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1. Introduction

Piecewise deterministic Markov processes (PDMPs) were introduced by Davis [16] as stochastic models

involving deterministic motions and random jumps. The sample paths of a PDMP {X (¢)};>0 depend on

three local characteristics, which are a flow ¢ = {¢:}icr, & nonnegative jump rate function ¢, and a

stochastic transition kernel P, specifying the post-jump distribution. Starting from z the process X(t)

follows the trajectory ¢¢(x) until the first jump time 71. Two types of jumps are possible. Either the flow

¢+(x) hits the (active) boundary of the state space F in which case there is a forced jump from the boundary

back to the set E or a jump to a point in E occurs at a rate ¢ depending on the current position of the

process. The value X (1) of the process at the jump time 7 is selected according to the distribution

P(ér (x),-) and the process restarts afresh. For general background on PDMPs we refer the reader to
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[17]. A variety of applications has generated a renewed interest in PDMPs, see [9,12,13,27,30,34] and the
references therein.

Let the state space be a o-finite measure space (E,£,m). Suppose that the distribution of X(0) is
absolutely continuous with respect to the measure m with density f. Our main objectives are to find
conditions that ensure that the distribution of X(¢) is absolutely continuous with respect to m for all
t > 0, and characterize an evolution equation for its density. We use the theory of substochastic semigroups
on L! spaces, as in the case of PDMPs with empty active boundary in [34,35]. Recall that a family of
linear operators on L' = LY(E,m) is called a substochastic semigroup if it is a Cp-semigroup of positive
contractions on L', see [7,34].

The aim of the present paper is to build a general theory of substochastic semigroups describing the
evolution of densities for piecewise deterministic Markov processes. Our approach treats in a unified way
a wide class of PDMPs as described in Sections 2.1 and 2.2. We introduce assumptions on the flow ¢, the
jump rate function ¢ and the jump distribution P (Assumptions 2.1-2.4) that allow us to show that a given
process with such characteristics induces a substochastic semigroup on the space L' (see equation (2.6) and
Theorem 2.5). To identify the generator of this semigroup we need to rewrite the action of the process in
the space L' (see Section 2.3). We do not assume in advance that the process is nonexplosive, but if that is
the case then automatically the semigroup will be stochastic ([25]), i.e. preserving the norm of nonnegative
elements from L!. Although stability and ergodicity of PDMPs are developed in great generality in [15], the
general problem of existence of absolutely continuous invariant measures has not been treated at all except
for specific examples, see [30] for a recent account of different models where the existence is known. If we
know already that the process induces a substochastic semigroup then we can use the methods presented in
[32,34] to get existence of invariant densities. To complete our general approach we also study in Section 2.4
relationships between invariant densities of the continuous time process and of the process observed at
jump times; our results correspond to the results from [14,17], but we do not assume that the process is
non-explosive and we look for absolutely continuous invariant measures.

Section 3 contains our new abstract results about substochastic semigroups. Our main tool is a new
perturbation result for substochastic semigroups presented in Section 3.1. We show in Theorem 3.1 that
given the generator of a substochastic semigroup defined on a domain containing a zero-boundary condition
we can perturb both the action of the generator and its domain to obtain a substochastic semigroup
generated by an extension of the perturbed operator. Our generation result is of Kato-type [24,40] allowing
also perturbation of boundary conditions as in Greiner [21], but with unbounded positive operators. In
Section 3.2 we also provide sufficient conditions for the perturbed operator to be the generator, as well
as for the perturbed semigroup to be stochastic. In Section 3.3 we study relationships between invariant
densities of the perturbed semigroup and invariant densities of a positive contraction operator that will
correspond to the process observed at jump times.

The proofs of our results from Section 2 are given in Section 4. First, we show in Section 4.1 that
Theorem 3.1 can be applied in the functional setting described in Section 2.3. Next, in Section 4.2, we prove
that the constructed substochastic semigroup actually corresponds to the given Markov process. Section 4.3
contains proofs of results from Section 2.4. In Section 5 applications of our results are presented. The
general setting of Davis [16,17] is treated in Section 5.1. As a class of particular examples we treat kinetic
equations with conservative boundary conditions in Section 5.2 providing probabilistic interpretation of
these equations. Finally, Section 5.3 contains an application to a two-phase cell cycle model [33]. Some
auxiliary results concerning substochastic semigroups induced by flows are given in Appendix A.

2. Main results

Let us now specify our general setting and state our main results.
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2.1. Preliminaries

We consider a separable metric space E and a flow ¢ = {P1}1>0 on E, i.e. a continuous mapping
¢: R x E— FE, (t,z) — ¢¢(x), such that

po(z) =z, ¢s(P1(2)) = Pry5() (2.1)

for all t,s € R and all x € E. Let EY C E be a Borel set. We introduce the outgoing boundary '™ and the
incoming boundary I'~ which are points through which the flow can leave the set E° and enter the set E°,
respectively, given by

't ={z¢ E \ E: 2z = ¢(x) for some z € E° t > 0, and ¢,(x) € E°,s € [0,t)} (2.2)
and
Ir-={z¢ E \E":z=¢_4(z) for some x € E°,t >0, and ¢_,(x) € E,s € [0,1)}. (2.3)
We define the hitting time of the boundaries T by
to(z) =inf{t >0: ¢y(x) €eTT} and t_(z)=inf{t >0:¢_4(x) T}, =€ E°, (2.4)

with the convention that inf() = co. We set t4(z) = 0 for 2 € I'* and we extend formula (2.4) to points
from the boundaries T'F.

The state space of a PDMP X = {X(¢)}+>¢ is taken to be the set E = E°UT~\ (I'" NI'"). We consider
E with its Borel g-algebra £ = B(FE). We assume that there is a jump rate function q: E — R4 which is a
measurable function such that for each x € E the function r — ¢(¢.(x)) is integrable on [0,£(z)) for some
e(z) > 0. We consider also a jump distribution P: (EUTT) x B(E) — [0, 1] which is a transition probability,
i.e. for each set B € B(E) the function x — P(x, B) is measurable and for each z € E UT'" the function
B — P(x, B) is a probability measure. We call the triplet (¢, g, P) the characteristics of the process.

We briefly recall from [16,34] the construction of the PDMP with characteristics (¢, ¢, P). For each z € F
we define

t

F.(t) = 1[0,t+(x))(t) exp —/q(qﬁr(x))dr , t>0. (2.5)
0

Note that the function ¢ — 1 — F,(t) is the distribution function of a non-negative finite random variable,
provided that F,(co™) := lim; o Fy(t) = 0. Otherwise, we extend F, to [0,00] by setting F,(c0) =
1 — Fy(00™). We also extend the state space F to Ea = E U {A} where A is a fixed state outside FE
representing a ‘dead’ state for the process and being an isolated point. For each z € E, let P(x,{A}) =0
and ¢y(x) = A if t = co. We also set ¢ (A) = A for all t > 0, P(A,{A}) =1, and Fa(t) =1 for all ¢t > 0.

Let 79 = g = 0 and let X(0) = X be an Ea-valued random variable on a probability space (92, F,P).
For each n > 1 we can choose a [0, oo]-valued random variable o,, satisfying

P(o, > t|Xn—1 =2) = F,(t), t>0.
We define the nth jump time by

Tn = Tn—1 1+ On



P. Gwizdz, M. Tyran-Kamiriska / J. Math. Anal. Appl. 479 (2019) 384425 387

and we set

X(t) _ (bt—'rn,l(Xn—l) for 7,1 <t < Tn,
X, for t = 7,

where the nth post-jump location X, is a random variable such that
P(X, € B|X(r;,)=2)=P(z,B), x€ EAUTT,

and X(7,7) = limy,, X (¢). Thus, the trajectory of the process is defined for all ¢t < 7o := lim,_,0 7, and
Teo s called the explosion time. To define the process for all times, we set X (¢) = A for ¢ > 7. The process
X = {X(t)}+>0 is called the minimal PDMP corresponding to (¢,q,P). It has right-continuous sample
paths, by construction, and it is a strong Markov process. The process X is said to be non-explosive if
P, (Too = 00) = 1 for every = € E.

We denote by P, the distribution of the process {X (t) };>¢ starting at X (0) = x and by E, the expectation
operator with respect to P,. The probability transition function of the process X is given by

P(t,z,B) = P,(X(t) € B) = P,(X(t) € B,t < Too) + Po(X(t) € B,t > 7o),

where 7. is the explosion time. Thus, we have P(t,xz,B) = P,(X(t) € B,t < T) for all z € E and
B € B(E). Given a o-finite measure m on the measurable space (E,B(E)) we denote by L'(E,m) the
space of integrable functions on (E,B(E), m). We say that the minimal process X = {X(¢)}+>0 induces a
substochastic semigroup {P(t)}y>0 on LY(E,m) if

/ P() f(x)m(dz) = / P,(X(t) € B,t < 7o) f(z)m(da) (2.6)

E

for all f € LY(E,m), B € B(E), t > 0. Suppose that the process induces a substochastic semigroup. Now
if the distribution of X (0) is absolutely continuous with respect to m with a Radon-Nikodym derivative f,
called the density of X(0), then the distribution of X (¢) in F is absolutely continuous with respect to m
and its Radon-Nikodym derivative is P(t)f. Since X (t) € E for ¢ < 7, it follows from (2.6) that

/ P(t) (x)m(dz) = / Po(t < o0) f (2)m(dz)

E E

for all f € L*(E,m), t > 0. Thus we see that |P(t)f|| = || f| for f >0, t > 0, if and only if

/(1 L PL(t < 7)) f(2)m(de) = 0.

E

This implies that the induced semigroup is stochastic if and only if the minimal process is m-a.e. non-
explosive, i.e. Py (T = o0) = 1 for m almost every x € E. Hence, if the process induces a stochastic
semigroup and if f is the density of X (0), then P(¢)f is the density of X (¢), by (2.6).

We conclude this section by recalling some notions from the theory of operators and semigroups on L*
spaces for readers convenience. Let (E,&,m) be a o-finite measure space and L' = L'(E,m). A linear
operator P: L' — L' is called substochastic (stochastic) if P is a positive contraction, i.e., Pf > 0 and
IP£I < IIfIl (IPf]] = ||f]) for all nonnegative f € L'. A family of substochastic (stochastic) operators
{P(t)}+>0 on L' which is a Co-semigroup, i.e.,
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(1) P(0) = I (the identity operator) and P(t + s) = P(t)P(s) for every s,t > 0,
(2) for each f € L' the mapping t — P(t)f is continuous,

is called a substochastic (stochastic) semigroup. The infinitesimal generator of a substochastic semigroup
{P(t)}+>0 is by definition the operator G with domain D(G) C L' defined as

D(G)={felL": lim %(P(t) f— f) exists},
Gf =l +(P()f — /), | €D(G),

A nonnegative f, with norm 1 is said to be an invariant density for the semigroup {P(t)}+>0 if for each
t > 0 it is invariant for the operator P(t), i.e. P(t)f« = f«.

Given a linear operator (G, D(G)) on L! we recall that if for some real A the operator A\ — G := A\l — G
is one-to-one, onto, and (A — G)~! is a bounded linear operator, then \ is said to belong to the resolvent
set p(G) and R(\,G) := (A — G)7! is called the resolvent of G at \. Following [3] the operator G is called
resolvent positive if there exists w € R such that (w,00) C p(G) and the operator R(A, G) is positive for
all A > w. In particular, generators of substochastic semigroups are resolvent positive and the Hille-Yosida
theorem implies the following result (see e.g. [34, Theorem 4.4]): A linear operator (G, D(G)) is the generator
of a substochastic semigroup on L' if and only if D(G) is dense in L', the operator G is resolvent positive,
and

/Gfdm <0 forall feD(G),f>0. (2.7)
E

Moreover, equality holds in (2.7) if and only if (G, D(G)) generates a stochastic semigroup.

We provide sufficient conditions for the existence of a substochastic semigroup on L'(E,m) induced by
the given PDMP in Section 2.2 and we identify its infinitesimal generator in Section 2.3, where we are also
interested in whether the induced semigroup is stochastic.

