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1. Introduction
Let © be a smooth bounded domain of R? and VVO1 2(Q) be a Sobolev space, the completion of all smooth
functions with compact support in €2 under the norm

1/2

fullwgo = Vel = | [ 19uPdz]
Q

where V denotes the gradient operator. In literature, the Trudinger-Moser inequality [17,14,16,15,22] is
written as

Co(Q) = sup /eo‘“2dx < oo, VYo <A4m. (1)
ueWy* (), IVull2<1 ¢

A direct method of variation gives extremals of C\,(§2) for any a < 47. When a = 4, the Trudinger-Moser
functional Jur(u) = [, e*™* 4z does not satisfy the Palais-Smale condition for u € W *(Q) with || Vs < 1.
As a consequence, whether extremals for Cy, () exist or not is a rather delicate problem. It was proved by
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Carleson-Chang [2] that Cy,(B) has an extremal, where B is the unit disc in R?. This result was generalized
by Flucher [7] to the case of general domain . In particular, there holds the following:

Theorem A. ([2,7]). The supremum Cyr(Q) is attained by some function uy € VVOI’2 () N C2%(Q) such that
||V’LLO||2 =1.

Motivated by Ding-Jost-Li-Wang [3] and Adimurthi-Struwe [1], Li [9] was able to prove Theorem A by
the method of blow-up analysis. Both methods of [2] and [9] are essentially the same. Roughly speaking,
under the assumption that Cy,(£2) has no extremal (or blow-up occur), an exact upper bound C* of Cy, ()
can be derived; but a direct calculation shows Cy,(2) > C*, which is impossible unless no blow-up occur.
Anyway Cy.(£2) must be attained.

Based on works of Malchiodi-Martinazzi [11], Mancini-Martinazzi [12] were able to give a new proof of
Theorem A in the case 2 = B by the method of energy estimate. This method can be described as follows.
For any k € N, there exists some radially symmetric function u; € WO1 2 (B) N C?(B) such that

Cir1/x(B) = /e(4w—1/k)uidx
B

and that

—Auy = /\Lkuke(szl/k)ui in B,
||Vuk||2 =1, wur>0in B, (2)
M= Jg u%e(‘l”_l/k)“idx.

Set v, = /47w — 1/k ug. Assume ¢, = maxg vy — +00 as k — 0o. Using blow-up analysis and the topological
fixed point theorem, they obtained the energy estimate

4 1 6 1
47T—|——1r—|—0<—4>§/|Vvk|2da:§47r+_1r+o<—4>. (3)
Cx Cx Ck Ck

This immediately leads to

4 1 1
47r—|——z:—|—0<—4) §/|Vvk|2dx:47r——, (4)
cp cp k
B

which is impossible for large k. Therefore ¢; must be bounded. Applying elliptic estimates to (2), one gets
an extremal of Cy,(B).

Our aim is to improve [12] to the case of general smooth bounded domain 2. Similarly as above, by a
direct method of variation, for any k € N, there exists some u € W, 2(Q) N C2(Q) such that

Car 10(2) = / im 1/t g (5)
Q

and that
—Auy, = iuke(“*l/’“)“i in £,
[Vugllz =1, ux >0 in Q, (6)
M= Jq u%e(‘”_l/k)“idm.
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Then we shall prove the following:

Theorem 1. Let u, € W, >(Q) N C2(Q) satisfy (5) and (6), and let vy = /4w — 1/kug. Suppose that
¢, = maxq vy — +00 as k — oco. Then we have

4 1
/|Vvk|2dm24ﬂ'—|——j—|—0(—4> . (7)
Ck Ck
Q

Clearly, by an obvious analog of (4), Theorem A follows from Theorem 1. The proof of Theorem 1 is
based on techniques in [13]. We give its outline as follows. Let x be such that ¢ = maxg ur = ug(x). We
assume up to a subsequence, x3, — zo € ) as k — 0o. By a result of Gidas-Ni-Nirenberg [8], x¢ lies in the
interior of . Let By be a function radially symmetric with respect to xj solving

—ABk = AkBkeBi in Rz,
(8)

By (zx) = g,

where A = 1/)\; and Ag be defined as in (6). Firstly we expand By to a Taylor formula up to an error
O(c;. ") near xy, while in ([13], Step 3.2), only Taylor expansion up to an error O(c;°) are given. Secondly,
as in ([13], Step 3.3), we compare the behavior of v, and By near zj by employing ([5], Proposition 3.1).
Finally we obtain (7) by combining the above two steps.

