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1. Introduction

Topological quasi *-algebras appeared in the literature at the beginning of the '80s, last century. They
were introduced, in 1981, by G. Lassner [33,34], to encounter solutions of certain problems in quantum
statistics and quantum dynamics. But only later (see [44, p. 90]), the initial definition was reformulated in
the right way, having thus included many more interesting examples.

Quasi *-algebras came to light, in 1988; see [47], as well as the literature in [3,9]. Many results have been
published on this topic, which can be found in the treatise [8], where the reader will also find a corresponding
rich literature for partial *-algebras, whose a special subclass is given by quasi *-algebras. Note that partial
*-algebras are algebras of unbounded operators (for an extended exhibition of the latter, see [44]). The
simplest example of a quasi (resp. partial) *-algebra is the completion of a locally convex *-algebra with
separately continuous multiplication. It is clear then that in this case, multiplication is not everywhere
defined. Completions of the previous kind may, for instance, occur in quantum statistics. Applications of
quasi *-algebras can be found, e.g., in [24,48].
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Partial *-algebras were introduced by J-P. Antoine and W. Karwowski in [6,7] and, as we mentioned
above, they are algebras of unbounded operators, playing an essential role in quantum field theory (see [8]).

In the present paper, an effort is made to investigate topological tensor products of normed, respectively
Banach quasi *-algebras. The motivation, apart from the preceding discussion, is assisting from the fact
that tensor products are used to describe two quantum systems as one joint system (see, for instance, [4]
and [35]), while the physical significance of tensor products always depends on the applications, which may
involve wave functions, spin states, oscillators and even more; in this aspect, see e.g., [15,26].

In the literature, one can find very few articles dealing with tensor products of unbounded operator
algebras, the oldest one, to our knowledge, dating from 1997 (see [27]) and dealing with tensor products of
unbounded operator algebras with Fréchet domains. Another two appeared in 2014 (see [21,22]) and concern
tensor products of generalized B*-algebras, respectively tensor products of generalized W*-algebras. Both
kinds of these algebras are unbounded generalizations of standard C*-, respectively W *-algebras, initiated
by G.R. Allan (1967, [5]) and A. Inoue (1978, [31]), respectively. The latter author used generalized W*-
algebras for developing a Tomita Takesaki theory in algebras of unbounded operators (1998). For this theory,
the reader is referred to [32].

The structure of the present paper is as follows: in Section 2, we exhibit the background material needed
for our study.

The structure of a (normed, resp. Banach) quasi *-algebra (2, 2,) (where 2 is a vector space and 2, a
*_algebra and a subspace of 2, both of them satisfying specific properties) leads to the examination of the
best possible (topological) tensor product of two (normed, resp. Banach) quasi *-algebras.

In Section 3, we construct the algebraic tensor product of quasi *-algebras. We were led to our construction
mainly from the fact that the new object we wanted to have as a quasi *-algebra should be a complex linear
space containing a *-algebra with certain properties. When we are given two quasi *-algebras (2(,2l,),
(%B,9B,), for obtaining A ® B as a quasi *-algebra over 2, ® B,, we consider the latter to be the algebraic
tensor product *-algebra canonically contained in A®%, and then we define the left and right multiplications
between elements of A, ® B, and A R B.

Section 4 gives the construction of a tensor product normed, respectively Banach quasi *-algebra, coming
from two given normed, respectively Banach quasi *-algebras.

In Section 5, examples of tensor product Banach quasi *-algebras are presented.

In the final Section 6, we discuss full representability and existence of *-representations on a tensor prod-
uct normed quasi *-algebra. Since *-semisimplicity is related to both of the preceding concepts, information
is also given for this notion, in the tensor product environment. More precisely, the mentioned concepts are
studied in the capacity of passing from the considered tensor product to its factors and vice versa (see, e.g.,
Propositions 6.2, 6.5 and Theorems 6.11, 6.15, 6.20).

2. Notation and background material

All algebras and vector spaces we deal with in this article are over the field C of complexes. Moreover,
all topological spaces are considered to be Hausdorff. Our basic definitions and notation concerning quasi
*_algebras are mainly from [8].

In the present section, we exhibit the necessary machinery, terminology and notation we need throughout
this work.

Part I: quasi *-algebras

Definition 2.1. [8, Definition 2.1.9] A quasi *-algebra (2,2l,) is a pair consisting of a vector space 2 and a
*_algebra 2(, contained in %A as a subspace and such that



M.S. Adamo, M. Fragoulopoulow / J. Math. Anal. Appl. 490 (2020) 124323 3

(i) the left multiplication ax and the right multiplication xza of an element a € 2 and x € 2, are always
defined and bilinear;
(ii) (za)y = xz(ay) and a(zy) = (az)y, for each z,y € A, and a € A;
(iii) an involution # is defined in 2, which extends the involution of 2, and has the property (ax)* = z*a
and (za)* = a*x*, for all a € A and z € ,.

*

For a quasi *-algebra (2,2,), we shall also use the term quasi *-algebra over 2,.

» Given a quasi *-algebra (2, 2,), the elements of 2, will always be denoted by x,y, ..., and the elements
of A by a,b,....

We say that a quasi *-algebra (2, 2l,) has a unit, if there is a unique element e in 2, such that ae = a = ea,
for all a € 2.

Example 2.2. Let I = [0, 1] be the unit interval and A the Lebesgue measure on I. Then, for 1 < p < oo, the
pair (LP(I,\), L*°(I,\)) is a quasi *-algebra with respect to the usual operations, i.e., the multiplication is

defined pointwise and the involution is given by the complex conjugate.

» From now on, writing LP(I), p > 1, we shall always mean that I is endowed with the Lebesgue measure,
say A, except if otherwise specified.

Definition 2.3. A quasi *-algebra (2, 2,) is called a normed quasi *-algebra if 2 is a normed space under a
norm || - || satisfying the following conditions:

() fla*ll = llall, V¥ aeA;
(i) 2, is dense in A[|| - ||];
(iii) for every x € Ay, the map Ry :a € A[|| - |] = ax € A[|| - ||] is continuous.
When 2[|| - ||] is a Banach space, we say that (2[| - ||], %) is a Banach quasi *-algebra.
The continuity of the involution implies that
(iv) for every x € 2, the map L, : a € A[|| - [|] = za € A[|| - ||] is also continuous.

Tt is evident from the above that if (2, 2l,) has an identity element e, then

(a) if ax = 0, respectively za = 0, for every = € 2, then a = 0;
(b) if ax = 0, respectively za = 0, for every a € 2, then z = 0.

A norm is defined on 2, as follows:
|2]lo := max{|| L., | Rz}, = € ™o,

with ||Lz||, ||Rz||, the usual operator norms (see [24, beginning of Chapter 3]). Then, 2,[|| - ||o] is a normed
*_algebra and

laz|| < [zflo [lal, ¥ ae®A, z ey (2.1)

Observe that if (A[|| - ||], %) has an identity e then, without loss of generality, we may suppose that |le| = 1,
since taking the equivalent to || - || norm || - || on 2 defined by |lal|’ := ||a||/|lell, a € A, we obviously have
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le]” = 1. Furthermore, note that the norms || - ||, || - ||o are not comparable on 2,, in general. For instance,
consider the Banach quasi *-algebra without unit (LP(R),CJ(R)), where C2(R) stands for the *-algebra of
continuous functions on R with compact support. Then the norms || - ||, || - |lo = || - ||sc clearly are not
comparable on C2(R). But if a normed quasi *-algebra (A[|| - ||],2,) has a unit, then (2.1) implies that
]| < ||z|lo, for every = € ,.

Other examples of Banach quasi *-algebras can be found, for instance, in [10,12,24]. In particular, we
have

Example 2.4. Consider the unit interval I = [0, 1], the LP-space LP(I) with 1 < p < co and the C*-algebra
C(I) of all continuous functions on I. Then the pair (L?(I),C(I)) is a Banach quasi *-algebra.

Example 2.5. The pair (LP(I), L>°(I)) considered in Example 2.2 is another example of Banach quasi *-

algebra.

On the other hand, among Banach quasi *-algebras, an essential role is played by the completion of a
Hilbert algebra with respect to the norm induced by the given inner product. In what follows we first define
a Hilbert algebra and then a Hilbert quasi *-algebra.

Definition 2.6. A Hilbert algebra (see [39, Section 11.7]) is a *-algebra 2(,, which is also a pre-Hilbert space
with inner product (:|-), such that

(i) for every z € 2,, the map y — xy is continuous, with respect to the norm defined by the inner product;
(ii) (xy|z) = (y|a*2), for all z,y, z € Ay;
(iii) (zly) = (y*|z*), for all z,y € Ap;
(iv) 22 is total in 2A,.
From (ii) and (iii) it follows that
(zylz) = (zlz7), VYV a,y,2 €A

Definition 2.7. Let 2(, be as in Definition 2.6 and let H denote the Hilbert space completion of 2(,, with
respect to the norm || - || given by the inner product. The involution of 2, extends to the whole of H, since
by (iii) it is isometric. The multiplication £z (or z€) of an element £ in H with an element z in 2, is defined
by the usual limit procedure. To avoid trivial instances, we assume that

£ €M, suchthat &x =0, Vze®, implies & =0.

Under the preceding operations, the pair (H[|| - [|], o) is now a Banach quasi *-algebra, that we call a Hilbert
quasi *-algebra.