2.2. Ezistence of induced substochastic semigroups

In this section we impose general assumptions on the characteristics (¢, q,P) of the minimal process
X = {X(t)}+>0 with values in E' as described in Section 2.1 so that X induces a substochastic semigroup.

We start with the properties of the flow ¢ = {¢: }1cr on E. We will require that the flow itself induces a
stochastic semigroup by assuming that we can choose a measure m on (E , B(E)) in such a way that if the
distribution of X is absolutely continuous with respect to m, then the distribution of ¢:(Xj) is absolutely
continuous with respect to m for all ¢. Thus, we impose the following general assumption on the flow.

Assumption 2.1. There exists a measurable cocycle {J;}ier of ¢ on E7 i.e. a family of Borel measurable
nonnegative functions satisfying the following conditions

Jo(x) =1, Jigs(@) = Ji(ds(x))Js(z), s,teR,z€E, (2.8)

and there exists a o-finite Radon measure m on the Borel o-algebra B(E) with m(9E) = 0 such that

(mo 67 )(B) = m(6; () = [ Jalaym(de), teR B e B(E). (2.9)
B
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Remark 2.1. Condition (2.9) implies that for each t the transformation ¢;: E — FEis non-singular with
respect to the measure m ([25]), i.e. m o ¢; * is absolutely continuous with respect to m. Then J_; is the

Radon-Nikodym derivative %. Note also that condition (2.9) together with (2.1) implies that (2.8)
holds for m-a.e. . We assume in (2.8) that it actually holds for all x.

Remark 2.2. Consider E = R% and a mapping b: R? — R? that is continuously differentiable with a bounded
derivative. Then the ordinary differential equation z’(t) = b(z(t)) generates a flow ¢: R xR? — R satisfying

%@(af) =b(¢y(z)), zecRIteR.

If we take as m the Lebesgue measure on R? then J;(z) is the absolute value of the determinant of the
derivative of the mapping = — ¢.(x), by the change of variables formula. By Liouville’s theorem, it is also
given by

t

Ji(x) = exp /a(ér(x))dr , teR, (2.10)

where a is the divergence of b. In a general situation, the measure m might be a product of a Lebesgue
measure and a counting measure and it is hard to formulate general condition under which Assumption 2.1
holds.

As concern the jump rate function ¢ we require that the first jump time 7; has a distribution that is
absolutely continuous with respect to the Lebesgue measure on R ;. Thus, we assume the following condition.

Assumption 2.2. For each z the function R > ¢ — fot q(¢,(x))dr is absolutely continuous, where we extend
q form FE to E by setting ¢(z) =0 for x ¢ E.

Next, we describe integration along the flow {¢:}icr. We need to consider “natural” measures on the
incoming I'™ and the outgoing I'" parts of the boundary of E that will allow us to transfer integrals over
E into integrals over the boundaries I'*. Suppose that Assumption 2.1 holds. Following [4] let

Ei={zeFE:0<ti(x) < oo}, (2.11)

where ¢4 (z) and t_(x) are as in (2.4). The properties of the flow imply that the functions ¢, and t_ are
Borel measurable and the sets

Wi =1{(s,2):0<s<ts(z), z€TF}
are Borel subsets of R x E. Tt is easily seen that the functions w4 : E4 — Wy defined by
Wi () = (L4 (@), dr (o () and w_(2) = (1 (2),6_¢_()(a)) (2.12)

are Borel measurable and invertible. Now, if f is nonnegative and Borel measurable, then making the change
of variables leads to

[ 1@midn) = [ for@mo v (ds.de) (2.13)
Ey Wy

where m o wi'(B) = m(wi*(B)) for all Borel subsets B of W.. We impose the following.
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+

Assumption 2.3. There exist finite Borel measures m* on I'* such that the measures m o wi' can be

represented by
mowi'(B) = /ijs(z) dsm*(dz), B e B(Wy), (2.14)
B

where w4 are as in (2.12) and J4, satisfy (2.8).

Remark 2.3. Note that if Assumption 2.3 holds true then it follows from (2.13) and (2.14) that, for any
nonnegative and Borel measurable f, we have

t_(z)
[s@mian) = [ [ o-@na-c) dsmt (@) (2.15)

T+ 0
and
ty(2)
/ f(x) m(dz) = / / F(6s(2)) Ts(2) dsm™ (), (2.16)
E_ - 0

where F are as in (2.11). Thus Assumption 2.3 allows us to compute integrals over E via integration along
the flow coming from the boundary. Formula (2.15) serves here as the change of variables formula in which
each point € E with ¢4 (2) < oo can be represented by = ¢_(z) for some z € I'" and s < t_(z).
Similarly in (2.16), each point x € E with t_(z) < oo is given by x = ¢4(z) for some z € '~ and s < t4(2).

Remark 2.4. Note that if there exists a bounded Borel measurable function a such that J; is given by (2.10),
then Assumption 2.3 holds true, see e.g. [4, Proposition 3.11]. In particular, if E° is an open subset of R¢

with a sufficiently regular boundary, m is the Lebesgue measure and the flow is generated by 2/(t) = b(z(t))
as in Remark 2.2, then T = {z € 9E° : £(b(2),n(z)) > 0} and the measures m* are given by

dm™(z) = £(b(2),n(2))do (),
where n(z) is the outward normal at z € 9E® and o is the surface Lebesgue measure on OE°.

Finally, given the measures m* on B(I'*t) as in Assumption 2.3 the jump distribution P is assumed to
be non-singular in the following sense.

Assumption 2.4. There exist two positive linear operators Py: L'(E,m) x L}(Tt,m*) — L*(E,m) and
Py: LY(E,m) x L}(T*,m*) — LY(I'~,m™) such that, for every B € B(E),

/ P, B (x)m(dz) + / P(z, B) for ()m* (dz)
E T+
_ / Po(f. for )(x)m(dz) + / Po(f, for)(@)m™ (dz), (2.17)

BNE° BNI'~

for all nonnegative f € L'(E, m) and fa+ € LY(T'T, m™).
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Note that in equation (2.17) the action of the transition kernel P is divided into separate parts: random
jumps from E C E°UT~ and forced jumps from the boundary I't. This post-jump locations in the set E°
and in the boundary I'™ are assumed to be absolutely continuous with respect to m and m™. The operator
P, is connected with jumps from the set £ U T to the inside E° of E, while the operator P is connected
with jumps from the set £ U T to the boundary I'".

With these notations and assumptions we obtain one of the main results of the paper.

Theorem 2.5. Suppose that Assumptions 2.1-2.4 hold true. Then the minimal process {X (t)}i1>0 with char-
acteristics (¢,q, P) induces a substochastic semigroup {P(t)}i>0 on L*(E,m).

The proof of Theorem 2.5 will be given in Section 4.2. The semigroup {P(¢)};>0 from Theorem 2.5 will
be referred to as the substochastic semigroup corresponding to (¢,q,P).

2.8. Generator of the induced semigroup

Let (¢,q,P) be the characteristics of the minimal process {X(¢)}+>0 such that Assumptions 2.1-2.4
hold true. In this section we turn to the characterization of the generator of the substochastic semigroup
corresponding to (¢, q,P). To identify the generator we need to introduce some additional notations.

In the study of the deterministic part of the process we use the approach of [4,5]. As in [5] we define the
space of test functions I as follows. Let 91 be the set of all measurable and bounded functions ¢: £ — R
with compact support in £° and such that for any x € E the function

(—t—(z),t1(2)) >t = Y(¢e(x))
is continuously differentiable with bounded and measurable derivative at t = 0, i.e. the mapping

RN d(¢d<; ¢t)

o)
is bounded and measurable. We define the mazimal transport operator Tiax on a set Dypax C Lt (E,m) as
follows. We say that f € Dpay if there exists g € L1(E,m) such that

[swup@mn) = [ @22 @) (218)
E E

t=0

for all ¥ € O and we set Tpaxf := g.
Let m® be the measures on B(I'F) as in Assumption 2.3. Given f € L'(E, m) we define its traces Tr™ f
on the boundaries I'* by the pointwise limits

T f(2) = T, £(65.() s 2) (2.19)

provided that the limits exist for m*-a.e. z € I'E. If IT = ) then we set Tr™ = 0. It can be shown that
Tr® f exist for f € Dmax (see Appendix A and [5, Section 3]). We write

D(Trt) = {f € LY(E,m) : Tt f e LY(TF, m*)}.

Note that the traces Tr: D(Tri) — LY(T'*,m%) are linear positive operators. The following result cor-
responds to Green’s identity as in [4, Proposition 4.6] and its proof is given in Appendix A. Formula
(2.20) explains the interplay between the transport operator, the boundary measures and the traces, giving
conservation of mass.
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Theorem 2.6. Suppose that Assumptions 2.1 and 2.3 hold. Let (Tmax, Dmax) be the mazximal transport oper-
ator as in (2.18). If f € Dmayx is such that Tr™ f € LY (T~ ,m™) then Tr" f € LY, m™) and

/Tmaxf(aj)m(dx) = /Tr_f(m)m_(daj) - /Tr""f(x)m"‘(dx). (2.20)

E

We now define the operator A: D — L'(E,m) by
Af =Twaxf —af, f€D, (2.21)
where the transport operator Tpax is as in (2.18) and
D={f€Dpax: Tr  fec LT ,m"),qf € L*(E,m)}. (2.22)

Note that D € D(Tr"), by Theorem 2.6. The next result implies that a restriction of the operator A is the
generator of a substochastic semigroup. It extends the result of [4] and its proof is given in Appendix A.

Theorem 2.7. Suppose that Assumptions 2.1-2.3 hold. Let (A, D) be as in (2.21)~(2.22). Then the operator
(Ao, D(Ap)), defined as the restriction of the operator (A, D)

Aof = Af. feD(Ay)={feD:Tr f=0},
is the generator of a substochastic semigroup {S(t)}+>0 on L'(E, m) given by
S f(x) = 1u(¢—i (@) f(d—r (@) I (x)e Jo al@=r(@)dr (2.23)

fort>0,z€E, fe LY E,m). Moreover,

[o@s@s@midn) = [ e 8oy, )00 (6@ f ) mido) (2:24)

E

forallt >0, f € LY(E,m), f >0, and all nonnegative Borel measurable ).
Our second main result provides a functional-analytic description of the minimal process.

Theorem 2.8. Suppose that (¢, q,P) satisfy Assumptions 2.1-2.4. Let (A, D) be defined by (2.21)~(2.22) and
let B: D — LY(E,m), V: D — LY(T'~,m™) be given by

Bf =Poy(qf, Ti"f), Uf=Po(af, Tt"f), feD, (2.25)

where Py, Py satisfy (2.17). Then the generator (G,D(G)) of the semigroup {P(t)}i>0 corresponding to
(¢,q,P) is an extension of the operator (Ay + B, D(Ay)), i.e.

Gf=Auf+Bf, Auf=Af, feD(Ay)={feD: T f=Uf}
Moreover, if D(G) = D(Aw) then {P(t)}i>0 is stochastic.

The proof of Theorem 2.8 will be given in Section 4.2. The idea of the proofs of Theorems 2.5 and 2.8
is the following. We see that Ay + B is a perturbation of the generator (Ag, D(Ag)) of a substochastic
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semigroup from Theorem 2.7 with B changing the action of the operator Ay and ¥ changing its domain.
In particular, if ¥ were a bounded operator then Ay is the generator of a Cy-semigroup by Greiner’s
perturbation theorem [21] and the existence of the semigroup {P(¢)};>0 with generator as described in
Theorem 2.8 could be deduced form Kato—Voigt perturbation theorem [7,40] by showing that Ay generates
a substochastic semigroup. However, in general, the operator ¥ might be unbounded or Ay might not the
generator. To take these into account we provide a new perturbation theorem for substochastic semigroups
in Section 3 and we show in Section 4 that it can be applied in the setting of Theorem 2.8 implying the
existence of the induced semigroup {P(t)}+>o0.
Finally, consider the initial-boundary value problem

0
6—1; = Thaxt — qu + Po(qu, T1r+u)7 (2.26)
Tr~u = Py(qu, TrTu), u(0) = f, (2.27)

where Tpax is the transport operator and Py, Py satisfy (2.17). Recall that the Cauchy problem (2.26)—(2.27)
is well posed if and only if the operator (Ay + B, D(Ay)) is the generator of a Cy-semigroup. Theorem 2.8
shows only that an extension G of the operator (Ay+B, D(Ay)) is the generator. However, if D(G) = D(Ay)
and f is a density of X (0), then u(t) = P(t)f is the density of X (¢), t > 0, and u satisfies (2.26)—(2.27),
so that this equation can be called the Fokker—Planck equation for our Markov process. Thus, we need to
impose additional constraints to conclude that D(G) = D(Ay). One set of such conditions is given in the
next result, yet another is provided in Section 3.2.