It should be mentioned that as we did in [20], the argument in this note can be adapted to reprove
[10,19]. In view of [21], it can also be modified to reprove [18,6]. The remaining part of this note is to prove
Theorem 1. Throughout this note, sequence and subsequence are not distinguished, various constants are
often denoted by the same C, and B, (r) C R? always denotes the disc centered at z with radius r.

2. Proof of Theorem 1

We now prove Theorem 1 by using the method of energy estimate [11-13]. To begin with, we let uy €
Wol’z(ﬂ) N C%(Q) satisfy (5) and (6). Then vy = /47 — 1/kuy, solves

2,
—Av, = Agvge’t in Q,

v >0 in Q, v =0 on 01,

[Vuglle = /47 — 1/k,

Aw = 1/\p.

By our assumption, ¢, = maxq vx = vg(zr) — +00 as k — oco. According to Gidas-Ni-Nirenberg [8], one
may assume rp — xg € {2 as k — oo. Let

rE =4A; e, 2 exp(—ci). (10)

It is known [1,4] that r, — 0 as k — oo, and that there exists a sequence of positive numbers (s) satisfying
S — —+o0o and

lex (v (zr +7k) — k) — Tollc2Bo(si)) — 0 (11)

as k — oo, where Ty(z) = —log(1 + |z|?) is a solution of
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—ATy = 4exp(2Tp) in RZ
Let Sy be a function radially symmetric with respect to the origin satisfying

—ASy = 4exp(21y) (280 + 1¢ + Tp) in R2
So(0) =0.

(12)

Hereafter, we slightly abuse some notations. When a function w is radially symmetric with respect to

a € R?, we sometimes denote u(|z — a|) = u(x — a) for € R2. Note that Sy can be explicitly written out

by Malchiodi-Martinazzi [11]. In particular
So(r) = O(logr) as r — oo,
and

/ASO(y)dy = —4m.
R2

Let Wo(z) = Wo(Jz|) be the radial solution of

— AWy = 4exp(2T)(So + 253 + 4T S0 + 25015 + 15 + 5T +2Wo) in R?,
Wy(0) = 0.
According to Mancini-Martinazzi [12], there holds
Wo(r) = O(logr) as r — oo,
and

/AWO(x)d:E = —127 — §7T2.
R2

We define three sequences of functions

Te(z) =Tp [ 225, Se(x) = So [ =25 ), Wi(a) =W, [ Z—2F ).
(=) (=) (=)

Tk Tk Tk

Let 7 € (0,1) be a fixed real number. Take 7%, > 0 such that Ty (ry ) = —7ci. Obviously we have
r,%J = r7exp(rci + op(1)).

Let By, be defined as in (8). Then By, has the following expansion:

Proposition 2. For any yi € By, (ri,-), there holds

B =cp+ + +
k(yk) Ck cn cz cz CZ

Tr(yr) | Sk(yx) | Wilyr) Lo (1 Tk(yk)) '

(13)

(18)

(19)
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Proof. We write

T, Sk Wik

K Ck+ck+c‘,§+cz (20)
Let p1,1 > 0 be defined by
p1k =sup{r € (0,rg ;] : Wi k(s) — Wi(s)| <1—Ti(s) for all s <r}. (21)
We calculate on B, (p1,) that
T S 1-1T,
Bk:ck+—k+—§—|—0< 5k),
ck C c
that
T2 +2S,  2Wy g +2T%S 1+ 717
B} =} 42T, + £ 22k 2T LR T 20k k+0( s ’“)
Ck Ck Ck
and that
T2 428, + T,
Ay By exp(B?) = Apcg exp(ci) exp(2T%) {1 + %
k
N Sp 4 2Wy g + 4T3, Sk + TP + 212 Sk + 257 + 3T}
i
Lo ((1 +T3) eip(Tﬁ/Ci)> } .
Ck
This together with (10) and (20) gives
. 1 1
_Awl,k = —cp {AB, + —AT}, — —3ASk
Ck Ck
4 2T, 1
- w {2W1,k 1 AT, Sy, + 5T,;‘ + 2T2 S, + 252 + Sy — T3
k
40 <(1 +T;) e};p(Tﬁ/Ci)) } _
Cr
In view of (15) and (18),
4 213 1
AW, = w <2Wk + 4T}, Sy, + §T,3 + 2T2S), + 252 + Si — T,f) .
k
Hence on By, (p1.1), the difference between W1 j, and W), satisfies
4exp(21; 1+ TH exp(T?/c?
_A(Wl,k_Wk):17)0—(216){2(W1,k_Wk)+0(( k)c2p( k/ k))} (22)
k k