Let H be a Hilbert space with inner product (-|-) and let D be a dense linear subspace of H. We denote
by L1(D,H) the set of all closable operators T in H, such that the domain of T is D and the domain of its
adjoint T*, denoted by D(T*), contains D, i.e.,

LYD,H)={T:D—H:D(T*)DD}.

The set L£T(D,H) is a C—vector space with the usual sum T + S and scalar multiplication AT, for all
T,S € LI(D,H) and A € C. Define the following involution t and partial multiplication o by

T— T =T*p and ToS = (T")*S.
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It is clear that the partial multiplication O is defined whenever
SD C D((TT)*) and TTD C D(S*). (2.2)

Then LT (D, H) becomes a partial *-algebra, in the sense of [8, Definition 2.1.1]. In LT(D, H) several topologies
can be introduced (see, [8]). Here, we will use the weak and strong* topology denoted by 7., 75« respectively,
which are defined by the families of seminorms

pen(T) := [(TEY, &neD, TeLl(DH),
pi(T) == max{||T¢|, |T7|}, €€D, TeLl(DH).

We denote by L£T(D) the subset of the elements T'in £T(D,#H), such that 7D C D and T'D C D. Then,
LT(D) is a *-algebra with respect to the involution T and the weak multiplication O defined above. It is clear
that the inclusions in (2.2) are always valid in £F(D).

Definition 2.8. A *-representation m, of a quasi *-algebra (2(,2l,) in a Hilbert space H,, is a linear map =
from A in LT (D,,H.,), where D, is a dense subspace of H, and, at the same time, the following conditions
hold:

(i) m(a*) = n(a)t, for all a € A;
(ii) if a € A and x € Y, then 7(a) is a left multiplier of w(x) and 7 (a)ow(z) = 7(azx).

Concerning (ii), note that for a € 2 and x € 2, one also has that m(a) is a right multiplier of 7(z) and
7(x)om(a) = w(za).

A *-representation 7, as before, is faithful if a # 0 implies 7(a) # 0 and it is cyclic if 7(2,)¢ is dense in
H.., for some £ € D,.. If (A, 2A,) has an identity element e, we suppose that 7w(e) = Ip_, the latter denoting
the identity operator from H, on H,, restricted on D,.

The closure 7 of a *-representation 7 of a quasi *-algebra (2,2l,) in LT(D,,H,) is defined as follows

A= LD, M) a— m(a)lp
where 7577 is the completion of D, , with respect to the graph topology, defined by the seminorms
n €D, = |[x(a)]|, Vaecl

A *_representation 7 is said to be closed if T = 7.

Definition 2.9. Let (2, 2l,) be a quasi *-algebra. A linear functional w on 2 is said to be representable if it
satisfies the following conditions:

(L.1) w(z*z) >0, VaeA;
(L.2) w(y*a*z) = w(z*ay), Y,y ac;
(L.3) for all a € A, there exists v, > 0, such that

lw(a*z)| < yaw(z*z)Y?, Ve,

The set of all representable linear functionals is denoted by R(, A,).
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Given a quasi *-algebra (2(,2,), we denote by Qg () the set of all sesquilinear forms on 2 x 2, such
that (see [49, Definition 2.1])

(i) ¢(a,a) >0, for every a € 2.
(ii) p(az,y) = ¢(z,a*y), for every a € A and z,y € A,.

If (A[|| - |I], o) is a normed quasi *-algebra, denote by R.(2,2,) the subset of R(,2A,) consisting of all
continuous representable linear functionals on (2, As,).
As shown in [23, Proposition 2.7] if w € R.(2,2,) for a given normed quasi *-algebra (|| - ||],2), then

the sesquilinear form ¢, defined on 2, x 2, by
Pu(z,y) =wy'z), Va,ye, (2.3)
is closable; that is, for a sequence {z,,} in 2,, one has that
|zn || = 0 and @, (T — T, Tn — Tm) — 0 implies oy, (Ty, T,) — 0.
In this case, @, has a closed extension ,, to a dense domain D(p,,) x D(g,,) containing A, x 2A,, where

D(p,) ={acU:I{x,} CAy: with z, m a and @, (T — T, Tn — ) — 0},
so that if (a,a’) € D(p,) x D(g,,), we put

p,(a,a") == lim @, (z,,z)). (2.4)
n—oo
In this regard, having a normed quasi *-algebra ([||-||], %) and D(¢) a dense subspace of 2][||-||], we shall say
that a sesquilinear form ¢ : D(¢) x D(p) — C is closed [19, Definition 53.12], if whenever {v,}22; C D(p)
is a sequence, such that v, — v in 2[|| - ||] and

©(Vn — Uy Uy — Uy) = 0, as n,m — oo

one has v € D(p) and lim,, o (v — vy, v — vy,) = 0.

Coming back to p,,, note that in [3, Proposition 3.6] is proved that in every Banach quasi *-algebra one
has that D(p,,) = 2.

Consider now the set

= () D@ (25)
wER(2A,Ao)

If R.(2A,2,) = {0}, we put Ag = 2. Note that, if for every w € R.(2A,2,), @, is jointly continuous with
respect to the norm || - || of A, we obtain Ax = 2. In this regard, see also [3, Proposition 3.6].
Furthermore, we put

AT = {Zw,ﬁmk, g € Ay, nEN}.

k=1

Then 2} is a wedge in 2, and we call the elements of 21 positive elements of ,. As in [23, beginning of
Section 3], we call positive elements of 2 the elements of 27 . We set AT := A and for an element
a € AT we shall write a > 0.

A linear functional w on 2 is positive if w(a) > 0, for every a € AT.
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Definition 2.10. [23, Definition 3.7] A family of positive linear functionals F on a normed quasi *-algebra
(A[|| - 1], Ao) is called sufficient, if for every a € AT, a # 0, there exists w € F, such that w(a) > 0.

Definition 2.11. [23, Definition 4.1] We call a normed quasi *-algebra (A[|| - ||],20) fully representable if
R (2, 21,) is sufficient and A = 2.

Tt is clear from the discussion before (2.5) that every Banach quasi *-algebra is fully representable if
Reo(A,AUy) is sufficient. In fact, by [3, Theorem 3.9], sufficiency of R.(2,2,) is a necessary and sufficient
condition, in such a way that a Banach quasi *-algebra is fully representable.

Observe that a Hilbert quasi *-algebra, by its very definition, is *-semisimple (cf. Definition 2.13), therefore
by [3, Theorem 3.9] is fully representable.

Further examples of fully representable topological quasi *-algebras can be found in [23, Section 4].

Remark 2.12. Let (2A[|| - ||],2) be a normed quasi *-algebra and w € R.(A,2A,). For x € 2, define
wz(a) := w(z*ax), for every a € A. Then w, € R.(A,2A,). Note that the condition of sufficiency required in
Definition 2.11 together with the following condition

a € Aand wy(a) >0, for allw € R.(2A,2,) and x € A,, implies a > 0,
says that, if a € A, with w(a) = 0, for every w € R.(2,2l,), then a = 0.

Denote by Sy, (2) the subset of Qg () consisting of all continuous sesquilinear forms Q : A x A — C,
such that

€2(a, )| < llall[[oll, ¥ a,beA
Defining

1=~ sup [Qa,b),
lall=lbl=1

one obviously has ||Q2]] < 1, for every € Sy, ().

Definition 2.13. A normed quasi *-algebra ([| - ||],2) is called *-semisimple if, for every 0 # a € 2, there
exists Q € Sy, (2), such that Q(a,a) > 0.

Note that taking an element w € R(2,2,), one may associate to w two sesquilinear forms. One is already
given by (2.3) and the second one is defined as follows:

0%(a,b) := (m(a)8u|mu(b)€w), a,b e, (2.6)

where &, is the cyclic vector of the GNS representation m, associated to the representable linear functional
w (see comments after Theorem 3.2.1 and relation (3.2.15) in [24]). It is clear that Q% (a,e) = w(a), for every
a €A

Part II: tensor products

For algebraic tensor products the reader is referred to [16,30]; for topological tensor products to [18,20,
25,36,43,45].
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Suppose that 2,, B, are *-algebras and (z,y) € A, X B,. The element z®y is called an elementary tensor
of the vector space tensor product 2, ®B,. An arbitrary element z in 2%, ® B, has the form z = > | z;®y;.
Let 2’ = 27:1 7, ® y; be another arbitrary element in 2, ® B,; set

n m
22 = Z Zmzx; ® Yiyj-

i=1 j=1

Then, 2z is a well defined (associative) product on 2, ® B,, under which 2, ® B, becomes a complex
algebra (see, for instance, [36, p. 361, Lemma 1.4], [37, pp. 188,189]).
Using the involutions of 24,, 2B,, an involution is defined on 2, ® B, in a natural way:

n n
Qlo®‘Boaz:in®yib—>z*::Zx;“@yfteO@%o. (2.7)
i=1 i=1

Thus, 2, ® B, becomes a *-algebra. If ,,B, are x-subalgebras of 2, B, respectively, we may obviously
regard 2, ® B, as a *-subalgebra of 2, ® B,

Instead of the *-algebras 2, and B,, consider now two locally convex spaces E[rg], F[7s] and let EQ F
be their vector space tensor product.

Definition 2.14. [25, pp. 88, 89] A topology 7 on E® F is called compatible (with the tensor product vector
space structure of E ® F) if the following conditions are satisfied:

(1) The vector space E ® F equipped with 7 is a locally convex space, that will be denoted by E®.F.

