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We consider Hamburger, Stieltjes and Hausdorff moment problems, that are
problems of the determination of a Borel measure supported on the real axis, on the
semi-axis or on the interval (0, 1), from a prescribed set of moments. We propose a
unified approach to these three problems based on the use of the auxiliary dynamical
system with the discrete time associated with a semi-infinite Jacobi matrix. It is
shown that the set of moments determines the inverse dynamic data for such a
system. Using the ideas of the Boundary Control method, for every N € N we can
recover the spectral measure of N x N block of Jacobi matrix, which is a solution
to a truncated moment problem. This problem is reduced to the finite-dimensional
generalized spectral problem, whose matrices are constructed from moments and
are connected with the well-known Hankel matrices by simple formulas. Thus the
results on existence of solutions to Hamburger, Stieltjes and Hausdorff moment
problems are naturally provided in terms of these matrices. We also obtain results
on uniqueness of the solution of the moment problems, where as a main tool we use
Krein-type equations of inverse problem.
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1. Introduction

The classical moment problem cousists in the following: given the (real) numbers sg, s1, s2, ... which are

called moments, find a Borel measure dp such that

o0

sk = /)\kdp()\), k=0,1,2,.... (1.1)
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When supp p C R the problem is called Hamburger moment problem, when supp p C [0, +00) the problem
is called Stieltjes moment problem, and when suppp C [0,1] the problem is called Hausforff moment
problem. These problems have received a lot of attention in the last century, to mention [4,22,11,12,23,21]
and references therein.

In the present paper we propose a unified approach to these classical moment problems based on consid-
ering an auxiliary dynamical system with discrete time governed by Jacobi matrix [14,17,19] and ideas of
the Boundary Control (BC) method [5,7] of solving the inverse dynamic problems for hyperbolic dynamical
systems. We restrict ourselves to the questions of existence and uniqueness of a solution. We also propose
a procedure of recovering a measure which is a special solution to a truncated moment problem, i.e. when
(1.1) holds for k = 0,1,... M for some fixed M € N. In the last case the special solution is given by a
spectral measure of a finite Jacobi operator with Dirichlet boundary conditions, and thus has a form of
finite sum of Dirac delta functions with some coefficients.

In the second section we consider initial-boundary value problems for dynamical systems with discrete
time associated with semi-infinite and finite Jacobi matrices. Following [14,16,17] we derive a dynamic and
spectral representations of their solutions, introduce the operators of the BC method and show that the
response operator, i.e. the discrete analog of a dynamic Dirichlet-to-Neumann map for these systems (oper-
ators of this type are used as inverse data in dynamic inverse problems [5,7,15]) has a form of convolution.
The kernel of the response operator, which is called response vector, admits a spectral representation in
terms of a spectral measure of corresponding Jacobi matrix. This fact establishes the relationship between
spectral (measure) and dynamic (response vector) data and gives a possibility to apply some ideas of the
BC method [6,3] to solving the truncated moment problem.

In the third section we solve the truncated moment problem by extracting spectral data (i.e. the spectral
measure of N x N block of Jacobi matrix) from the response vector. The main results are given in Theorems 3
and 4, which say that the solution to a truncated moment problem can be constructed by solving a finite
dimensional generalized spectral problem, in which the matrices are connected with classical Hankel matrices
(see [1,23]) constructed from moments by simple transformation. Then the results on the existence of solution
to all three moment problems are given in terms of inequalities for these matrices, see also [13,10].

In the last section we obtain results on uniqueness of the solution to Hamburger, Stieltjes and Hausdorff
moment problems, classical methods for these problems are described in [1,13,23]. The main tools in our
considerations are classical Weyl-type results on the deficiency indices of Jacobi matrix [1,23] and Krein
equations of inverse problem in dynamic form. For continuous systems such equations were derived firstly in
[9] and in the framework of the BC method in [2,8]; for the discrete systems they were derived in [14,16,17].
We also compare the results on existence for Hausdorff moment problem obtained in the paper with classical
results of Hausdorff [11,12,22].

2. Dynamical systems with discrete time associated with Jacobi matrix. Operators of the BC method

In this section we outline some results obtained in [14,16,17] on forward problems for dynamical systems
with discrete time associated with finite and semi-infinite Jacobi matrices.

2.1. Finite Jacobi matrices

For a given sequence of positive numbers {ag, a1,...} (in what follows we assume ay = 1) and real
numbers {by, b, ...}, we denote by A a semi-infinite Jacobi matrix

bl ay 0 0 0
A= a1 b2 as 0 0
B 0 a2 b3 as 0
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For N € N, by Ax we denote the N x N Jacobi matrix which is a block of (2.1) consisting of the intersection
of first NV columns with first N rows of A.

Introduce the notation Ny = N U {0}, and consider a dynamical system with discrete time associated
with a finite Jacobi matrix Ap:

Un,t+1 + Unt—1 — QnUn41t — Gpn—1Un—1,t — bnvn,t =0,teNg, nel,..., N,
vn,_lzvmo:(), n=12,...,N+1, (2.2)
vo,t = ft, vN+41,¢ =0, € Ny,

by an analogy with continuous problems [5,2,8], we treat the real sequence f = (fo, f1,...) as a boundary
control. Fixing a positive integer T' we denote by F1 the outer space of the system (2.2): F1 :=R7T, f € FT,
f = (fo,..., fr—1) with the standard inner product (f,g)zr = (f,g)gr- The solution to (2.2) is denoted
by v/. Note that (2.2) is a discrete analog of an initial boundary value problem for a wave equation with a
potential on an interval with the Dirichlet control at the left end and the Dirichlet condition at the right
end. This observation makes it reasonable to refer to the solution v/ as to a wave. Since both variables in
(2.2) are discrete, we have that the wave initiated at ¢ = 0 reaches the point n = N at time ¢t = N, which
can be interpreted as the finiteness of the speed of a wave propagation. Note that in the similar model but
with continuous time, so-called Krein-Stieltjes string [18], the speed of wave propagation is infinite.
Introduce the operator Ay p, : RN — RY . h € R by the rule:

b1y +a1v2, n=1,
(AN,hw)n = anwn+1 + anflwnfl + bnwnv 2<n <N -1,
an—1Yn-1+ (bv — han) YN, n=N.

Note that this operator corresponds to general boundary condition at the right end (see [4, Chapter 4]):

YNy +hYn =0, heR, (2.3)

the case h = 0, which we deal with, is called Dirichlet, we set Ay = Ano:

bi1 +arpa, n=1,
(AN,(ZJ)n = anwnJrl + anfl'(/)nfl + bnw'rw 2 <n < N — 17
an—1YN-1+bnY¥n, n=N.

