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1. Introduction

In this paper we investigate the boundary behavior of strictly convex solutions of the following singular
boundary value problem:

det D?u = b(z) f(—u) in €, (1.1)
u=0 on 09, '
where Q C R™ (n > 2) is a smooth bounded convex domain with positive boundary Gauss curvature and f
admits a singularity at zero. Precisely we assume that f satisfies:
(f1) f € CY0,00), f(s) >0, f(s) = oo as s — 0, and is decreasing on (0,0);
(f2) There exists Cy > 0 such that
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where
H(r) = ((n+ )F()Y" N vo<r<a

and
F(7) :/f(s)ds, Vo<t<a

for some constant a > 0. Since we will investigate the boundary behavior of w and u = 0 on the boundary,
we only need concern the behavior of F(7) and f(7) as 7 — 0. That is, the choice of a is not essential to
our results. For convenience, we define ¢ by

@(t) p
-
=tV t 1.
/H(r) , Vo<t <a, (1.3)
0

where p(a) = a. Actually, the existence of ¢ is obvious since % is increasing and integrable on (0, a].

We also assume that b satisfies:

(by) b€ C3(Q) and is positive in ;

(bz) There exist k(t) € C*(0,80) (for some Jy > 0), which is positive, monotone and integrable, and two
positive constants b and b such that

o b(x) . b(z) 7
b= liminf —2) < limsup —2&)__ _
TN B (d(e) T peat BA)

d(z)— d(z)—0

where d(z) = dist(x, 9Q), and there exists Cy € [0, 00) such that

i (50) =

t
where K(t) = [k(s)ds, 0 <t < do.
0

The boundary behavior of solutions of (1.1) may involve the curvatures of 9€). For convenience, we intro-
duce some quantities related to boundary curvatures. For every T € 0Q), we denote by k1(T),- - , kn—1(T)
the principal curvatures of 02 at T, which are positive. We set

n

-1
My = max 21;[1 ki(T), mo = min [] #:(@). (1.4)

The boundary estimates of solutions of (1.1) are related to My and my.
Our main results are summarized as follows.

Theorem 1.1. Let Q@ C R™ (n > 2) be a smooth bounded conver domain with positive boundary Gauss
curvature. Suppose that f satisfies (f1) and (f2), b satisfies (b1) and (b2). If

Cr>1-Cy, (1.5)

where Cy and Cy, are the constants defined in (f2) and (bz) respectively, then there exists a unique convex
solution u of (1.1) and it holds
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imin # imsu #
1<ld<,mf p(EK (d()))’ ldfze)gf— EK (@) = " (1.6)

where ¢ is defined by (1.3),

b Vit i 1/(nt1)
§: (MO(lcf_l(lck))> 7 5: <m0(10f_1(lck))> . (17)

Remark 1.2. (i1) The existence of solutions doesn’t need the conditions (f2) and (1.5). We will adopt the
following Lemma 2.9, Theorem 2.1 in [16] and Theorem 3.1 in [3] to prove it. For more general existence

results, readers can also refer to [17].
(i2) In (f2), we assume that Cy > 0. If C; = 0, in some cases, our results still hold. Actually, if b is
positive and bounded on 2, we can choose k(t) = 1 in (bz). Then, K(t) =t, ¥'(t) = 0 and Cy = 1. (1.6) is

1/(n+1) _ =\ 1/(n+1)
valid for § = (;0) and & = (mio) . If b is unbounded on 0f), there exists a nonincreasing
_ _\1/(n+1)
function k(t) such that (bz) holds. That is, k'(t) < 0 and Cy, > 1. Then we take £ = (i) and the

mo
second inequality of (1.6) holds. If b = 0 on J12, there exists a nondecreasing function k(¢) such that (bz)

1/(n+1)
holds. That is, &'(t) > 0 and 0 < C}, < 1. Then we take { = ;0 and the first inequality of (1.6)

holds. All proofs are similar to those of Theorem 1.1. Note that, in the last case, although the supersolution
—¢(§_K(d(z))) may not be convex, the first inequality of (1.6) still holds since the comparison principle
(Lemma 3.1) doesn’t require the supersolution being convex.

Boundary asymptotic behavior of solutions of singular elliptic boundary value problem has been greatly
studied for the classical Laplace operator. We refer the reader to the papers [8,9,12,22 24| and references
therein.