(2) The tensor map ¢ : ExF — E®_ F: (z,y) — 2 ®y is separately continuous (that is, continuous in each
variable).

(3) For any equicontinuous subset M of E* and N of F*, theset M Q N ={f®g: f € M,g € N} is an
equicontinuous subset of (E®. F) "; E* and F* denote the topological dual of E[rs] and F[r:] respectively.

The completion of the locally convex space E®, F is denoted by E®, F. For *-compatibility, see beginning
of Section 6.

Let now E,[| - |l.], E2[[|| - ||l-] be Banach spaces. A norm || - || on the tensor product space E, ® E, that
satisfies the equality

21 ® za|| = (211 [|22ll2, V21 € Eyy 72 € By, (2.8)

is called a cross-norm on E;, ® E,.
The injective cross-norm on E, ® E,

Taking an arbitrary element z = Z?Zl r; ®y; in E; ® E,, we put

n
Iz[|x := sup {’ > f@igly)|: fFEELIAI< L g€ By llgl < 1}~ (2.9)
i=1
The quantity || - ||a is a well-defined cross-norm on E, ® E,, called the injective cross-norm. It is also a

compatible topology, fulfilling Definition 2.14, and it is the least cross-norm on E; ® E,.

Denote as E;®,E, the normed space induced by (E, ® E,)[|| - ||.]. The respective completion of E,®)E,,
which is a Banach space, will be (ienoted by E,®, E». Grothendieck’s notation for the latter Banach space,
used also by many authors, is E, QE,.
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When 21, [,], 2, [7,] are two locally convex *-algebras (in this case, we shall always assume that involution
is continuous and multiplication is jointly continuous), then Definition 2.14 can be modified as follows

Definition 2.15. [20] Let 2,[7,],A,[7.] be as before, where the topologies 7,,7,, are defined by upwards
directed families of seminorms, say {p} and {q}, respectively. Let 2, ® 2(, be their corresponding tensor
product *-algebra. A topology 7 on 2, ® 2, is called *-admissible (that is, compatible with the tensor
product *-algebra structure of 2, ® 21,), if the following conditions are satisfied:

(1) 2, ® A, endowed with 7 is a locally convex x-algebra, denoted by 2, ®,2,;
(2) the tensor map @ : A, [11] x As[m2] = A, ®, A, is continuous, in the sense that if 7 is determined by the
family of x-seminorms {r}, then for every r there exist p, ¢, such that

rz®y) <p@)q(y), V (z,y) €A xAy;

(3) for any equicontinuous subsets M of 2* and N of 2(*, theset M @ N ={f ®g¢g: f € M,g € N} is an
equicontinuous subset of (2[1®79l2)*; A7, A% denote respectively the dual of 2, 2L,.

The completion of 2,®.2, is a complete locally convex *-algebra denoted by A, &, 2,.
Let us now assume that 24,[|| - |l1], 2.[|| - ||.] are normed *-algebras with isometric involution. We shall
define the projective cross-norm on the tensor product *-algebra 2, @ 2, (see [45, p. 189]).

The projective cross-norm on 2, ® 2A,

Let z = )" , #; ® y; be an arbitrary element in 2, ® 2,. Put

I, = inf{z ||95i|1||yz'||2}, (2.10)
=1

where the infimum is taken over all representations Y ., #; ® y; of z. The quantity || - ||, is a well-defined

.
cross-norm that majorizes all other cross-norms on 2, ® 2,; it is called projective cross-norm. The normed
*_algebra induced by (4, ® 20,)[|| - ||,], will be denoted as 2,®. 2, and its respective completion, which is
a Banach *-algebra, will be denoted by 2[1@@7%[2. Grothendieck’s notation for the latter, used also by many
authors, is 2A,&2,. Note that the cross-norm ||-||, satisfies Definition 2.15, therefore is a *-admissible (hence,
compatible) cross-norm, whereas the injective cross-norm || - ||, is not *-admissible, in general.
In particular, any compatible cross-norm | - || on E, ® E, lies between the injective and projective cross-
norm, i.e.,
[ [P [ (S [

= v

(2.11)

Even more, a cross-norm || - || on E, ® E, is compatible, if and only if, the inequality (2.11) is valid.

For the specific case, when the topology 7 is generated by a cross-norm || - ||, the condition (2) in
Definition 2.15 always holds by the cross-norm property. Condition (3) clearly implies that the tensor
product of continuous linear functionals is bounded.

The situation is different for operators, i.e., the tensor product of continuous operators is bounded only
for certain cross-norms, those that are uniform. For further reading in this aspect, see [42].

More precisely, if E,[|| - |l.], Ex[|| - ||.] are Banach spaces, let E,®,.,E, be their respective tensor product
Banach space, under a cross-norm || - ||. If T3 : E;, — E,, Ty : E, — E, are linear operators, then the
map 71 ® T, : E;, ® E;, — E; ® E, is uniquely defined by the linearization of the bilinear map E, ® E, —
Ti(x) @ Ta(y) € E; @ By, for all z € Eq, y € Ey. Hence T1 ® T is a linear operator, such that
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(Th ® Ty) (Z T ® yz> = ZTl(l‘i) Q@ To(y:), V Z% ®y; € E, ®E,.
i=1

i=1 i=1
If 71 and T; are bounded operators, we would like T3 ® T5 to be a bounded operator too. This is true if || - ||
is a uniform cross-norm, in sense of the following

Definition 2.16. Let EJX\)H,HEQ and 17, T5 be exactly as before. If the tensor product operator 17775 :
E,®,E, = E,®,E, is continuous and its extension T1&T5 : E, &, E, — E,®,.,E, satisfies the relation
|TL&Ts|| < ||T1||||T2||, then the cross-norm || - || is said to be uniform.

Remark 2.17. The injective and projective cross-norms A and 7 are examples of uniform cross-norms.

Observe that the condition | Ty &Tx| < || T1]|[|T2|| automatically implies the equality. Indeed, we have the
following

Proposition 2.18. Under the hypotheses of Definition 2.16, the operator T\ QT : E1<§>H_HE2 — E1<§>H_HE2
verifies the equality | Ty @Ts|| = || T1 ||| T2 |-

Proof. To prove the claim, we have to show that | T3 &Ts|| > || T1 ||| T2 || For z € E, &, E, and z € E,,y € E,,
what we have is

ITMET: = suwp |Ti&Te(2)| 2 sup [(Ty @ Te)(z @ y)l|

l=l<1 eyl <1
= s [N@) 2@ > sw o Ta(@)[LIT2()]
Izl llyll2<1 el <1, llylla<1
= sup [[Ta(@)ll sup [IT2()ll. = I T2 T2]-
lzll <1 lyll2<1

This completes the proof. O

> Let 2, (|- |l.], (|- ||l-] and || -|| be again as above. If B, and B, are subspaces of A, and A, respectively,
then B, ® B, is a subspace of A, ® A, and in this paper, if not explicitly said, it will be endowed with the
topology induced by that of A, @, As.

3. Algebraic tensor product of quasi *-algebras

Let (2, 2,), (9B,B,) be given quasi *-algebras. It is then known that the algebraic tensor product 2,98,
of the *-algebras 2(,, B, is again a *-algebra (see Section 2, beginning of Part II) contained as a vector
subspace in the vector space tensor product A ® B.

Since 21 and B carry an involution a — a*, a € 2, respectively b — b*, b € B, extending those of 2,
B, respectively, then 2 ® 9B attains an involution such that a ® b — (a ® b)* 1= a* @ b*, a € A, b € B,
extending the involution of 2, ® B, (see (2.7)).

As stated in Definition 2.1, the vector space tensor product of 24 and 8 for the given above quasi *-
algebras has to be endowed with the left and right multiplications by elements of a *-algebra contained in

*_algebra and a subspace of

it, verifying certain properties. A natural candidate for this is 2, ® B, as a
A® B.

Define now the following actions on 2 ® 98, with respect to 2, ® B,:

—
S
&
=

~

—

(2 ®y) = Rogyla®b) = (ax
(z®y) - (a®b) = Lygy(a®b) = (za

N~ ~—
Q@ ®
=
S <
=
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with (z,y) in %, x B, and (a,b) in 2A x B. By the universal property of the vector space tensor product,
both actions are well defined and extend to bilinear maps, extending the multiplication of 2, ® B, (see [37,
p. 188, 189], for similar arguments). Routine calculations show that using the laws of Definition 2.1 (ii) for
2l and 9B, we obtain the corresponding laws for 2 ® 9.

If ey, ey are the identities of our given quasi *-algebras respectively, then ey ® ey is an identity element
for 2, ® B, i.e., (see discussion after Definition 2.1)

(a®b) (g ®ep)=aRb=(egq ®ex)  (a®b),

for all a € A and b € B.

» From now on we shall simply write

(z ®y)(a®b) instead of (xR y) - (a ®b).

Similarly, of course, for (a ® b) - (x ® y).

Concerning the extension of the involution * of 2, ® B, on A ® B, we clearly have the property (iii) of
Definition 2.1 for the extension of the involutions of 2,, B, on A, B respectively, i.e.,

(a@b)(z@y)” = () ® (by)" =a"a" @ yb" = (@ y)" (a @ b)",

for all (z,y) in A, x B, and (a,b) in A x B.
In conclusion, all properties of Definition 2.1 are fulfilled, therefore 2A®B is a quasi*-algebra over A, QB,.