Denote by ¢ = {¢,}, n =0,1,2,... the solution to the Cauchy problem for the following difference equation

{anqbnﬂ o 1Pn1 + bnbn = A, n =1, 2.0

¢0:07 ¢1:13

where A\ € C. Thus ¢,, is a polynomial of degree n — 1 in A. Denote by {)\k}/]gv=1 the roots of the equation
én11(\) = 0, it is known [1,23] that they are real and distinct. We introduce the vectors ¢* € RY by the
rule

$1( M)
& = P2(Ax)

én (M)

. k=1,...,N,

and define the numbers wy, by
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(¢k,¢l) :6klwk7 k;7l = 17"'7N’ (2'5)
where (-, -) is a scalar product in R¥.

Definition 1. The set of pairs

(M wr iy
is called Dirichlet spectral data of operator Ay .

Definition 2. For semi-infinite sequences f = (fo, f1,-..), 9 = (9o, 91,...) we define the convolution ¢ =
f*g=(co,c1,...) by the formula

t
Ct:Zfth—37 tENU{O}

s=0

Denote by Tj(2\) the Chebyshev polynomials of the second kind: they are obtained as a solution to the
following Cauchy problem:

(2.6)

Tig1 + Te—1 — AT =0,
To=0, T =1

In [14,17] the following formula for the solution v/ = {vf }, n=0,1,...;t=-1,0,1,... was proved:

n,t

Proposition 1. The solution to (2.2) admits the representation

v = wikT(Ak) % f. (2.7)

o Z;cv:lcf 'Ircw n=1,...,N,
" fta n:O7

The inner space of dynamical system (2.2) is denoted by HY := RY h € HN, h = (hy,...,hy)7. By
(2.7) we have that v,{T € HY. For the system (2.2) the control operator Wi : FT + H is defined by the
rule

W;f::vT{’T, n=1,...,N.

The input — output correspondence in the system (2.2) is realized by a response operator: Ry : FT
R, defined by the formula

(Rf,f)t:vf,t, t=1,...,T. (2.8)

This operator has a form of a convolution:

t
(RRf), =D rafeesmr or Ruf=rVxf_y,
s=0

where the convolution kernel is called a response vector: ¥ = (ri¥ ,riV ... ,rlval). The response operator

plays the role of dynamic inverse data [5,7], the corresponding inverse problems were studied in [14,17].
The connecting operator C4 + FT s FT for the system (2.2) is defined via the quadratic form: for
arbitrary f,g € F' one has that
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(CRF.9) pr = (v rvr) = WELWRg), s Ch = (WE) W

The speed of a wave propagation in the system (2.2) is finite, which implies the following dependence of

inverse data on coefficients {a,b,}: for M € N, M < N, the element v{ on—1 depends on {a1,...,an—1},
{b1,...,bar}, on observing this we can formulate the following
Remark 1. The entries of the response vector (rd’, 7, ... 7 _,) depend on {ag,...,an_1}, {b1,...,bn},

and does not depend on the boundary condition at n = N + 1. The entries beginning from réVN_l do “feel”
the boundary condition at n = N + 1.

On introducing the special control § = (1,0,0,...), one can see that the kernel of the response operator
(2.8) is given by

r = (RRS), =19, t=1,.... (2.9)

The spectral function of operator Ay is introduced by the rule

N — -
PN\ = Z o (2.10)
{k [ A<}

then from (2.7), (2.9) we immediately deduce

Proposition 2. The solution to (2.2), the response vector of (2.2) and entries of the matriz of the connecting
operator C%, admit the following spectral representations:

8

o= [ LR fronde ), mte N, (2.11)
e k=1
W= [ a0, ten, (2.12)
{CX Y1, me1 = / TN Tr-m(N) dp™ (A), {,m =0,..., T —1. (2.13)

Details of the proof the reader can find in [16,17].
2.2. Semi-infinite Jacobi matrix

We consider an initial boundary value problem for a dynamical system with discrete time associated with
a semi-infinite Jacobi matrix A:

Un, t+1 + Up,t—1 — QplUn41,t — An—1Un—1,¢t — bnun,t = 07 n e N7 te N07
Up,—1 =1Un,0=0, neEN, (2.14)
uo, ¢ = ft, t € N,

which is a discrete analog of an initial boundary value problem for a wave equation with a potential on a
half-line with the Dirichlet control at n = 0. The solution to (2.14) is denoted by qu - We fix some positive
integer T and denote by F7 the outer space of the system (2.14), the space of controls (inputs): F* := RT,
feFrt f=(fo,.--, fr—1). In [17] the following statement is proved.
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Lemma 1. A solution to (2.1/) admits the representation

n—1 t—1
ui,t = H ak ft—n + an,sft—s—la n,t € N, (2.15)
k=0 s=n

where w,, s satisfies the Goursat problem

Wn, s+1 + Wn,s—1 — AnWn41,s — An—1Wn—-1,s — bnwn,s =
_ 2 n—1
= —0sn(1—ap)—oar, n,s €N, s >n,
n—1
Wn,n — bn szo A — p—1Wn—-1,n—-1 = O; n e N7

wo,t:O, t € Ny.

The input — output correspondence in the system (2.14) is realized by a response operator: RT : FT' s
RT defined by the rule

(R"f),=u{, t=1,..T

This operator plays the role of inverse data, the corresponding inverse problem was considered in [14,17].
Introduce the shift operator in the space of infinite sequences (77, (...,a—_1,a0,a1,...) = a € I3

Kp 17 =17, (Kpa), =a—m. (2.16)

The convolution kernel of RT is called a response vector, in accordance with (2.15) one has that r =

(ros 715y rr—1) = (Liwy,1, w12, ... w1,7—1):
-1

(RTf),=ul ,=ficr + > wisfimims t=1,....T. (2.17)

s=1

(RTf) =r=Kif.
By choosing a special control f = § = (1,0,0,...), the kernel of the response operator can be determined as
(RT(S)t = u‘it =r_1, t=1,2,....

For a fixed T € N we introduce the inner space of the dynamical system (2.14) HT := RT, h € HT,

h = (h1,...,hr), the space of states. The wave u,f,T is considered as a state of the system (2.14) at the

moment ¢t = T. By (2.15) we have that u_f)T € HT. The input — state correspondence of the system (2.14)
is realized by a control operator W7 : FT' +s HT defined by the rule

(WTf)n = u£7T7 n=1,...,T.

From (2.15) we deduce the representation for W7

n—1 T-1
(WTf)n:qu,T:Hakafn'i_an,szfsfl, 'nz:].,...,T.

k=0 s=n

Or in matrix form:



A. Mikhaylov, V. Mikhaylov / J. Math. Anal. Appl. 487 (2020) 123970 7

Ui, T wi,r-1 Wi,r-2 W1,T-3 1 fo
Ug, T w2 71 w2, 71 e N aq 0 fl
WT = ) = k—1 ’ 218
f Uk, T Wk, T-1 oo IliZoa; O 01| fr—r— (2.18)
ur,T a0 0 0 ... 0 fr—

The following statement proved in [17] is interpreted as a boundary controllability of the dynamical
system (2.14):

Lemma 2. The operator W' is an isomorphism between F' and HT.