Now let us review several important results related to our problem on Monge-Ampére equations.

If f(s) = s~ (™2 and b(z) = 1, the existence of solutions of problem (1.1) was obtained for n = 2 in [14]
and for n > 2 in [3].

Later in the paper [13], Lazer and McKenna considered the problem (1.1) with f(s) =s77,v > 1 and a
positive b € C°°(€2), their results are: there exists a unique solution u € C2(Q) N C(Q) of (1.1). Moreover,
there exist two negative constants c¢; and co, such that u satisfies

c1d(z)? < u(z) < cpd(x)?  in Q,

where 8 = "—H and d(z) = dist(z, Q).

Next, Mohammed [16] established the existence and estimates of solutions of problem (1.1) with f €
C*°(0,00) being positive and decreasing, and b € C*(Q) being positive in Q. The author showed the
following results:

(i1) Problem (1.1) admits a convex solution if and only if the problem

u=0 on 09, (18)

{ det D?u = b(z), u <0 in (Q,
admits a convex solution. The existence of convex solutions of problem (1.8) is well known (see [3, Theo-
rem 3|). Based on these results, we will show that there exists a convex solution of (1.1).

(i2) Let f satisfy (f1) and b € C>(Q) be positive. Suppose that u is a convex solution of (1.1). Then
there are positive constants C'; and Cy such that
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Crpld()) < —u() < Cap(d(@))  in D,

pd(z) .
| Du(z) |< Cy ) in Q,

where ¢ is the solution of (1.3) and Q, = {x € Q: d(x) < a} for some « > 0.

In this paper, we study the asymptotic behavior of solutions of (1.1) for more general b. Here b may be
unbounded or may vanish on 9€2. The above results in [13,16] are special cases of Theorem 1.1. In particular,
if b is bounded on €, the assumption (bs) implies that K(t) = t. For f(s) = s~ 7(y > 1), we deduce
from (1.3) that 0 < Elt% < (t) < Egt% for two positive constants ¢; and ¢s. Our results infer that
C d(a:)% <wu(z) < 52d(x)ﬁ for two negative constants C; and Cy, which is consistent with Theorem 3.1
in [13]. For f only satisfying (fy), from our results, we can derive that C1¢(d(z)) < u(z) < Cap(d(x)) with
C1 and C3 being negative constants, which is consistent with Theorem 3.2 in [16].

Cirstea and Radulescu [4-6] first introduced the Karamata regular variation theory to study the boundary
behavior and uniqueness of solutions of boundary blow-up elliptic problems. Since then, this method was
developed by several authors to research boundary behavior of solutions of singular elliptic problem, see
[1,7,18,19,22-24] and references therein. In this paper, also by Karamata regular variation theory and
constructing upper and lower solutions, we investigate the asymptotic behavior of solutions of problem
(1.1) near the boundary.

The present paper is organized as follows. In Section 2 we provide some preliminary results that will be
needed later. The proof of Theorem 1.1 is provided in Section 3.

2. Preliminaries

Our approach relies on Karamata regular variation theory established by Karamata in 1930 which is a
basic tool in stochastic processes (see [2,11,15,20,21] and the references therein). In this section, we first list
some basic facts with respect to Karamata regular variation theory. For the proofs, we refer to [2,21].

Definition 2.1. A positive measurable function f defined on (0, a), for some a > 0, is called regularly varying
at zero with index p, written f € RV Z,, if for each £ > 0 and some p € R,

. f(€s)
sl—lg)lJr f(s)

=¢r. (2.1)

In particular, when p = 0, f is called slowly varying at zero.

Clearly, if f € RV Z,, then L(s) = 1) ig glowly varying at zero.

SP

Definition 2.2. A positive measurable function f defined on (0, a), for some a > 0, is called rapidly varying
at zero, if 1im+ f(s) = 00, and for each p > 1,
s—0

li P = oo 2.2
Jim_f(s)s” = oo; (2.2)
if lim f(s) =0, and for each p > 1,
s—0F
im 1) _ o, (2.3)
s—0+ 8P

Proposition 2.3. (Uniform convergence theorem). If f € RV Z,, then (2.1) holds uniformly for £ € [c1, ca]
with 0 < ¢1 < ca.
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Proposition 2.4. (Representation theorem). A function L is slowly varying at zero if and only if it may be
written in the form

ay

L(s) = 9(s) exp /y (7) dr |, s€(0,a1) (2.4)

T
S

for some a1 € (0,a), where the functions 1 and y are measurable and for s — 07, y(s) — 0 and ¥(s) — co,
with cq > 0.

