore, both (1.1) and (1.2) hold almost everywhere in  x (0, 7).
Our main results read as follows:

Theorem 1.1. For constant q € (3, 6], assume that the initial data (po > 0,u0,69 > 0,bg) satisfy

po € WHa(Q), ug € H}(Q) N H%(Q), 6y € H2(Q), divug =0, (15)
by € H2(Q), by -n|sq =0, curlby x nlgg = 0, divbg = 0, '
and the compatibility conditions
—plAug + VPy —bg - Vby = /pog1, (1.6)
KAy + 20D (o) |* + v| curlbo|* = \/poge,
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for some Py € HY(Q) and g1,82 € L2(). Let (p,u,0,b) be a strong solution to the problem (1.1)—(1.3). If
T* < 00 is the mazximal time of existence for that solution, then we have

ILT* (||Vu||L4(0,T;L2) + ||VbHL4(0,T;L2)) = 00. (1.7)
Remark 1.1. The local existence of a strong solution with initial data as in Theorem 1.1 has been established
in [27]. Hence, the maximal time 7™ is well-defined. Moreover, the same criterion holds true in the periodic

case.

Remark 1.2. When there is no electromagnetic field effect, that is b =0, (1.1) turns to be the viscous heat
conducting Navier—Stokes flows, and Theorem 1.1 is the same as [30, Theorem 1.1]. Roughly speaking, we
generalize [30, Theorem 1.1] to the heat conducting MHD flows.

We will prove Theorem 1.1 by contradiction in Section 3. In fact, the proof of the theorem is based on a
priori estimates under the assumption that ||Vul[z1(0,7;22) + | VD] £4(0,7;22) is bounded independent of any
T € (0,7*). The a priori estimates are then sufficient for us to apply the local existence result repeatedly to
extend a local solution beyond the maximal time of existence T, consequently, contradicting the maximality
of T*.

Based on Theorem 1.1, we can establish the global existence of strong solutions to (1.1)—(1.3) under some
smallness condition.

Theorem 1.2. Let the conditions in Theorem 1.1 be in force. Then there exists a small positive constant g
depending only on ||pollr=, 1, v, and Q such that if

(Iv/Bouoll2: + [boll2:) (IIVuoll3 + || curl bo|12:) < =, (18)
the system (1.1)—(1.3) has a unique global strong solution.

The rest of this paper is organized as follows. In Section 2, we collect some elementary facts and inequal-
ities that will be used later. Section 3 is devoted to the proof of Theorem 1.1. Finally, we give the proof of
Theorem 1.2 in Section 4.

2. Preliminaries

In this section, we will recall some known facts and elementary inequalities that will be used frequently
later.

We begin with the following Gronwall’s inequality, which plays a central role in proving a priori estimates
on strong solutions (p, u, 6, b).

Lemma 2.1. Suppose that h and r are integrable on (a,b) and nonnegative a.e. in (a,b). Further assume that
y € Cla,b], ¥ € L'(a,b), and

y'(t) < h(t) +r(t)y(t) fora.et € (a,b).

Then

t s t

y(t) < y(a)+/h(s)exp —/r(T)dT ds| exp /r(s)ds , t€la,b].

a a a
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Proof. See [26, pp. 12-13]. O
Next, the following well-known inequalities will be frequently used later.

Lemma 2.2. For p € [2,6], ¢,m € [1,00), a € (0,m), € >0, a,b € R, and 6 € (0,1), it holds that

iq ||f||}:(,,l%b_a>q7 (Hélder’s inequality)

il < [I.f

2]
6\
lab|] < ela|? + (E) (1- 9)|b\ﬁ, (Young’s inequality)
lgllee < Cp,Q)|lgllzr for g€ HY(Q), (Sobolev’s inequality)

and

_1 1
e )||h\|§vl,r(9) for h e WY (Q). (Trace inequality)

1B/l zro0) < Clr QAL

Proof. See [17, Chapter 2]. O
The following divergence theorem is useful in the sequel.

Lemma 2.3. Let Q C R? be a Lipschitz domain. If ¢ € H'(Q) and v € L?(Q) such that curlv € L?(2), then
we have

/curlv'qbdx:/v~cur1¢dm+/(vxn)~¢da.

Q Q o0

Proof. For any vector field w € H*(£2), the well known divergence theorem gives rise to

/div wdr = /W - ndo,
Q o0

which combined with the vector identity
div(v x ¢) = ¢ - curlv — v - curl ¢
yields the desired result. O
Next, the following lemma is useful.