Since on B, (r4.+), 0 > T}, > —7c2, and thus 2 + T} /c2 > 2 — 7 > 1. Hence we have for r < pq 4,
k\Tk, k k ;
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(1 +Ty¢) exp((2 — 7)Tk)

1 T4 2 /.2
/ ( + k)exp(ng + Tk /Ck)dl' S > dl‘
Tk Tk
B.., (r) B., (r)
1
<C / ﬁdy
—+ 2
Bo(r/7k) ( lyl*)
(r/r)?
<o MR 23
and by the differential mean value theorem,
exp(27%) , exp(27%)
— Wik = Wildae < (Wi = Wi)'lleo(po,pn 1) — 2 |r —zxldz
Boy() Boy()
= (Wi = W) llco(0,p1 4)) / Lzzdy
‘ 1+ [yl?)
Bo(r/7r)
3
r/r
< Orel|(Wae = Wi oo ) ol (24)

p1E]) 7 T (r/ri)®
Using the divergence theorem, we have
A(Wl’k - Wk)dx = 27T7‘(W1’k — Wk)/(T). (25)
B:ck. (T‘)

Combining (23)-(25), we obtain for r < pq j,

C(r/r)?

/(Wi — We)'(r)] < E1+ (r/r)?)

FORWr = W llonop oy L) (26)
, P T ()3
Now we claim that
RGN Wk — W) llcoo,p,.,0) < C- (27)
For otherwise we have
Ok = kGl (Wik = Wi)' lcoo,pu i) = 7RI Wik — W) ()| — +00. (28)
We may assume p1 /1 — 6o € [0, +00] as k — oo. It follows from (26) that
2
o < Cay/ry 1o, Clay/Tk) -
1+(ak/rk) 1+(ak/rk)
This together with (28) leads to

for some constant C' > 0, and thus 6y > 0. We set a sequence of functions
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i
wi(t) = @_k(Wl’k — W) (rit). (30)
In view of (22), wy, satisfies
_ 14 T4 2 /.2
—N%:4MMMH{%m+O<(+ ng%ﬂw>}’ (31)
k

where Ty (t) = Ty (ryt). Since |w'(t)] < 1 for all t € [0, p1,/7%] and wi(0) = 0, we have that wy, is uniformly
bounded in (0, pr /7). Then applying elliptic estimates to (31), we conclude

WE — Wo in Olloc(BQ(ao)), (32)
and wq is a solution of

7AU/0 = 8exp(2To)w0 in Bo(GO)

Note also that wg is radially symmetric with respect to 0. The uniqueness of solutions to the ordinary
differential equation (31) leads to wg = 0 on [0, fy). This together with (30), (32) and the Lebesgue dominated
convergence theorem gives

By, (p1,k) ly|<p1,k/Tr

2T, © 7
/ T Wl de = = / exp(2T) [wy|dy
k

=0(0/c3). (33)
Replacing (24) with (33) in the proof of (26) and keeping in mind (28), we have
(Wi = Wi)'(r)] < o(©/ci) (34)

for all 7 € [0, p1,x]. Taking r = a, in (34), we conclude ay/rr = o(1), which contradicts (29). This confirms
our claim (27).
Inserting (27) into (26), we have

C_(r/r)?

G+ 0/ )

(Wi = We)'(r)] <

for all r € [0, p1 ). If 0 <7 < ry, then (35) gives |(Wyx — W) (r)| < Cr/(rici), and thus

r

Ct C
Wi —W, < | —=dt < —;
=W < [ i< S

While if 7, < 7 < pyx, then it follows from (35) that [(W; x — Wy)'(r)| < C/(cir), which leads to

r C1 C r

— < ——dt = — log —

(Wi, — Wi)(r)] < 21 2 0g I~
Tk
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Combining the above two cases, we obtain
1—"Ty(r
(Wi — Wi)(r) = O (7;( )>
k

uniformly in r € [0, p1 x]. This together with (21) leads to p1; = 7k, and ends the proof of the proposi-
tion. 0O

Now we compare the values of v, and By on By, (r; ). By (11), there exists a sequence of positive
numbers (sj) such that s — +o00 and vg(z) = (1 + 0k (1))ck uniformly in « € B, (rxsx). For any positive
number 7" < 1 — 7, we let g, > 0 be defined as

0k,7 = sup{s : vg(r) > 7'¢), forall r < s}.