Corollary 2.9. In addition to Assumptions 2.1-2./ suppose that q is bounded and that either Tt = ) or
P(z,I7) =1, 2 € 'Y, with inf{t;(2) : 2 € T"} > 0. Then the semigroup {P(t)}+>0 corresponding to
(¢, q,P) is stochastic and its generator is the operator (Ay + B, D(Ay)).

The proof of Corollary 2.9 will be given in Section 4.2. Note that the condition 't = () implies that
the operators Py: L*(E,m) x LY(T'",m™) — L*(E,m) and Py: L*(E,m) x LY(Tt,m*) — LY(T~,m™) are
defined on L'(E,m), while P(2,I'") = 1, z € I'", implies that the operator P, has to be defined only on
LY(E,m) and the operator Py on L(I'", m™).

Remark 2.10. Note that one of the standard assumptions in [16,17] about the process X = {X (t)};+>¢ is the
following condition

E,(N:) <oo, z€E,t>0, where N;=sup{n:7, <t}. (2.28)

It implies that in every finite time interval there is a finite number of jump times 7,, and that P, (7, — c0) =1
for all x € E. In particular, the process X is then non-explosive and if Assumptions 2.1-2.4 hold true then
the induced semigroup {P(t)}:>0 is stochastic.

Assuming (2.28) it follows from [16,17] that if we define

U(tax) :Em(w(X(t)))v T € E,t >0,

then, for any sufficiently smooth bounded function ¥: E — R, the function v satisfies the following Kol-
mogorov equation

% = Xv — qu + ¢Pv, Trto = P, (2.29)

with initial condition v(0, ) = ¢(z), x € E, where the operators X, P, Tr" are given by



394 P. Gwizdz, M. Tyran-Kamiriska / J. Math. Anal. Appl. 479 (2019) 384425

d(vp o ¢y)

xu(@) = S

7(x), xeE, Py /1/1 P(x,dy), =€ EUTlT,

and Trep(x) = lim 0 (d_¢(2)), x € TT. It follows from (2.6) that

/w m(dx) = /v(t,x)f(x)m(dx), fe Ll(E,m).

E

However, this duality does not show directly the differences in the boundary conditions in equation (2.29)
and in the Cauchy problem (2.26)—(2.27).

2.4. Invariant densities for induced semigroups

Let (¢, q,P) be the characteristics of the minimal process X = {X (¢) };>0 such that Assumptions 2.1-2.4
hold true. In this section we study the relationships between invariant densities of the substochastic semi-
group {P(t)}+>0 corresponding to (¢, ¢, P) and invariant densities for the process observed at jump times
Tn, 1 > 0. First, we define a linear operator K: L'(E,m) x LY(T~,m~) — L*(E,m) x LY(T'~,m~) by

K(f7 f@) = (PO(qRO(fa f6)7R0(f7 fa)),PB(QRO<f7 f@)?RO(fv fa)))’ (230)

where Py, Py satisfy (2.17) and

t_(z)
Rolf, fo)() = / e I3 1O @I (6 ()T ()dt
0

t_(x)

+ l{t (3:)<oo}e Jo” q(¢77'(1))drf8(¢—t,(x) (l'))‘]—t,(x)(m)v r€FEU F+7 (231)
for nonnegative (f, f) € L*(E,m) x L*(I'",m™). The proof of our next result will be given in Section 4.3.

Theorem 2.11. The transition kernel K(x,-) of the discrete-time Markov process (X (7,))n>0 5 given by

ty(z)
_ (s z))dr ot (@ 2N dr
K(xz,B) = / e Jo @ @Ndrg (o (2))P(¢s(x), B)ds + Lir, (r)<ooye fo 1@ P(g, i (2), B)
0

for x € E, B € B(E). The operator K = (Ko, Kp) as defined in (2.30) is substochastic on L*(E,m) x
LY(T~,m™) and satisfies

[ KB s@mian + [ K Bfs@m ) = [ Kot foymtdn) + [ Kolf. fa)aym™ (do)
E

- BNE° BNI'—

forall B € B(E), (f, fs) € LY(E,m)x L*(T'",m™). Moreover, K is stochastic, if for every x witht, (z) = co
we have

t

lim /q((br(x))dr = 0. (2.32)

t—ty (QC)
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If (f,fa) € LY(E,m) x L*(T~,m™) is nonnegative with norm 1 and K(f, fo) = (f, fa), then (f, f) is
called an invariant density for the operator K. We have the following result, corresponding to [14, Theorem 2]
and [17, Theorem 34.31].

Theorem 2.12. Suppose that (f, fg) is an invariant density for the operator K such that

ty (z) t4 ()
c:i= / / e~ o 9@ G f(x)ym(dar) + / / e~ ho AP @D gt £ (2)m™ (dz) < 0. (2.33)
E 0 r- 0

Let

t_(x)
t_(z)

Fla) = / e 5 a6 f (6 ()T (@)dt + Ly (y<ocre P

0

90N £ (G4 () (@) Tt _ () ().
(2.34)
Then f. = c¢~Lf is an invariant density for the semigroup {P(t)};>0-

The proof of Theorem 2.12 will be given in Section 4.3. To relate our result to [14, Theorem 2| and
[17, Theorem 34.31] observe that if (f, fs) is an invariant density for the operator K then the probability
measure 7 defined by

#(B) = / / fol@)ym—(dz), B e B(E), (2.35)
BNE° BNT'—
is invariant for the discrete-time process (X (7,,))n>0, since it satisfies
/K(.I,B)ﬂ'(dl‘) =n(B), Be€B(E),
E

by Theorem 2.11. In the proof of Theorem 2.12 we show in fact that

ty(x)
Fdm = e~ Joa(@r@)dry (4, (2))dt w(dx), B € B(E). (2.36)
[re=] ]

Thus assumption (2.33) is as in [14, Theorem 2] and [17, Theorem 34.31], as well as the invariant measure
for the process {X (¢)}+>0 being of the form

J"Efoﬁm —ngww 1p(¢(x))dt 7 (dx)
fE ) o= Iy a a(ér(@)dr qt g ( dz)

u(B) = /f* m(dz), B € B(E).

However, we additionally obtained that the measure p is absolutely continuous with respect to m.
We have also the following converse result. It corresponds to [14, Theorem 1] and [17, Theorem 34.21]
and its proof will be given in Section 4.3.

Theorem 2.13. Suppose that f. is an invariant density for the semigroup {P(t)}i>0 and that K is stochastic.
Then
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0<ey:= /q(x)f*(z)m(dx) + /Tr+f*(m)m+(dz) < 0

E r+

and the operator K has an invariant density (f, fa) given by

f=cPolaf, Ter fo),  fo = Polafe, TeF f). (2.37)

In particular, in the setting of Theorem 2.13, the invariant measure 7 as defined in (2.35) with f and fa
given by (2.37) now satisfies

_ Je P B)g(@) fu(@)m(de) + [p, Pz, BYTr" fi(z)m™* (dx)

) [ a(@) fu(z)m(dz) + [rs Tr" fu(2)m* (dz) ’

B € B(E).

This formula agrees with the one in [17, Theorem 34.21] where in equation (34.23) the boundary measure
o is given by o(dz) = Tr™ f.(x)m™ (dzx).

3. Perturbation theorem for substochastic semigroups

In this section we combine the perturbation methods of Kato [24] and Greiner [21] to obtain substochastic
semigroups by perturbing both the generator of a substochastic semigroup as well as boundary conditions.
For the perturbation theory of operator semigroups we refer the reader to [18, Chapter III] and [7]. A
number of perturbation results with unbounded perturbations of boundary conditions has been obtained
recently in [1,2,23]. Our generation theorem is stated in Section 3.1 and it gives sufficient conditions for the
existence of a substochastic semigroup with generator being an extension of the given operator. The proof is
given by adapting the ideas of Kato [24] to our setting. Since our generation theorem does not give the full
characterization of the generator, we present sufficient conditions for the given operator to be the generator
in Section 3.2. Finally, in Section 3.3 we extend results from [10, Section 3] that will be used in the sequel
to prove Theorems 2.11-2.13.

3.1. Inner and boundary perturbations

Let (E,E,m) be a o-finite measure space and L' = L'(E,m). We assume that there is a second L'
space denoted by L}, = L'(Ey, mg), where (Ep, £9,mp) is a o-finite measure space; it will serve here as the
boundary space. Let D be a linear subspace of L'. We consider a linear operator A: D — L', called the
mazimal operator in the sense that it has a sufficiently big domain, a positive operator B: D — L! and two
linear positive operators ¥o, W: D — L}), called boundary operators.

We assume throughout this section that

(i) the operator (Ao, D(Ap)) defined by
Aof =Af, feD(A)={feD:Vof =0},

is the generator of a substochastic semigroup on L*;

(i) if ¥y # 0 then for each A > 0 the operator ¥y restricted to the nullspace Ker(A — A) = {f € D :
Af — Af = 0} has a positive right inverse, i.e. there exists a positive operator W(\): L} — Ker(\ — A)
such that WoW(X)fy = fo for fo € L};

(iii) for each nonnegative f € D the following holds

/(AerBf)der/(\Ilff\Ifof)dmag(). (3.1)

E Ep
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We can now formulate our generalization of Kato’s and Greiner’s results.

Theorem 3.1. Assume conditions (i)—(iii). Let the operator (Ay,D(Ag)) be defined by

Avf=Af, [eDAy)={feD:Vof =Tf}. (3.2)

Then there exists a substochastic semigroup {P(t)};>0 on L' with generator (G,D(G)) being an extension
of (Ay + B, D(Avg)). The resolvent operator of G at A > 0 is given by

N
R(\,G)f = lim_ D (R(\ Ag)B+ U(NO)"R(X, Ag)f, feL. (3.3)

Remark 3.2.

(a) If the boundary operators are zero, i.e. ¥g = ¥ = 0, then 49 = A, U(A\)¥ = 0 and Theorem 3.1 goes
back to the work of Kato [24], as formulated and extended in [7,40].

(b) If, on the other hand, B = 0 then Theorem 3.1 is a particular extension of Greiner’s theorem [21],
where it was assumed that the boundary perturbation ¥ is bounded; it can also be compared with the
generation result from [22].

(¢) Note that it follows from [21, Lemma 1.2] that condition (ii) holds, if (A, D) is closed, ¥q is onto and
continuous with respect to the graph norm ||f||la = ||f|| + ||Af]|. The operators ¥(\) are so called
abstract Dirichlet operators [1,2].

(d) Finally, since for f € D(Ay) we have Uf — ¥ f = 0, condition (iii) implies that condition (2.7) holds
at least for nonnegative f € D(Ay).