Lemma 2.4. Let Q C R3 be a smooth bounded simply connected domain. There exists a constant C' such that
for any € {f € HY(Q) : divf = 0, f-n|gq = 0}, it holds

¥ g < C| curlep|| 2.
Proof. See [28, p. 1033]. O

Finally, we give some regularity results for the following Stokes system

—uAU+VP=F, €,
divU =0, ze€Q, (2.1)
U=0, z€09dQ.
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Lemma 2.5. Let m > 2 be an integer, r any real number with 1 < r < co and let Q be a bounded domain
of R3 of class C™~ %1, Let F € W™=27(Q) be given. Then the Stokes system (2.1) has a unique solution
U e Wmr(Q) and P € WL (Q)/R. In addition, there exists a constant C' > 0 depending only on m, r,
and ) such that

[Ullwor + [ Pllwnoso sz < ClE[m-ar.
Proof. See [1, Theorem 4.8]. O

3. Proof of Theorem 1.1

Let (p,u,0,b) be a strong solution described in Theorem 1.1. Suppose that (1.7) were false, that is, there
exists a constant My > 0 such that

TILHTI“* (Hvu”L‘l(O,T;L?) + HVbHL‘*(O,T;L?)) < My < . (3.1)

Rewrite the system (1.1) as

pr+u- VP =0,
pus +pu-Vu— pAu+ VP =Db- Vb,
colpbr + pu - VO] — kA = 2u|D(u)]? + v| curl b|?, (3.2)

b; —b-Vu+u-Vb+vcurl(curlb) = 0,
diva =0, divb =0.

In this section, C' stands for a generic positive constant which may depend on My, p, ¢y, K, v, T, and the
initial data.

First, since divu = 0, we have the following well-known estimate on the L°°(0,7; L>°)-norm of the
density.

Lemma 3.1. It holds that for any t € (0,T%),
()|l = llpoll L= (3-3)
Proof. See [20, Theorem 2.1]. O
The following lemma gives the basic energy estimates.

Lemma 3.2. It holds that for any T € (0,T%),

T
sup (eulpflos + IVl +[bIE:) + [ (a9l + vl curlbl32) de
- 0

< eollpobollr + lv/pPouol| 72 + [Iboll72- (3.4)

Proof. First, applying standard maximum principle to (3.2)3 along with 6y > 0 shows (see [10, p. 43])

inf 6 >0. (3.5)
Qx[0,T]

Multiplying (3.2)2 by u and integrating (by parts) over €2, we derive that
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1d

5% plul?dx + u/ |Vu|?dr = /b - Vb - udz. (3.6)

Multiplying (3.2)4 by b and integrating (by parts) over {2, we get after using Lemma 2.3 and (1.3) that

1d
5E/\lo|2dan+u/|cur1lo|2dgc:/lo-vu-lodac—/u-Vb-bdac. (3.7)
Due to divb = 0 and u|pq = 0, we have

/b-Vb-udx = /biaibjujdx = —/b-Vu~bd:c. (3.8)

Similarly, one obtains

—/u~Vb-bda::—/uic’)ibjbjd:c:/u-Vb-bd:c,

and thus
/u -Vb - bdx = 0. (3.9)
Combining (3.6)—(3.9), we deduce that
Ld 2 2 2 2
5 i (plul* +|b]*) dz + [ (u|Vul® + v|curlb|?) dz = 0. (3.10)

Integrating (3.2)s with respect to the spatial variable gives rise to

ooty [ ooide =2 [ PP~ [ |eutbPar—o. (3.11)

Substituting (3.11) into (3.10) and noting that

—2u/|©(u)|2dx _ —g/(aiuj +0,ude
= fp/|Vu|2d:Ef,u/8iuj8juid:c
— - [ IVuPds,
we derive

d 1 1
pr (cvpﬂ + §p|u|2 + 2|b|2> dz = 0. (3.12)

Integrating (3.10) and (3.12) with respect to time and adding the resulting equations lead to

t
/(cvp0+p|u\2+|b|2) dx+//(,u|Vu|2+u\curlb\2) dxds:/(cvp090+p0|u0|2+|b0|2) d.
0

This implies the desired (3.4) and consequently completes the proof. 0O
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Next, the following lemma concerns the key time-independent estimates on the L>°(0,T’; L?)-norm of the
gradients of the velocity and the magnetic field.

Lemma 3.3. Under the condition (3.1), it holds that for any T € (0,T%),

T
sup (Vs + ourtbla + bl + [ (WAl + el + uli + [VbI3) i < €. (313
- 0

Proof. Multiplying (3.2)2 by u; and integrating the resulting equations over ), we derive from Cauchy—
Schwarz inequality that

ﬁi 2 2
th/\Vu\ dm+/p\ut| dx
:/b~Vb-utdx—/pu-Vu~utda:

:—% b~Vu~bdx+/[bt-Vu~b—|—b'Vu'bt—pu~Vu~ut]dac

d 1
< —% /b -Vu - bdx + 5 / (pl]_lt‘2 + |bt|2) dx + / (2p‘u|2|vu|2 + 8|b|2lvu|2> dﬁf,
and thus
d
7 / (1|Vul*+2b-Vu-b)dr+ /p|ut|2dgc
< /|bt|2d:c+/(4p|u|2|Vu\2+16|b\2|Vu|2) da. (3.14)
Multiplying (3.2)4 by b; and integrating by parts yield
d 2 2
v |curlbldz +2 [ |by|*dz =2 [ (b-Vu—u-Vb): bz