We say that

L(s) = coexp /y(T)dT , s€(0,a1), (2.5)

S

is normalized slowly varying at zero and

~

f(S) = SPL(S)7 s € (07a1)7 (26)
is normalized regularly varying at zero with index p (and write f € NRV Z,).
Proposition 2.5. A function f € RV Z, belongs to NRV Z, if and only if

/
f€CY0,a1), for somea >0 and lim s7(5) =

s—0+ f (S)

Proposition 2.6. If functions L, L, are slowly varying at zero, then

(i1) L for every p € R, c1L+coly (c1 >0, co > 0 with ¢c1 +co > 0), Lo Ly (if L1(s) — 0 as s — 0T), are
also slowly varying at zero.
(i2) For every p >0 and s — 0T,

sPL(s) =0, s PL(s) — oo.
(i3) Forp€ R and s — 07, W%O and%%p,

Proposition 2.7. If fi € RV Z,,, fo € RV Z,,, then fifo € RVZ, 4,, and fio fo € RVZ, ,,.

Proposition 2.8. (Asymptotic behavior) If a function L is slowly varying at zero, then for a >0 and t — 07,

(i1) js’)L (s)ds = (14 p) 2L (1), for p > —1;
0

(i2) [ L (s)ds (1 — p) "2 L (1), for p < 1.
t

Based on the above results, we show the following three lemmas that will be used to prove Theorem 1.1.

Lemma 2.9. Let k and K be the functions given by (bg). Then

(i1) If k is non-decreasing, 0 < Cy, < 1; and if k is non-increasing, Cy, > 1;
. . K(t) _ . K()k'(t) i
(i2) t£%1+ % =0 and tgrél+ Tt)() =1—Cy;
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(is) IfCp >0, K € NRVZyc, and k € NRVZ1_c, 0,7
(i4) If Cx =1, k is normalized slowly varying at zero;
(i5) If Cp =0, k is rapidly varying at zero.

Proof. (i1) Since K'(t) = k(t) and then (%) 1-— Eg)éc)( ) (71) holds.

(i2) If k is non-increasing, it is clear that hm+ W(t) = 0 since 11%1 K(t) = 0. If k is non-decreasing, by

=0
o< KO kOt _,
(t) (t)
we deduce
K
i ﬂ 0.
t—0+ k(t)
Since

. t - (E@®)Y
o0+ K2 (1) et (k t) ) ’

the second equality in (i2) holds.

(i3) Since
) ot 11
o, () 0 11:((;)) T ot (Ik(_(tt)))/ e
and
L) () K@K . k() KOKE)  1—Cy
oot k() oo K(1) K2 ook K () im0+ K2(2) Cr 27)

we have, by Proposition 2.5, K € NRVZ,c, and k € NRVZ1_c,)/c),-
(i4) It can be obtained immediately from (i3), (2.5) and (2.6).
(i5) If Cy, = 0, it follows from (2.7) that hm the )) = +o0. That is, for any M > 1, there exists tp; > 0

small enough such that

VO<t<ty.

Integrating the above inequality with respect to ¢,
In(k(trr)) — In(k(t)) > (M + 1)(Intp —Int), VO <t<tpy.
Therefore,

k() k(twm)
—_— — t<ty.
0< M <(tM)M+1 R VOo<t<ty

Let t — 07 and then we obtain that k is rapidly varying at zero by Definition 2.2. O
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Lemma 2.10. Let f satisfy (f1) and (f2), and F be defined in (f2). We have

(i1) Cp <1;

(i2) If0 < Cp <1, f satisfying (f2) is equivalent to F' € NRV Z(, 11)c, (05 —1)s
and moreover, it implies f € RV Znwciv1)05-1)

(is) If Cy =1, F is rapidly varying to infinity at zero.

