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1. Introduction

In this paper, we are concerned with the existence and multiplicity of positive and sign-changing solutions
for the following problem:

—div(K (z)Vu) = AK (2)|z|° |u|92u + Qx)K (2)|u)* "2u, zeRV, (1.1)

where N > 3,2 < ¢ < 2* =2N/(N—2), A > 0 is a parameter, K (z) = exp(|z|*/4),a > 2, = (a—2) gi:gg
and 0 < Q(z) € C(RY) is assumed to satisfy the following condition:
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(Q1) There exist k different points a',a?, ..., a* in RY such that Q(a?) are strict maximums and satisfy
Q') =Qu =max{Q(z): 2 e RV} >0, j=1,2,... k;

(Q2) None of the points a',a?, ..., a* is an origin;
(Q2") One of the points a',a?,...,a" is an origin;

(@3) Q Q(x) {0(|$—Qj|N(N2)q/2)’ i ai 40,
M — xr) =

f J,5=1,2,... k.
0(|$ _ aj|N+B7(N72)tI/2)’ if a7 =0, or wnearat, g

Fora=qg=2,A= (N —-2)/(N +2) and Q(z) = 1, equation (1.1) is originated from finding self-similar
solutions of the form

" u(zt=/?)

w(t,x) =t
for the evolution equation
wy — Aw = |w* N Dy on  (0,00) x RV,

See [6,9] for a detailed description.

Equation (1.1) with @« = ¢ = 2,Q(z) = 1 has been treated by many authors. See [10,13,14,16] and
reference therein. When ¢ = 2,Q(z) = 1, Catrina et al. [4] have obtained some existence results of the
Brezis—Nirenberg type and have showed that the critical dimension of the problem depends on the value
of a. Later on, when Q(z) = 1, by using Mountain Pass Theorem and Linking Theorem, Furtado et al. [7]
have proved that there are a positive solution if 2 < ¢ < 2* and a sign-changing solution if ¢ = 2. Recently,
Furtado et al. [8] have considered the following equation

—div(K(2)Vu) = K(z)f(u) + MK (2)|u)® ~%u, zeRV, (1.2)

where f(u) is superlinear and subcritical. In that article, for any given k € N, they have shown that there
exists A* = A*(k) > 0 such that (1.2) has at least k pairs of solutions for A € (0, A*(k)). But they can
not give any information about the sign of these solutions. We also refer the interested reader to [2,3,15,20]
for various existence results in the case K(x) = 1 and a = 2. As far as we know, we have not seen any
multiplicity of positive and sign-changing solutions for problem (1.1) with the fast increasing weights K (x)
and 2 < ¢ < 2* in the literature.

The aim of this paper is to use the shape of the graph of Q(x) to prove the existence and multiplicity of
both positive and sign-changing solutions for problem (1.1), this property has been firstly observed by Cao
and Noussair [2,3]. For the problem considered here, some different phenomena may appear since we have
an additional weighted function K (z). We will combine the effect of K(z) and the shape of Q(z) to study
(1.1). Our main results are:

Theorem 1.1. Assume conditions (Q1), (Q2) and (Q3). If N > 3 and 2¥=2 < q < 2*, then there exists
Ao > 0, such that (1.1) has at least k positive solutions for A € (0, \g).

Theorem 1.2. Assume conditions (Q1), (Q2) and (Q3). Then there exists Ao > 0, such that (1.1) has at
least k sign-changing solutions, if one of the following statements holds:

(i) N > 4,222 < g <25, X € (0,\);

(71) N=3,5<q<2", A€ (0,)).

The following two Theorems consider a different case from the above two Theorems, in which one of the

2

. 1 k-.‘ o .
points a,a”,...,a" 1s an origin.
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Theorem 1.3. Assume conditions (Q1), (Q2') and (Q3). Then there exists Ao > 0, such that (1.1) has at
least k positive solutions, if one of the following statements holds:

(i) N>2+a/2,20=2 < g <25, X € (0,\);

(1) 3< N <24 /2,2 —4/a < qg< 2", X € (0,)).

Theorem 1.4. Assume conditions (Q1), (Q2') and (Q3). Then there exists A\g > 0, such that (1.1) has at
least k sign-changing solutions, if one of the following statements holds:

(i) N>a+2,2=2 <qg<29,X€ (0, \);

(i) 3< N <a+2,2"—2/a<qg< 2,1 (0,\).

Problem (1.1) is variational in nature. Indeed, for any a > 2, let us denote by H(«) the Hilbert space
obtained as the completion of C§°(RY) with respect to the norm

1/2
Ju = (m/ K(@)|VuPds
N
We also define the weighted Lebesgue spaces
L (a) = { umeasurable in RY : [ulld x = /K(m)\x|ﬁ|u|qu < 00
RN

From [7], we know that the embedding H(«) < L% (c) is continuous for 2 < ¢ < 2* and compact for
2 < q < 2*. Tt then follows that the following functional:

1 A "
) =5 /K(x)|Vu|2dx— - /K(:c)|x|5|u|qu— 2i /Q(:U)K(x)|u\2 do
RN RN RN

is well defined on H(«) and there exists a one to one correspondence between the critical points and the
weak solutions of (1.1). Here, we say that v € H(«) is a weak solution of (1.1), if for any v € H(«), there
holds

/ K(z) [VuVU — Mz P u|?%uv — Q(x)|u

RN

2*_2uv} dr = 0.