1
< §/|bt\2dx+8/(|b|2|Vu|2+ lu?|Vb|?) dz, (3.15)

which combined with (3.14) implies

d
7 (u|Vu* + v curlb|* 4+ 2b - Vu - b) dz + / (p\ut|2 + \bt|2) dx
< C/(p\u|2|Vu|2+|b\2|Vu|2—|— [u[2[Vb[2) da. (3.16)

Recall that (u, P) satisfies the following Stokes system

—pAu+ VP =—pu —pu-Vu+b-Vb, ze(
divu =0, x €8,
u=0, x € 0N,

Applying Lemma 2.5 with F £ —pu, — pu- Vu + b - Vb, we obtain from (3.3) that
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lullf < C (llpuellZz + llpu- Vul[Zz +[|b- Vbl|7)
< C(IVpuelzz + vpu- Vulfz + b Vb|72) .

It follows from the standard L2-estimates of elliptic system and (3.2), that
IV2blI72 < C (lbell72 + [lu- Vb|[Z> + [[b- Vull72),
which together with (3.17) leads to
[ullF= +IV?bl|Z2 < K (IvpuellZe +[beZ2) + C (v/pu- VulZ: + b - Vb]Z:)
+C (u-Vb|Z: +[Ib- VulZ).

Adding (3.19) multiplied by % to (3.16), we get from Lemmas 2.2 and 2.4 that

1 1
A0+ 5 (Iowlds + Ibil3) + 5 (Il + 1V?b3.)
<c / (plu?|Vul? + b2Vl + [u[Vb[? + [b|Vb|?) dz

< Cllpllz=lulZs[[Vull Lz [ Vullzs + CllblZs [ Vul| 2|Vl s
+Cllul|Z=[IVb|Z> + C|[bll7~ [ Vb]Z:
< C|Vulfz2 | Vull g + C curl b7 ]|V 2| Va2

+ C|[Vul|z2 [ Vullz: | Vb|[72 + Cl[ VB[22 | Vbl| 172

1

< 5 (lulffe + [IV*blZ2) + C+ C (IVullz: + [Vb]1:) (IVullZ: + [[Vb]Z-),

DO |

and thus

1 1
A'(t) + B (H\/ﬁutﬂiz +[Ibell72) + K (||u||%12 + ||V2b||2L2)

< C+C(IVullze + Vb|12) (IVullZ: + [ Vb|[72) .
where we have used the following Sobolev’s inequality

1 1
[Vlzee < C|VV|7:||VV]| 7 for ve H(} N H2.

Here
At) £ / (1|Vu? + v|curlb]* + 2b - Vu - b) dz

satisfies

1% 2 lb 2 8 b 4 < A 3,[1, 9 lb 9 8 b 4

5lIVulzz + vl curlb]z. — ;H 2+ < A(t) < o[ Vullz2 +v]| curl bl[7. + ;H e
due to

H 2 8 4
2b-Vu-bdz| < §||Vu||L2 4 ;HbHL‘L'

715

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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Multiplying (3.2)4 by |b|?b and integrating (by parts) over 2, we deduce from Lemma 2.2 that

4 2
4dt/|b| do+ X /|V|b\ 2da + 1 /|b| Vb|2dz
/|b| )n - bdcr+/b~Vu- |b|*bdx

/|b| )n - bdaf/biai(|b|2bj)ujdz

1
< C/|b|4da+ g/|V|b\2|2dx+ Z/|lo|2|v10|2dx+c/|lo|4|u|2dgc

<c/\b|4dx+ ! /|V|b|2\ dz + = /\b| |Vb[?dz + C||b| 16 |lul e
<C [ itde+ ;[ I9IbPRAs+ [ [bPTbEds + CITBL Tl
which yields
G [bitdz [ (VIBEE + bPIVBE) do < ClblLe + I [Vul. (322)

Now, adding (3.22) multiplied by 77 to (3.20), we obtain that

d 10 1 1
4 (A0 + Z2UDIL ) + 5 (1Al + o) + 5 (ulls + 197b12:)
< C+Cblt +C (IVults + [ VblL:) (IFul2: + [ Vb]2:) (3:23)

This combined with (3.21), Gronwall’s inequality, and (3.1) implies the desired (3.13). This finishes the
proof of Lemma 3.4. O

Finally, the following lemma will deal with the higher order estimates of the solutions which are needed
to guarantee the extension of the local strong solution to be a global one.