We introduce the connecting operator CT : FT s FT for the system (2.14), by the quadratic form: for
arbitrary f,g € F1 we define

(C"F.9) s = (uf T,uﬁT)HT — (WTL W), (2.19)

That is CT = (WT)* WT. The fact that the connecting operator can be represented in terms of inverse
data is crucial in the BC method, the proof of the following theorem one can find in [14,17].

Theorem 1. The connecting operator CT is an isomorphism in FT, it admits the representation in terms of
dynamic inverse data:

T—maxt,j

cr = 057 Ci:; = Z Tlizjl+2ks To=ap =1, (2.20)
k=0
ro+ro+...+ror—2 Tr1+...+1ror_3 rr+rr_o rr_1
ri+rg+...+rer—3 o+ ...+ rar—s rT_o
CT _ . . . . .
rr—3 +rr—1 4+ rrea L. rog+ 1o+ 174 1+ 13 9
T +TT-2 e 1+ 73 ro + 72 T
rrT—1 rT—2 71 To

One can observe [14] that C7; satisfies the difference boundary problem:

Corollary 1. The kernel of CT satisfies

K3

Clim+ Ol —Cly; —CLy =0,
T T
C‘,T =Tr—i,% CT,j =Trr—j, To = 1.

With the matrix A we associate the symmetric operator A in the space lo (we keep the same notation),
defined on finite sequences:

D(A) = {5 = (500, 51,...) | 562 =0, for n > Ny € N},
and given by the rule

(Ag)n = an0n+1 + ap—10p—1 + bnena n =2,
(A9)1 =b161 +a102, n=1.

By [, -] we denote the scalar product in lo. For a given sequence s = (5¢1, 52, ...) we define a new sequence
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b101 + a6y, n=1,
(Gx), = 101 102
an9n+1 + anflenfl + bnena n = 2.
The adjoint operator A*s» = G is defined on the domain
D(A*) = {%: (%0,%1, .. ) €ly | (G%) S lg}

In the limit point at infinity case (i.e. A has deficiency indices (0,0)), then it is essentially self-adjoint.
In the limit circle case (i.e. when A has deficiency indices (1,1)) we denote by p(A) = (p1(A\), p2(A),...),
q(A) = (g1(N), g2(A), . ..) two solutions of (2.4) satisfying Cauchy data p;(\) = 1, pa(A) = Aglbl, q1(\) =0,
¢2(A) = -. Then [21, Lemma 6.22]

D (A*) = D(A) + Rp(0) + Rq(0).

All self-adjoint extensions of A are parameterized by t € R U {oc}, are denoted by A; and defined on the
domain

D(A) 4+ R(q(0) +tp(0)), teR

DA = {D(A) +Rp(0), = oo.

All the details the reader can find in [23,21]. We introduce the measure dp;(\) = {dEf‘el, el}, where dE;‘t

is the projection-valued spectral measure of A; such that Efjo = Eft. The results of [4] and [23, Section

5] imply that dp™ — dp;- *-weakly as N — oo, where t* = — lim,, Z"—EOO;.
The Remark 1 in particular implies that
RIN-2 — g2N-2, (2.21)
u?{,t:UT{,t7 n<t< N, and WN:WJ]VV' (2.22)

Thus due to (2.21), we have that 7,1 = r;, ¢ = 1,...,2N. On the other hand, taking into account (2.22),
we can see that CT = CT with T < N. Thus, in (2.12), (2.13) tending N — oo, we obtain

Proposition 3. The entries of the response vector of (2.1/) and of the matriz of the connecting operator C'T
admit the spectral representation:

rey = / T\ dpe-(N), LEN, (2.23)
{CT}I+1,m+1 = / ,TT—I(A)IFT—M()‘) dpt* ()‘)7 l7 m = 07 s 7T - L (224)

Note that in (2.23) and (2.24) one can change dp;~ for dp;, t € R U {00} when A is in the limit circle
case.

3. Truncated moment problem. Recovering spectral data from dynamic data

We make the following observation: in the classical moment problem [1,22,23] one answers a question of
existence (and uniqueness) of a measure satisfying (1.1) for a given set of moments. In the dynamic inverse
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problem [14,17] one answers a question of existence (and possibility of recovering) of a Jacobi matrix for
a given response vector (2.17). Results from the previous section implies the relationship between data of
these two problems:

Remark 2. The spectral representation of response vector (2.23) implies that the knowledge of the set of
moments {sg, $1,...,San—2} is equivalent to the knowledge of {rg,r1,...,ran—_2}, where N € N U {oo}.

Thus, the moment problem and the inverse dynamic problem for the system (2.14) being different, deal
with essentially the same data.

Definition 3. By a solution of a truncated moment problem of order N we call a Borel measure dp(\) on R
such that equalities (1.1) with this measure hold for £k = 0,1,...,2N — 2.

In [17] the authors proved the following

Theorem 2. The vector (o, 71,72, ...,Tan—2) is a Tesponse vector for the dynamical system (2.2) if and only
if the matriz CN defined by (2.2/), (2.20) is positive definite.

The necessary part of this statement is a simple consequence of the boundary controllability of system
(2.14), see Lemma 2, and the definition of CT (2.19). In the subsection 3.3 we outline the scheme of deriving
of formulas for the entries of Jacobi matrix, which play an important role in the proof of the sufficient
part of this theorem. All aforesaid, in particular, implies the following procedure of solving the truncated

moment problem:
Procedure 1.

1) Calculate (rg,7r1,72,...,7an—2) from {sg, s1,...,82ny_2} by using (2.23).

2) Recover N x N Jacobi matrix Ay using formulas for ay, by from [17].

3) Recover spectral measure for finite Jacobi matrix Ax with prescribed arbitrary condition (2.3) at n =
N +1.

3’) Extend Jacobi matrix Ay in arbitrary way to finite Jacobi matrix Ay;, M > N, prescribe arbitrary
condition (2.3) at n = M + 1 and recover spectral measure of Ajy.

3”) Extend Jacobi matrix Ay in arbitrary way to semi-infinite Jacobi matrix A, and recover spectral
measure of A.

Every measure obtained in 3), 3’), 3) provides a solution to the truncated moment problem.

Below we propose the different approach: using the ideas of the BC method we recover the spectral
measure corresponding to Jacobi matrix Ay directly from moments (from the operator CV), without
recovering the Jacobi matrix itself.

Convention 1. We assume that controls f € FN, f = (fo,..., fv_1) areextended: f = (f_1, fo,..., fn_1, fN),
where f_1 = fy =0.

We introduce the special space of controls F¥ = {f e FN|fo= 0} and the operators D : FVN s FN,
D :HT — HT acting by

(Df)y = frg1 + fim1, f€ Fr
(f)h)t = hesr + he1, heHT
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The following statement can be easily proved using arguments from [17] and representations (2.18) and
(2.15):

Proposition 4.