In the proofs of Theorems 1.1-1.4, we will employ the methods which has been introduced previously
by Tarantello [17,18] and later refined by Cao and Noussair [2] (see also [5]). The main difficulties lie in
two aspects. Firstly, since the embedding H(a) <+ L% (RY) is not compact, the functional Iy satisfies (P.S)
condition only locally. Different from the test functions used in [4,2], we use the following test function

CneN-2)/2

(€2 + |z — a|2)(N=2)/2”

Re,al = K(x)il/%p(x - aj)

where Cy = (N(N — 2)/QM)(N_2)/4, ¢o(z — a’) is a cut off function, and then succeed to prove that
the energy level belongs to the range where (PS) condition hold. Secondly, in comparison with [2], the
calculations here are more delicate due to the presence of |2|?. To overcome this difficulty, we consider two
distinct cases whether or not the condition (Q2) holds. The calculations will be done under (Q2) and (Q2’)
respectively (see Appendix A and B below).
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This paper is organized as follows. In the next section, we give some notations and preliminaries. We prove
Theorem 1.1 in section 3, and Theorem 1.2 in section 4. Section 5 is devoted to the proofs of Theorems 1.3
and 1.4. In Appendix A and B, some important estimates are shown.

2. Notations and preliminaries

Throughout this paper, we write [ u instead of [,y u(z)dz. B,(z) is a ball centered at x with radius 7.
Set B,(x), S, (x) denote the closure and the boundary of B, (z), respectively. — denotes strong convergence.
— denotes weak convergence. All limitations hold as n — oo unless otherwise stated. C' and C; denote
various positive constants whose values can vary from line to line. What’s more, the following minimization
problem will be useful in what follows:

S_inf{/K(x)|Vu|2 . we H(a), /K(x)|u|2* = 1}. (2.1)

It is worth mentioning that this constant S is equal to the best Sobolev constant, see [4].

For j = 1,2,...,k, by the condition (Q1), we can choose n > 0 small enough such that Bs,(a’) are
disjoint, 0 < Cy < |z+a?| < Cy for x € By, (a’) with @/ # 0, and Q(z) < Q(a’) for x € Ba,(a’) \ {a’}. Let
g: H(a) — RY be defined by

Set
My ={u€ H(a) :u#0,(I}(u),u) = 0},
and then define, for j =1,2,...,k,

M = {u € My g(u) € By(a)},
U = {u€ My g(u) € Sy(a')},
Vi = {u:uF e ML},
W] = {u:ue My, g(uF) € B,(a’) and either g(ut) € S, (a’) or g(u™) € S,(a’)},

where u = max{u,0} and v~ = min{u,0}. Correspondingly we also define
ml = inf Iy(u), m, = inf I(u),
uEM u€EU
M/J\': inf Iy(u), Mg\: inf Iy(u),
u€Vy uEWS

then we have the following result.

Lemma 2.1. Assume A > 0 and conditions (Q1), (Q2) and (Q3). If N > 3 and 2%__22 < q < 2%, then

SN/2

< W, (2.2)

my

forj=1,2,... k.
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Proof. We take 2. = 2., = K(2)"Y/2p(z — a/)U.,; from Appendix A. Define the function h(t) =

I)(tz:),t > 0. Clearly, h(t) has a unique maximum point ¢, > 0 which follows that t.z. € M. This
and the fact that z. has symmetric support about a/ imply that t.z. € M. Thus, (2.2) will follow if we

can show
SN/2
In order to prove that, we set ¥(t) = % J K(2)|Vz|*— f Q(z)K (z)|2:|* . By using ¢/ (t) = 0, we deduce

that 1 (t) achieves its maximum at

T B fK |VZ |2 (N-2)/4
Max — fQ |Z .

Consequently,
sup Iy (tze) = In(teze)
t>0 )\
= ult) = 5t / K (2)[2]) 27
A
< U(Tiga) = St / K(2)[2]) 27

N/2
fK |st\2 A, 1t
S| ot [ K@l

l[m

Next, we can assume that . > C; > 0. If not, there exists a sequence &, — 0% such that ¢., — 0. It
then follows from the continuity of I and the boundedness of {z. } that

SN/2
st1>118 In(tze,) = In(te, 2.,) > 0 < 7]\7@5\2\,_2)/2,

namely, the proof is finished. So, we can assume t. > C7 > 0.
Thus, if N > 3 and 2=2 < ¢ < 2%, we get from Appendix (A.la)-(A.lc), (A.7a) and (A.12) that for
e > 0 sufficiently small

N/2
1 Ay +7(e A
sup Iy(tz) = & 1+ 7(c) ww| - ot [ K@)l
>0 N (QurAsz + O(eN) + o(eN—(N=2)a/2)) q
N/2
7+ T(0) + O(EN) o A2) e
NQYy,
SN/2

< 7\/’@5\?72)/2 ’
where

O(=N-2) 4 O(e) + O(2), it N4
7(6) = { O(eN7?) + O(e) + O(e?|Inel), if N =4,
O(EN=2) + O(e|Ine]) + O(e), if N =3.

This completes the proof of Lemma 2.1. O
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Lemma 2.2. Assume condition (Q1). Then there exists Ao > 0 such that

Wmm >
A NQU I

2SN/2

(2) M} > — s,
NQy Y

forj=1,2,...,k, and X € (0, \p).