Lemma 3.4. Under the condition (3.1), it holds that for any T € (0,T*),
P (Ipllwra + l[ullZ + 16172 + [bllZ2) < C. (3.24)
Proof. Differentiating (3.2)s with respect to ¢ and using (1.1);, we arrive at
puy + pu - Vuy, — pAu, = —VP, +div(pu) (uy +u-Vu) — pu, - Vu+ b, - Vb +b - Vb, (3.25)

Multiplying (3.25) by u; and integrating (by parts) over 2 yield

1d
2dt/phlt‘ dx—l—,u/|Vut| dx—/d1v(pu)|ut| dw—i—/dlv(pu) -Vu - wdr

—/put~Vu~utdx—|—/bt-Vb-utdx

5
+ /b - Vb - wdz £ . (3.26)

k=1
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It should be noted that though the solution (p,u, P, 6, b) is not regular enough to justify the derivation
of (3.26), one can prove it rigorously by an appropriate regularization procedure. By virtue of Hélder’s
inequality, Sobolev’s inequality, (3.3), (3.13), and Lemma 2.4, we find that

|J1] —’—/pu~V|ut|2dx

1
<2[[pllZ l[al[ o llv/pusl| s [ Ve[| L2
1 1 1
<Cllpll i< IVall2[lvVou £ [|vVouel| £o [ Vgl 22
3 1 3
<Cllpll Zoe IVl 2 [lv/puell 22 [ Vel 2

"
<o IVuilze + Cllvpuelze:

=10
|J2] ’/pu-V(rou~ut)dz
< / (plullVal ug| + pful?[V2ul | + plul?| Vul[Vu]) da
<[lpllzelall Lo IVul 2 [[Val Lo [[ugl o + [|pll Lo [ullZs ][V ul| 2] [ug | 1o
+ llpll e lallZs [Vl Lo [ Va2
<C|Vulli:llull g2 Va2
<2 Twl2 + CllullZe;
10
1 3
[ Js| <[Vull2]lv/puel|7e < [Vullz2|[v/puel 22 llvouel| e
3 1 3
<Cllpll o [IVullpz[lv/pue | 72| Vue | 72
n
SEIIVutHiz + Clly/pue||72;
1 1
|Ja| <[[bellLs[[ Vb2 |[utl| e < Cllbell7:[bell 76l Vue| L2
< P UTWI2s + C(6) b2 + 2l curl by|2a:
—10” wl|z2 +C0)]| tIILz+2HCHr tll 725
‘J5| Z’—/qut btd.’ﬂ

1 1
<|[bllzs[[Vue|[r2[[bellrs < ClIVb||p2||Vuelrz bl 22 ([bell 76

4]
S%lWUtH%Z + C()|beZ2 + 5l curlby[[7:.
Substituting the above estimates into (3.26), we derive that
d
Ivewliz: + plVallz: < CllVewliz + Cllullfe + Clbe|zz + 8l curlby 7. (3.27)

Next, differentiating (3.2)4 with respect to ¢t and multiplying the resulting equations by by, we obtain after
integration by parts and using (3.13) and Lemma 2.4 that
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d
E/Ibtlzdxﬂl/\cuﬂbtlzdx < C([[lae][blll 2 + [[ul[be[l| L2) [[Vbe]| L2

DN | =

< C (Jluellzolbllzs + lullzo el 2 bl £o ) 11V 22
1 1
< C ([IVuillz2 + Ibell sl curl byl 7, ) || curl b 1.

S ||cur1bt||2L2 +C||Vut|\%2 +C||bt||%2,

VIIN

which implies that
d 2 2 2 2
S lbellze + vl cwrlbylz. < Cil[Vue|z: + Clibe|Z.. (3.28)

Adding (3.27) multiplied by % to (3.28) and then choosing § suitably small, we deduce that

d _ v
E (201/J' 1”\/,51]15”%2 + Hth%Z) + Ol”VUtH%z + 5” Curlth%z S C”u”%lz + C (”\/ﬁut‘liz + Hbtuiz) .

Then we obtain from the Gronwall inequality and (3.13) that

sup (e + [bulf) + [ (19wl + |[eulbi]32) de < C. (3.20)
<t<

Ot~

Consequently, we derive from the regularity theory of elliptic system, (3.2)4, (3.29), and (3.13) that

b7 < € (Ibelliz + lu- Vb[[Z: + b VullZ: + [b]71)
< C+CllulZs[Vb]Zs + Cllbl[i [ VullZ
< C+C|Vul7:[[Vb 2 Vb| s + C[[Vb| 2 [ Vb g2 | Va7

1
and thus

sup ||blj3: < C. (3.30)
0<¢<T
Furthermore, it follows from Lemmas 2.5 and 2.2, (3.3), (3.13), (3.29), and (3.30) that

lulf < C (llpucllZ + llpu- Vul[f. + b - Vblf7)
< ClpllzelVeuel|Zs + ClipllZ [ullzs | Vullgs + ClblZs [ Vb7
< C+ C||Vul32]|Vul s + Cl[Vb][72 ]| Vb o
< C+ C|Vulpa|[ull g2 + C||Vbl[7[b| 2

1
< C+ 5”11“%{2)
which yields

sup |lulj32 < C. (3.31)
0<t<T
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Now we estimate ||Vp||Lq«. First of all, applying Lemma 2.5 once more, we have

a2 < C (lpuell7e + lpu- Vullzs + [|b- Vb|7e)
< Cllpll=lluellze + Cllpllz<lallio [Vullis + Clbl|1 | Vb||7e
< C||Vuy|2: + C,

which together with (3.29) implies

T
/||u||%vz,6dt <c (3.32)
0

Then taking spatial derivative V on the transport equation (3.2); leads to
XVp+u-V3ip+Vu-Vp=0.