1) The operator W~ maps FY isomorphically onto HN 1.
2) On the set FY the following relation holds:

WNDf=DWNf feFYN. (3.1)

Taking f,g € F&' and evaluating the quadratic form, bearing in mind (3.1) and the equality U{v N=0
for f € FV, which follows from (2.15), we obtain:

(CNDF, f) pue = (WNDF,WNg), = (DWNF,WNg), (3.2)
= (AN_lvf,vg)HN .

The last equality in (3.2) means that only Ay _; block of the whole matrix Ay is in use. Then it is possible
to perform the spectral analysis of Ax_; using the classical variational approach, the controllability of the
system (2.2) (see Proposition 4) and the representation (3.2), see also [6]. The spectral data of Jacobi matrix
Apn_1 with the Dirichlet boundary condition at n = N can be recovered by the following

Procedure 2.

1) The first eigenvalue is given by

AN-1 . oND | | g
1 fe]:év,(cqll\fl?’f)}_lvzl( f f)]_-N ( )

2) Let f!, be the minimizer of (3.3), then
wi = (CNFLfY)
3) The second eigenvalue is given by

AL = min cNDf, . 3.4
2 fG.FéV,(CNf,f)}_Nzl ( f f)]:N ( )
(CNf’fl)]:N:O

4) Let f2, be the minimizer of (3.4), then
Wa = (ONf27f2)]:N .

Continuing this procedure, one recovers the set {)\g 71,wk}kN=711 and constructs the measure dp™¥~1(\) by
(2.10).

Remark 3. The measure, constructed by the above procedure solves the truncated moment problem for the
set of moments {sg, $1,...,S2n—4}
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3.1. FEuler-Lagrange equations

In this section we derive equations which can be thought of as Euler-Lagrange equations for the problem
of the minimization of a functional (CNDf, f) Fn D F& with the constrain (C’Nf, f)}.N = 1, described in
the previous section. Similar method of deriving equations which can be used for recovering of spectral data
was used in [3].

By fr € FN, k =1,..., N we denote the control that drives system (2.2) to prescribed state ¢* (see

(2.4)):
WNfe=9¢" k=1,...,N.
Due to Proposition 4, such a control exists and is unique for every k. We introduce the shift operator

VN FN o FN
(VNg)n:gn—17 n:l,...,N—L (VNg)0:O7

and denote by E : FV s FN*1 the embedding operator:

9k, k:O717N_13
(Eg)y, =
0 k=N;

then the adjoint operator E* : FN*1 s FN is a projection.

Theorem 3. The spectrum of Ay and controls fi, k =1,..., N are the spectrum and the eigenvectors of the
following generalized spectral problem:

(E* (Vz\url)*C,N+1E+ CNVN> fo=MCNfo, k=1,....N. (3.5)

Proof. For h € FT we always assume that h_y = hy = 0 (see Agreement 1). For a fixed k = 1,..., N we
take fr € FN such that WV f;, = v,]j’“N = ¢*, then for arbitrary g € FV we can evaluate:

(MCN s 9) v = (Akvka,u;‘{N)HN - (Amk,qu)HN - (Amk,u;‘{N)

= ((Ax), ) = (00 )

HN

H HN
Y O g S g
= (U'7N+17U~,N))HN + (U-,N—PU-,N)HN : (3.6)
We note that
N
HY 20y = (viN,...,v?mN),
N+1 VN+1
HY T o0l Ny = (o) noeo vk ns0)

That is why we can rewrite the first summand in the right hand side of (3.6) as

yN+1

N N
(vf’“NHmfN)HN - (,U'fka+1’U'fN+1g>HN+l = (Vv +1g)}'N+1 : (3.7)

Analogously:
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T fr S
HY sl = (vl,N—l""’UN—LN—l?O) )
HY 50V = (ofr ik 0
N =\, N1 UNZ N1 Y ) -

So we can rewrite the second summand in the right hand side of (3.6) as

( ka 1V N)HN = (”Y}J\fokvvgN>HN = (CNVkavg)fN‘ (3.8)
Finally from (3.6), (3.7) and (3.8) we deduce that
(MCY fr9) o = (CV T fr, VI g) L + (CVVY fr 9) v - (3.9)
Using operators F, E* we can rewrite (3.9) in the form
(E* (VN-H)* oN+tip 4 CNVN) Fi = MCN fr.
Thus the pair {fi, A} provides the solution to (3.5). Now let the pair {f, A} be the solution to (3.5) with

feFN f# fu, N\# M forany k=1 ...,N. Then WNf:va:Ziv:laquk for some a; € R. We can
evaluate for arbitrary g € FV:

_ * N+1\* ~AN+1 Ny/N _ N
o_((E (VN eNTIE 4 oNY )f AC f,g)fN
:(C’NHEf,VNHEg)}.NH—i—(C’NVNf,g) —/\(v N U N)HN

VN“Eg VNF g f g
N+1’ S N+1 HN+1+ V.N U N HN_/\ VNI UL N U

f g f g
, U —|—(v, 4,V _) —)\(v, L,V _)
(  N+1 N+1>H N-1VIN-1) N1V N-1 )y

= ((ANo!). QN>HN —A( v N)HN
N N
- (AN > arg® — )\Zak¢k,WNg> = <Z ar(Me — Nk, WNg> )
k=1 k=1 HN k=1 HN

From the above equality and Proposition 4 it follows that all a; except one are equal to zero, and for such
aj, A = Aj, which completes the proof. O

3N
Since (3.5) is linear, solving this equation one obtains spectrum {)‘k}szl and controls { fk} , such

that Wvak = Bro" for some B € R\{0}, k = 1,...,N. Then the measure of operator Ay with Dirichlet
boundary condition at n = N + 1 can be recovered by the following

Procedure 3.

1) Normalize controls ]?k by the condition (Cka, ﬁ) =1,k=1,...,N.

N
2) Observe that WY f¥ = ag¢F for some oy € R\{OJ}:, where the constant is defined by aj, = ¢l =
(WN};)l - (R};)N, k=1,...,N.
3) Coefficients (2.5) are given by wy = a2, k=1,...,N.
4) Recover the measure by (2.10).
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Now we rewrite the generalized spectral problem (3.5) in more details and transfer the matrices in left
and right-hand sides to Hankel matrices known from classical literature [1,23]. Note that the matrices in
(3.5) has the following representations:

10 0 ooy 0
0 1 0 X -
0 0 ... 0 . 0
yN_ (10 0 vy = - o
0 10 X -
CN,N cee CN,1 CN+1,N+1 ~--- = CN411
oN — CN—-1,N © CN-1,1 ON+1 _ CN,N+1 : CN,1 ) (3.10>
cl,N . . 8171 Cl,N-i—l e . 61,1

Here we used the notations for entries of C™V different from ones in (2.20) in order to show that CV is a
lower right block in CV*+1. The left hand side of (3.5) we denote by