Proof. (i1) Since

HE) = (n+ DFE)Y™) and F(t / f(rdr, W0<t<a,

we have
dt
0
Hence
r dt s
0<H(s)/—§H(s) =s.
(t) Hi(s)
0
It follows that
1 e { % lim H’ s dt C
0< lim — S 1) [ g+ & (28)
0
i.e. Cf <1.
(i) If f satisfies (f3), we see, by (2.8),
, S
i 0y [ "
55— S S— —
His) [ e 0 d
Besides,
Cy L osH'(s) —sf(s) sF'(s)

— 7 — lim ————~— 2.1
Cr—1 - S T ) S s DFG) e i DE () (2.10)

Therefore, H € NRV Z¢, jc,~1) and F' € NRV Z(,,11)c, /(c;—1) by Proposition 2.5. That is, f satisfying
(f3) implies that F € NRV Zni1yc;/(cr-1)-
Now we assume that F' € NRVZ(n—i—l)Cf/(Cf—l)- Then H € NRVZCf/(Cf—l)a ie.,

. sH'(s)  Cf
S HGs) O =1
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by Proposition 2.5. Therefore, from (2.8),

. [dt . sH'(s) . H(s) [ dt
lim H'(s) [ -2 = | 1
S HG) [ = me '
0 0
_Ci1-=0y)
===

That is, f satisfies (fz2).
If e NRVZi1)c, /0,1y, We see, by (2.5) and (2.6),

F(s) = s /(Cr=D () V0 <s<a
for some a; > 0 and L being normalized slowly varying at zero. Taking the derivative with respect to s,

1 N
f(s) = s(nCr+1)/(Cr—1) (M + y(s)) L(s), V0 < s <ay,

where y(s) — 0 as s — 07. Tt follows from Definition 2.1 and Proposition 2.4 that f € RV Znc;41)(05-1)-
(i3) If C'y =1, we deduce, from (2.10),

F'(s) < M+1

, VO<s<lI.

Integrating the above inequality with respect to s, we obtain

InF(l)-InF(s) < —(M+1)(Inl —1Ins), VO<s<I.

Consequently,
F) 1\ —(M+1)
F(s)<<§) , VO<s<l,
i.e.,
F M+1
F(s)s™ > L, VO<s<l
s

Let s — 0" and then we see that F is rapidly varying to infinity at zero by Definition 2.2. O

Lemma 2.11. Let f satisfy (f1) and (f2). Recall that ¢ satisfies

w(t)
/ (n+ )F(r) V" Var =t vo<t<a (2.11)
0

with p(a) = a. We have

(i1) (0) =0, ¢(t) >0, /(1) = (n+ F(p(t)))""""7,
and ¢'(t) = = ((n + DF ()" fo();
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: o' _ 1.
(i2) [lim 35niy = — 7
(ig) (S NRVZl_Cf;
(i) ¢ € NRVZ_c,;
(i5)

If (1.5) holds, lim

15 Jlim, m =0 for £ € [e1, o] with 0 < ¢1 < ca.

Proof. (i1) By (2.11), it is easy to see that (1) holds.
(i2) Since

H(t) = ((n+ 1)F$)" ™ and H'(t) = —((n + 1)F ()" f(2),
we have, by (2.11),

o' t) lim 1

1 (6] ~t((n+ 1) F (o () /"I f (0 (2)

~—

i
o e

— [+ 1) F () ar((n+ 1) F (0 (1) "V (0 (1))

(i3) From (1), (2.8) and (2.11), we derive

) ) L HG) [
t£r51+ o(t) _tLO+ o(t) sL0+ s b/(H< ) d 1=Cr

That is, ¢ € NRVZl_cf.
(i4) It can be directly obtained from (iz).
(i5) If (1.5) holds, by Lemma 2.10(41 ), we have Cy > 0. Lemma 2.9(ig) and (i3) imply that

K e NRVZ%7 0 € NRVZy_¢,.
k
From Proposition 2.7,
w(K(t)) € NRV Z,,

where p = 15? < 1 and then

t

———— € NRVZ,_
P(EK(t)) :
with 1 — p > 0. That is, there exists f/(t) being normalized slowly varying at zero, such that

t
P(EK (1))

for some small a; > 0. Therefore, it follows from Proposition 2.6(i2) that

=tPL(), 0<t<a

t

GO .

87
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3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. We first present the following Lemma and refer to Lemma 2.1 in
[13] for its proof.