Thus standard energy methods yields for any ¢ € (3, 6],

d

2 IVellze < C(@)IVullz<[[Volzs < Cllullwz2e Vol s,
which combined with Gronwall’s inequality and (3.20) gives

S, IVpllze < C.

This along with (3.3) yields

sup |lpllwre < C. (3.33)
0<t<T

A

Finally, we turn to estimate ||0]|z>. To this end, denote by @
from (3.3), (3.4), and the Poincaré inequality that

|§\/pd:c < ‘/p@da:

which together with the fact that | [‘vdz|+ || Vv]||12 is an equivalent norm to the usual one in H*(Q) implies
that

ﬁ | 0dz, the average of 0, then we obtain

<C+C|V0O e,

+ ‘/p(@é)da:

10l g < C 4+ C||VO||L=. (3.34)
Similarly, one deduces
[10¢[ 210 < CllV/pOell L2 + C[[ V| 2. (3.35)

Multiplying (3.2)3 by 6; and integrating the resulting equation over Q) yield that

d
ga/\VG\deJrcv/pthdx: 7cv/p(u~V0)9td:17+2,u/\®(u)|29tdz

3
+ 1// | curl b|?6;dz £ > " I,. (3.36)
1=1
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By Hoélder’s inequality, (3.3), and (3.31), we get
1 Co
0] < eollplFoe VPOl 2 [[ull L= [VO]| 2 < - [1V/P0: 172 + ClIVOIZz. (3.37)
From (3.31) and (3.34), one has
d
. / 1D (w)[20dz — 2,u/(|®(u)|2)t9dx
< ZM% / 1D (w)[20d —|—C/9|Vu||Vut|dx
d 2
< 2p— [ D) 0dz + Clf]] e |Vl [V 2
d 2
< 2p— [ D()[0dz + Cll6]|r [[u] g2 [ Ve | 2
d
<ol / D (W)[20dz + C| Vi |2 + C[[ V0|22 + C. (3.38)
Moreover, one infers
Is = I/% / | curl b|?0dx — V/(\ curl b|?)0dx
d 2
< v | curl b|“0dx + C' [ 0| curl b|| curl by|dx
d 2
< v | curl b|“8dx + C||0]| e || curl b|| 3 || curl by || 12
d 2
< v | curl b|“0dx + C||0] g1 ||b|| 2 || curl by]| .2
d
<v / | curl b20dz + C| curl by |22 + C|[VO|2 + C. (3.39)
Substituting (3.37)—(3.39) into (3.36), we obtain that
d

2 / (kIO — 4u|D ()0 — 20| curl b20) da + col| /s 2

< C|| Vw22 + Ol curl by||2. + C|| V|22 + C. (3.40)

Noting that
4u/ D (w)*0da < C|10]| e[ Vull? 2 < ClI0]m [[ullZ> < Z\lelia +C,
and
20 [ |curlbf6de < Cllollzs [ curlbJE 42 < Cl6llr bl < 5 IVOIE: +C.

which combined with (3.40), Gronwall’s inequality, and (3.29) leads to

T
sup ||ve||2LQ+/H\/59t||ithgc.
0<t<T )
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This along with (3.34) gives rise to

sup (61 + [ il ade < .
0<t<T )

Differentiating (3.2)3 with respect to ¢ and using (1.1);, we arrive at

cylpbu + pu - VO] — KAD,

= ¢, div(pu) (6; +u - VO) — c,pu; - VO + 2u(|D(0)[?); + v(| curl b|?),.

Multiplying (3.42) by 6; and integrating (by parts) over Q yield
C d
2 dt

=, / div(pu)|0;|*dx + ¢, / div(pu)(u - V0)0,dz

p|0:*dz + /-@/ AR

— cv/p(ut -V0)0idx + 2,u/(|’)3(u)|2)t9td1: + 1//(| curl b|?),0,dx & Z Ty

By virtue of Holder’s inequality, Sobolev’s inequality, (3.3), (3.30), (3.31), (3.3

|J1| = ’—cv/pu - V0% dx

1
<2¢,|pll L= lall oo [[v/PO: | L2 [V Ol 22

1—||V9t||Lz + Cllv/pI72;

| J2| = ’_Cv pu -V[(u-V0)b;|dx

<¢y / (plul[Vul[Vol6,] + plul*[V2016:] + pluf*|VO][V6,]) da

<collpll o ull L |Vull 22 [ VO]l 2 0l o + collpll oo [l 7ol V20l 2216 o

+collpllzel[ulZo [VO]|L2 [ V|l 2
<CA+[V20llL2) (V]| 2 + V0| 2)