Before we give the proof of Theorem 3.1 we need to introduce some preliminary notations. We consider
the space X = L' x L}j with norm

1, £ = / | (@) m(dz) + / Fol@)mo(de), (f. fo) € L' x L,
E Ep

and we define the operators A, B: D(A) — L' x L} with D(A) = D x {0} by

A(f,0) = (Af,—Tof) and B(f,0) = (Bf,Vf) for f€D. (3.4)
The resolvent of the operator A at A > 0 is given by (see e.g. [34, Section 3.3.4])

RO A)(f, fa) = (RN Ao) f +¥(N) fa,0),  (f, fo) € L' x Ly, (3.5)

By assumption, the operators R(A,.A), B and ¥ are positive. Thus the operators B and BR(A,.A) are
positive. We have

BR(\, A) + AR\, A) = T + (A + B)R(\, A), (3.6)

where 7 is the identity operator on L' x Lj. Since R(\, A)(f, fo) € D x {0}, we use condition (3.1) to
conclude that

IBR(A, A)(f, fo)l + [IAR(A, A) (S, fo)ll < [I(F: fo)l
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for nonnegative f and fs. This implies that the operators BR(A,.A) and AR(A,.A) are positive contractions
on X = L' x L}. We have

BR(X, A)(f, f2) = (BR(X, Ag) f + BU(N) fa, WR(X, Ao) f + TT(N) f5) (3.7)

for A >0, (f, fo) € L* x Lj,.

In the proof of Theorem 3.1 we apply the argument of Kato [24] to the operator (A+B, D(A)) in the space
L' x L}. However, the main difficulty now is that D(.A) is not dense in L' x L}. We have D(A) = L' x {0},
since D(Ap) x {0} € D(A) C L' x {0} and the domain of the generator Ay of a substochastic semigroup
is dense in L'. The part of (A + B,D(A)) in Xy = D(A) = L' x {0}, denoted by (A + B)| and being the
restriction of A + B to the domain

D((A+B))) ={(f, fo) € D(A) N Xy : (A+ B)(f, fa) € Ao},
can be identified with (Ay + B, D(Ay)), since D((A + B)|) = D(Ag) x {0} and
(A+B)(f,0) = (Avf + Bf,0), f€D(Ay).
We make use of the following result that easily follows from [18, Corollary I1.3.21].

Lemma 3.3. Assume conditions (i)-(iii). If, for each X\ > 0, the operator T — BR(\,.A) is invertible with
positive inverse, then the resolvent of A+ B at A > 0 is given by

R\, A+ B) =R\ A)(Z—-BR(\A)! (3.8)

and M|R(X, A+ B)|| < 1 for all X > 0. Moreover, the part (A + B)| of the operator (A + B,D(A)) in

Xo = D(A) is densely defined in Xy and generates a Co-semigroup of positive contractions on Xj.

Remark 3.4.

(a) It follows from [21, Lemma 1.3] that given any A, u € p(Ap) we have
W(N) = W(j0) + (= MR\, Ao)U(p), (3.9)

Since R(A, Ag)¥ (1) > 0, we see that ¥(u) < ¥(A) for p > A.
(b) Since BR(A,.A) is a positive operator, the operator Z — BR(),.A) is invertible with positive inverse if
and only if the spectral radius of the operator BR(A,.A) is strictly smaller than 1, or equivalently,

Tim [[(BR(A,A))"|| = 0. (3.10)

We have BR(u, A) < BR(A, A) for p > A and we see that condition (3.10) holds for all A sufficiently
large, if it holds for one A > 0.

(¢) In Lemma 3.3 it is enough to assume that the operator (A+8, D(.A)) is resolvent positive, or equivalently,
by [41, Theorem 1.1], that condition (3.10) holds for one A > 0.

With these preparations we can now turn to the

Proof of Theorem 3.1. For each r € [0, 1) consider the operator G, = A+ rB with domain D(A) = D x {0}.
Since B and ¥ are positive operators, we see that condition (3.1) still holds for the positive operators rB
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and r¥, r € [0,1). We have ||[rBR(\, A)|| < r < 1 for r € [0,1). Thus, for each A > 0 and r € [0,1), the
operator Z — rBR(\,.A) is invertible with positive inverse. From Lemma 3.3 it follows that

ROLG) = ROVA) S " (BROV A))"

n=0

|R(X, Gr)|l < A~! and that the part G, of the operator (G, D(A)) in D(A) is the generator of a Co-semigroup
{P(t) }+>0 of positive contractions on D(A). Arguing as in [24] we conclude that the family of operators
{P(t)}+>0 defined by

P(t)(fafa):Th_{ritpr(t)(fafa)v (fafa)emzl’l X{O},

is a Cy-semigroup of positive contractions on D(A). Let (G, D(G)) be the generator of {P(t)}+>0 and R(X,G)
be its resolvent at A > 0. We take

R\ G)f =TLR(AG)(f,0) and P(t)f =TLP(#)(f,0),

where 11 (f, fa) = f.
Since 0 < R(\,G,) < R(\,Gp) for r <" and |[|[R()\, G,)|| < A1, we see that the limit

R)\(f7 f@) = l:gR(A,QT)(f, fa)

exists for all (f, fa) € L' x L}, and that

N o
Ra= lim R()A) ;(BR(A,A))” = ;R(A,A)(BR(A,A))”. (3.11)

We also have
liy ROVG,)(£.0) = ROLG)(£0), S €L

Thus R(A,G) is given by the part Ry of the operator Ry in L' x {0}, where R is defined by (3.11). Since

R(X\,A) Z(BR(A, A)MAT — A)(f,0) =Z(f,0) + R(),A) Z_ (BR(X, A))"B(f,0)

for all N, we see that

RA(AL = A—=B)(f,0) = (/,0)
for f € D, by (3.11). Now if f € D(Ay) then (A\Z — A—B)(f,0) € L' x {0}, implying that G is an extension
of the operator (A + B)|. Thus (G, D(G)) is an extension of the operator (Ay + B, D(Ay)). Finally, using
the formula for R and noting that

RN, A)B(f,0) = (R(A\, Ag)Bf + T (N)¥ f,0), feD,

we conclude that (3.3) holds true. O
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8.2. Characterization of the generator of the perturbed semigroup

We use the notation from Section 3.1. The operators A and B are as in (3.4) and (Ay, D(Ay)) is defined
by (3.2). We begin by noting that Theorem 3.1 together with Remark 3.4 and Lemma 3.3 implies the
following characterization.

Corollary 3.5. Assume conditions (i)-(%ii). If the operator (A + B,D(A)) is resolvent positive on L* x L},
then (Ay + B, D(Ag)) is the generator of a substochastic semigroup on L*.

We need the following lemma giving conditions for the operator (Ag, D(Ag)) to be resolvent positive.
Lemma 3.6. Assume conditions (i)—(ii). Let A > 0. Then \ € p(Ag) if and only if the operator Iy — PU ()
is invertible, where Iy is the identity operator on L}. In that case, the resolvent operator of (A, D(Ay)) at
A is given by

RO\ Ag)f = (I +U(\)(Io — WT(N) "R\, Ag)f.  fe Ll (3.12)
Moreover,

AR, Ag)[ <1 and  [[BR(A, Aw)| < 1.

Remark 3.7. Since the operator WW(\) is a positive contraction for A > 0, the operator Iy — PW()\) is
invertible with positive inverse if and only if

le [[(TW(N)™] = 0. (3.13)
This together with Remark 3.4(a) implies that the operator Ay is resolvent positive.
Proof. For the proof of the first part see [34, Section 3.3.4]. Since R(\, Ay)f € D(Ay) for f € L, we have

AR\, Aw)f = As RN\, Aw) f = AR\, Aw)f — f

and U(R(A, Aw)f) = Uo(R(\, Ag) f). Hence, if f is nonnegative, then R(\, Ay)f is a nonnegative element
of D. It follows from (3.1) that

/ (AR(\, Ag)f + BR(\, Ag)f)dm < 0.
E

Thus, we get
/)\R()\,A\p)fdm—/fdm—&-/BR(A,A@fdm <0.
E E E

This shows that both operators AR(\, Ag) and BR(A, Ay), being positive operators, have norm smaller or
equal to 1. O

It is easily seen that the following holds.
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Lemma 3.8. Assume conditions (i)-(iii). Suppose that A > 0 is such that the operators Iy — WU (N) and
I — BR(\, Ag) are invertible. Then T — BR(\,.A) is invertible and

RO\ A+B)(f, fo) = (RN, Aw)(I — BR(X, Aw)) ™' f
+ (I + R\ Ag)(I — BR(A\, Ag)) 'B)YU(\)(Ig — TU(N)) 1 f5,0). (3.14)

We now give one more criterion for Ay + B to be the generator. It is a consequence of Lemma 3.8,
Remark 3.4 and Corollary 3.5.

Corollary 3.9. Assume conditions (i)-(ii). Suppose that there is A > 0 such that (3.13) holds and

lim [(BR(), Ag))"|| = 0. (3.15)

n—oo

Then (Ag + B, D(Avw)) is the generator of a substochastic semigroup.

Our next goal is to obtain sufficient conditions for the substochastic semigroup from Theorem 3.1 to be
stochastic.

Corollary 3.10. Assume conditions (i)—(ii) hold true. If

/(Af—i—Bf)dm—i—/(\I/f—\Ilof)dma:O, feD, f>0, (3.16)

E Es

then the substochastic semigroup {P(t)}1>0 from Theorem 5.1 is stochastic if and only if there is A > 0 such
that

lim [[(BROLA)(£,0)| =0, feLl f>0. (3.17)

In particular, if conditions (3.13) and (3.15) hold for some X > 0, then {P(t)}i>0 is a stochastic semigroup
and (Ay + B, D(Avg)) is its generator.

Remark 3.11. Note that condition (3.16) is necessary for (Ag + B, D(Ay)) to be the generator of a stochastic
semigroup. In the setting of Section 2.3 condition (3.17) is equivalent to

lim [ E,(e™*™)f(z)m(dz) =0, felL' f>0,

n—oo
E
by Lemma 4.5. Thus, in particular (2.28) implies (3.17).
In applications, to check condition (3.15) we show that some power of the operator BR(A, Ay) has the
norm strictly smaller than 1, see Section 5.3. Similarly, one can check condition (3.13).

Proof. Recall that a substochastic semigroup with generator G is stochastic if and only if there is w € R
such that the operator AR(\, Q) is stochastic for all A > w. Since BR(\, A) is a contraction, condition (3.17)
holds for all sufficiently large A. Thus G is the generator of a stochastic semigroup if and only if the operator
AR(), G) is stochastic for all A satisfying (3.17). Observe that combining (3.6) with (3.16) leads to

IAR(A, A)(g, 90)Il = [I(g, 90)[| = IBR(A, A)(g, go) | (3.18)

for all nonnegative (g,g9) € L* x L}. Hence, for nonnegative f € L' and for
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N
(9.90) = Y _(BR(X, A))"(f,0)
n=0
we obtain
3 [ gdm = [ fam = BROAS0),
E E
where
N
fv =Y (R(\ Ao)B + ¥\ V)" R(X, Ao)f, N >0.
n=0

By taking the limit as N — oo, we see that
3 [ ROG)fam = [ fam— g |(BROVA) (0],
—00
E E

since fx 1 R(\,G)f and BR(\, A) is a contraction. This completes the proof. O
8.8. Invariant densities for perturbed semigroups

In this section we define a linear operator K on the space L' x Lé that will correspond to (2.30) in
the setting of Section 2. We also give relationships between invariant densities of the operator K and
invariant densities of the substochastic semigroup {P(t)};>¢ from Theorem 3.1; see [10, Section 3] for the
case Uy = ¥ = (. Our next result extends [35, Theorem 3.6] to the situation studied in this paper.

Theorem 3.12. Assume conditions (i)-(iii). Define the operator K: L* x L} — L' x L} by
K(f, fa) = Q?&BR(NA)(JF, fa)- (3.19)

Then K is substochastic on L' x Lé, If, additionally, condition (3.16) holds then K is stochastic if and only
if the semigroup {S(t)}i>0 generated by (Ao, D(Ayp)) is strongly stable, i.e.

lim S(t)f =0, felL"

t—o0

Proof. The proof of the first part is as in [35]. From (3.18) it follows that
1K (S, Ja)ll = II(f: fo)l| = T ALR(A, A) (S, fo)

for nonnegative f and fs. To complete the proof, we use the fact that the mean ergodic theorem for
semigroups [42, Chapter VIIL4] and additivity of the norm imply that {S(¢)};>0 is strongly stable on L! if
and only if

. _ 1
mAR(\, Ao)f =0, f e L

Observe that (3.9) implies that limy o AW(X) fo = 0 for fy € L}, if {S(t)}s>0 is strongly stable, completing
the proof. O
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We have the following extension of [10, Theorem 3.3].