Clearly gk . > risi. In particular gy ./ — +00. By ([4], Proposition 2), there exists some constant C
such that |z — zx||Vog(x)|vg(z) < C for all = € Q. Hence we have for all x € B, (0k,+),

|z — ap|| V()| < Ot
It then follows from Proposition 2 and ([5], Proposition 3.1) that gg . > ry  and

Clz — x|

- B <
() = By(a)| < =

< for all =z € By, (rk,r)- (36)
From now on, we restrict our considerations on the balls B,, (r%.-). Since (36) together with Proposition 2

leads to

T; S 1% 1-1; - —x
vkzck+—’“+—§+—5’“+0< 7’“>+O(|—’“>,
Ck Cr. Cr Cp. CkTk,r

there holds

T2 +2S,  2T3,S, +2W, 1-T, —
vf = G+ 2T + o ¢ T ’“+O< 6’“)+O(—’“|)

& Ck Ck Tk,r
2T, T2+ 2S 1+ 77 R
:cz<1+—2’“+’“—4’“+0< )40 '2 Y (37)
Ck Ck Ck Ck'rk,‘r

By an inequality |exp(t) — 1 —t — t2/2| < t3exp(t) for all t > 0, it follows from (37) that

T2 + 2S5,  2T3,Sk + 2Wy, + (T2 + 25;)?
exp(vﬁ)exp(ciwL?Tk){lJr k 2 ko hok kc42( k K
k K
1 T6 T2 2 L
JrO(( + k)e)gp( k/%))+0<| $k|>} (38)
CL. Tk,

Combining (10), (37) and (38), we obtain

Akv,% exp(v,%) =

2 2

4exp(2Tk) 1+ Tkz + QSk + 21}€
T Cr

+T,§ + 28k + 2Wy + 3T + 2T2S), + 257 + 2T + 65, Ty,
4
L
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1+ T8 T2 /2 -
—|—O(( + k)‘;(p( k/ck)) +O< - $k|)} (39)
k k,T

We now calculate integrals of all terms on the righthand side of (39). Firstly, by the definition of Ty and T
(see (18) above), there holds

4exp (27,
%dm — / 4exp(2To(y))dy
]sz (rk,~) ’ Bolrh,r/re)

- [ o () w

Bo(rx,~/7Tk)

Secondly, in view of a direct calculation

[ Ao T = - [ SEEE S by — i
R2

R2
we have by (12), (13) and (14) that

4eXp(2Tk) TkQ + 2S5 + 2T},

2

dzx
2
Tk Ck

Bmk (Tk,T)

=% [ ewene) @) +250) + 2y

CkBO(Tk,T/Tk)
— 5 [ PRII3) + 250(6) + 2ol + 0 ()

k CpTk,r
R2

5 / (—ASo(y))dy + / 4exp(2Th(y) To(y)dy +O< 7 )

Cr CiThr
2 R2
= O < 2Tkr > . (41)
CyTk,T
Thirdly, since Mancini-Martinazzi [12] calculated
2
/4exp(2T0)(T02 + TS’ + So +250Ty)dy = —8m — §7r3,

R2
we obtain by employing (15), (16) and (17),

4exp(2Ty,) TR + 28k + 2Wy, + 3Tt + 2T2 Sk + 257 + 273 + 65, Ty, "

2 c
sz (Tk,r)
4 1
= / exp(2T0) (T + 2So + 2Wy + 5T(;l + 27280 + 252 + 213 + 6S0Ty)dy

k
Bo (rx,+/7k)

1
=a /(—AWO)dy—i— /46Xp(2TO)(TO2 + T3 + So + 2S0Tp)dy + O (rrk )
k k,7
2 R2
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1 2 2 o
= (2 + )+ (-8r— ) +0 | —
Cﬁ{( W+3W)+( " 37T)+ ('f'lc,7>}
4
= —Z + 0 ( 4rk ) . (42)
Ck Ck’r'k’n,-

Fourthly, it is easy to estimate

2 3 = (43)

4exp(2T}) (14 T¥) exp(T,?/cﬁ)dx _0 ( 16> ‘
Tk Ck Ck

Ba, (&,7)

Finally, in view of (19), we get

dexp(2T%) |x — Tk
/ 2 )| gz = & / 4exp(2To(y))|yldy
L Tk,r Tk,r
By (75,7) Bo(rk,+/7k)

0 (ik) | (44)

Combining (39)-(44), we conclude

4 1
Apv? exp(vi)de = 4m + —Z +o (—4) . (45)
Ck k
sz (rk,‘r)

Since A > 0, we have by multiplying both sides of the equation (9) by vy and integration by parts,

/|V’uk|2dx = /Akvi exp(vi)dr > / Ay exp(vi)da. (46)
Q Q ]sz(rk,f)

Clearly (7) follows from (45) and (46), and the proof of Theorem 1 is completed. 0O
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