_10||V9t||Lz +CV?0ll72 + CllvpelZ2 + C

<collpll o IVpuel L2 VO] s 162 ] o
<CA+[V20llL2) IVl 2 + V00| 2)

K
<15lVO:lz= + CIIVZOlZ2 + Cllv/pbilz= + C;

|73

s

SC’/|Vu||Vut|0tdx < C|[Vul| s | Vgl 2116 | 1o

<C[[Vu|2(llv/pbell 2 + [[VO:]| 2)

710||V9t||m +CVuelZe + Cllv/pbll2;

5), and (3.41), we find

721

(3.41)

(3.42)

(3.43)
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| J5] SC’/ | curl b|| curl by |0 dx < C|| curl b|| 3| curl by 2|0 L

<C| curlby| 2 ([|vpb: 2 + [[VO:]| =)

K
<15lIVO:lz2 + Cllecurlby |72 + CllV/pb:| 7.

Substituting the above estimates into (3.43), we derive that
d
co oz VP02 + k[ VOuIZ:
< Cllypbell7s + ClIV?0|72 + ClIVue||72 + Cl curl by||7> + C. (3.44)
The standard H2-estimate of (3.2)3 gives rise to

161172 < C ([p6:]172 + o - VO 72 + [[[Val*([7 + [16]172)
< Clpllee<llvpbelzz + CllpllL=lull7<IVOll72 + Cl[Vul| s + C[l0]17-
< ClVpb:l7z + ClIONI7 + Cllul
< C|lpb:|3: + C (3.45)

due to (3.31) and (3.41). Then we obtain from (3.44) and (3.45) that

d
co oz VP02 + K[ VOIZ: < ClIVAO:72 + ClIVu] 72 + Cl curlby||Z: + C,

which combined with the Gronwall inequality and (3.29) that

T
sup Vil + [ V0 ade < C. (3.46)
0<t<T )

Consequently, we deduce from (3.45) and (3.46) that

sup [|0]1%2 < C sup ||\/pbe|2: +C < C. (3.47)
0<t<T 0<t<T

Hence the desired (3.24) follows from (3.30), (3.31), (3.33), and (3.47). This finishes the proof of
Lemma 3.4. O

With Lemmas 3.1-3.4 at hand, we are now in a position to prove Theorem 1.1.
Proof of Theorem 1.1. We argue by contradiction. Suppose that (1.7) were false, that is, (3.1) holds. Note
that the general constant C' in Lemmas 3.1-3.4 is independent of ¢t < T, that is, all the a priori estimates

obtained in Lemmas 3.1-3.4 are uniformly bounded for any ¢ < T™*. Hence, the function

(p,u,0,b)(T*,z) = lim (p,u,6,b)(t,z)
t—T*

satisfy the initial condition (1.5) at ¢ = T*. Furthermore, standard arguments yield that pl'l,pé €
C([0,T); L?), here f £ f, +u- V£, which implies

(p, pO) (T, x) = lim (pua, pb)(t, ) € L2.
—T
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Hence,
—pAu+ VP —b-Vb|—r- = /p(T*, x)g1(x),
R A0 + 2D (W) + | carl b2 = JB(T", 2)ga(a),
with
oy 2 [P T DGR 0), for € (alo(T".3) > 0}
gi(z) £
' 0, for = € {z|p(T*,x) = 0},
and

ga(z) £ {CUP%(T*’JZ)W)(T*’@’ for x € {z|p(T*,x) > 0},
o for @ € {alp(T*,z) = 0},

satisfying g1, go € L? due to (3.29), (3.46), and (3.24). Thus, (p,u,d,b)(T*, x) also satisfies (1.6). Therefore,
taking (p,u,d,b)(T*,z) as the initial data, one can extend the local strong solution beyond 7™, which
contradicts the maximality of T™. Thus we finish the proof of Theorem 1.1. 0O

4. Proof of Theorem 1.2

Throughout this section, we denote

Co £ ||v/pouol|72 + [boll-.

To simplify statements, in what follows, we assume p = v = 1.
First, applying [20, Theorem 2.1] and integrating (3.10) with respect to t respectively, one has the
following results.