Theorem 3.13. Suppose that conditions (i)-(iii) hold true. Let (f, fo) € L* x L} be an invariant density for
the operator K and let

f= il;l;(R(A, Ao)f +¥(A)fa). (3.20)

If f € L* then f/||f|| is an invariant density for the semigroup {P(t)}i>0-

Proof. Theorem 3.1 implies that the generator (G, D(G)) of the semigroup {P(t)};+>0 in an extension of the
operator (Ay + B, D(Ag)). We first show that f as in (3.20) satisfies f € D(Ay) and Gf > 0. Let

=R\ Ao)f +V(N)fa, A>0.
We have fy, > 0, fa T f, and f is nontrivial. Since the operator (A, D x {0}) is closed and A(fy,0) =
(Afx, =Uofr) = (M — f,—fa), we see that f € D, Af = —f and ¥y f = fp. From formula (3.19) it follows

that Bfy T f and Wfy 1 fo implying that Bf > f and Uf > fs. Therefore, Af + Bf > 0and Uf — WUy f > 0.
This together with (3.1) gives

/(@7 — Wy f)dmg = 0.

Es

Hence, Uf = Wof and Gf = Af + Bf > 0. Next, we see that
t
POTF—F = / P(s)GFds > 0
0

implying that P(t)f > f for all t > 0. Since the operator P(t) is a contraction, the result follows. O

We also have the following converse of Theorem 3.13 extending [10, Corollary 3.11].
Theorem 3.14. Assume conditions (i)-(iii). Suppose that the semigroup {P(t)}i>0 has an invariant density
f« and that the operator K is stochastic. If (Bf.,Vf.) € L' x L} then f. € D, |(Bf.,Vf.)|| > 0, and
(Bfw,; )/ (Bfs, ¥ L)l is an invariant density for the operator K.

Proof. Let fy = Afi, where A > 0 is fixed. We define

N
(fwn, fon) = Z (BR(\, A)))"(f0,0) and (fn,0) = RO\ A)(fn, fan), N >0.
n=0

We have fyx + AR\, G)f. = f. and B(fn,0) < B(fn+1,0) < B(f.,0) for all N. Since B(f.,0) € L' x L},
we see that there exists nonnegative (f, fa) € L' x L} such that B(fy,0) — (f, fa) as N — co. We have

B(fn,0) = BR(A, A)(fn, fon) = (fy41 — fo, fons1)
for all N. Thus, (fn, fon) = (f + fo. fa)s

(f*,()) = R(/\7A)(fa fd) + R(/\aA)(fo,O),
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and f, € D. Next, we show that ||(f, fo)|| > 0. Suppose, contrary to our claim that ||(f, fo)|| = 0. Then
fe = AR(\, Ao) f«, implying that f. is an invariant density for the semigroup {S(¢)}:>0 generated by
the operator (Ag, D(Ap)). By Theorem 3.12, {S(¢)}+>0 is strongly stable, giving f. = 0 and leading to a
contradiction. Finally, since (f, fa) < B(f«,0) = (Bfs, Ufi), we see that [|B(f«,0)|| > 0 and B(f,,0) <
KB(f«,0) + AK(f+«,0), where letting A | 0 completes the proof. O

4. Proofs of main results

We consider the minimal process X = {X(¢)};>0 with characteristics (¢, ¢, P) as described in Section 2.1
and such that Assumptions 2.1-2.4 from Sections 2.2 hold true. To use results from Section 3 we take
L' = LY(E,m), L} = L*(T~,m™), Yo = Tr~, and the operators A, B, ¥ as described in Theorem 2.8 in
Section 2.3. We check that Theorem 3.1 applies and provides the existence of a substochastic semigroup
that will be the semigroup induced by the minimal process X implying Theorems 2.5 and 2.8. In Section 4.3
we use the results from Section 3.3 to prove Theorems 2.11-2.13 from Section 2.4.

4.1. Existence of a substochastic semigroup

In this section we check that assumptions of Theorem 2.8 imply conditions (i)—(iii) of Theorem 3.1 leading
to the following result.

Theorem 4.1. Suppose that Assumptions 2.1-2. hold. Let B and ¥ be as in (2.25) and (A, D) be defined
by (2.21)—(2.22). Then there exists a substochastic semigroup {P(t)}i>0 with generator (G, D(G)) being an
extension of the operator (Ay + B, D(Ay)) where D(Ag) = {f € D: Tr™ f = Uf}. The resolvent operator
of G at X\ > 0 is given by (3.3). Moreover, condition (3.16) holds.

Before we give the proof of Theorem 4.1, we first provide a general formula for the right inverse ¥(\)
introduced in condition (ii) in Section 3.1. Suppose that Assumptions 2.1-2.3 hold and, for each A > 0,
define

\I/()\)fc')(fﬂ) = e—kt, (x)_fof«,(m)

WorDI fo (64 (@) (@) Tt w)(2), @€ E, fpe L'T™,m™),  (41)
where the right-hand side of (4.1) is equal to zero if t_(x) = oc.
Lemma 4.2. Let fo € LY(I'~,m™) and A > 0. If U(\)fa is as in (4.1) then Tr"W(A\) fo = fo and

—(2)

TrrW(N) fa(z) = eM-(=o W= g (d_y () (2)) Tt (»)(2), z€TT. (4.2)
Moreover, TrtWU(\) fo € LY(T'F, m™),
/ Tt U(A) £ (2)m* (dz) = / e~ I Otato G (- (d2) (4.3)
r+ r—

and

/ Tet O (A) fo(2)m* (d2) + / A+ g(@) TN fo (2)m(dr) = / fo(z)m™(dz). (4.4)
E |

T+
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Proof. Let f = W(\)fs. Since t_(¢s(2)) = s for s <ty (z) and z € T, we get, by (4.1) and (2.8),

F(0s(2))Ts(z) = e ol a@r D (), (4.5)

Thus Tr™ f(z) = fa(z) for z € T, by letting s — 0 in (4.5). Similarly, since t_(¢_4(z)) = t_(z) — s for
zeTt and s < t_(z) < 0o, we obtain

F(Ss(2)Ts(2) = e~ L7 T OHa@CDYr £ NI, ()(2),

showing that (4.2) holds.
Assume now that fs > 0. Then f > 0. Recall from (2.11) that E\ E_ C I'" U{z : t_(z) = co}. We have
m(T'~) =0 and f(z) =0 if t_(x) = co. Thus, by (2.16) and (4.5), we obtain

t4(2)
Jorans@m) = [ [ 0+ aome i a fyyisme @),
E r- 0
It follows from Assumption 2.2 that
s d s
(A + q(¢s()))e™ Jo AFalor@)dr — —e 5 O +a(gr(2)))dr

for Lebesgue almost every s and for all . Hence, for all z we have
ty(z)

(A q(@y (@)))e J5 OFal6r@Ndr gg — 1 _ o= Jo* ™ Ocka(or(@)ar, (4.6)

Therefore

oty (2)
ot atansiamidn) = [ (1@ o) o) < ol
E
Observe that for any A > 0 and nonnegative measurable g we have ([4, Proposition 3.12])
/e_kt’(z)g(qtt,(z)(Z))J—t,(z)(z) m (dz) = /6_”+(z)9(«2)m_(d2)- (4.7)
r+ ha

ty (z)
By applying (4.7) to g(z) = e~ I 2(@r(2))dr f5(2) we see that (4.3) holds, implying (4.4). Now decomposing
fo as the difference of a positive and a negative part, completes the proof. O

Our next result shows that condition (ii) from Section 3.1 holds.

Lemma 4.3. Let (A, D) be given by (2.21)—(2.22) and let Uo(f) = Tr™ f for f € D. Then for any A > 0,
U(A) given by (4.1) is the right-inverse of the operator Wy restricted to the nullspace of A — A.

Proof. Let fs € L*(T'~,m™) and f = U()\)fs with A > 0. Lemma 4.2 implies that f € L'(E,m), qf €
LY(E,m) and f € D(Tr®). It remains to show that f € Ker(\ — A), or, equivalently, that f € Dyayx and
Tmaxf = (A + q)f. To this end, it is enough to prove that for any test function ¢ € 91 we have
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[+ g@ns@ystemds) / s M2 (),

where we use the fact that f(z) = 0 for m-a.e. x € E'\ E_. By the change of variables (2.16)

t4(2)

d
[ a@nsapmidn) = [ [ < (e BOTEDE )y, () dsfo(hm (dz).
E_ - 0
Integration by parts leads to
ty(z) p ty(2) p
[ =52 (e sioateromin) yo, @y ds = [ el L (g, ) ds,
0 0

since e M+ ()oh(hy(2)) — 0 as s — ¢4 (2) and () = 0 for z € T'~. This together with (4.5) gives

t4(2)

[t da@ns@p@man = [ [ L@50.6)
0

E_ =

d(1p o ¢y)

20| (6u() ds.

Using again the change of variables (2.16), completes the proof. O

Proof of Theorem 4.1. It follows from Theorem 2.6 that for f € D we have Tr™ f € L'(T'F,m*) and

/Af(m)m(dx) = /Trff(x)mf(dz) - /Tr+f(x)m+(dx) f/q(:c)f(x)m(dx) (4.8)
E

r— r+ E

If f is nonnegative then it follows from (2.17) that

[ Br@mids) + [wi@m (@)= [Pl B f@mlds) + [Pl B foym* (do)
E r- B r+
< E/ a(2) () (d) +F[ Tet £ (2)m* (dz),

where equality holds if P(x, E) = 1 for all z € E UTT. This together with Theorem 2.7 and Lemma 4.3
shows that conditions (i)—(iii) in Section 3.1 are satisfied. Theorem 3.1 now completes the proof. O

We conclude this section with the following result that will be needed in the next sections.

Lemma 4.4. Suppose that Assumptions 2.1-2.3 hold. Let (Ao, D(Ag)) be the generator of the substochastic
semigroup in (2.23). For any nonnegative f € L'(E,m) and X\ > 0 we have

t_(z)
RO\, Ao) f(z) = / e NI @@ £ (1)) T (2)dt, @ € E,

(=)

and
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t_(z)
Tt RO\, Ao) f(2) = / ML a6 N f (6 ()T, (2)dt, 2 € T

0
Moreover,
/ Tt ROA, Ao) f(2)m* (dz) = / M @)=L a0r @) f(2ym ()
I+ B
and
/Tr+R()\ Ao)f(z)m™ (dz) +/ A+ q(x))R(N, Ag) f(x)m (dm)z/f(ac)m(dx).
T+ E E
Proof. Since
ROVAf(@) = [ eS(0) (@),
0

the first formula follows from (2.23). This together with (2.8) and the monotone convergence theorem implies
that the second formula is valid. Fubini’s theorem together with conditions (2.24) and (4.6) gives

/ (A +q(2))R(X, Ao) f( / ¢ / Lot (o) (£)e ™ 0 20 (X 1 q(¢y(2))) f(x)m(da)dt
E 0 E

/<1 . f+( >(/\+q(¢r(x)))dr> f(ac)m(dx)
E

It follows from (2.15) that

/Tr+R()\,A0)f(z)m+(dz) = /e*AtJr(:r)fngw) a(Sr@)Ar £ (2 m(dx).

r+ E,

Finally, we have e +@) =0 for x € By, = {r € B :t,(x) = +o0} and E = E4 U E,, which completes
the proof. O

4.2. Proofs of Theorems 2.5 and 2.8

In the proof of Theorem 2.5 we will show that the semigroup {P(¢) };+>o from Theorem 4.1 is the semigroup
induced by the process X = {X (t)};+>0 with characteristics (¢, ¢, P). Recall that for any € E and B € B(E)
the transition function is P(t,z, B) = P,(X(¢) € B,t < T ), where P, is the distribution of the process X
starting at x and 7., is the explosion time. Thus