Proof. To prove part(1l), suppose to the contrary that there are sequences A, — 0, and {u,} C U{n such
that

SN/2
NQ(N —-2)/2’

[ E@IVu = [ K@l = [ Q@

Then it is easy to check that {u,} is bounded in H(«) and then A\, [ K(z)|z|?|u,|? — 0. Moreover, since
fQ < QuS T A([ K(@)[Vun)? /2 and [ K(@)]allu|t < C(f K(@)|Vun[2)1/? (see [7,
p- 1038, Pr0p051t10n 2.1]), we can deduce from the last equality that there exist constants Cy and Cy such
that

I, (up) = ¢ <

/K )| Vun|> > C; >0 and /Q z)|un|> > Cy >0,

foralln =1,2,---. Thus, we can choose t,, > 0 such that v, = t,u,, satisfies

[ K@Vl = [QuK@)e

(N—2)/4
/Q (@) [unl* + A /K ) 2] |

[ Quk @

and

are bounded. Since Q(z) < Qpr and )\n/K(w)\x|ﬁ|un|q — 0, we have ¢, — top < 1. Indeed, ¢y = 1. This

follows easily from

SN/Z )
NQUI JE&‘/K Vol

IA

= lim —t2/K )|V, |?

’ﬂ—)OO

= lim 2 [ L (/K(a:)|Vun|2 —An/K(az)lxlﬁlunlq>
; (% - é)xn/mﬂc)lxﬂunq]

Please cite this article in press as: X. Qian, J. Chen, Multiple positive and sign-changing solutions of an elliptic equation with
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= lim 21y, (u,)

n— oo
= t%c
N/2
<t S(N—Q)/z'
NQ,,

The inequalities above also show that

SN/2 ) SN/2

Let wy, = v, /([ K(2)|va|?>")'/?". We first notice that

/K(w)|an\2 58

which means that {w,} is a minimizing sequence for the problem (2.1). Next, by using a result of Lions [11,
p. 158, Lemma 1.1], we can find a point x9 € R and a subsequence (still denoted by {w,}) satisfying

lim_ OK (2)|wn|? = ¢(x0), for any ¢ € C(RY). (2.4)

In particular, we have

= (o),

( %_/WK@MMT__/%K@W%?
R L

and so, from g(u,) € S,(a?), we have z¢ € S, (a’). Then, we can apply (2.3) and (2.4) to obtain that

3 ([ K@Vl =, [ K@lal )
+(1 - l)An/K(m)a;|f3|un|q]

Jin & [ Q@K @)

Jin 3 [ Q@K@

~960) o [ Qe

NQum

_ Q(zo) . 2
= NOu Jim [ K ()| Vo,

Q(l“o) SN/2
NG Q¥ D7
SN/Q

NQE\ZV—Z)/Q’

lim I, (up) = lim

n—o0 n—oo

a contradiction to (2.3). Hence part (1) holds.

Please cite this article in press as: X. Qian, J. Chen, Multiple positive and sign-changing solutions of an elliptic equation with
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For part (2), we argue by contradiction once more. If, to the contrary, there are A, — 0 and {u,} C Wi
such that

QSN/Q
NQU

[r@IVaE? x| K@l = [ Q@K@

In view of I, (uy,) = I, (u,}) + I, (u,, ), we must have

I, (up) = ¢ <

n SN/2 gN/2
= < =
Jim Ty, (uy,) < NQEDP or  lim Iy, (u,) < NQED

But, either of the two inequalities above will lead to a contradiction, as in the proof of (1). O
3. Multiple positive solutions under the condition (Q2)

In this section, we will prove Theorem 1.1. First, we have

Lemma 3.1. Assume conditions (Q1), (Q2) and (Q3). There exist \g > 0 and a sequence {u},} C Mf\ such
that

ul >0, Ih(u)— mi, I (ul) — 0,
forj=1,2,...,k, and X € (0, o).

Proof. Following the same ideas presented in lemma 2.4 of [2], we have that /\_/lf\ = Mf\ UZJ/{ and L{/{ is the

boundary of Mﬁ\ By Lemmas 2.1 and 2.2, we have there exists Ao > 0 such that mg\ < m& for A € (0, Ag).
Therefore, we get

md, = inf{I)(u) : u € ﬂ&}

Using Ekeland’s variational principle, we obtain a minimizing sequence {uf} C M with the following
properties:

) ; 1
(a) In(ud) <m) + -
. 1 .
(0) In(uh) < In(w) + —flw = ul|, for any we Mj.
From Iy (|u|) = Ix(u), we may assume u/, > 0. For each v/, by the same argument as in Lemma 2.4 of

Tarantello [17], there are &, > 0 and a differential function ¢,, defined for w € H(«), w € B, (0) such that
tn(w)(ud, — w) € M3, and

/K )Vul, Vv —q/\/K Y|P lud |97 2ud v /Q o)|ul | ~2ul v

[ R@IVE - - A [ Kl - —1/@ (@)l

Choose 0 < p < &, and let w, = pu with |lu| = 1. Fix n and set z, = t,(w,)(ul, — w,). Since z, € Mi, it
then follows from (b) that

(3.1)

; 1
Ix(zp) = Ix(u},) = _gHZp —ud, |-

Please cite this article in press as: X. Qian, J. Chen, Multiple positive and sign-changing solutions of an elliptic equation with
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From the definition of Fréchet derivative, we also have
o i i 1 i
{In(un), 2o = un) +olll2p —ull) = = —llzp — |l
Hence,
4 . 1
(I3 (uf), (ufy, = wp) + (ta(w,) = 1) (ul, — w,) —uf)) > =Mz = ul, ||+ o(]|zp — i)
which implies that
. ) . 1
(I3 (1), wp) + (tn(wp) — 1) (T4 (), uf, —wp) = o ul, ||+ olllzp — ud )
From which, we have
= p{I5(ud), )+~