BN .= E* (VN ONH g 4 oNV N,

Proposition 5. The matriz BN is self-adjoint, it admits the following representation:

CN,N+1 t CN,N-1 CN,N t CNN-2 .. CcN,3tCN 1 CN,2
CN_ +cn_ _ o ... CN_— +cn— CN_
BN — | eN-1.N+1 N—1,N—1 N-1,3 N-11 CN-12 | (3.11)
C1,N+1 1+ C1,N—-1 ci,N+CciN-2 ... e C1,2

Proof. We note that the matrices £, E* and V'V, (VN )* have one diagonal filled with ones and the other
elements are zeros. Thus the multiplication by such a matrix leads to deleting a line or column from the
original matrix (possibly with the addition of a zero line or column). Performing calculations we see that
the first term in the right hand side of BY is obtained by deleting last column and first row from CN*! and
the second term is obtained by deleting the first column and adding zero column to C. All aforesaid leads
to the formula (3.11). We note that the representation (3.11) and Corollary 1 shows that BT is self-adjoint
matrix. 0O

Remark 4. The spectral problem (3.5) has a form
BN fo =MCNfr, k=1,...,N, where CN >0, BY = (BN)* - (3.12)

Chebyshev polynomials of the second kind {71()\), To(A), ... Tn(\)} (see 2.6) are related to {1, A\, A"~ 1}
by the following relation

T (\) 1 1 0 ... 0 1

A
7'2()\) — A, )\. _ | a2 1 ... 0 )\ ) (3.13)
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Proposition 6. The entries of the matriz A,, € M" ™! are given by
0, ifi>j,

Ay =a;; =<0, ifi+jisodd, (3.14)
Ol (1) 5,
2

where CX are binomial coefficients. The entries of the response vector are related to moments by the rule:

To S0
= . (3.15)
Tn—1 Sn—1

Proof. The formula (3.14) for entries of A,, is proved by direct calculations with the use of properties of
Chebyshev polynomials. Then making use of (2.23) yields (3.15). O

Introduce the following Hankel matrices

S2N—24+m  S2N—-3+m SN—1+4+m
N . S2N—34+m .
Sy = . : S1mm m=0,1,...,
SN—14+m S14+m Sm
the matrix Jy € RVXN:
0 0 1 1 0 0
0O ... 1 0 o 1 ... 0
JN: . . . s JNJN:IN: . . . s
o 1 ... 0 O ... 1 0
1 0 0 0 0 1
and define
KN = JNANJN.

The remarkable fact is that the matrices BY, CN can be reduced to Hankel matrices by the same linear
transformation:

Theorem 4. The following relations hold:
ON = AnSY (I\N)*, (3.16)

BN — AnSN (T\N)*. (3.17)

~ *
Then the generalized spectral problem (5.5) or (3.12) upon introducing the notation g, = (AN) fr is
equivalent to the following generalized spectral problem:

SV g = \eSY gk (3.18)
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Proof. Using (3.10) and the representation (2.24), we have that entries of CV have a form:
= [ Tooia W Ty W) o), ij =i, .

Introducing the operation ® : RY x RY — MY by the following rule: for a,b € RY weset a @b =c € MY,
where ¢;; = a;b;, we see that in view of (2.24) the operator C™V has a form:

oo [ Tn(}) Tn(A)
cN = / v | g [ Tva(Y) dp(\). (3.19)
—oo \ Ti(N) Ti(N)
Using (3.13) we can rewrite (3.19) as
oo 1 1
N A A
cY = INANININ . Q JNANININ . dp()\)
— 00 )\N—l )\N—l
oo )\Nfl )\Nfl
- N-2 ~ N-2
_ /AN M e n [N | oy
—o0 1 1
oo )\N—l )\N—l
~ N-—-2 N-—-2 ~ * —~ e *
=An / A . ®|* ' dp(\) (AN> = AnSY (AN> ,
—oo 1 1

which proves (3.16).
Using the representation of BY (3.11) and (2.24) yields the following formula for entries b;; of BY:

by = [ ThmienaO) (Tv-ya) + Ty ) dp(N), i =i N,
where we counted that 7o(A) = 0. Making use of (2.6) leads to:
bij = / TN7i+1()\)>\TN7]’+1()\) dp()\), Z,j = i, ey N. (320)

Then using (3.13) and (3.20) we obtain:

0o 1 1
N A A
BY = INANININA . QR JINANININ . dp()\)
—o0 AN-1 AN-1
o )\N )\N—l

- N - N-2
= /AN )\. ® AN A. dp(A)
—oo A 1
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/AN \N-1
— Ay / )‘Nil ® A]\i% dp(\) (KN)* = AnSY (KN)*y
e A 1

which gives (3.17). Then (3.18) is a consequence of (3.16) and (3.17). O
8.2. Special cases: Hamburger, Stieltjes and Hausdorff moment problems

In the previous sections we constructed the special measure corresponding to operator Ay with Dirichlet
boundary condition at n = N 4+ 1 and which gives a solution of a truncated moment problem. Here we
formulate several consequences of Theorems 3, 4.

Bearing in mind the relationship between elements of response vector and moments (2.23) and the formula
(3.16), we can reformulate Theorem 2 as

Proposition 7. The numbers (so, s1, S2, ..., San—2) are the moments of the spectral measure corresponding
to the Jacobi operator An with Dirichlet boundary condition at n = N + 1 if and only if

the matriz S5 is positive definite. (3.21)

The Stieltjes moment problem is characterized by the positivity of a support of a measure. That means
the positivity of a spectrum of Ay. The latter leads to the following

Proposition 8. The numbers (so, S1, S2,.-.,S2n-1) are the moments of the spectral measure, supported on
(0,400), corresponding to Jacobi operator Ax with Dirichlet boundary condition at n = N 4+ 1 if and only

if
matrices S and S are positive definite. (3.22)

In the Hausdorff moment problem the measure is supported on (0, 1), which leads to the following

Proposition 9. The numbers (sg, s1,S2,...,S2n-1) are the moments of the spectral measure, supported on
(0,1), corresponding to operator Ay with Dirichlet boundary condition at n = N + 1, if and only if the
condition
SN >SN >0 (3.23)

holds.
Proof. From (3.18) it follows that

(SY gr, gr)

)\k:‘sﬁzﬂi7 1{3:17,N
( 0 gk,gk)

Then the restriction A\ € (0, 1) implies (3.23). O

Remark 5. Given an infinite sequence of moments, one can determine whether or not it is Hamburger or
Stieltjes or Hausdorff moment sequence by verifying whether the condition (3.21) or (3.22) or (3.23) holds
for all N € N.
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The necessity of conditions (3.21), (3.22), (3.23) is clear. The condition (3.21) holding for all N > 0
makes it possible to construct semi-infinite Jacobi matrix A. The finite measures constructed on each step
dp™ (M) has proper supports in Stieltjes and Hausdorff cases, and as it was explained in the end of Section 2
these measures dp converges *-weakly to dp;~ the spectral measure of some special self-adjoint extension
of A, which has to have proper support as well.