Lemma 4.1. Let (p,u,6,b) be a strong solution to the system (1.1)~(1.3) on (0,T). Then for anyt € (0,T),
there holds

o)l = llpollLe (4.1)
and
t
Ivpu®)|= + [b)]72 + / (IVuZz + [l cwlb]|?2) ds < Co. (4.2)
0

Lemma 4.2. Let (p,u,0,b) be a strong solution to the system (1.1)—(1.3) on (0,T). Then there exist positive
constants C' and C' depending only on ||po||r= and Q, such that for any t € (0,T), there holds

¢
Os<ugt (HVUH%Q + | curlb||%2) + C’/ (||u||%,z + |\V2b||%2) ds
== 0

<2 (||Vu0\|%2 +| curlbOH%z) + CCy Oiugt (\|Vu||2L2 + ||Vu||‘zz) + C\/Cy Os<up<>t I cur1b||?}ﬂ

t
+CV/Co sup (I9ullz + [Vblz2) [ (ulfye +[V7b]32) do. (43)
- 0
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Proof. Multiplying (3.2)2 by u; and integrating the resulting equations over ), we derive from Cauchy—
Schwarz inequality that

2dt/|Vu| dm+/p|ut| dx

:/b~Vb~utdx—/pu~Vu-utdx

= c(lit b-Vu- bdx+/[bt-Vu~b+b-Vu~bt—pu-Vu~ut]dx
1
< —%/b.Vu-bdx—‘r5/(p|ut‘2_~_|bt|2) dm+/(2p\u|2|Vu|2+8|b|2|vu|2> da,
and thus

o (|Vu[* +2b-Vu-b) dm+/p|ut|2dx

< / |bs|?dx + / (4plu*|Vul® + 16|b|*|Vu|?) dz. (4.4)
Multiplying (3.2)4 by b; and integrating by parts yield
d 2 2
pr |curlb|dz +2 [ |by|*dx =2 | (b-Vu—u-Vb)-budx
1
< 5/|bt|2dgc+8/ (b*|Vul? + [u]*|Vb|?) dz, (4.5)
which combined with (4.4) implies

p (\Vu|2 + | curl b|* +2b - Vu - b) dx + / (,o|u,5|2 + |bt|2) dx

< 16/(p\u|2|Vu|2+ b|*|Vul? + [u|*|VDb|?) da. (4.6)

Integrating (4.6) with respect to ¢ gives rise to

Oiugt(HVUIlinrIICuﬂbIILa +/ IVpus(s)72 + [Ibs(s)l[72) ds
- 0

< ||Vugl|22 + || curl bg||22 + 4 sup /\b|2|Vu|dx
0<s<t
t
+16//(p|u\2|Vu|2+|b|2\Vu\2+ lul?|Vb|?) dzds. (4.7)
0

Recall that (u, P) satisfies the following Stokes system

—Au+VP=—-pu,—pu-Vu+b-Vb, =z
divu =0, x € Q,
u=0, x € 00.
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Applying Lemma 2.5 with F £ —pu; — pu- Vu + b - Vb, we obtain from Holder’s inequality and (4.1)
that
lullf < C (llpuclZ: + llpu- Vul[gz +[|b- Vbl|7)
< C (IVpueliz + vpu- Vuliz + b Vb|7:) . (4.8)
It follows from the standard L?-estimates of elliptic system and (3.2)4 that
IV*bl[Z> < C (Ibell7z + u- Vb[Z: + [b- VulZ:), (4.9)
which together with (4.8) leads to
luliF= + 1V?blI72 < L ([l vpuelZ: + [bellZ2) + C ([l vpu - Vull7z + |b- Vbl[72)
+C (Jlu-Vb|7: + [[b- Vulli.). (4.10)

Integrating (4.10) multiplied by 5~ with respect to ¢ and adding the resulting inequality to (4.7), we
derive
¢
[ iz + 197b132) ds
0

1

sup (||Vu\|%z + chrlb||%2) + 5
0<s<t

< ||Vug||22 + || curl bg||22 + 4 sup /|b|2\Vu|dx
0<s<t
¢
+E//(p|u|2|Vu|2+|b\2|Vu|2+|u|2|Vb\2+|b|2|Vb|2) dds. (4.11)
0
By Lemmas 2.2, 2.4, and (4.2), we have

[ 1bEI¥alds < bl Tulle < [bIE Il Vs
< Ol 2l eurl bl £ [Vl = < < [VulZa + b = curl bl
< LIVulf + /Gyl ewl b,
and thus

1
4 sup /|b|2\Vu|dx§ = sup ||[Vul3: +C/Cy sup | curlbl[3,. (4.12)
0<s<t 2 g<s<t 0<s<t

Similarly, one has
E/ (plaf’|Vul? + [b|*|Vul® + [u]*|Vb|* + |b|*|Vb|?) d

_ 1 _
< Lliplz=lvoullzz[ull zs [ValZe + LB 2 [b] o | Vul|e

+ L{lull76 [ Vbl2 [ Vbl s + Lb| 2Bl s [ VDI|s
< C(lvpullze +[[bllz2) (IVullzz + [Vl 2) [lullzr: + Cl[Vul[7: [ Vb][7-
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+C|[Vul|Z2 [ Vbl|L2 [ V?b||z2 + C[b]| L2 VbI|72 + Cl[b] L2 [Vb] L2 [ V?b]|Z
< CVCo ([VullLz + Vb L2) ([ullz + [[V?b]72)
+C|[VullZ2 | Vbl7: + Cl[VullZ: [ Vb L2 [ V?bl| 2 + O/ Col Vb2,