+ (tn(wp) — )(Iﬁ( 1) = 15 (2p), uf, — wy)

1
2 —ﬁllzp—uj I+ o(llz, = will) (3.2)

Due to t,(w,)(ul, — w,) € MY, we also have (I}(z,), t,(w,)(u} —w,)) = 0. This and (3.2) yield

o <Lzl oz, — i)
I/ uzl U <= 4 4 n
(B <2 12— -
t —1 . )
U AR ACARE (3.3

From ||lul| =1, (3.1) and the boundedness of {u}, it follows that

lim |tn(wp) — 1] — lim [t (0 + pu) — t,,(0)]

p—0 p p—0 P
= (t,(0),w)
< [[£5.(0)]]
< (4.
Note that
25 — uiz” = th(wp)(u% —wp) — (U% —wp) — wp|

= (tn(wp) -1) (UZL - wp) - wp”
< tn(wp) = 1] - [Juf, — wp|| 4 [Jw,||

= tu(w,) — 1Ca + p.

Furthermore, for fixed n, since (I'(u,),ud) = 0 and (uf, —w,) — ul, as p — 0, we obtain by letting p — 0
n (3.3) that

(I'(uf,) ) <

sQ

from which it follows that I{(uf,) — 0. Thus, the proof is complete. O
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Lemma 3.2. Assume condition (Q1) and A > 0.
(1) If {un} C My be a sequence satisfying

SN/Q

I(up) —» ¢ < and I\ (u,) — 0,

NQS\y—Q)ﬂ

then {uy,} is relatively compact in H ().
(2) If {un} C VX be a sequence satisfying

SN/2

!
W and IA('U,n) — 0,

In(u,) » e < mf\ +

then {uy,} is relatively compact in H(«).
Proof. (1). It is easy to check that {u,} is bounded in H(«). Thus, we can assume that

Up — ug in H(a),
up — ug in LY (), 2<q<27,

Uy — ug a.e. on RV,

We claim that I} (ug) = 0. Indeed, let us consider v € C§°(R”) and set = supp(v). By Young’s inequality,
we have

’K(x)|m\5|un\q_2unv‘ < C’(K(J:)|un|q + K(:c)v|q> a.e. in Q.
Since lim, oo [ K (2)|un|? = [ K(z)|uo|? and v € C§°(RY), we can apply Lebesgue Theorem to obtain
nh_}ngo /K(x)|z|ﬁ|un|q72unv = /K(I)|x|ﬁ|uo|q72u0v. (3.4)
Since [un|? "2, — |uol? ~2up in L (Q), a similar argument as above shows that

lim [ Q@)K (2)|un|? 2unv = /Q ()| uo|? ~ugv. (3.5)

n—oo

From (3.4), (3.5) and the weak convergence of {u,}, we conclude that

0= lim (I} (un),v) = (I5(uo),v), forany v e Cg°(RYN).

n—oo

Hence, the claim follows by density and then

[ K@l -x [ K@l = [ Q@
Iy (up) = (——)/K )| Vo |* + (6_)/Q ()|uol?” > 0.

Set wy, = u, — ug. According to Brezis-Lieb Lemma [1], we obtain that

[e@E@ll = [e@r@lnl + [ Q@@ + o)

Please cite this article in press as: X. Qian, J. Chen, Multiple positive and sign-changing solutions of an elliptic equation with
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and

/K(x)|Vun|2: /K(x)|w0|2+/K(x)|wn\2+o(1).

One has that

/K(x)an\Q:/K \Vun|2—/K )| Vo2 + o(1)
[ K@l [ Q@RI - /K Vol + o(1)
3 [ K@l + [ Q@K@ + [ @k

- [x

()| Vuo[* + o(1)

— [ @K@+ o).
Now assume
/K )| Vw,|* =1 >0, /Q z)|wn)? = 1>0.

If I # 0, it then follows from [ Q(z)K (z)|w,,
Thus,

2 < Qu [ K(z)jw,|> and (2.1) that [ > SN/2/Q(~2)/2,

lim Iy (un) = In(uo) + nh_)rréo I (wy)

n—oo
1
> Iun) + [ K(@)[Twnf
SN/2

Z I,\(’U,o) + W

SN/2
= NQ%[VfQ)/Q

which contradicts to the hypothesis in (1). Hence | = 0, i.e. u, — up in H(a).
(2). From {u,} C V{, we get I)(u;f) > m} and

/K )V fA/K Y]]k |7 + /Q Y
I(un) = I(w)h) + In(uy,

Since Iy (up) = ¢ < mi + SN/Q/NQ%IV_Z)/ and Iy (ul) > m)\, one must have

N SN/Q
Jim Ty (uy) < NQUWI

It is trivial to show {u,} is bounded in H(«), so we may assume

un — ug in H(a),
Up — Ug a.€. O ]RN,

uf = uF in H(a).
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£ _ %
Set wr = uy —

of part (1). Thus we complete the proof. O

ui. We claim that ||w;F|| — 0. Otherwise, we can establish the contradiction as in the proof

Proof of Theorem 1.1. For j = 1,2,...,k, Lemma 3.1 implies that there are \g > 0 and {ul} C Mf\
satisfying w?, > 0, I\(u)) — mg\ and I{(u/)) — 0 for A € (0,)o). It then follows from Lemmas 2.1 and
3.2 that u/ — w? and w/ # 0 is a weak solution of (1.1). By a standard elliptic regularity argument then
u? € C?(RY) and the strong maximum principle imply that u’ is a positive solution of (1.1). Finally, since
g(u?) € By(a’) and B, (a’) are disjoint, we conclude that u* and u/ are distinct if i # j. This completes the

proof. O
4. Multiple sign-changing solutions under the condition (Q2)

Now, we are in a position to prove Theorem 1.2, following Cao and Noussair [2], we first show the following
two lemmas.