3.8. Recovering Jacobi matriz, nonuniqueness of the solution of the truncated moment problem

As we mentioned, given a sequence of moments {so, S81y...,82 N,g} or, equivalently, entries of the response
vector, {rg,r1,...,7an_2}, it is possible to recover the Jacobi matrix Ay, see [14,17]. Below we outline the
proof of this result (it is an important ingredient in the sufficient part of Theorem 2).

We rewrite W (2.18) as WV = W™ J, where

1 w11 w1,2 W1,N—-1 0 0 0 1 fO
0 o Wa, 2 S W2 N—1 0O 0 0 ... 0 fa
Ne - . . .
w f — 10 - Hlel a; ... Wk, N—1 0 1 0 0 fokfl
0 0 0 o I ey ) N 00000 fn—a

Using the invertibility of W7 (cf. Lemma 2) we rewrite the definition of CV in a form ((WN)*I)* X
CN(WN)~=1 = I, which, in turn can be rewritten as

((WN)_I)*GN (WN>_1 =1, ¢V =JcVy, (3.24)

=N
where entries ¢;; of the matrix C' are defined by the rile

~ N
ey ={C }N+1—j,N+1—z” (3.25)
N\ 1
and (W ) has a form
ai1 ai2 a1 3 ai, N
<WN>*1 _ 0 az 2 Q23 (3 26)
: : AN-1,N—1 OaN-1,N '

It is easy to see that diagonal elements of (3.26) satisfy the relation:

k—1
arr=|[ai] - (3.27)
j=1

— __ 1
Multiplying the k-th row of w by k + 1-th column of (WN) leads to the relation

A, k4101 -+ - Qk—1 + Q41, k+1Wk, & = 0,

from where we deduce that
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—2

k
Ak k+1 = — H aj AWk, k- (3.28)
j=1

Then we can rewrite (3.24) in the equivalent form:

a1 0 . 0 ¢i11 .. .. CIN a1l 612 .. ai,N
ai, 2 az, 2 0 . . .. .. .. 0 az 2 . as N -7 (3 29)
a1 N . . QN,N CN1 - CNN 0 .+ ... QNN

)

A direct consequence of the above equality is an equality for determinants:
—N —1\ * N — N —1
det((W ) ) det C" det (W ) ~ 1,

which yields

N[

7N -
1,1 %...%aN, N = (detC )

From the above formula we derive that

, 2\ 3 —k o\
—1\ "2 det C' det C'
a1,1 = (detC ) , OG22 = <d t51> y Ok k= <W>
e €

Combining latter relations with (3.27), we deduce that

k—1 det o \ 2
[Toi={—F=] -

i=1

[N

Then we obtain that

(det T (e )

det ék

ay = . k=1,...,N—1, (3.30)

where we set det CY =1, det C~! = 1.

S VN
Now using (3.29) we write down the equation on the last column of (WN) :

a1 0 . 0 C1,1 A Ci,N ai, N 0
a1,2 ag, 2 0 . .. e .. as N _ 0
a1, N—1 . . AGN-1,N-1 cN-1,1 - CN—1,N—1 ar, N 0

)

Note that since we know apy n, we can rewrite the above equality in the form of equation on

(a1, N, an—1,N)*:
€1,1 - C1,N a1, N ai, N
a a
2N = —ay N 2N (3.31)
CN-1,1 - CN—-1,N—-1 aAN_1,N aGN-1,N

Introduce the notation:
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c1,1 - - C1k—2 C1,k
—k—
Ck ! = )
Cp—1,1 - Crk—1,k—2 Ck—1,k
—k—1 —k—1
that is €', = is constructed from the matrix C by substituting the last column by (€1 &,...,Ck—1,%)-
Then from (3.31) we deduce that:
—N-1
det C'
aN-1,N = *QN,Nﬁ, (3.32)
det C'

where we assumed that det C; ' = 0. On the other hand (3.27), (3.28) yield

N-1 N-1
GN—-1,N = a; bk (333)
j=1 k=1
Equating (3.32) and (3.33) gives equalities
o daly det Ty,
Z by =———7 Z —N
Pt det C — det C
from where
—k —k—1
det C det C
pm kLSBT L R =1L (3.34)
det C det C
Thus the matrix Ay can be recovered from {rg,r1,...,rany—2} by use of (3.30), (3.34).

Remark 6. In order to apply the results of Theorems 3, 4 to the problem of reconstruction of spectral
measure of Ay, one needs to know one extra moment, specifically son_1 (see the definition of S{V), than in
the method based on direct calculation of Ay by formulas (3.30) and (3.34).

Denote by My (R U {oo}) the set of positive Borel measures on R U {oo} and by My C M (R U {co})
a subset such that dv(A) € My is a solution of the truncated moment problem (1.1) of the order N. We
used the BC method to construct the special solution of a truncated moment problem: for N € N the set
of moments {sg, $1,...,S2n_1} determines the measure de()\) € My, where the constructed measure is a
spectral measure of a finite Jacobi operator Ay with the Dirichlet condition at n = N + 1. We point out
that in our procedure we do not use the Jacobi matrix, but rather special Hankel matrices, constructed
from moments.

Having constructed the Jacobi matrix Ay from the set {sg, $1,-..,San—2} we can consider the operator
EN given by boundary condition (2.3) at n = N + 1, or one can extend the matrix Ay in arbitrary way,
keeping it to be Jacobi and taking a selfadjoint extension as it was described in the end of Section 2. Then
the spectral measure of any of described operators also gives a solution to the Hamburger moment problem.

Remark 7. The spectral representation of (2.24) implies that My is a convex set in M4 (RU{oo}). It is also
not hard to see that My is closed in the *-weak topology and obviously My, C My, when Ny > Na. Taking
N to infinity we deduce that the set of solutions M, of the Hamburger moment problem (1.1) either convex
and compact in weak topology, or consists of one element. The same arguments and spectral representation
of BT (3.20) shows that the set of solutions M$ to Stieltjes moment problem either convex and compact
in x-weak topology or consists of one element. More on this subject one can find in [23, Appendix B].
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4. On the uniqueness of the solution of the Hamburger, Stieltjes and Hausdorff moment problems

We remind the reader that the moment problem is called determinate if it has only one solution, otherwise
it is called indeterminate.

In this section we use complex-valued outer and inner spaces for the dynamical system (2.14): FT =
HT = CT with the scalar products (f,g)rr = Zf:_ol fig; and (a,b)yr = Z;szl a;b;. Although subsequently
in applications of Krein equations to moment problems we use R rather than C, the possibility to use
complex controls could be important, see for example [16].

4.1. Krein equations

Let , 8 € R and y(A) be a solution to a Cauchy problem for the following difference equation (we remind
the agreement ag = 1):

(4.1)

ArYk+1 + k—1Yk—1 + bryYr = Ayi,
Yo =, y1 = .