P(t,z, B) ZIP’ t)€ B, 7 <t <Thy1), =€ FE,BeB(E),

where 7,, are the consecutive jump times of the process. First, for A > 0, x € F and ¢ € B(FE) we define
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Unt(x / *”/w P(t,z,dy)dt

and we rewrite it with the help of the embedded discrete time Markov chain describing consecutive jump
times and post-jump positions. We define the transition kernel as in [15, Equation (4.3)]

N(.’L‘,BxJ):Ew[].B(X(Tl))].J(Tl)], reF,

for B € B(E), J € B(R4). The strong Markov property of the process {X(¢)};>0 at 7, implies that the
sequence (X (7,),7,), n > 0, is a (sub)Markov chain on F x R satisfying the iterative formula

N™ @, B x J) = Py(X (1) € B, € J) = / N"1(y, B x (J — 5))N(x, dy, ds)

ExRy

forn>1, N' = N, and N%(z,B x J) = 15(x)8(J) for B € B(E), J € B(R;). Let 1 € B(E). We define

To(t)(x) = o[ (X (1)1 jrary] = $(dp(x))e™ o 0Dy, o (t)

and its Laplace transform

oo ty(x)
Udih(x) = / e MTo(t)(x)dt = / P(dy(z))e™ o OFa@r@Ddrgy e B X > 0. (4.9)
0 0

For each n, by the strong Markov property at 7,,, we obtain

Eo [0 (X ()1 (r, <t<rnii}] = Ea[t(dr—r, (X(70))) L ir, <t<rpiny] = / To(t — s)Y(y)N"(, dy, ds).
Consequently, for A > 0, z € E and @ € B(E) we have

Ustp(z Z// A UV(y) N (z, dy, ds) = ZIC“UW (4.10)
where
- / / e M U(y)N" (x, dy, ds) = Eo(e (X (7)), n >0,
E O
Note that % is the nth iterate of the operator
Kat(x /1/1 Ka(z,dy), =€ E, o€ B(E), (4.11)

where the transition kernel Cy is given by

ty ()

Ka(z, B) = / e~ o Q(@(x))d’"q(@(a:))P(d)S(a:),B)ds + e—At+(r)—fot+(z) Q(¢r(x))d7"7)(¢t+(x)(m>7 B) (4.12)

(=)
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for all z € E and B € B(E). Note that K; corresponds to R in [15, Equation (2.5)].
In what follows we use the following duality notation

((f, fa), / F@)(x)m(dz) + / folx ~(dw)

for f € LY(E,m), fs € L*(T~,m™), and bounded measurable functions ¢: E — R. We let A and B be
defined as in (3.4) where the operators A, B, ¥ are as described in Theorem 2.8 and ¥g = Tr™.

Lemma 4.5. Let BR(\, A) be as in (3.7) and Ky as in (4.11). Then for any nonnegative (f, fo) € L*(E,m) x
LY(T~,m™) and any nonnegative measurable 1 we have

(BR(X, A)(f, fa), ) = ((f, fa), Kavp), A >0.

Proof. Let F, be as in (2.5). From (4.12) it follows that
/ F(@)Kx (2, dy) = / / F(@)e Fy()a(65(2))P (4 (), dy) m(dz) ds (4.13)
E 0 F
4 / F@)e O E (b (2)7YP(r, oy (), dy)m(d).

We begin by rewriting the first integral in the right-hand side of (4.13). For each s > 0, using (2.24), we get
[ H@)Fu(5)a(61(0)P (6. 0). dyym(da) = [ S(6)F(a)ata)P o, dyym{do)
E E

Hence,

/ / % (@) Fal(5)a(s (2))P(a(x), dy) m(de) ds = / R(\, Ao) f(@)a(x)P (&, dy)m(d).
0 F

S|

To rewrite the second integral in (4.13), we make use of (2.15) to get
[ 1@ @4 @) VP60, ) @) dim(e) = [ for (P dgm (d2),

where

t_(z)
for(e) = [ e Nven oD (o () ()i
0
This together with (2.17) leads to

/ RO, o) f(2)q(x) / V()P (a, dy)m(dz) + / fo- (2) / Ply)P (= dyym* (d=)
E T+

E E

= ((Po(gR(X, Ao) f, for)), Pa(gR(N, Ao) f, fo+))): ).
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Since fa+ = Tr™ R(\, Ap)f, by Lemma 4.4, we obtain

/f(ﬂf)/i/f(y)/CA(x,dy)m(dﬂf) = ((B(R(A, Ao)f), ¥(R(A, Ao)f), ). (4.14)
E E

Similarly, we have

ty (x)
/ fo(x)Cx(x, dy)m™ (dx) = / / fo(z)e e o a@r@drg (g ()P (¢ (), dy) ds m™ (dz)

4 / fol@)e M@ By (b (2)7)P(6y, (o) (), dy)m ™ (da)
J

- / B(N) fo2)a() Pz, dyym(dz) + / Tt W(N) fo ()P, dy)m* (d),

E T+

where we used (2.16) and (4.7). Finally, we conclude from (2.17) that

/ folz) / B() K (a, dy)m(dz) = (BY(N) fo, WE(N) f2), ).
| E

This together with (4.14) completes the proof. O
Now we are prepared to give the
Proof of Theorem 2.5. Assume that f, 5,1 are measurable and nonnegative. Observe that we have
(ROA)(S, fo),v) = ((f, fo), USW) (4.15)
where U} is as in (4.9). It follows from Lemma 4.5 that
(RO A)BR(A, A)(f, fa), ) = ((f, fo), KAURY).
Consequently, for any n > 1 we obtain
(RO AYBR(X, A, fa), ) = {(f, fo), KXURY).

By the Lebesgue monotone convergence theorem,

N —o0

N
lim (Y R\, A)BR, A)™ (£, fa), ) = (Ra(f, f2), 1)
n=0

and

N
Jim (£, fa). D KRURS) = ((f, f0), Urt),

n=0

where R is as in (3.11) and Uyt is as in (4.10). This shows that
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| B 1@timidn) = [ f@Ub@mids),
E E

since RA(f,0) = (R(\, G)f,0) for f € L'(E,m). The process {X (t)}+>0 has right-continuous sample paths
by construction. Let ¢ € Lip(E), where Lip(E) is the set of bounded globally Lipschitz functions ¢: E — R.
Thus, we get

lim E,(¢(X(s)) =E.(¢(X(?)), =€ E,t>0,¢ € Lip(E),
and we conclude that the function

£ / f() / $(y) P(t, 7, dy)m(da)

E E

is right-continuous for any v € Lip(E) and any nonnegative f € L'. We also have

/ RO\ G) f()i(@)m(de) = / e / P(t) () (x)m(da)dt
0

E E
and the function
e [ PO @)(a)mldo)
E
is continuous. Hence, by the uniqueness of the Laplace transform, we obtain
| Ps@v@mian = [ [owPits.dpsamd) (416)
E E E

for all t > 0, nonnegative f € L' and v € Lip(E). Finally, we can approximate indicator functions of closed
sets by functions from Lip(F). Thus equality (4.16) holds for all ¢ being indicator functions of closed subsets
of E. Since two finite Borel measures are uniquely defined through their values on closed sets, we conclude
that (4.16) holds for ¢ = 15, B € B(FE). This completes the proof of Theorem 2.5. O

Finally, we prove our results from Section 2.3.
Proof of Theorem 2.8. Theorem 4.1 together with Theorem 2.5 implies that the generator (G, D(G)) of the

induced semigroup {P(t)}:>0 is an extension of the operator (Ay + B, D(Ay)). Now, if D(G) = D(Av)
then G = Ay + B is the generator of a substochastic semigroup satisfying

/Gfdsz for f € D(G), f >0,
E

by Theorem 4.1 and (3.16). Hence, the induced semigroup is stochastic. O

Proof of Corollary 2.9. Let g be the upper bound for ¢ and let ¢ be the lower bound for ¢, on I'". Observe
that for nonnegative (f, fs) € L*(E,m) x LY(T'~,m™) and A > 0 we have

IBRO. A o)l < (£ +e2) 170l
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This shows that (3.10) holds and Corollaries 3.10 and 3.5 imply that {P(¢) };>¢ is stochastic and its generator

4.3. Proofs of Theorems 2.11-2.153

Proof of Theorem 2.11. First, we look more closely at the defining formula of the operator K in (3.19)
when the operators B and ¥ are as given in (2.25). Suppose that (f, fs) € L*(E,m) x LY(T~,m™) are
nonnegative. Using monotonicity of A — R(\, Ag)f and A — ¥(\) fs we infer that the pointwise limits

R(0)f = Alira1+ R(M\ Ao)f and ¥(0)fs = )\hj{)ﬂ T(N) fa

exist and that R(0)f, U(0)fs are nonnegative, but need not be integrable. Since [|gR(\, o) f]| < || f]| and
laT(N) fall < || fa]l for each A > 0, by Lemmas 4.2 and 4.4, we see that

R(0)f(z) = / e B 16N (6 () (2)dt, € E,
0

and

t_(x)

U(0)fa(x) = 1t (y<ooye o 10— @y (@) @wy(z), z€E,

together with qR(0)f, ¥ (0)fo € L}(E, m). Similarly, [Tr* RO\, Ao)f| < [I£]] and [TeHw(A) o < 1 foll for
all A > 0, and we have Tr* R(0) f, Tr " ¥ (0) fo € L (T, m™), where

t_(z)
TrTR(0)f(2) = / e Joa@—r(Ddr ¢ (2))J_,(2)dt, =z €T,
0

and

_ (=)

Trr0(0) fa(2) = 1 (y<oye o 1O (T (5)(2), zeTT.

Consequently, for Ry as in (2.31) we obtain
Ro(f, fo)(z) = R(0)f(z) + ¥(0)fa(z), =€ E,

and

Ro(f, fo)(2) = Tr" Ro(f, fo)(2) = Tr R(0) f(2) + Tr™W(0) fa(2), z€T™.

Thus, the operator K as defined in (3.19) is given by (2.30). Note that if condition (2.32) holds for all 2 with
t+(z) = 400 then, by (2.24) and the dominated convergence theorem, the semigroup {S(¢)}:>o satisfies

Jim [[S(5)f] = Jim / e B AN (O] (@) mlde) =0, f € LY(E, m),
E

and it is thus strongly stable. Now Theorem 3.12, Lemma 4.5 and the monotone convergence theorem imply
the result. O
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Proof of Theorem 2.12. Let (f, fs) be an invariant density for the operator K. For f as in (3.20) and
B € B(E) we have

l/jﬂnl L/ Jim (RO, Ao)f + B\ fo)Lpdm = lim (RO, A)(F, fo), 15)

by (3.5) and the monotone convergence theorem. It follows from (4.15) and (4.9) that

ty(z) ty ()

Fdm = 15(¢u(x))e Jo 2 @Ddr gt £ (2ym(dz) + 15(¢u(x))e Jo 9r@Ddr gt £ (2)m~ (dx).
[re=]] I

r- 0

Since f = Ry(f, fs), we see that assumption (2.33) gives f € L'(E,m). Consequently, the result follows
from Theorem 3.13. Observe that condition (2.36) holds as well. O

Proof of Theorem 2.13. We show that Theorem 3.14 applies. Let fo = Af. and
v = R(/\, AO)BfN_1 + \If(/\)\I/fN_l, N > 1.

Then fy € D for N > 1 and fy T f«. By Lemmas 4.2 and 4.4, we see that

/Tr+dem++/(/\+q)dem: /‘I’fN—ldm_+E/BfN—1dm~

r+ E r—

This together with Assumption 2.4 implies that

/T‘f+dem++/CIdem§ /Tr+fo1dm++/QfN71dm
B

T+ E T+

for all N. Since f; € D, we see that Bf, € L'(E,m), ¥f, € L*(T~,m~) and

Hwﬂmﬂm=/ﬂvmw+/wwmg/ﬂvmw+/wwm<m

r+ E r+ E

Theorem 3.14 completes the proof. O
5. Examples
5.1. Several flows
In this section we look at the general setting considered by Davis [16,17]. Let E’ C ]R{d‘, i €1, bea

collectlon of open sets, where I is a finite or a countable set, such that on each set E there is a flow
i By — El, t € R, i € I, defined by solutions of the differential equation

L a(t) = bi(a(),  2(0) =2, (5.1)

where b; is locally Lipschitz continuous. For each i let E? € B(R%) be such that its closure F? is contained
in F;. We define two subsets of the boundary of the set E?: the outgoing boundary



414 P. Gwizdz, M. Tyran-Kamiriska / J. Math. Anal. Appl. 479 (2019) 384425

I ={"e F?\EZQ : 20 = ¢i(2?) for some 2° € EY,t > 0, and ¢%(z°) € E) for s € [0,1)}

which are points which can be reached by the flow ¢! from E? in a finite positive time and the incoming
boundary

Iy ={"¢ F? \EY: 20 = ¢, (%) for some 2° € E?,t > 0, and ¢ (2°) € EY for s € [0,1)}.