Lemma 3.1. (The comparison principle) Let Q0 be a bounded domain in R™ with n > 2, and uj,us €
C?(Q)NC(Q). Suppose that g(x,n) is defined for x € Q and n in some interval containing the ranges of u;
and us. If

(i1) g(x,n) is increasing in n for all v € §;
(iz) the matriz D*uy is positive definite in Q;
(i3) det D?uy > g(x,u1) in ;

(i) det D?uy < g(x,uz) in €;

(i5) ug > uy on 09,

14

15
then we have
ug > uyp  in .

Before giving the proof of Theorem 1.1, we recall some results on the distance function. Let d(xz) =
dist(z, 09Q) = i%fg |z — y|. For any ¢ > 0, we define
yeE

Qs ={z€N:0<d(x) <}
If © is bounded and 992 € C™ for m > 2, by Lemma 14.16 in [10], there exists d; > 0 such that
de C™(Qs,).
Let T € 09, satisfying dist(x,9Q) = |z — |, be the projection of the point & € Qs, to I, and ;(Z)(i =

1,---,n — 1) be the principal curvatures of 90 at Z, then, in terms of a principal coordinate system at T,
we have, by Lemma 14.17 in [10],

Dd(z):(0,0, al)v

270N _ g @ —Rna(@) (3.1)
{D d(x) = diag kd(zl)m(az)v a2 @) 0| -

Proof of Theorem 1.1. The existence of solutions of (1.1) can be obtained by the following way. We consider
two cases: Cy > 0 and Cj, = 0, which is defined by (bz).
If C > 0, we see from Lemma 2.9(i3) that

ke NRVZi_c,)/c,-
By (2.5) and (2.6),
k(t) =t L), VO <t <a
for some a; > 0 and L being normalized slowly varying at zero. Furthermore, by Proposition 2.6(iz), we see

that for 0 < @ < Cik, L(t)t% — 0 as t — 0T. Therefore, by (by), there exists & > 0 sufficiently small such
that
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b(z) < 2bd(x)(F )@+ (i(d(x)))"+1 < 2d(a) () o

It follows that

1 —

b(z) < Cd(z) e 7DD 4y

)

89

(3.2)

for some positive constant C since b(z) € C3(Q). By Theorem 3 in [3], problem (1.8) admits a convex

solution. Therefore problem (1.1) admits a convex solution u by Theorem 2.1 in [16].

If Cr = 0, by Lemma 2.9(i5), k is rapidly varying to zero. Definition 2.2 implies that for any p > 1,

k()
tP
also admits a convex solution.
The uniqueness of solutions of (1.1) can be derived immediately by Lemma 3.1.

Now we prove the estimates (1.6).

€ - (I_) _ 5)(1 _ g) . 1/(n+1)
=\ Mo(1—-C7M (1 - Cy))

For any € > 0, let

and

mo(1 —C7H(1 - Cy

_ ( (b+e)(1+e)+e ) HHh
£ = ;
I )

where b, b and Cj,, M, and mg, and Cy are given by (bz), (1.4) and (fz) respectively. Define
U (x) = —p(§_K(d(z))) and u.(z) = —p( K (d(x))) in Q.
Choose v € C?(2) such that
D*»>0 onQ, v=0 ondN.
By Av > 0 on Q and the Hopf lemma, there exist negative constants ¢; and ¢y such that
crd(z) < v(x) < cod(z) on Q.
We claim
u+ Mv <u. in Qs
and
u, + Mv <wu in Qj5_,

where M and 0. are positive constants (depending on €) which will be determined later.

— 0 ast— 0T. Hence (3.2) holds with Cik — a — 1 being replaced by any p > 1. That is, problem (1.1)

(3.3)

(3.4)

First, we prove that . is a supersolution and wu_ is a subsolution of (1.1) in ;.. By Lemma 2.9(i2),

() (d(z)
2€Q k2(d(z))

d(z)—0

=1—Cy.

(3.10)
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Since
K € C?(0,60) N C[0,8), K(0)=0
and
p(K(d(x)))
Kde)= [ (o+ 0F@) ™ ar,
0

we see, by Lemma 2.11(¢1) and Lemma 2.11(ig),

K @)

d(xz)—0

Since, by (3.3),

K (d ()" 1

(n+1)F(p _
FeEWd@)) 0

(
f

M1 - C7 (1 =Ch)) — (b—e)(1 —¢) = —¢,

we deduce from (3.10)—(3.12) that there is d. > 0 sufficiently small such that for z € Qs_,

Similarly, for x € Qs_,

n+1 _ K(d(m))k’(d(x)) ((TL—}-I)F(@(éEK(d(x)))))"/(77~+1)
§5 MO (1 k2 (d(x)) éEK(d(x))f(W(égK(d(m))))

—(b—¢e)(1—-¢)<0.