We set up the special control problem: to find a control fT € F7T that drives the system (2.14) to the
prescribed state yT () := (yl()\), e ,yT()\)) ceHT at t=T:

WTST =Ty, (WTST), =gV, k=1,...,T. (4.2)

Note that due to Lemma 2, this control problem has a unique solution f7 = (WT)f1 yT(N). Let 57'(\) be
a solution to

L Io=A t=0,...,T
{ S A (13)
wp =0, s2p_ = 1.
One can easily see the relation with Chebyshev polynomials (2.6):
sl (\) =Tr—i(N), t=0,1,...,T. (4.4)

It is an important fact that the control f7 can be found as a solution to certain equation:

Theorem 5. The control f1 = (VVT)_1 yT(N) solving the special control problem (4.2), is a unique solution
to the following Krein-type equation in F :

CTfT = BT (N) — a (RT) 5T (N). (4.5)

Proof. Let f7 be a solution to (4.2). We observe that for any fixed g € F* we have that

}ﬂ
L

g _ g g g T
Up 7 = <uk,t+1 tUup g — )‘uk,t) - (4.6)
t

Il
=

Indeed, changing the order of a summation in the right hand side of (4.6) and counting uf |, =uf , =0
yields

5
L
5
L

g g g T _ T T g g T
(“k,t+1 +tUup g — Auk,t) ny = (561 + 261 = Aow) Up ¢ T Up 7771,

~
Il
o
~
Il
<
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which gives (4.6) due to (4.3). Using this observation, we can evaluate

T
(CTfT.g) pr = (! (1), 0 (1)) o = > uf, pul 1

k=1
T T T—1
= Z@/k()\)ui,T = Zyk()‘) (“k 1 T U g1 — AU t) <
k=1 k=1 t=0
T-1
= sl (A ( (aku,ﬁ_1 Tk + ar—1uj_ 1 Ukt bkuk Tk — /\u,~c tyk)>
t=0

7

I
o S
I |
(=) =
N
/—\
=
’[
/_\

u (arTrrt + ap—1Te—1 + biTk — /\—yk) +ug gr

—|—aTu%+17 T — ui +90 — aTu% tyT+1> Z %t (ﬁgt - Q(RT ) )

= (. (89— a (R7)]) ., = ([T o (B) =7 (N) ] 9) -
Which completes the proof due to the arbitrariness of g. O

We consider two special solutions to (4.1): the first one ¢(A) corresponds to the choice @ =0, = 1, the
second one, (M), corresponds to Cauchy data a = —1, 5 = 0.

Tt is well-known fact [1,23] that the questions on the uniqueness of the solution to a moment problem are
related to the deficiency indices of the operator A. Here we provide well-known results on discrete version
of Weyl limit point-circle theory which answers the question on the index of A that will be subsequently
used:

Proposition 10. The limit circle case does hold (i.e. operator A is of indices (1,1) if and only if one the
following occurs:

1) ©(N),E(N) € 12 for some X € R,
2) p(A), ¢’ () €12 for some X € R,
3) £(N), & (M) €12 for some X € R.

4.2. Hamburger moment problem

Let in (4.1) @« =0, 8 = 1, then the special control problem has a form:

WERN) =7"(N) = (e1 (V) - o7 (V). (4.7)

The control fZ is a unique solution to (see (4.5) (4.4)) the equation

Tr(N\)
Tr—1(N)

Ti(N)

CTfh(\) =

Differentiating (4.7), (4.8) with respect to A, we see that

T(fEN) =T () = @I, - 2 (V).
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and the control (fgl(/\))/ is a solution to
7700
T (fT()\))/ _ T'—'l'()‘)
(V)

Evaluating the quadratic form (2.19) we have that

T
(CT TN 70N 5o = (1) o), (o ) o)), = D (I

And similarly for the derivatives:

T
(™ () (TN L, = D ek
1
It is known that

7—2’”*1(0) = (_1)n—17 7—271(0) =0, n=>1,
2/71—1(0) = 07 2,n(0) = (_1)71_17’7/7 n = 1.

We define the vectors

7:(0) T0)
Dpom [ 71O}y = | T
T0) 75(0)

Using the above arguments we can state that

leok 2= (") 'rrrr)
Z|§0k (CT) AT,AT)]__T

Now we can use 2) from Proposition 10, and formulate the following

Proposition 11. The Hamburger moment problem is indeterminate if and only if

. 7y —1 . 7y —1
Jim (€07 re) <o pim ((€) 7 Arar) <o
where T'r and Qr are defined by (4.11), (4.9), (4.10).

4.83. Stieltjes moment problem

It is known [1] that the Jacobi matrix in this case admits the special structure:

1 1 1 1
b = v, =23, b= ——,
m; \l;—1 l; mily
1
4= ——— =12, .

b
N

(4.9)
(4.10)

(4.11)

(4.12)

(4.13)
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where [;, m; are positive and are interpreted as lengths of intervals and masses at the points x;. The string is
defined by the density dM = 22021 mid(x—xg), where 0 =zo < 1 < x2 < ... < TNn_1 < ..., l; =T;—Ti_1,
¢t =1,.... The inverse dynamic problem for the dynamical system corresponding to a finite Krein-Stieltjes
string was studied in [18]. It is straightforward to check (see also [1]) that the following relations hold:

on(0) = (=1)"V/mn, n=1,2,..., (4.14)

n—1
&) = (0" (D L Vi n=1,2,.... (4.15)
j=1

We define the mass and length of a segment of a string:

K K
MK:kaE LK:Zlka
k=1 k=1

when K = oo above expressions correspond to the mass and the length of the whole string. Then formulas
(4.14), (4.15) imply that

3 £xc41(0)
MK = (p% 0 5 LK = —L.

; © pr+1(0)
In [1,23] the following statement was proved:

Proposition 12. The Stieltjes moment problem is indeterminate if and only if both length and mass of a
string is finite: Myo, Loo < +00.

Note that the necessity of conditions My, Loo < 400 is just a simple consequence of formulas for Mg
and LK.

For the mass of the segment of a string or of the whole string we have an expression (4.12). Now we
obtain similar formula for the length. Denote by h” € F7 the (unique) control which drives the system
(2.14) to the special state

WwTnhT =(0,...,0,1) € HT.