Definition 3.1. The algebraic tensor product 2 ® B that was constructed above from two quasi *-algebras
(2A,2,), (%B,B,), will be called tensor product quasi *-algebra over 2, ® B,, or we shall just say that
(A ®B,2A, @ B,) is a tensor product quasi *-algebra.

4. Topological tensor products of normed and Banach quasi *-algebras

Let (2A[|] - lla]; o), (Bl - l|=], Bo) be given normed (resp. Banach) quasi *-algebras. We shall construct
their tensor product normed (resp. Banach) quasi *-algebra.

We have already seen in the preceding Definition 3.1 that A® 9B is a quasi *-algebra over 24, ® B,. Hence,
according to Definition 2.3, we still have to show that 2 ® % becomes a normed (resp. Banach) space, under
a suggesting tensor norm that fulfils the conditions of Definition 2.3.

First we consider on 2®B the injective cross-norm (2.9) and as we have already said in Section 2, A®,B
is the Banach space, completion of the respective normed space 2A®,B = (A ® B)[| - ||.]-

» In the sequel, for distinction, we shall often denote by |||/« ||*||=, the given norms on A, B, respectively.

By Definition 2.3 (i), the (extended) involution on A and B from that of A, and B, respectively, is
isometric, therefore since the injective cross-norm A is uniform (see Remark 2.17) the map (2.7) defines a
continuous involution on A®,VB, which is continuously extended on A®,B. Applying Proposition 2.18 for
the operators *1 : 2 — 2, with *;(a) = a*, for all @ € A, and *o : B — B, with x5(b) = b*, for all b € B,
we obtain that || 1 @ o || = || #1 |||| 2 || = 1, since || #1 || = 1 = || *o ||. Using the latter in the definition of
Il 1Ix (see (2.9)), we conclude that

12*)1x = ||2]l5, V 2 € AR,B.
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Hence by continuity of s; &2, we pass to limits, having finally that A®,% has an isometric involution.
We prove now that 2, ® B, is dense in AR,V and A®,B. Without loss of generality, take an elementary
tensor a ® b in AR, B.
By Definition 2.3, 2, is dense in [|| - [|«] and B, in BJ|| - ||»]. Thus, since a is in A and b in B there exist
sequences {z,} in 2, and {y,} in B,, such that

|zn —a]la =0 and |y, —b|ls — O.
Then the sequence {z, ® y,} in A, ® B, is || - |[s-converging to a ® b. Indeed, from (2.9), we have

70 ® yn —a @bl = sup {|f (@n)g(yn) — Fa)g®)| : f € A", | fI| < 1,9 € B, [lg] <1} — 0.

The above argument shows that 2, ® 9B, is dense in AR ,B and consequently also in AR, B.
It remains to show that, for every z = >, p2; ® y; in A, ® B,, F a finite subset in N, the (right)
multiplication operator

R, :A®,8 — AR,B : c— cz (4.1)

is continuous.

First recall that for x € %, and y € B, the operators R, : A — A, R, : B — B with R,(a) := ax and
R, (b) :== by, a € A, b € B are continuous and the operator R, ® R, is uniquely defined on 2A®,B into itself,
such that

(Ry ® Ry)(a®b) = Ry(a) ® Ry(b), a € AbeB.

In particular, R, ® R, is continuous since R, R, are continuous and || - ||5 is a uniform cross-norm (see
Remark 2.17). Yet, it is easily seen that defining the map R,g, : AR, B — A®,B as

Rigy(a®b) = (a®@b)(z®@y), acAbe B,

we obviously obtain that R,g, = R; ® Ry, so that the operator R,g, is also continuous.
In conclusion, R, in (4.1) is well-defined and continuous, such that

R, = Z Ry 0y, = Z Ry, @ Ry,

icF i€EF

By linearity and continuity we infer that R, z in 2, ® B,, is uniquely extended to a continuous operator
on AR B too.

Hence, we conclude that left and right multiplications by elements in 2(, ® B,, as well as the involution
* are well defined on the completion A®,%B and verify all the required properties. If, in addition, 2, B
have identities (eq, es respectively), from the comments right after (2.1), we have that ||eg ® ex||x =
leallalles [l = 1.

Summing up, according to Definition 2.3, we have that

o (AR B, A, ® B,) is a tensor product normed quasi *-algebra and
o (AD,DB,A, ® B,) is a tensor product Banach quasi *-algebra.

All the above arguments, as well as the fixed notation, can be equally well applied for the projective
cross-norm || - ||, (see (2.10)), to give that the pair (AR,B,2A, @ B,) is a normed quasi *-algebra and its
‘completion’, i.e., the pair (AR, B, A, @ B,) is a Banach quasi *-algebra.

The same is true for any uniform cross-norm on A ® B by Definition 2.16 and Proposition 2.18.
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5. Examples of tensor product Banach quasi *-algebras

Example 5.1. Take I to be the unit interval in the real line and consider the Banach quasi *-algebra
(LY(I),C(I)) (see discussion before Definition 2.3, as well as Example 2.4). Consider the tensor product
of (L'(I),C(I)) with itself. Then we obtain the Banach quasi *-algebra

(LYD&, LY(I),Cc(I) @ C(I)) = (L*(I x I),C(I) ® C(I))

(see discussion at the end of Section 4).
It is known that the tensor product L*(I)&, L*(I) is linearly and topologically isomorphic to L' (I x I) =
LY(I x I, X x \) (with X the Lebesgue measure on I and A x \ the product measure on I x I); see [25].

Example 5.2. Recently A.Ya. Helemskii [28] working in the context of L—quantizations with L = LP(Z, (),
1< p< oo, (Z,¢) a “convenient” measure space (i.e., Z has either no atoms or an infinite set of atoms)
and p-convex tensor products of the spaces Li(-), g € (1,00) ([28], Section 6), showed a general result ([28],
Theorem 6.4) and gave the Banach version of it, from which one obtains the following:

Let X,Y be measure spaces with countable bases, p € (1,00) and ¢ = p/(p — 1) the conjugate number of
p. Then,

~

LUX)®, LUY) = LI(X x ), (5.1)

with respect to a well-defined L-isometric isomorphism [28, Remark 6.5], such that f®g — h, with h(s,t) :=
f(s)g(t), f € LX), g€ LY(Y), h € LY(X x Y) and (s,t) € X x Y. The notation ®,y, means completion
with respect to the norm || - ||,r [28, (5.3)]. Note that the norm || - ||, is, in fact, an analogue in the present
context, of the projective cross-norm || - ||,.

For the term countable base, see [46, p. 195]. For some ‘similar’ results to the preceding one, see also
[17,18,46]. Note that the preceding term is equivalent to the fact that the measure u on X is separable [14,
Vol. 11, p. 132, 7.14(iv)).

Consider the Banach quasi *-algebras (L9(X,u),C(X)) and (LY(Y,v),C(Y)) with (X, u), (Y, v) metric
compact measure spaces and g € (1,00) (see, for instance, [10] or [11, Example 2.7]). Suppose that u,v are
Borel probability measures, that are also diffused [14, Vol. II, Definition 7.14.14]. We want to apply (5.1)
in this case. For this we must have on X (resp. Y) an atomless ([14], Vol. II, Definition 7.14.15), separable
measure. It is known that a Borel probability measure on a compact metric space is regular and (trivially)
locally finite, therefore a Radon measure. But, every Radon measure is 7—additive (or 7—regular) (see [14,
Vol. 11, Definition 7.2.1 and Proposition 7.2.2(i)]) and since it is also diffused it follows that it is atomless
([14], Lemma 7.14.16). Finally, our Radon measure is also separable, since every compact subset of X (resp.
Y') is metrizable ([14], Example 7.14.13).

Thus, applying (5.1), we have that

LYX, )@, L(Y,v) = LUX X Y, ju X v);
therefore, (LI(X, 1)®,.L(Y,v),C(X) ® C(Y)) is a Banach quasi *-algebra.

Example 5.3. Take two Hilbert quasi *-algebras (H,,2l,), (H.,B,), (see Definition 2.7), with H, and H, the
Hilbert space completions of 2, and 9B,, with inner product (-|-); and (-|-),, respectively. Then, as it has
been shown in [1], (Hl@)h’Hz,Qlo ® B,) is a Banach quasi *-algebra, where H,®,H, is, in fact, the Hilbert
space completion of the pre-Hilbert space (and *-algebra) 2, ® B,, under the norm || - ||, induced by the
inner product
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n m

(€1E) =D (&l milnf)es V& € € Hy @y Ha,

i=1 j=1

with & = 30 & @mn and & = 377 & @ 1) (cf., e.g., [43] and/or [20, p. 371]). The left and right outer
multiplications on H,®,H., are defined in the usual way:

(z@y)(a®b) = (za) @ (yb), (az) @ (by) =: (a® b)(z @ y),
for any z ® y in A, ® B, and a ® b in H, ®, H.,; see also Section 3.