We define E; = EYUT; \ (D; NT)), i € I, B° = {(2°,i) : 2° € EY,i € I}, and the state space of the
process by

E={(z%4):2° € E;,i € I}.
The points from the sets

I+ =¥ x {i}

i€l

can be reached by the flow from EY in a finite positive/negative time. For each i we also consider a Borel
measurable nonnegative function ¢;: E; — [0, 00).

 Let E= el E; x {i} and let &€ be the o-algebra which is the ‘union of Borel o-algebras of subsets of
FE;. The space E can be endowed with a metric in such a way that F is a separable metric space. We define
O : E—E by

¢u(2) = ($1(2°),9), a=(a°i),2° € By,i€ L.

The mapping R x E 3 (t,z) — ¢¢(x) € E is continuous and (2.1) holds. Thus ¢ is a flow on E. We consider

the o-finite measure m on E given by

m(B) = (m; x 6;)(B), BEe€E,

i€l

where m; is the Lebesgue measure on R%, i € I, and the jump rate function given by q(x) = ¢;(2°) for
x = (2°,i) with 2° € E;, i € I. We assume that the interior of each set EY is non-empty and that the
boundary of the set E? is of Lebesgue measure m; zero.

Corollary 5.1. Suppose that for each i € I the vector field b;: E; = R% in (5.1) is continuously differentiable
with bounded derivative and that q; is continuous. Then Assumptions 2.1-2.3 hold true. If, additionally, a
Jump distribution P is such that Assumption 2./ holds then the process with characteristics (¢,q,P) induces
a substochastic semigroup on L'(E,m).

Proof. From the theory of differential equations it follows that for each i there is a flow on the set E; defined
by solutions of the initial value problem (5.1). If m; is the Lebesgue measure on R% then the Jacobian J}
of the flow ¢* is given by

t

Tia) =exp [ div(ila)ar p, o € B
0

where div(b;(2°)) is the divergence of the vector field b;. We define Jy(x) = Ji(z°) for z = (2°,4) with
2% € E;, i € I, and we note that Assumption 2.1 holds. Given i the function 20 — div(b;(2°)) is bounded



P. Gwizdz, M. Tyran-Kamiriska / J. Math. Anal. Appl. 479 (2019) 384425 415

and there exist unique Borel measures m3 such that condition (2.14) holds for the flow ¢’ on E; with

the corresponding boundaries Fii, by [4]. Therefore, Assumption 2.3 is satisfied if we consider the measures

m* = Y el mllL x ;. Since for each i the function ¢; is continuous we see that Assumption 2.2 also holds. O

5.2. Kinetic equations with conservative boundary conditions

In this section we provide the link between PDMPs and transport equations with boundary conditions;
for the general treatment of the latter see [8,11,20,28,38,39] and the references therein. We consider here
a general time dependent linear kinetic problem for a density v depending on time ¢, position = € 2 and
velocity v € V, where Q x V' C R24, The movement is defined by the flow given by the differential equation

Z'(t) = v(t), o'(t)=0. (5.2)
The solution of (5.2) with initial condition (x(0),v(0)) = (x,v) is of the form
bi(z,v) = (x +tv,v), z€RLveV,teR.

We take E = R24 E9 = Q x V, and m = Leb x v, where v is a Radon measure on R? with support V. We
have

I+ = {(z,v) € 2 xV : tv-n(z) > 0}, mi(dx, dv) = v - n(z)o(dz)v(dv),

where n(x) is the outward normal at € 99, and o is the surface Lebesgue measure on the boundary
0f). Supplementary conditions must be specified on the boundary of the phase space. We assume that
they are modeled by a positive boundary operator H relating the incoming and outgoing boundary fluxes
of particles. There is also given a collision frequency ¢(z,v) and a collision kernel k(x,v,v"), which are
nonnegative measurable functions such that

/k:(x,v’,v)u(dv’) =q(z,v), (z,v)€QXV.
v

Thus the equation for u is of the form

ou(t, z,v)

5 TV Vau(t,z,v) = /k:(a:, v, 0" )u(t, z, v )v(dv') — q(z,v)u(t, z,v)

v
with boundary and initial conditions
Tru=H(Tr ), w0,z,v) = f(x,v).
The boundary operator H is assumed to have norm equal to 1. Let the jump distribution P be such that

q(z,v)P((z,v), B) = /1B(x,v’)k(m,v',v)u(dv’), (z,v) € E°, B € B(E),
v

and

/P(Z,B)fa+(z)m+(dz) = / H(far)(2)m™(dz), for € L*TT,m™"),B e B(I).

r+ I'—nB
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Thus, we have Py(f, fo+) = Po(f) and Py(f, fo+) = H(fs+) for f € LY(E,m), fo+ € LY(I'",m™), where

Po(af)(z,v) = / Kz, 0,0) (2,0 Yo (do)
%

for f € L*(E, m) such that ¢f € L*(E, m). If for each v € V the function x + q(x,v) is locally integrable on
€, then the process with characteristics (¢, ¢, P) induces a substochastic semigroup on L!(E,m). Moreover,
if ¢ is bounded and inf{t; (z,v) : (x,v) € T~} > 0 then the semigroup corresponding to (¢, g, P) is stochastic
and the kinetic equation is well posed on L!(E,m), by Corollary 2.9.

A particular example is the collisionless transport equation, where k£ = 0 or, equivalently, ¢ = 0, see
[6,29,31,39] and the references therein. Consider now the operator K as in (2.30). We have K(f, fa) =
(0, H(Ro(f, f5))) for (f,fs) € L*(E,m) x L*(I'",;m™). Observe that the operator K has an invariant
density (f, fs) if and only if f = 0 and fp is the solution of H(Ry(0, fa)) = fs; in that case, the induced
substochastic semigroup has an invariant density if Ro(0, f9) € L*(E, m), by Theorem 2.12.

5.3. Application to a two phase cell cycle model

In this section we give an example of a PDMP where the induced semigroup is stochastic as in Corol-
lary 2.9 and its generator is the operator Ay 4+ B but the jump rate function ¢ need not be bounded and
inf{t;(z) : z € T~} = 0. Consider a continuous time version of the two-phase cell cycle model from [26,36,
37] as presented in [33]. We assume that the cell cycle consists of two phases: I and . The phase I begins
at birth and lasts until a critical event occurs which is necessary for mitosis and cell division. Then the cell
enters the phase II which lasts for a finite time T7;. We assume that a cell of size x > 0 grows with rate
g(x), it enters the phase IT with rate ¢(z), and at the end of the phase IT it splits into two daughter cells
with sizes x/2.

The model can be described as a piecewise deterministic Markov process. We consider three variables
(,y,1), where x describes the cell size, y describes the time which elapsed since the moment the cell
entered the phase I1, ¢ =1 if a cell is in the phase I, and ¢ = 2 if it is in the phase 1. Between jump points
the coordinates of the process X (t) = (x(t),y(¢),i(t)) satisfy the following system of ordinary differential
equations

a'(t) =g(z(t), () =it)—1, d'(t)=0. (5:3)

The generation time of a cell, i.e. the time from birth to division, is equal to 17 4+ 177, where 77 is the
random length of the phase I with distribution

P(T; > t|z(0) = ) = e~ Jo #@rDdr 4 > . (5.4)

Let ty = 0. If consecutive descendants of a given cell are observed and the time of birth of a cell from the
nth generation is denoted by t,, then t,11 = s, + Tj; where s, is the time when the cell from the nth
generation enters the phase 7, n > 0. A newborn cell at time ¢,, has an initial size equal to x(t,,)/2, where
x(t,,) is the size of its mother cell. Thus

2(sn) = 2(s,), i(sn) =2,

and the cell divides into two cells at the end of the phase I1, so that we have

1, .
(tpyr) = §$(tn+1); i(thyr) = 1.
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We assume that g: (0,00) — (0, 00) is a continuous function such that g(z) > 0 for z > 0 and

B(o0) = [6(0)] = 00, where &(z) :/

T

1

T hd

with Z > 0. Observe that ¢} (z¢) = &~ 1((zg) + t) is the solution of 2/(t) = g(z(t)) with z(0) = z¢. The
solution of (5.3) with initial condition (z,y, ) is given by

du(w,y,7) = (¢f(x),y + (i — 1)t,i), € (0,00),y,t€R,ie{1,2}.

We take E = (0,00) x {0} x {1} U (0,00) x R x {2} and E° = (0, 00) x {0} x {1} U (0, 00) x (0, Ty7) x {2}.
We have

I~ =(0,00) x {0} x {2} and T = (0,00) x {T1s} x {2}.
We introduce the measure
m(B) = (Leb x 8y x 6,)(B) + (Leb x Leb x 6,)(B), B € B(E),
where Leb is the one dimensional Lebesgue measure. Observe that

Jt(xa?ﬁi):Mv (xvy;i)EE,tER.

g(x)
The measures at boundaries are taken to be
m~ =Leb x Jy x §3 and m™' = Leb x d7,, X .

The jump rate function ¢ is given by ¢(x,0,1) = p(z) and ¢(x,y,2) =0, (z,y,7) € E. We assume that the
function ¢: (0,00) — [0, 00) is locally integrable on (0, c0). Finally, two types of jumps are possible: if i = 1
then there is a jump from (z,0,1) to (z,0,2) with rate ¢(z), while if i = 2 then the boundary I'" is reached
in a finite time and there is a forced jump from the point (z, Ty, 2) to the point (1z,0,1). Observe that we
have

PO(fvf@*)(xa();l):2f3+(2x7TII72)3 P()(f7f8+)($,y,2):0, x>0,y€(0,T11),
and
Pa(fa f8+)(x’072) = f(ZE,O, 1)7 T > Oaf € Ll(Evm)afaJr € Ll(r+am+)‘

The operator A can be interpreted as

0 0

Af(.CC,O, 1) = _%(g(x)f(xaoa 1)) - gp(x)f(x,O, 1)v Af(xvyaz) = —%(g($)f($,y,2)) - %(f(xaya 2))a

where the derivatives are understood in the sense of distributions. The operator B: D — L'(E,m) and the
boundary operator W: D — L'(I'~,m™) are given by

Bf(x,0,1) = 2Tx" f(22,T11,2), Bf(z,9,2) =0, ¥f(,0,2) = p(2)f(2,0,1), z>0. (5.5)
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Corollary 5.2. The induced semigroup {P(t)}i1>0 corresponding to (¢,q,P) is stochastic and its generator is
the operator (Ay + B, D(Ay)), where D(Ag) ={f € D: Tr f(z,0,2) = p(z)f(x,0,1),x > 0}.