Lemma 4.1. Assume X > 0 and conditions (Q1), (Q2) and (Q3). For j =1,2,... k, we have

SN/2

NQE\J4\772)/2’

M <mi +

if one of the following statements holds:

(i) N> 4,222 < g < 2%

(ii) N =3,5 < q < 2*.

Proof. Let z. = 2z, s = K(x) ' 2p(x — aj)UE,aj be as Appendix A. Clearly, the proof will be completed if
we can prove that:

(1) For each A > 0, j = 1,2,...,k and € > 0 small enough, there are s.,t. € [1/2,2] such that (s.u’ —
tgzg)i € Mi, where u/ is the positive solution obtained in Theorem 1.1.

} . SN/2
2) sup Iy(su! —tz.) <m) + ——75.
( )s,te[l/z,z] : A NQ%;]_%/z
Proof of (1). Let § be as Appendix A and set
dy = min{v’ (z) : |z — a?| < 26},

dy = max{v’ () : |z — a’| < 26},
1/(N-2)
A1)

g LGk
2 4ds

1/(N-2)

From the definition of z., we know that |z —a’/| > /A implies that 1u/(z) > 22.(x), and |z — a/| < \/EB
implies that 2u (z) < 3z.(x). Now define

v ={z e RV :su(z) > tze(x), t,s€(1/2,2]},
Y2 ={zcRY: |z —d’| > eA},
Y2 ={reRY:|z—-d| >eB}.
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It is easy to see that
2cyfcxd

Next, we estimate the following integrals

[E@VGu =z [ Kl i — 2% [ @K@ — 20
One has
/K(ac)|V(su] —tz) T2 = K(2)|V(su? — tz.)|?
=d
> / K(2)|V(su? —tz)|?
22

> [ K(@)|V(sw)? —25t/ K (2)|Vad ||V
n2

2/ (2)|V (su?)|? —/RN\Eg ()| V(su?)[?

g (/K(m)vuj|2)l/2 (/EgK(x)WzEP) 1/2.

On the other hand, we also have

/K(ﬂf)W(SUj —tze)*[
K(2)|V(su? —tz)t|?

IA

IN

S
LK@VER s [ K@k s [ KEIv|vs)

/K )V (su?) |2+4/ K )|V ze |2

+8</22K(x)|vu1|2) (/ K(x |vZE|2>

By easy calculation, we have [, K(2)|Vz:|? < Ce™W=2/2 for some positive constant C. Then it follows

IA

/2

from the inequalities above that

'/K(ar)V(su] —tz) T2 - /K(:p)|V(su3) 2 < e/, (4.2)

For the second integral, from an elementary inequality

(a—b)" >ad" —ra" b, fora>b>0andr > 2,

we have that
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[ E@lPisu ~ 201 = [ K@)fal s~ bl

s
> /K(x)\x|ﬁ|suj — tz|?

z/K@m%wwﬂﬂ%/Kmm%w%%
2 2
z/Kmm%ww—/’mmm%mw
RN\x2
—qsi 1t / K(:v)|x|5|suj|q_125

=2
Moreover, it is easy to verify that
[ E@lPisw — 201 < [ Kl sul,

/ K ()[2)|sul|? < C1eV/2,

RN \52

/K(glc)|x|5|suj|qflzs < CpeN-2)/2,

for some positive constants C7, Cy. From the inequalities above we obtain

‘/K(w)|x|5|(suj —t2)T|7 — /K(m)|x|ﬁ 1| < CeN=2/2, (4.3)

Similarly, we also have

’/Q(.’IJ)K(&J |(su? —tz.) /Q (z)|su?)?" | < CeW=2/2, (4.4)
Define
h*(s,t) /K WV (sud —tz)T|* — /K || (su? — tzo) T — /Q ) (su? —tz)tF
Since [ K(2)|Vu/|? — A [ K(z)|z|?|w/|? — [ Q(z)K (x)|u/|>" = 0, we can use (4.2)-(4.4) to obtain
(s,t) /K )| Vsul|? — /K V|| Psu? |1 — /Q (z)]|su?|?” 4+ O(eWN=2/4),

By I\(v/) > 0 and (I{(u’),u’) = 0, we can further obtain that, for £ > 0 small enough
+ (1 + 1
h i’t >0, h"(2,t)<0, foranyte 5,2 . (4.5)
Next, define:

mmwz/memw4@ A/K el (sud — t2.)~ /Q )|(s — t2.)" 2
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Obviously,
h™(s,t) /K NV (tze — sud)T|? — /K NP |(tze — su?)T|9 — /Q (tze — su?)F|?.