Example 5.4. A concrete realization of the Example 5.3 arises naturally from quantum physics. In quantum
mechanics, for two quantum systems S; and S, both described by the Hilbert space L?(IR?) of all square
integrable complex functions of two variables, the joint system S will be well described by the tensor product
Hilbert space of L?(R?) with itself, that is known to be isomorphic to L?(R*); for further reading, in this
aspect, see for instance, [4,41]. Considering more abstract measure spaces (X, 1) and (Y, v), there exists an
isometric isomorphism, such that

LX(X, 1)@, LA(Y,v) = L*(X x Y, x v),

where (X x Y, u x v) denotes the product measure space. In particular, taking X and Y to be the real line
R endowed with the Lebesgue measure, say A, we obtain

LR, \)®,LA(R,\) = L*(R?, Ax)\),

thus L2(R,\)®,L?(R, \) is a Banach quasi *-algebra over, for instance, C*(R) ® C3°(R), where C°(R)
denotes the *-algebra of smooth functions on R with compact support.

6. Representations of tensor product normed and Banach quasi *-algebras

If (Al - |a], o) and (B[|| - ||=], Bo) are normed quasi *-algebras, a compatible tensor norm n on A ® B
that respects the involutive structure of 2 ®, B (i.e., 7 makes A ®, B into a normed *-space, meaning
a normed space endowed with a continuous involution * (see Definition 2.3)) is called *-compatible (cf.
Definitions 2.14 and 2.15). If moreover 7 is a cross-norm (see (2.8)), then we speak about a *-compatible
cross-norm. Note that uniform cross-norms are *-compatible.

» For the calculations, we shall use the symbol ||-||, instead of the symbol 7, in order to be in accordance
0 (2.9) and (2.10).

For two given normed quasi *-algebras (A[||||«], Ao), (B[l ||=]; Bo) and a uniform cross-norm n (e.g., the
injective or projective cross-norm), the tensor product normed quasi *-algebra 2 ®, 9B and its completion
2A®.%B, have been studied in Sections 3 and 4.

We can assume, without loss of generality, that our normed, respectively Banach quasi *-algebras
Al - o], ™Ao) and (B[]l - |s], Bo) are unital. Indeed, if they are not, we can add a unit in a very stan-
dard way as in the Banach algebra case and obtain a unital normed, respectively Banach quasi *-algebra.
Recall that the unit will be an element of the underlying *-algebra 2, or 9B, respectively (see discussion
before Example 2.2).

Denote by (Aey,Ay) and (Bey, , Bo) the respective unitizations of (A, A,) and (B, B, ), which are normed

exs
(resp. Banach) quasi *-algebras, under the norm |[(a,A)|leyq = |la]la + |A], for every (a,A) € ., , with

(D))
Il llealat = |l - la- In the same way, the norm || - ||cy is defined on B,
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Taking the tensor product 2., ® B,
A ® B can be regarded as subspaces of 2., ® B.,,.
If n is a uniform cross-norm on A ® B, it is technical to show that it lifts to a uniform cross-norm, say

it is obvious that the *-algebra %A, ® B,, as well as the space

n1, on the tensor product ™A, ® B, of the unitizations of A and B respectively.

» From now on, we shall assume that our quasi *-algebras will be unital, unless otherwise specified.
Remark 6.1. Observe that the map
Al - flo] & AR B : a—aQen

is an isometric *-isomorphism if we restrict to its image A®; {e }. In the same way, B[||-||»] is isometrically
*_isomorphic to {ey} ®; B. In conclusion, we have the following identifications

A - [la] = A @5 {ex} and B[] - [|a] = {ea} @ B.
6.1. Representable functionals and *-representations on tensor product topological quasi *-algebras

We are interested in studying properties concerning the representability of a tensor product normed
(and/or Banach) quasi *-algebra. For this aim, we first begin stating and proving results connecting to the
manner a *-representation on a tensor product, as before, is related to the *-representations on the tensor
factors and vice versa.

Proposition 6.2. Let (A[||-[|a],%o), (B[l ||=], Bo) be Banach quasi *-algebras. Let i be a uniform cross-norm
on A ®B. Let m: AR, B — LT(D,,H,)[rw] be a continuous *-representation of the tensor product Banach
quasi *-algebra A, B. Then there exist unique continuous *-representations w1 : A[||-||a] — LT (D, H.)[Tw)
and T : B[|| - |s] = LI(D.,H..)[Tw], such that for any x € Ay, y € B, and a € A, b € B, we have

m(x ®b) = m (x)07me(b) = ma(b)om (), 6.1)
m(a®y) = i (a)oma(y) = ma(y)om (a). '
The *-representations w1, o are restrictions of the *-representation m to A[|| - ||a], B[|| - ||s] respectively.

Proof. Using the given continuous *-representation 7 of A®,%B (see Definition 2.8), we define a map 7 on
2 in the following way

m(a) =m(a®ey)é, YVaecd €D,

It is easily seen that the map m; is a *-representation of A in LT(D,, H,) with D,, = D,. In a similar way,
a *-representation 7y of B in LT(D,,H,) is defined, with D,, = D,, i.e.,

ma(b)E :=m(eq ®D)E, YV bEB, £ €D,
Since 7 : AR, B — LI(D,,H,) is (|| - |n-Tw)-continuous, 71 and 75 are (|| - |a-Tw), (|| - |»-Tw )-continuous

*_representations of (A[|| - ||«], 2Ao) and (B[||-||=], Bo) respectively. Indeed, let {a,} be a sequence of elements
in A[|| - ||o] and @ € A, such that ||a, — alls — 0, as n — co. By Remark 6.1, we have

lan ® e —a ® eyl — 0.

Hence by (|| - ||-7Tw)-continuity of 7, we obtain (see discussion before Definition 2.8)
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(m1(an)€n) = (m(an ® ex)E|n) = (7(a @ ex)§|n) = (m1(a)é[n),

for all £,n € Dy, = D,. Hence, 71 (ay) T,-converges to m1(a). The same argument is valid for ms.

Let us now show the equalities (6.1). Take z € 2, and b € 9B, then

T(z®b) =7((2 @ ex)(ea @b)) =T(z ® ey )m(ea ® )

= 71 (z)0ma(b).

In an absolutely similar way, we obtain the 2nd line equalities of (6.1), for every y € B, and a € 2.
The uniqueness of 71, 75 is a direct consequence of their definition. O

Remark 6.3. Observe that in Proposition 6.2 the two Banach quasi *-algebras (2[||-]|«], %) and (B[||-||s], Bo)
have been represented in the same family £T(D,.,,) of unbounded operators as their tensor product Banach
quasi *-algebra (2[@,3%, A, ®B,), i.e., D, =D,, =D, and H,, = H,., = H.. Moreover, by (6.1) the image
of 2 under 7 (resp. the image of B under m3) commutes with m3(B,) (resp. m1(2,)). We say that the
*_representations 7y and 7 of the (Banach) quasi *-algebras (2(,2l,) and (B, B,) respectively have quasi-
commuting ranges.

Proposition 6.4. Under the assumptions of Proposition 6.2, for every fized £ € D,., the linear functionals
wi(a) == (m(a @ ex)E|E), for all a € A, and wa(b) = (m(en @ b)E|E), for all b € B, are representable and
continuous respectively on (A[|| - ||a],2Ao) and (B[] - ||=], Bo)-

Proof. Let m; be the *-representation of (2A,2,) defined by 7 as in the proof of Proposition 6.2. For every
fixed £ € D, = D,, define a linear functional w; : A — C as follows:

wi(a) = (r(a ®ex)§[E) = (m1(a)gfE), Vael

We show that w; is representable. The conditions (L.1) and (L.2) of Definition 2.9 are easily verified. To
show (L.3), consider a € 2 and x € 2,. Then

wi(a*z)| = [(m1(a*2)€l€)| = |[(m1(a) om (2)E]€)| = |(m1(2)€|mi(a)€)]
< [mi@)€lllmi ()€l < (Yo + 1)(mi(z*z)El)
= (Yo + Dw(a*)?,

where 7, = [[m1(a)¢]| = 0.
With a similar argument, it is shown that wy : % — C defined as

wa(b) = (m(ea ®D)EIE) = (m2(b)S[E), VbeB

is a representable linear functional on *B.
We can prove now that w; is continuous. For a € 2, consider a sequence {a,} in 2A[| - ||«], such that
lan — alla — 0, as n — oo. Then

wi(an = a)| = [(mi(an — a)€E)] < ellan —a

Ay

for a positive constant 7, since m1 is a (|| - [|a — Tw)-continuous *-representation of (2, 2,).
Using exactly the same steps, as before, we can show that w, is continuous on (B[] - [|],B,). O
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If we now consider two *

-representations 7y, me of the (Banach) quasi *-algebras ([|| - ||«],2%) and
(B[]| - | =], Bo) respectively with quasi-commuting ranges, it is unclear how to define a *-representation on
the tensor product normed quasi *-algebra A ®, B, since a priori the range 1 () (resp. m2(B)) commutes
only with the range m2(B,) (resp m1(2,)).

Let us see what we can do in this case. If 71 : A — LT(DM,’HM), 7o B — LF (D..,, H~,) are two *-rep-
resentations of the quasi *-algebras (2,2L,), (9B, 9B,) respectively, then there is a unique *-representation
T:ARXDB — ,CT(DW1 ® D.,, Hn@ﬁ'{ ) on the tensor product quasi *-algebra (A ® B,2, ® B,) defined as

follows

2

7(c) := Zm(ai) ®ma(b;), Ve= Zai Rb; € AR B,
i=1

i=1

where ’Hn@h’Hﬂz is the Hilbert space completion of H,, ®; Hr, with respect to the norm induced by
the inner product of Hr, ®p Hr, (see Example 5.3). Moreover m1(a;) ® m2(b;), i = 1,...,n, are uniquely
defined linear operators from D,, ® D, in Hm@)hﬂm as in the discussion before Definition 2.16. The
*_representation m will be denoted by m ® 3.