and so

t
E//(p|u|2\Vu|2+|b|2|Vu|2+\u|2|Vb|2+|b|2|Vb|2) deds
0

t

< CV/Ca sup (9l 2 + [Vb[z2) / (Jul2 + [V2b]2.) ds
<s<t 5

t t
+C sup \|Vu||2L2/HVb||%2ds+C’ sup \\Vu||§2/|\Vb\|i2ds
0<s<t 0<s<t
0 0
1 t
+—/\|V2bH%2ds+C\/C’o sup [|Vb]2.
4L ) 0<s<t

t
<CVGy sup (IVulse -+ [9bl22) [ (ulfye + 97l ds
- 0

t
1
+CCy sup (||VuH%z—&-HVuH‘iz)—I—E/Hvsz%zds—i—C\/CO sup [[eurlblds.  (4.13)
0<s<t 5 0<s<t

Substituting (4.12) and (4.13) into (4.11), we deduce that

t
1
sup (||Vul|72 + || curlb||72) + 5T / (|[allZ2 + [[V*b])72) ds
0<s<t 5

<2 (||Vu0||2L2 +1l cur1b0||%2) + CCy Os<u12 (HVUH%z + ||VUH%2) +C+/Cy 0s<ug Vb||32
<s<t <s<t

t

+CV/Ca sup ([Vullzs + (D] 2 / (lulZ + [V2b][2.) ds. (4.14)
- 0

This finishes the proof of Lemma 4.2. O

Lemma 4.3. Let (p,u,0,b) be a strong solution to the system (1.1)—(1.3) on (0,T). Then there exists a
positive constant €y depending only on ||po||L= and 2 such that

sup ([[Vull72 + [|curlb||7.) < 4 (|Vuo||72 + || curl bgl|72) (4.15)

provided that

(I/pouoll3 + Ibol32) (Vo3 + | curl by 3.) < eo. (4.16)
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Proof. Define functions E(t) and ®(t) as follows

t
E(t) £ sup (\|Vu||2L2 + Cur1b||2L2) + C_'/ (Hu||%p + HVQbH%z) ds,
0<s<t )
®(t) £ Cy sup (||Vu||2L2 + I Curlb||%z) ,
0<s<t

where C is the same as that in (4.3). In view of the regularities of u and b, one can easily check that
both E(t) and ®(¢) are continuous functions on [0,7]. By (4.3), there is a positive constant M such
that

E(t) <2 (| Vuol32 + | curlbo|32) + M (V) + @ (1)) E(1). (4.17)

We set

JRR 1 1
Zming ——, ——
0 16M° 32M2 [~
and suppose that
(IvpouollZ> + [bollZ2) (IIVuoll72 + [ curlbol|72) < eo.

We claim that

1 1

@(t) < Hlln{m7 m

}, 0<t<T.

Otherwise, by the continuity and monotonicity of ®(¢), there is a Ty € (0, T] such that

. 1 1
®(7p) = min {W Yl } : (4.18)
On account of (4.18), it follows from (4.17) that

1
E(Tp) < 2(||Vuo||7> + || curlbol|72) + 5E(To),
and hence
E(Ty) <4 (|[Vuo||72 + || curl by |72) -

Recalling the definition of E(t) and ®(t), we deduce from the above inequality that

) 1 1
@(TQ) S C()E(To) S 400 (HVUOHQLz + || cur1b0||%2) S 450 = min {m, m} s

which contradicts with (4.18).
By virtue of the claim we showed in the above, we derive from (4.17) that

E(t) <4(|VuolFz + || curlbg|72), 0<t<T,

provided that (4.16) holds true. This implies the desired (4.15) and consequently completes the proof of
Lemma 4.3. O
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Now, we can give the proof of Theorem 1.2.

Proof of Theorem 1.2. Let €9 be the constant stated in Lemma 4.3 and suppose that the initial data
(po,ug, bp, bg) satisfies (1.5), (1.6), and

(IVpouollZ> + IbollZ2) (IVuoll72 + || curlbo|Z) < eo.

According to [27, Theorem 1], there is a unique local strong solution (p, u, 6, b) to the system (1.1)—(1.3). Let
T* be the maximal existence time to the solution. We will show that T = co. Suppose, by contradiction,
that T* < oo, then by (1.7), one has

-
/ (V|72 + [|[Vb]|12) dt = <. (4.19)
0

By Lemma 4.3, for any 0 < T < T™, there holds

sup ([|[Vul|7z + [l curlb||72) <4 (|[Vu|Z2 + || curlbg|72) ,
0<t<T

which together with Lemma 2.4 implies that
-
/ (IVulzz + [ Vb]|12) dt < 32 (Vo[ + [l curl bo[|2) T < oo,
0

contradicting to (4.19). This contradiction provides us that T* = co, and thus we obtain the global strong
solution. This finishes the proof of Theorem 1.2. O
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