Let ¥ = {z € RN : tz.(z) > su/(x)}, it then follows that X7 = RV \ ©F and RV \ 23 c X7 c RV \ 22
By using similar calculations, as above, we have

< 0N/,

‘/K(m)W(tza —sul) T2 — /K(m)IV(tza)I2

K(@)[al?|(t2 — sul) |1 — | K(@)|a]?
/ /
’/Q (t22 = sy [ QU)K ()t

9| <CeN2 it g>

< CEN/27

and therefore

(5,1) /K IV (t22)[2 )\/K Y|tz — /Q )|tz + 0N
:ﬂ/wam”wﬁ/ MWWM“%T/M@(@%F+mﬂ® (4.6)
= 1241 +7(c) — ACeN~IN=29/2 42 Qp Ay + o(eN=(N=2)9/2) 4 O(eN/4)

where the last equality follows from Appendix (A.la)—(A.lc), (A.7a) and (A.12).
Noting A; = QA then as in (4.5) we get, for € > 0 small enough

1 1
h~ <t, 5) >0, h™(t,2)<0, foranyte [5, 2} . (4.7)

Using (4.5), (4.7) and a theorem by Miranda [12] (see also [19, p. 701, Theorem 1]), we derive that there
are sg,t. € [1/2,2] satisfying

h+(557 E) =h" (567 5) =0

which implies (s.u’ —t.z.)* € M.
To complete the proof of part (1), it suffices to show that, for ¢ > 0 small enough

9((sew? — teze)®) € By(a?).
First, we consider g((scu/ — t.2:)"). One has
[(scw? — teze) TP < fseu? [
and
|(set? — tez) V)P > |scwd|? — 282 Ut |u? [P~z
on XF. Based on the two above inequalities we further obtain
0> [(seu! — teze) TP — [scw |7 > =272 M|l P 2

and so
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‘/ K (@)[|(seu? —tez) P - L%WTI <rd e [ K
‘/xiK(x)[|(5€uj —teze) TP - |Seuj|2*]‘ = 2*85*71&/K(x)|xi|\uj\2**lzs7

for any z;.
From (4.8) and (4.9), we get

/ K(zx )|sg T o? /K NEZ Huj|2 1z
/K )|se u7|2 —9*9?" /K |u]|2 -1z

/xK( soud |2 — 22*/K Ve [0 |2

/K )scu? | 4 2722 /K Yu? |z,

Together with the estimate [ K (z)u?[* 'z, < CeN=2)/2 (4.10) and (4.11) imply that

gi ((Seuj - tsze
and

gi ((ssuj - tszs

/ 2K (x)|u? ¥ — CeWN=2)/2
g (u?) — CeN=2)/2 =

/ K(z)|[W!|* + eV -2/
< gi((SsUj - t525)+)

/K 2 — CeN-2)/2
‘(u) + CeWN=2)/2

YIMAA:22290

(4.10)

(4.11)

for some positive constant C, independent of £, which implies that g((scu/ —t.2.)") € By (a?), since u? € Mf\
and /\/l]A is an open set. The proof for g((ssuj — teza)_) S B,,(aj) is very similar. Thus, we complete the

proof of (1).
Proof of (2).

I(su? —tz.)

= i)+ [ K@+ 2 [ Kl + - [ Q@i
—st/Q(m)K(x)hﬂ\z T2 —st)\/K x |x\ﬁ\uj\q7125
fg/K( Y|P sud — tz. |7 — —/Q z)|su? — tz|*

= I\(su’) /K V2|2 = —/K )|z|?|ze|?
,
ft2—*/QMK( Nl = [ (@) - Qu) K@)l

A . ) )
—— /K x |x\5 [|qu —tze|9— (su?)? — (tze)? + qst(uj)qflzs]
q

—2% /Q(I)K(CL‘) Hsu] — tz5|2* — (suj)z* — (tza)z* + 2*st(uj)2*_1z5].
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Using condition (Q1) and Lemma A.3, if ¢ > %, we have from the following elementary inequality

la+b|" > |a|” + b]" — C(la]""1b] + |a]|b|" "), forany a,be R, 7> 1

that
‘/memwmﬁ(wﬂ(mﬂwqu%]
< C(/K(xﬂm\ﬁ [s7 Mt (w) 1 2 + stq_l(uj)zg_l])
< Cl(/ (2071 + ze)>
-0 ( —(N-2)(q—1) /2) +0 ( (N—2)/2) ’
and

‘/QmemMmFewTwywﬂwww*%w

<C [/K §2 (W) e 4 st T ()2 1)]

<C1(/K 1+Z€)>

c(N=2) /2
Thus, we have from Lemma A.3 that

sup  In(su? —tz.)
s,t€[1/2,2]

: t2 t .
< mj +sup b/[((x)wzeﬁ—Q—*/QMK(x) : —)\E/K(x)|m|ﬁ|z5|q]
+o(eN-(N=2a/2) 1 O (eN-(N=2a=1/2) 4 O(:(N-2)/2)

Moreover, as in the proof of Lemma 2.1, we obtain

+2
sup [2/K< |Vz5\2ff/QMK
t>0

SN/ N—(N-2)q/2
_W+T(E)—Ca q

7l [k W%$}

Therefore, we can derive for € > 0 small enough

) . SN/2
sup  In(su! —tz.) <mi +

4 7(e) — CeNT(N=2)a/2
s,t€[1/2,2] NQ%J}[*Q)/Q ©

+o(eN-(N=204/2) 4 O(eN-(N=D(a=1)/2) | O ((N-2)/2)
SN/2

< mf\ + N_2)/2°
Yo

if N >4 and 2N 2 < g < 2*. Clearly, the above inequality also holds for the case N = 3 and 5 < ¢ < 2*.
This completes the proof of (2). O
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By Lemmas 2.1, 2.2 and 4.1, we have that there is Ay > 0 such that
M > M,
for A € (0, \g). Furthermore, similar to the proof of Lemma 3.1, we can establish the following lemma.