Notice that D,, ® D,, is a dense subspace in 7—[71@;17-[#2. The linear operator (71 ® m2)(c) belongs to
LD, ®D,,, H., @h’}-{m), for every ¢ € 2A®%B, thus the map 7 Qs is well-defined and it is linear. Moreover,
for every c € A ® B, z € A, ® B, we have (1 @ m2)(c*) = ((m1 @ WQ)(C))T and 7(cz) = m(c)on(z). Hence,
all the requirements of Definition 2.8 are verified and 7 is indeed a *-representation of (2 ® B,2, ® B,).
Furthermore, we have the following

Proposition 6.5. Let (A[|| - [|a],™Ao); (B[l - ll=], Bo) be Banach quasi *-algebras. Let i be a uniform cross-
norm on A ®@B. Let m : A[|| - |a] = LT(D,,, Ho)[Tw] and 72 : B - [|s] = LT(D.,, H.,)[Tw] be continuous
*-representations of (A[| - ||a], o) and (B[] - ||=], Bo), respectively. Then the map m @ 72 : A®, B —
DL(DW1 ® DWZ,HWIQA@hHWz)[Tw] is a continuous *-representation of A ®, B.

Proof. We have seen that m; @ms : AR, B — E‘L(D,,1 ®D.,, 7—[”1@,,7-[#2)[7'“)] is a well defined *-representation
of A®, B. What remains to be shown is that m; ® ms is weakly continuous. Let ¢ = Z?:l a; Qb AR, B
and O =", & ®n;,A=3"_, G ® x € D,, ® D,. Then,

o
MN

((m1 @ m2)(c)¥[A) ((m1(a;) @ ma(bi)) (&5 @ n5)ICk @ Xk)

<
I
—
ES
=
—
-
I
—

I
&MS

<
Il
_
~
Il
_
-
Il
-

(m1(ai)§; @ m2(bi)n;lCk © Xxk)

<
3

(m1(ai)&;1Ck) (2 (bi)n;|xk)

I

<
I
s
=~
= |
-
-
Il
-

Il
.MS

<
Il
-
B
Il
-
-
Il
-

fgijk (ai)gng‘ Xk (bl)

l

NE

(ffijk ® g"]ijk) (Z a; @ bi) s
i=1

1 k=1

<.
Il

where, for a € A, b € B, we define the linear functionals fe, ¢, (a) = (mi1(a)&;|Ck) and gy, v, (b) =
(m2(b)€;|xx) on A and B respectively, for j = 1,...,m, k = 1,...,l. Since m; and 7wy are weakly con-
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tinuous, these functionals are norm continuous, so the same is also true for their tensor product and their
sum. This implies that 7 ® mo : A R, B — DL(D,rl ®D,,, ’}{ﬂ@)ﬂ-lm)[rw] is continuous. 0O

Proposition 6.6. With the same assumptions as in Proposition 6.5, we have the following: for a fizred & € D,
and & € D,,, the linear functionals wi(a) = (m(a)éi|é1), for all a € A, wa(b) := (ma(b)&2|&2), for all
b € B, are representable and continuous on (U[|] - ||«],Ao) and (B[ - ||=], Bo), respectively. Moreover, their
tensor product w1 ® wo s a continuous and representable linear functional on A ®, B, represented by the
*_representation m & Ta.

Proof. Similarly to Proposition 6.4, the linear functionals w; and wsy are representable and continuous on
the Banach quasi *-algebras ([| - [|a], ™) and (B[|| - ||=], Bo), respectively and their tensor product is
uniquely defined as

(w1 ®ws)(c) := Zwl(ai)wg(bi), Ve= Zai ®b; € A®, B.

i=1

We show that for & ® & € D, ® D,., we have

(w1 ®wa)(c) = ((m1 @ m2)(c) (€1 ® &2)[&1 ® &2),

forall c =" a; ®b; € A®, B. Indeed,

(w1 ® wa) (Z%@b)

w1(a;)wa(bi)

1Ngh £M3

s
Il
_

(m1(ai)&1|€1)(m2(bi)€2l62)

= ((m ® m2)(c)(§1 ® &2)[&1 ® &2),

where the *-representation m; ® m is continuous from Proposition 6.5 and this implies that the linear
functional wy ® wy is continuous too. Since w; ® wy is represented by 7 ® s, its representability can be
deduced from Proposition 2.9 of [3]. O

Notice that, in Proposition 0.6, m1 @ o may be not the *-representation obtained by the GNS-like triple
(see, [24, Theorem 2.4.8]) for the linear functional wi @ wa.

Remark 6.7. In Proposition 6.6, since wi ® ws is continuous, we can consider its extension wy Ruws to Q@L%
We don’t know whether the aforementioned extension is still representable. However in [1,2] it has been proved
that this is the case if (A, 2Ay) and (B, B,) are both Hilbert quasi *-algebras. Later on (Proposition 6.10), we
shall show other cases in the Banach quasi *-algebras framework in which this extension is representable.

Remark 6.8. If w; and wy are representable linear functionals on the quasi *-algebras (2, 2,) and (8, B,)
respectively, then we can consider the tensor product of their GNS *-representations ,,, and 7,,, denoted
by 7w, ® T,. The tensor product wi ® wy is represented by m,, @ T.,, hence it is representable on A @ B
(see [3, Proposition 2.9]). However, it remains unclear if m,, ® Ty, s unitary equivalent to T, @w, -

6.2. *-Semisimplicity and full representability

We now want to investigate how *-semisimplicity and full representability behave with the construction
of a tensor product normed, respectively, Banach quasi *-algebra. For the normed case, we have to assume
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some extra properties on the considered topological quasi *-algebras (see Theorems 6.11 and 6.20). For the
Banach case, the question remains, at the moment, open.

Proposition 6.9. Let (A[|| - ||], Ao) and (B[||-||=], Bo) be Banach quasi *-algebras. Let AD,B be their tensor
product Banach quasi *-algebra for a uniform cross-norm n.

o IfQ is a representable and continuous linear functional on AR,B, then the linear functionals we (a) :=
Na®en), a €A, wa(b) :=Qeq ®D), b € B, are representable and continuous on (A[|| - |a],Ao) and
(BI[|| - | =], Bo), respectively.

o If ® is an element in 8m0®s30(9l®ﬁ%), then ¢1(a1,az) := P(a; ® ey, a2 @ ex), for any ay,az € A, is in
Sat, (), and d2(by,bs) := Pley ® by, eq @ ba), for any by, ba € B, is in Sy, (B).

Proof. Let Q and w; be as above. By Remark 6.1, 2[|| - ||a] = A ®, {ea}, with respect to a *-isometric
isomorphism, therefore w; is continuous and representable on 2A[|| - ||«]. Analogously, the same is true for ws.
Consider now ® € Sy, @, (A,B) and define

P1(a1,az2) == P(a1 ey, a2 Dey), Var,ap €L,
(f)z(bl,bz) = ‘I)(em@)bl,eq@bg), Vbl,bQG%.

Then, again by Remark 6.1, ¢1 € Sy, () and ¢2 € S, (B) as restrictions of  on A x 2A and B x B
respectively. 0O

We would like to know whether the two assertions of Proposition 6.9 have a kind of converse. More
precisely, if w1 € Re(A, o), wa € R.(B, B, ), then their tensor product w; ® wsy, defined as

(w1 ® wo) (Zaz@)b) Zwl a;)wa(b;), VZ&Z@)Z) €AX® B,

=1

is a well-defined linear functional on A®; B. Moreover, it is continuous by the uniform cross-norm property
and representable by Remark 6.8. Thus w; ®ws € R.(A®, B, A, ®B,). Concerning its extension to AR, B,
see Remark 6.7.

The situation is different when considering ¢, € Sy, (), ¢2 € Su,(B). Indeed, their tensor product
@1 ® ¢, defined as

(¢1 ®¢2 C, C ZZ¢1 A, Cj ¢2 blad ) (62)

=1 j=1

foranyc=>""  a;®b;, ¢ = ZJ 16 ®d; in A®, B, is a sesquilinear form, but only separately continuous.
To get its continuity, we have to assume an extra condition (see Proposition 6.10). Moreover, as in the case
of continuous and representable linear functionals, discussed above, if (2(,2,) and (B, *B,) are Hilbert quasi
*_algebras, then for ¢ € Sy, (A) and ¢y € S, (B), one has that ¢1@¢s belongs to Sgyem, (AD,B); see [2].

» In the sequel, we shall assume barrelledness (cf. [40, Definition 4.1.1]) for our normed space 2A ®, B.
Note that all Banach spaces are barrelled, so by [40, Corollary 11.3.8], A ®, B is barrelled when n =+, the
projective cross-norm.

Proposition 6.10. Let (A[|| - [|a], o), (B[l - |s], Bo) be Banach quasi *-algebras. Let n be a uniform cross-
norm, such that A @, B is a barrelled normed space. The following hold:
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(1) if 1 € Su,(A), ¢2 € Sn,(B), then ¢ = (1 @ ¢2)/||p1 @ P2|| can be extended to an element
P € Sypyem, (AR, B);
(2) ifwi € Re(,2,), wa € Re(B,B,), then wy @wy can be extended to an element ofRC(QlQA@ﬁ’BﬂlO ®B,).