& me (1 _ K(d@)K (d(2)) (n+DF (p(€. K (d()))))"™/ "
1>

k2(d(=)) E K (d(@)) f (¢ (€K (d(2))))

—(b+¢e)(1+¢€)>0.

Since

n—1

tim [ (1 d (@) (7)) = 1
d(x)—0 1=1

where Z is the point on 9 such that d(x) = |x — T|, we also have, for z € Qs_,

1—€<nl:[(1—d(z)fii(f))<l+€.

Moreover, it follows from (bz) that for z € Qs_,

(b~

In view of (3.5), we see, obviously,

)k (d(x)) < b(w) < (b+e)k"(d(x)).

U (x) <0 in Q5., T(z)=0 on ON.

)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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By direct computation,

The last equality is obtained from Lemma 2.11(41). Using (3.10), (3.11) and (1.5

(@e (2));; = (=0 (€K (d(2))))is

= ¢ v (& K(d(x))) (@) + ' (€K (@) K (d())] did

k
—sso(ng(m) (d () dy

:§€k2( (@) f(p(§ EK(d( ))))( n+1)F < ('5 K (d(x ))>>)(17n)/(n+1)

)

(
« |1 = K(d( K (d(z ((n+1)F(¢(§ K (d(z)) )))n/<n+1) "
k2 (d(z)) 3 1((d(1))f( (E 1((d(z)))> iUy

—ek@@) (0 F (p (ex@@))))

L i K e (DR (e K Ee))))
see  #(A@) ¢ K(d@)f (e (¢ K (d@)))

d(xz)—0

:1—15fk>0.

Therefore, for d. sufficiently small,

Since the matrix (d;d;) is nonnegative definite and the matrix (d;;) is nonpositive definite, we have,

1-—

K (d(x)) K
(

R (d (@) K@) f (¢ (em (@))

D?G. >0 in Q..

Therefore, by (3.1), (3.13) and (3.15), we derive that for x € Qs_,

ie.,

Analogously,

det D*@. (x) — (b — &) k"™ (d (2)) f (-~ (w))

= (" (e (£ K@) k@) ;(*;"’)(2@)
x[¢" (K <a:>)) K (d <:c>> + s ¢ ( K (d(@))) K (d(2))]
— (b= )k (d (@) f (o (€K (
<(-o) W @) f (v <§ K (d )))

n/(n+1)
y [§:+1M0 (1 _ K(d(x))K (d(x)) (n+1)FE<p(£ K(d(x))))) > (b (1 6)‘|

12 (d(x)) ¢, K(d(x))f (o6 K ()
<0

)

det D*T. (x) < (b—e) k" (d (2)) f (—Te () < b(x)f (—Te (x))

det D*u, (z) > (b+¢€) k" (d () f (—ue () = b(@) f (~u. (2))

(1) (re0 7 (p(ex@m))™™ ..
d

in Q(;E .

in Qs,.
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(3.17)

(3.18)
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Next, we choose a sufficiently large constant M > 0, such that
u+Mv<u, onT={zeQ:d(x)=0}
Since
u=v=u. =0 on 9N
and
det D?(u + Mv) > det D*u = b(z) f(—u) > b(z)f(—(u + Mv)) in Q,
we deduce, from (3.17) and Lemma 3.1,
u+ Mv <. in Qs_,

i.e., (3.8) holds. In the same way, we show (3.9) holds.
Finally, (3.5), (3.7) and (3.8) imply that

hd > cd(z) in
—_— 2l - 5. -
—p(§_K(d(x))) —p(§_K(d(x)))
Since, by Lemma 2.11 (i5),
: d(z)
lim 0,
252 p(€ K(d(x)))
we have
L u(x)
1 <liminf ——————.
= B o K@)
Let ¢ — 0 and then we conclude
o u(x)
1 <liminf ———+——.
20 —p(EK(d(2)))
Similarly, we obtain
lim sup _u(—x) <1
e, —e(EK(d(x)

This completes the proof of (1.6). O
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