Lemma 4.2. Assume conditions (Q1), (Q2) and (Q3). There exist Ao > 0 and a sequence {u},} C V| such
that

L) - md,  Ti(d) =0, (1.12)
for X € (0, ).

Proof of Theorem 1.2. For j = 1,2,...,k, Lemma 4.2 implies that there are A\g > 0 and {u},} C Vi satisfying
I\(u)) = m3 and I{(uf) — 0 for A € (0, o). It then follows from Lemmas 3.2 and 4.1 that u/, — u/ and
u is a weak solution of (1.1). Clearly, there exists a positive constant C' such that ||u®| > C > 0, for all
ujE € MY, and so (u/)* # 0. Finally, since g(u’) € B,(a’) and B, (a’) are disjoint, we conclude that u’ and
u! are distinct if ¢ # j. The proof of Theorem 1.2 is complete. O

5. Proofs of Theorems 1.3 and 1.4

In order to prove Theorem 1.3, we need the following Lemma, which can be proved from Lemmas B.1,
B.2 and B.3, by an argument similar to that of Lemma 2.1.

Lemma 5.1. Assume X > 0 and conditions (Q1), (Q2") and (Q3). For a* = 0, we have

SN/2

1
< NQ%IV_Q)/Q ’

my

if one of the following statements holds:
(i) N>a+2,2<q<2%
(1i)) 3< N<a+2,2*—4/a < q<2*.

Proof of Theorem 1.3. Similar to the proof of Theorem 1.1, by Lemmas 5.1, 2.2 and 3.2, we can obtain
that there are Ao > 0 and {ul} C M} satisfying u}, > 0, u;, — u' and X € (0, ). It then follows that
u' # 0 is a weak solution of (1.1) and u* > 0. Furthermore, by a standard elliptic regularity argument then
u! € C?(RY) and the strong maximum principle imply that u! is a positive solution of (1.1). From this and
Theorem 1.1, it is easy to see that Theorem 1.3 holds. O

On the other hand, to prove Theorem 1.4, applying a similar argument of Lemma 4.1, we also can get
the next result from Lemmas B.1, B.2 and B.3.

Lemma 5.2. Assume \ > 0 and conditions (Q1), (Q2') and (Q3). For a' = 0, we have

1 1 SN/2
My <my + ——Fc—575
A A NQs\y,g)/Q

if one of the following statements holds:
(1)) N >2a+2,2 < g < 2%
(i) 3< N <2a+2,2*—2/a<q<2*.
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Proof of Theorem 1.4. Similar to the proof of Theorem 1.2, by Lemmas 5.2, 2.2 and 3.2, we conclude that
there are A\g > 0 and {u}} C Vi satisfying ul, — u* and X € (0, \o). It then follows that u! is a weak solution
of (1.1) and (u!)* # 0. Combining this with Theorem 1.2, it is easy to see that Theorem 1.4 holds. O

Appendix A

In this Appendix, we prove some estimates which will be used in the proofs of Theorem 1.1 and 1.2.
Define a cutoff function ¢(x) € C3(RY) such that ¢(z) = 1 in Bs(x¢), ¢(z) = 0 outside Bas(7g), 0 < ¢ < 1
and 0 < 0 < n/2. Define

CneN-2)/2
(2 + |z — ai[2)(N-2)/2"

Zeqi = K(a:)fl/zgo(a: —a’)

where Cy = (N(N — 2)/QM)(N72)/4, and set

CNg(N_z)/Q

U57a.7‘ = (52 T |x — aj|2)(N*2)/2 .

For simplicity, we write 2. instead of z, ,; when there is no confusion.
Lemma A.1. Assume condition (Q2) holds. Then for e > 0 small,
/K(x)|Vzg|2 4 HOEN )10 +0(B), if N>4, (a)

Ay +0(N72) + 0(e) + O(2| Inel), if N=4,  (b) (A1)
A +0(EN"2) + O(g|Ineg]) + O(e), if N =3, (c)

where
-9 [
Proof. By easy calculation, one has
/K )|V ?
= [ =) [Vl = Gl T el +
42 [ plo = @)U V(@ - 01) - (VUes = §Unwrlal" )
+/U§’aj|V(<p(x - aj))|2.