Proof. (1) Let 0 # ¢1 € Sg,(A), 0 # ¢2 € Sm,(B) be given. Then by (6.2) the map ¢1 ® ¢ is non-zero and
well-defined. We show that it is positive, i.e., for ¢ = > | a; ® b; € A ®, B, one has (¢1 ® ¢2)(c,c) > 0.
Indeed, by [3, Proposition 2.9] (see also (2.6) and proofs of [3, Proposition 3.6 and Theorem 3.9]), we have

d)l(ai’ aj) = <7Tw¢1 (a’i)gw(pl |7Tw¢1 (aj)§w¢1 >’
P2 (bl7 b]) = <7Tw¢2 (bi)£w¢2 |7rw¢2 (bj)§w¢2 >7

for all 4,5 = 1,...,n, where m,, and m,, are the GNS *-representations associated to we, and weg,,
respectively. Therefore,

(61 ® d2)( Z $1(ai, a;j)p2(bi, by)
1,j=1

n

= Z <7rw¢1 (ai)§w¢1 |7rw¢1 (aj)gwm ><7rw¢2 (bi)§w¢2 |7Tw¢2 (bj)§w¢2>
ij=1

= Z <(7TW¢1 & Ty, )(ai @ bi)(§w¢1 ® §w¢2 )‘(T"w(bl & Ty, )(a; ® bj)(fwm & £w¢2 )

ij=1

= [[(Twg, ® Ty, )(0) (Ewy, @ 0P >0
Moreover, by the properties of ¢1, ¢2, we obtain
(91 @ ¢2)(cz,2') = ($1 @ P2)(2,¢*2"), VceAR®, B,z 2 €Ay @B,.

What remains to be shown is that ¢; ® ¢5 is continuous. For this aim, we associate an operator T3 : A — A*,
where 2A* is the topological dual of 2, to ¢1, in the following way

a—Ti(a) :=¢1(-,a), Vae,
where ¢1(-,a) is a continuous linear functional defined as follows

¢1(-,a) : Ql[” . ||‘21] —C: a1 — (¢1(~,a))(a1) = d)l(al,a).

Similarly, we can define T3 : 8 — B*. Then for ¢, ¢’ as above we have

(@1 @ da)(e, )| = DD ba(ai, c;)a(bi, d;)

i=1j=1

= ZTl (¢j) © Ta(d (Zal@)b)

j=1

m

Z 1(c;) @ Ta(d

IA

Zaz®b
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since T (c;), T»(d;) are continuous for j = 1,...,m and n is a uniform cross-norm. On the other hand, by
the fact that ¢1 and @2 are hermitian (i.e., <I>1(a7 b) = ®1(b,a), (a,b) € A x A, similarly for ®2), using the
previous inequality, we obtain

n

> Ti(a;) @ Ta(b

=1

(61 ® ¢2)(c, )| <  ® d;

Thus we have shown that ¢; ® ¢9 is separately continuous on each component. By hypothesis, A ®, B is
a barrelled normed space and the same is true for its product with itself [29, p. 215, Corollary (b)]. Hence
([29], p. 357, Theorem 1), ¢1 @ ¢2 : (AR, B) x (A ®5 B) — C is a continuous sesquilinear form and thus
it can be uniquely extended to the Banach space (A®,B)x(AX,B), the completion of the normed space
(A®, B) x (A®, B), and its extension ¢ D¢s is given as follows

(¢1®¢2)(u ’U) - hm (¢1 ® (ZSQ)(C»,“ n)7 u,v € Ql@ﬁ%v

where {¢,} and {d,,} are sequences in A®, B, || - || .-converging to u and v, respectively. Notice that ¢ @¢po
belongs to Qu,em, (AR.B) (see after Definition 2.9) and if we consider ® := (¢ ®¢2)/||¢1@¢a]|, then
P € Sypom, (AD,B).

(2) Let wq, wy be representable and continuous linear functionals on A[|| - ||«] and B[|| - ||s], respectively.
Then by [3, Proposition 3.6, the associated sesquilinear forms @, and @, , defined as

Pun(@;a) = m o, (T, 20), Py (b,0) = M @i, (Y, Yn),
whenever {z,,} in 2, and {y,, } in B, are sequences converging respectively to a € 2 and b € B, are bounded.
Hence, employing the same arguments as in (1), @, ®®,, is a continuous sesquilinear form on the normed
space (A ®, B)x(A®, B) and thus it can be uniquely extended to the Banach space (A®,B)x (A®,B)
completion of (A ®, B)x (A ®, B). Let us denote this extension as P, ® B, .

Define now the linear functional Q(u) := (B, ® B, )(u, ex ® €x), for u in AR,B. Q is continuous and
representable, since as in the proof of (1) 3, ® @,,, belongs to Quygs, (AX,B) and it is continuous.

Notice that w; ® we is continuous (see comments after Proposition 6.9), hence it can be extended to
Ql@;fB. We want to show that its (continuous) extension W1®WQ corresponds to €. For this aim, it suffices
to show that they agree on the dense subspace A @, B of AR,B.

Let c = Z?:l a; ®b; € AR, B. Then

Qc) = (Bu, @ Buy)(Crea @ ew) = > B (s €a) Py, (bis )
i=1

Z (ai)wa(b;) = (w1 @ wa)(c).

We conclude that = w1®w2 and therefore w1®w2 is representable. 0O

In the rest of this section we investigate whether full representability and *-semisimplicity (see Defini-
tions 2.11, 2.13, resp.) of a tensor product normed quasi *-algebra passes to the normed quasi *-algebras,
factors of the tensor product under consideration and vice versa. Note that full representability is closely re-
lated with *-semisimplicity, but also with the existence of faithful continuous *-representations on topological
quasi *-algebras [13, Theorem 7.3]. We begin with an answer to the question concerning *-semisimplicity.
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Theorem 6.11. Let (A[|| - ||a], o), (B[]l - |s], Bo) be Banach quasi *-algebras and let i be a uniform cross-
norm. Consider the following statements:

(1) (AR, B,2A, QB,) is *-semisimple;
(2) (Al la], o) and (B[] - ||s], Bo) are *-semisimple;

Then (1) = (2) and when A ®, B is barrelled, one also has that (2) = (1).

Proof. (1) = (2) Let a # 0. We show that [|| - ||«] is *-semisimple. By Remark 6.1, a ® ey # 0. Since
A ®, B is *-semisimple, there exists ¢ in Sy,gms,(A ®, B), such that P(a @ ey, a ® ey) > 0.

By Proposition 6.9, there exists a sesquilinear form ¢, € Sy, (2l) defined as restriction of ® on 2 x 2A.
Thus we have

p1(a,0) =P(a®ey,aQey) >0, VaecA\{0},

which implies that (A[|]-||«], 2o) is *-semisimple. In the same way, we have that (B[||-||»], B,) is *-semisimple.

(2) = (1) Suppose now that 2 @, B is barrelled. Let 0 # > | a; ® b; € A @, B. Then for some index
i0, @i, ® b, # 0, so that a;, # 0 and b;, # 0. Since (A[|| - ||la],2Ao) and (B[] - ||=], Bo) are *-semisimple,
there will exist ¢1 € Sy, () and ¢2 € Sm,(B), such that ¢1(a;,,a:,) > 0 and ¢2(b;,, b;,) > 0. Take now
D € Sy,em, (A ®, B) defined by the pair (¢1, ¢2) € Sy, (A) x Sp,(B), as in Proposition 6.10 (1). Then

D @b,y a; @b | =vpee Y ¢1(ai,a;)da(bib))
i=1 j=1

ij=1

= Vproos | D 01(ai,a5)02(bis by) + 1 (g, ig)Ba(big, biy) | > 0,

iNjFio
where v, 04, = ||¢1 @ ¢2| > 0. Thus, (A ®, B, A, ® B,) is *-semisimple. O

From the comments before Proposition 6.10 and Theorem 6.11, we have the following characterization
of *-semisimplicity for a projective tensor product normed quasi *-algebra.

Corollary 6.12. Let (U[|| - |la], o), (B[l - =], Bo) be Banach quasi *-algebras and let v be the projective
cross-norm. Then the following statements are equivalent:

(1) (A, B,A ®B,) is *semisimple;
(2) (A la],™Ao) and (B[|| - || =], Bo) are *semisimple.

The property of *-semisimplicity for a normed quasi *-algebra 2l can also be characterized through the
existence of faithful (|| - ||4-7s~ )-continuous *-representations. More precisely, one has Theorem 6.14 (on the
same lines of proof of the following result from [13])

Theorem 6.13. [13, Theorem 7.3] Let (U[|| - ||l«], o) be a normed quasi *-algebra. Then the following state-
ments are equivalent:

(1) there exists a faithful (|| - ||a - Ts~ )-continuous *-representation w of (A[|| - |a], Ao);

(2) (A -

o), ) is *-semisimple.
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As a direct consequence of Theorem 6.11 and Theorem 6.13, we obtain

Theorem 6.14. Let (A[|| - |a], o), (B[] - [|=], Bo) be Banach quasi *-algebras and let n be a uniform cross-
norm on ™A ® B. Consider the following statements:

(1) there exists a faithful (|| - |5 -Ts<) continuous *-representation m of (A, B, Ao @ By);
(2) there exist faithful (|| - ||-Ts+) continuous *-representations w1 of (A[|| - |],™o) and w2 of (B[] - ||], Bo),
with || - || being || - ||« and || - ||, respectively.