Proof. First we make use of Lemma 3.6 to show that Ag is resolvent positive. Since ¢_(z,0,1) = oo for
x > 0, we have ¥(A)fo(z,0,1) = 0 by (4.1). Hence, UU(\)fs = 0 and the operator Iyg — PU()\) is the
identity. Lemma 3.6 now implies that Ay is resolvent positive and that

R\ Aw)f = RO\ Ao)f + U (NYR(N, Ao)f,  fe LN (E,m). (5.6)

For any nonnegative f € L*(E,m), we have

HBR()\,A\I;)B]C” :/TI‘+R()\,A\1;)Bf(’I,T]],2)d(£.
0

This together with (5.6) gives
|IBR(\, Ay)Bf|| = /Tr+R(A,AO)dem+ +/Tr+W(A)q/R(A,AO)dem+.
r+ r+

Since t4(x,0,1) = 400 and Bf(z,y,2) = 0 for x > 0, y € (0,T11), it follows from Lemma 4.4 that the
integral of Tr* R(\, Ag) Bf is zero. Lemma 4.2 now implies that

|BR(\, Ay)Bf|| = /e”\T”\IIR(A,AO)dem’ = =M /ga(x)R(A,AO)Bf(x,O,l)dx.

r- 0
Observe that the last integral is smaller than || Bf||, by Remark 4.4. Consequently, we obtain
[(BR(A, Ap))? fI| < e || BR(X, Ag) fI| < e M| f]].
Corollary 3.9 implies that the induced semigroup is stochastic and that its generator is (Ag+ B, D(Ay)). O

We close this section by looking at invariant densities for the corresponding operator K as in (2.30) and
for the induced semigroup. We see that (f, fg) is invariant for the operator K if and only if

f(SC,O,l):2R0(f,fa)(2I,T1],2), f(x7y,2):0,
f6($7072) = @(x)Ro(f, fa)(faO, 1)7 x>0,y € (OvTII)v

where Ry as defined in (2.31) is given by

Ro(f, fo)(x,0,1) = ﬁo/eg(z)g(“’)f(z,o,l)dz with Q(z) x/%dy, z >0,
and
g(oL(x)) g(oL,(x))

dt + fa(¢,(x),0,2)

Rolf. fo)(w.9.2) = [ 16ty =250
0

Hence,
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1
f(:c,O,l):2f3(¢1_T”(2z),0,2)M and  fo(z,0,2) = <p("l”)/eD(Z)*D(ﬂ”)f(z,(),1)dz.

9(22) g(z)

Observe that

O/fa?()Q O/szI

Thus, (f, fs) is an invariant density for the operator K if and only if f(z,y,2) = 0 and fi(x) = f(z,0,1) is
an invariant density for the operator P; on L'(0, 00) given by

A(z)

Pifi(z) = — / a% (eD‘( 2)- W))) fi(z)dz,  fi € LY(0,00), where A(z) = ¢, (22). (5.7)
0

Consequently, for f = Ro(f, f») as in (2.34), we obtain

oL, ()

1
T,0.1) :ﬁf OBz md Flod) = S5 [ SR s

and if f is integrable, then the semigroup {P(t)};>0 has an invariant density, by Theorem 2.12.
It follows from [19] that if

lim inf (Q(A(z)) — Q(z)) > 1

Tr—00

then P; as defined in (5.7) has a unique invariant density and we denote it by f;. We have

I£1l :/ /—g(x) 2O dy 4 Tyy | fi(2)dz
0 z
and
(o) 1 o0
/—eﬁ(z)_ﬁ(r)dx = /]P’(TI > t|z(0) = z)dt = E,(T7).
) 9(x)
Hence, f is integrable if and only if
/EZ(TI)fl(z)dz < 00.
0

Appendix A. Substochastic semigroups for flows and the transport operator

In this appendix we prove Theorems 2.6 and 2.7. We need some auxiliary results concerning the set
Diax and the transport operator Ty, defined in (2.18). We consider a flow {¢:}ier on E satisfying
Assumption 2.1 and the set E = EOUT~\T'~NT+ with E® € B(E) and I'* defined as in (2.2), (2.3). Since
the cocycle {J;}icr satisfies (2.9), the change of variables leads to
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[ 18@)s@mde) = [16()f o@D Ii@mide), B eBE)S € LN Em). (A1)

E E

We note that if we define

o(t)f(z) = flp_i(x))J_s(z), =z € E,teR,

for any Borel measurable function f: E — R, then {gg(t)}tzo is a stochastic semigroup on L*(E,m), by [34,
Theorem 4.12], and we obtain the following result.

Theorem A.1. Let

So(t)f(2) = 1g(¢—+(2)) f(¢-+(2))Je(x), @€ E,t>0,f € L'(E,m). (A.2)
Then {So(t)}i>0 is a substochastic semigroup on L*(E,m) and
/ Lo, (2)) () (94 (2)) f () m(dzw) = / ¥ (x)So(t) f(z) m(dzx) (A.3)
2 B
for all nonnegative Borel measurable 1: E — R and nonnegative f € L*(E,m).
Given g € L'(0, 00) we define

o0

[oo fl(x) = /Q(S)So(s)f(a:) ds, xz€E,feLY(E,m), (A.4)

0

where {So(t)}+>0 is as in (A.2). Since {Sy(¢)}+>0 is a substochastic semigroup, we see that for any f €
LY(E, m) we have

leo fll S/I@(S)Hlso(S)flldSS ||f||/|9(8)|ds,
0 0

showing that oo f € L*(E,m).

Lemma A.2. Suppose that o is continuously differentiable with o, o' € L*(0,00) and that f € L*(E, m). Then
00 f € Dmax,

Jleo @ ™22 @ymian) = - [ (o 1) + e0)5@) plxm(a) (4.5)
for all Y € N and
Tmax[QOf] = —Q/Of—Q(O)f. (AG)

Moreover, if f € Dyax then

QOTmaxf - Tmax[gof]- (A7)
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Proof. First observe that if 7 is a bounded measurable function and f € L'(E,m), then

[1ee n@ntwym(ds) / fa / o(s)n(s()) ds m(da), (A.8)

E

since

o) [ @)oo ()n(6x(x)m(de) ds

ty(x)

/
- [ 1@ / b4 (2)) dsm(da),
E

/ 7 o(s)So(s) f () ds n(a)m(dx)

where we used (A.4), (A.3) and Fubini’s theorem.
Now fix ¢ € 9 and take

n(x) = W t:o(x)’ re k.

We have n(¢s(z)) = 4L ((¢s(z))) for 0 < s < t1(x). Hence, integration by parts leads to

ty(z) ty(z)
[ o5 0@ ds = tim o(s)iion) -~ o0)u(e) = [ & (6)blona) ds

If t, (x) < co then the limit in the last equation is equal to zero, since 1) has a compact support in E°. If
t4(x) = oo, then the limit is also zero, since v is bounded and o(s) — 0 as s — oo. This together with (A.8)
gives

ty(x)
/ (00 fl(@)n(a)mldz) = / /(@) ( / g'(swws(x))dsg(owm)) m(dz).
E E

Using again Fubini’s theorem and condition (A.3), we see that

ty(z)

/f / (6s(2)) ds m(d) = / /f D)o, (0 (85 (2)) m(de) ds

- / ¢(5) [ Sals)f(@)p (@) m(ds) ds
0

E

/ / ¢ (5)S0(5) () ds () m(dz).
E 0

Therefore (2.18) holds true, implying (A.6).
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Since Thaxf € LY (E,m) for f € Dpax, it follows from (A.8) that

ty(z)
oo Totl@v@m(@n) = [Tuut@) [ o(s)0(0u() dsmias)
E B 0
for all ¥ € M. Observe that the function
ty ()
Y1 (z) = o(s)v(ds(x))ds, =€ E,
0
belongs to 91 and that
d ty(x)
G| =~ [ 6w ds—o0u@), vk
0
Making use of (A.6) for ¢, we see that
ty(z)
oo Tufi@u@midn) = [ 1) | = [ #6006, ds - o)v(@) | dsmido)
E E 0

which completes the proof. O

We use the approach of [5] to get the characterization of elements from Dy,,x. We recall that two elements
f1, f2 of the space L' (E,m) are equal if they are equal m-almost everywhere, i.e. m{x € E : fi(z) # fo(x)} =
0, and we say that fo is a representative of fi. The following extends the divergence-free case [5, Theorem
3.6].

Theorem A.3. Suppose that Assumptions 2.1 and 2.3 hold. If f € Dmax then there exists a representative ft
of f such that for m-a.e. x € E and any —t_(z) < t1 <tg < t4(z) we have

(2]

FH(00, (@) o, () = [H(¢1 () oy () = /Tmaxf(¢s(w))Js(x) ds. (A.9)

t1

Proof. We use a similar type of argument to the one in the proof of [5, Theorem 3.6]. Consider, as in [5], a
sequence (9, ),>1 of one dimensional mollifiers supported on [0, 1]: for each n the function g, : R — [0, 00) is
of class C™, 9,(s) =0if s ¢ [0,1/n], and fol/n on(s)ds = 1. Continuity of the function s — Sy(s)f implies
that for each € > 0 we can find an sg > 0 such that

[So(s)f = fll <e

for all s < s, hence that

1/n

lowo f — fll < /Qn(8>||50(8>f—f\ldsﬁs

0
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for all n > 1/sg. This shows that
lim [lono f— f| =0, f&L'(E,m). (A.10)
Lemma A.2 with ¢ = g,, now gives

Tmax(@nof) = QnOTmax,ﬂ f eDma)ﬁ” > 1. (All)
The rest of the argument is similar to [5]. O
Next, we can identify the generator of the semigroup {So(t)}+>o0-

Theorem A.4. Suppose that Assumptions 2.1 and 2.3 hold. Let {So(t)}it>0 be the substochastic semigroup
from Theorem A.1. Then its generator (To, D(Ty)) is given by

TOf = Tmaxf7 f € D(TO) = {f € Dmax : Trif = 0}

Proof. First, we show that the operator (T ax, Dmax) is an extension of the generator (Tg, D(Ty)) of the
semigroup {So(?)}+>0. To this end let f € D(Ty), A > 0, and g = Af — T f. Since

@) = / M8y (t)g(x)dt
0

for m-a.e. * € E, we have f = po g with o(s) = e™**, s € R;. Lemma A.2 now implies that f € Dya, and

Tmaxf = —0' 09— 00)g=Af —g=Tof.
To show that Tr™ f = 0 observe that for z € I'” and 0 < s < ¢4(z) we have

S

FOUNIE) = [ 9(6, (), ()dr

0

and the limit of the right-hand side is zero as s — 0. To prove that Dy, N Ker(Tr™) C D(Ty) we apply
Theorem A.3 and we argue as in Step 3 of the proof of [5, Theorem 4.1]. O

Proof of Theorem 2.6. Let f € D and g = (A — Thax)f. We define f; = R(A\,To)g and fo = f — f1. We
see that Taxfo = Afo and Tr™ f = Tr™ fo. It follows from Lemma 4.2 with ¢ = 0 and equation (4.4) that
fo=U\)Tr™ f € D(Tr*) and

[Ar@mn) = [T o (@) - [ 1 faem* @2
E r- I+
We have Tr™ f; =0, g = (A — To) f1, and Lemma 4.4 with ¢ = 0 implies
[An@m(dn) = [ g@midn) - [ 1 izm (@2)
E E r+

Thus Tr f; € LY, m*). Since g = Af — Tiaxf, equality (2.20) holds, by linearity. O
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Proof of Theorem 2.7. Theorem A.1 and Assumption 2.2 imply that {S(¢)};>0 is a substochastic semigroup
on L'(E,m) and that (2.24) holds. First we show that the operator (4, D) is an extension of the generator
(Ao, D(Ap)) of the semigroup {S(t)}i>0. Let f € D(Ag), A >0and g = Af — Agf. We have f = R(\, Ag)g
and qf € L'(E,m), by Lemma 4.4. Arguing as in the proof of Lemmas 4.4 and A.2 it is easily seen that for
each ¢ € 91 we have

Jos@) +a@r@) — gppman = [ 10" @),

E

Thus we get f € Dyax and Thaxf = Af + qf — g showing that Aygf = Thaxf — qf. Finally note that for
z €™ and s < t4(z) we have

S

F(6u(2))Tu2) = / e~ FZOHa6nGNAr (4 ()], (2)dr,

0

implying that Tr~ f = 0. Consequently, we obtain

Aof=Af=Tof —qf, fe€D(To)N Ly,

where L} = {f € L'(E,m) : qf € L'(E,m)}. The operator (4,D(To) N L}) is dissipative as a sum of two
dissipative operators. Since (Ao, D(Ag)) is the generator of a substochastic semigroup, we conclude that
(A0, D(Ao)) = (A, D(To) N Ly). O
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