First of all, if N > 2, we have
r—d 2oz —a’
[P0 = R - g [ LAl
2 (z) — 1) |z
— C2(N — 9)2eN-2 [l /(‘P
Cx ( )%e </ (2 + |z[2)N + 2+ [z2)N

= C% (N —2)%eN— 2(52 N/W+O(l))

U2 |x|2(a—1):|
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Secondly, we claim that

/@2(33 - aj)%U&aj (z- VUE7aj)|fL'|a_2 =0(e), if N> 3, (a)
O(e|lnel), if N=3, (b)

(A.3)

for € > 0 small enough. Indeed, we have

.« _
/‘pz(m_aJ)ZUe,aj(x'VUe,aij'a 2

_ a(N-2) / eN20%z — o) (z - (z — a?)) ]2
— 1 ot (2 + |z — alP)N-1

ot [ e re) o
pa) @ F DY

Cé\NfQ/ |I’|
Bas(0) (€2 + [2[2)N 1

26
- CeN_253_N/ /Eirdr
o AN

IN

IN

= 0(e),

whenever N > 3. Similar calculations can prove that (A.3b) holds.
Then, by using similar arguments to the above, we also have for € > 0 small enough

2
/<p2(x ) SV PO Z0(), it N34, (a)
O (¢?|Inel), if N =4, (b) (A-4)
O(e), if N =3, (c)

(0%

/w(m — ) )U. 0V (p*(z — a?)) - (VUE,aj - gUa,aj‘xla_2x> = 0(eN7?). (A5)

[ 02019 (ot =) = 0, (A0)
Combining (A.2)—(A.6), it is easy to see that Lemma A.1 holds. O
Lemma A.2. Assume condition (Q2) holds. Then for e > 0 small,

/K(x)lwlﬁlzslq > CeNmW=24/2 0 4 N >4,

(
Ce3-a/2, if N=3,3<q¢<6, (b (A7)
Ce¥~ /2| Ine|, if N=3,q=3, (

(

Ced/2, if N=3,2<q<3.
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Proof. We have

/ K ()]

L[ Kl e )
Bas(ad)

(2 4 |z — aj|2)q(N—2)/2

K(z +a?)' "1z + a7 |Ppi(x)
(2 + ‘x|2)q(N72)/2
¢?(z)

Bas(0) (2 + |2|2)a(N=2)/2

1 @) — 1
_ Ce(N=2)q/2 / n /
Bas (0) (52 + |x|2)q(N72)/2 Bas (0) (52 |1-‘ ) (N-2)/2

— Ce(N-2)g/2 aN—(N—2)q/ 1 +/ pl(z) —1
Basye(0) (L [2P)IN=2/2 0 ] o (0) (€2 + [a|?) sV =2)/2

= CeN-a(N=2)/2 1 O(9(N=2)/2)

_ 1 (N=2)a/2 /
B35(0)

> Ce(N-2)a/2

whenever ¢ > N/(N — 2). Then, (A.7a) follows because the fact N > 4 implies ¢ > N/(N — 2). The proofs
of (A.7b)—-(A.7d) are similar. O

Lemma A.3. Assume conditions (Q2) and (Q3) hold. Then for ¢ > 0 small,

2 . _ * 1
) /K(x)|zs| — A+ OEN), with Ay = (2 /7(1 FarEs (A.8)
(i) [ K@zt =022, (A.9)
(i) / K(x)]z] = 0N -272), (A.10)
(iv) /K(x)|25|q71 = O(eN-N=2a=1/2) - yf 25:22 <qg<2* (A.11)
/ Q) K (2)2)* = QuAs + O(EN) + o(eN~N=2)a/2), (A.12)

Proof. We only prove part (i). Parts (i7)—(v) of the Lemma can be proved by a similar argument.

One has
/ K ()]
/K ) K (z) "N WN=2C2 N (z — al)
a (€ + |z —alf? )
_c2. / t Ha] EAM A C)
+ [z2)N

. 1 K(z 4 a?)"2/(N=2 2" (z) — 1
yor N/ o / .
N @y TONE (& + )N

Noting that K (z + a’)~2/(N=2) <1 for N > 2, we have

K(z+a/) /N2 (z) — 1 N [P @) -1 N
2 < C’N € 2 N\NN 0(6 )7
(€2 + [z[*)N (€ + |z?)
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and therefore

/K($)|ZE|2* ZOEEN/W—FO(&‘N):CA;/m—FO(EN)

Hence, (i) holds. The proof is complete. O

Appendix B

Being different from Appendix A, we consider the case one of the points a',a?,...,a" is an origin in

this Appendix. Without loss of generality, we can assume a' = 0. Let 2. ,; be as Appendix A. By the same
argument of the proofs of Lemmas A.1, A.2 and A.3, the following three Lemmas can be proved.

Lemma B.1. For ¢ > 0 small and a' =0,

A +0(ENT2) + 0(e%) + O(e2), if N >2a+2,

A+ O(EN2) 4 O(e®) + O(e2|Inel),  if N=2a+2,
/K(xwze,alﬁ = 4+ 0(EN2) + O(e®) + O(N2), i a+2<N<2a+2,

A +0@EN"2) + 0% Ing) + O(EN72), if N=a+2,

A +0@EN"H) + 0(eN2) + 0(eN72), if 3< N <a+2,

where

|z

M=V -2 [ e

Lemma B.2. For e > 0 small and a' =0,

*

CgN+ﬁ*(N*2)Q/27 ’Lf < N< 9*
) [ K@l el 2 { Cv D02 e,y N = 2O
’ a+t2),
CeN=2)a/2, if2<N<=2%
a+2
(i) [ K@)lol|zz0] = O(-212)
Lemma B.3. Assume condition (Q3) holds. Then for ¢ > 0 small and a* = 0,
) /K(m)|z€ al? = A3+ 0EN),  with Ay = CN*/il
7 7 (1 +[z[2)N
(44) /K(x)|z€7a1|2*_1 = O(eN-2/2),
(#i7) /K MN2e,at| = O(eWN=2/2),
(iv) /Q x)|ze, al\ = QuAy +0(EN) + 0(5N+5—(N—2)q/2)_
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