For arbitrary ¢ € F1 we have (see the representation (2.18)) that

T-1
(CThT7 Q)]:T = (WThT7 WTq)rHT = H a;qo-
i=0
The above relation implies that A7 can be found as a unique solution to Krein-type equation:

T—1
[lico i

CThT = 0 . (4.16)

Taking a control f7 € FT such that WT f7 = (¢1(0),...,¢7(0)) we have (see Theorem 5 and (4.16)) that
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0 ©1(0)
or(0) = 0 , @2.(0) — (WThT, WTfT)HT
1 ©7(0) HT
HiT:_l a; T7(0)
= (CTHT, fT) ., = 0 (7)™ Tqu1<O)
0 7(0)

FT

Similarly, denote by g? the control for which WTgT = (£(0),...,£7(0)). Then, using equations from
Theorem 5 and (4.16) we have that

0 €1(0)
£r(0) = 0 7 52{0) - (WThT, WTgT)HT
1 fT(O) HT
[Ty ai 77(0)
SR I | B NGO R CON Ko
0 7:1(0)

FT

The above arguments lead to the following expression for the length of the segment of the string:

—1 «
Lo — Ex1(0) ((CKH) (RKH) FK+1,61>
i +1(0) ((C’K-i-l)*l Trit, 61) )
where we denoted e; = (1,0,...,0) € FL. The above arguments lead to the following statement:

Proposition 13. The Stieltjes moment problem is indeterminate if and only if the following relations hold:

M, = lim ((CT)’er,PT)fT < +oo,

T—o0

Lo = lim ((CK)_ (RK)*FK761)

o ((CK)—l FK761) < 400.

4.4. Hausdorff moment problem

It is a special case of a Stieltjes moment problem. The necessary and sufficient conditions for a set of
numbers to be moments of a measure supported on (0,1) are obtained in [11,12], see also [22]. They are
equivalent to inequality (3.23) holds for all T' € N since we get the limit measure as a limit of measures
supported on (0, 1).

Proposition 14. If the Halkel matrices SE, ST satisfy (3.23) for allT > 2, then there exists only one measure
supported on (0,1) which satisfies (1.1). In other words, the Hausdorff moment problem is determinate.

Proof. Let us assume that the opposite is true and the Hausdorff moment problem is indeterminate, in this
case by Proposition 13 the length and the mass of string determined by the matrix A constructed from
moments, should be finite. Then for any fixed 7' € N we have on the one hand that
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T
trAp =Y AL (4.17)
n=1
On the other hand (see (4.13)),
T
1 1 1 1
tr Ap = — — . 4.1
rar mlll +ﬂ;mn (lnl * ln) ( 8)

Since I;, m; are positive and by our assumption Y .o, m; < 400, Y .o, l; < +o0, it immediately follows
from (4.18) that tr AT > T2 for sufficiently large T, and thus from (4.17) we can see that for such T the
eigenvalues AL cannot be bounded by one. Which gives a contradiction. 0

This statement (using a different approach) was proved in [13], see also [10].
Let s € RN be a sequence, s = (sg, 51, . . .). One defines the difference operator A : RN — RN by the rule

(As)p = Spq1—Sn, n=0,1,.... (4.19)
Hausdorff in [11,12] proved the following

Theorem 6. A sequence s = (sg, $1,...) € RN is a moment sequence of a measure supported on (0,1) if and
only if it is completely monotonic, i.e., its difference sequences satisfy the equalities

(=1)k(A*s), =0, for all k,n > 0. (4.20)

We will show that the Hausdorff condition (4.20) is a consequence of condition (3.23) holding far all
N € N. On the other hand, the property (4.20) for finite k,n does not imply (3.23). The following two
propositions confirm that.

Proposition 15. The condition (3.23) implies the inequality (4.20) holds for k, n such that k+mn < 2N — 1.
Proof. According to definition (4.19)
(Azs)n = (A(As)), = (As), 11 — (As), = Snt2 — 28,1 + Sn,

continuing calculations yields

k
(Aks)n = Z(*l)icliswk—v (4.21)

=0

For a given sequence g = (go, g1,...) € RN by (gi+j_2)1<i.j<n+1 we denote the Hankel matrix, and the
Hankel transform get map g € RN to the sequence

hn = det(gi+j,2)1§¢7j§n+1, n = 0, 1, e

The binomial transform get map a given sequence g = (go, g1,...) € RN to the sequence
n
Cn :ZCﬁgk, n=0,1,... (4.22)
k=0

It is known [20] that the Hankel transform is invariant under the binomial transform, that is:
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hy = det(gitj—2)1<ij<n+1 = det(Ciyj—2)1<ij<n+1- (4.23)

Note that (4.23) remains valid if one replaces binomial transform (4.22) by the signed binomial transform
introduced by the rule: for g = (go, g1,...) € RN one has

n

= (-1)fClge, n=0,1,...

k=0

This fact and (4.21) imply that for Hankel matrices TS0 Jn = (8i+j-2)1<; jens INST IN = (Sitj—1)1<; j<n
and their difference the following relations hold:

det(3i+j+m—2)1§i7jfn+l = det ((Ai+j728)m)1§i’j§n+1 , m=0,1, (424)

det(sitj—2 = sitj1)1<ijensr = det (AT 72) = (AT97%5) ), o

where n = 0,1,...,N — 1. Then the Sylvester criterion of positivity of a matrix and the condition (3.23)
imply that

o vilo
(a7 S)O)1<z N P (N 8)1)1§z’,j§N > 0.
The above inequalities imply that diagonal elements of matrices satisfy the same inequalities
(A%s), = (A%s), >0, i=0,1,...,N—1. (4.25)
Using the definition of A (4.19) from (4.25) we derive that

(A%‘Hs) <0

b <0, i=0,1,...

N —1. (4.26)

Note that inequalities in (4.25), (4.26) are only part of what we need to show in (4.20). To prove the other
part we note that condition (3.23) implies that

Sy > SNom >0, m=0,1,....,N -1 (4.27)

Like (4.25) was a consequence of (3.23), the inequality

(A%s), > (A%s),, . >0, i=0,1,....N—-m~—1 (4.28)
follows from (4.27). From (4.28) one obtains that
(A**ts), <0, i=0,1,...,N—m—1. (4.29)

The inequalities (4.28), (4.29) is exactly what we need to show in (4.20). O
Proposition 16. The inequality (4.20) holding for all k,n: k+n < 2N — 1 does not imply (3.25).

d(A —1/2). In this case all

Proof. Consider the point mass measure concentrated at A = 1/2: i.e. dp( ) =
= (=1)*(1/2)*+"  which agrees

moments (1.1) are given by s; = (1/2)*. Using (4.19) we see that (A* )
with (4.20).

Now we construct counterexample which works even for IV = 2. To do so we slightly change the moment
so: we take so = 1, 51 = 1/2, so = 1/4 + ¢, s3 = 1/8. If ¢ is small enough then (4.20) remains valid, but
(3.23) fails: indeed, det(sit;—2)1<ij<2 =€ < 0if € < 0. Therefore (3.23) doesn’t follow from (4.20). O
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Note that the above counterexample does not work in the case of infinite matrices: in this case the
restriction on indices k +n < 2N — 1 disappears and one should consider all k,n. Then according to (4.21)

k
(A%s), =D (~1)'Clsnsr—i = (=) (1/2)"" + (=1)"*2eCh
=0

and we see that the second term in the right hand side of the above expression dominates if k,n are large
enough. Therefore for such a moment sequence the condition (4.20) does not hold.
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