Then (1) = (2) and when A Q. B is barrelled, one also has that (2) = (1).

Theorems 6.15 and 6.20 below give an answer to the second question posed right before Theorem 6.11
and concerns full representability.

Theorem 6.15. Let (A[|| - ||, o) and (B[|| - ||=], Bo) be Banach quasi *-algebras. Let n be a uniform cross-
norm. If (A®, B, A, @B,) is fully representable, then (A[|]-||a], Ao) and (B[||-|s], Bo) are fully representable
too.

Proof. We show that ([||-]|«], ) is fully representable. By [3, Theorem 3.9], it suffices to show equivalently
that R.(2A,2A,) is sufficient. Let a € AT, with a # 0. Then, by Remark 6.1, a ® ey is positive and nonzero in
AR, B. So by full representability of A®,, B, there exists Q2 € R (AR, B, A, ®B,), such that Q(a®ey) > 0.

Now, by Proposition 6.9, there exists a representable and continuous linear functional w; on 2 defined as
restriction of Q on 2 x 2. Thus wi(a) = Q(a® ey ) > 0. Therefore, we conclude that R.(2A,2A,) is sufficient.
The same argument applies for the Banach quasi *-algebra (B[] - ||s], B,). O

For the opposite direction of Theorem 6.15, we shall assume the condition (of positivity) (P), which reads
as follows:

a € with w(z*az) >0, VweR(AA) and V z €A, implies a € AT, (6.3)
see e.g., [23, Section 3] and [3, Remark 2.18].

For the type of converse to Theorem 6.15 mentioned before we shall first prove a series of lemmas. We
begin with two Banach quasi *-algebras (U[|| - ||«],%o) and (B[]| - ||=], Bo). Let (AR, B, A, @ B,) be the
corresponding tensor product normed quasi *-algebra with respect to the uniform cross-norm 7 as above.
Consider 2 € R (AR, B,2A,®B,). Then a sesquilinear form ¢, is defined on (A, ®B,) x (Ao @B, ) by (2.3).

Employing the GNS representation 7q of the representable linear functional €2, as well as the corresponding
cyclic vector £ (see, e.g., [24, Theorem 2.4.8]), we have that

Q(c) = (ma(c)éaléa), VceA®,B.
Consider the sesquilinear form ¢q : (A @, B) x (A @, B) — C defined by
dalc,d) = (malc)éalma(d)éq), Ve, d €A, B, (6.4)

where mo and &g are as before. Moreover note that ¢ = vq on (U, ® B,) x (A, ® B,). Then we have the
following

Lemma 6.16. The sesquilinear form ¢q, defined everywhere on (A ®, B) x (A ®, B) — C, is closed.
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Proof. If {v,} is a sequence in A ®, B, such that v, = v in AR, B and
D (Vy, — U, Up — V) — 0, as n,m — 00, (6.5)

we must show that ¢q(v, —v,v, —v) = 0, as n — oo (see, for instance [19, Definition 53.12]). From (6.5),
we obtain

d)Q(’Un — Um, Un — Um) = <7TQ(Un - vm)§ﬂ|7TQ(’Un - vm)£Q>

= [Ima(vn — vm)éall?

= ||lma(vn)éa — ma(vm)éall* — 0.

This proves that {mq(v,)én} is a Cauchy sequence in Hg. Thus there exists ( € Hg, such that
lra(vi)éq — ¢|| — 0. The weak continuity of mq gives

(ma(vn)éaln) = (ra(v)éaln), V1 € Drg,.

Therefore, (¢|n) = (rq(v)éaln), for every n € D,,. We conclude that { = mq(v)éq, v € D(¢q) = AR, B
and that

Ima(vn)a — ma(v)éall = da(vn —v,vn —v) =0,
i.e., ¢q is a closed sesquilinear form. O

On the quasi *-algebra 20 ® B define the norm [38, Subsection 1.2]

lellga = Vllel2 + éale, ) = Ve

2 + ||lma(c)éall?, VceARB. (6.6)

The normed space A ® B[| - ||,,] will be denoted, for short, by A ®,, B and its respective completion by
AR, B.
In this regard, we have the following

Lemma 6.17. The correspondence
AR, B = AD, B :j(c) =c€ AR, B, VceAR®, B,
is a well defined closed linear operator.

Proof. We first prove that j is well defined. Indeed, let ¢ € A®, B with ¢ = >_"" | a;®b; = 0. Then ||c[|, =0
and To(c) = 0. Hence ||mo(c)éa||* = 0. Therefore, ||c||,,, = 0, i.e., j(c) = 0. Clearly, the map j is the identity
map and it is linear.

We know that j will be closed if, and only if, its graph G; = {(c,j(c)) : ¢ € A ®, B} is closed in
(AR, B) x (AB,,B). To show the closedness of the operator j means that for any sequence {c,} in A®, B,
. — 0and [|5(c,)—d||,, — 0, for some d € AR, B, it holds that c € A®, B and j(c) = d.
a-, respectively || - ||,,-Cauchy, so

such that ||lc, —c¢

The sequences {c,} and {j(cy)} are || -

||J(Cn> - J(CM)HiQ = ||Cn - CmH?L + ¢Q(cn —Cm,Cp — cm) — 0,

which implies that ¢ (¢, — ¢m,cn — ¢m) — 0. Since ||¢,, — ¢||» — 0 and ¢ is closed (see Lemma 6.16), we
have that ¢ € A ®, B and ¢q(c, — ¢, ¢, — ¢) — 0. Hence
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15(en) = 5(ONZ, = llen = cllz + ¢alen —c.cn — ) = 0,
consequently j(c) =d. O

In the proof of Lemma 6.19 below we use a closed graph theorem in the context of locally convex spaces
due to A.P. Robertson and W. Robertson, that we state for the sake of completeness.

Theorem 6.18. Let E be a barrelled space, F' a Ptdk space, f : E — F a linear map, and suppose that the
graph G of f is closed in the product space E X F. Then f is continuous.

For the proof of Theorem 6.18 and the corresponding terminology, see [29, p. 299, Definition 2 and p. 301,
Theorem 4].

Lemma 6.19. Let (A[|| - ||a], o), (B[]l - |l=], Bo) be Banach quasi *-algebras, such that their n-tensor product
normed quasi *-algebra (A, B, A, ® B,) is barrelled. Then if Q € R (A ®, B, A, ® B,), the sesquilinear
form ¢q defined in (6.4) is continuous.

Proof. Consider the closed identity operator j of Lemma 6.17. Notice that its domain 2 ®, 9B is a barrelled
space and its range Ql@)d,n‘B is a Ptk space, as a Banach space (see [29, p. 299, Definition 2 and Proposition
3(a)]). Moreover, the identity operator j being closed has a closed graph, so, by Theorem 6.18, is continuous.
Therefore, there exists a non-negative constant -y, such that

152, <7%lel?, VeeAw,B.
From (6.6), we now obtain

palc,c) <V2lcll2, ¥V eeA@, B,
that yields continuity of ¢q. O

We are now ready to state and prove the type of converse to Theorem 6.15 announced after the proof of
the aforementioned theorem.

Theorem 6.20. Let (A[]] - ||, Ao)s (Bl - ls], Bo) be Banach quasi *-algebras that are fully representable and
satisfy the condition (P) (see (6.3)). Suppose also that the normed quasi *-algebra (A @, B, A, @ B,) is
barrelled. Then (A R, B, A, @ B,) is fully representable.

Proof. Following the same argument as in [3, Theorem 3.9], we can show that fully representability and

condition (P) for (A[|| - ||, ) and (B[|| - ||=], B,) implies their *-semisimplicity. From Theorem 6.11, this

gives that (A®, B,2, ® B,) is *-semisimple. Hence the family R.(A @, B, A, ® B,) is sufficient. We still

have to show that D(@,) = A ®, B, for every Q € R (A®, B, A, ® B,); for the definition of T, see (2.4).
For this aim, consider now the sesquilinear form

Po: (A, B)x (A, B) > C
defined in (6.4). Observe that the restriction of ¢ on (A, ®B,) x (A, ®B,) is v (see discussion after (6.3))
and that A, ® B, is dense in A @, B. Since by Lemma 6.19, ¢q is continuous, we conclude that ¢o = P

on the whole of (A ®, B) X (AR, B); thus D(p,) = AR, B and this completes the proof. O

An immediate consequence of Theorem 6.15 and Theorem 6.20 is the following
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Corollary 6.21. Let (A[]| - [|a], o), (Bl - || =], Bo) be Banach quasi *-algebras satisfying condition (P). Con-
sider on A ® B the projective cross-norm y. Then the following are equivalent:

(1) both of (A - |la], o) and (B[] - ||=], Bo) are fully representable;
(2) the tensor product normed quasi *-algebra A ®., B is fully representable.

Note that in all the results of Section 6, the uniform cross-norm 7 can be replaced by the projective
cross-norm 7. The tensor product Banach quasi *-algebra defined in Example 5.3 is, in particular, a tensor
product Hilbert quasi *-algebra (see [1, Theorem 3.3]); therefore it is automatically *-semisimple and fully
representable (see [3, Theorem 3.9]). The questions raised at the beginning of Subsection 6.2 have been
answered in the case of the tensor product normed quasi *-algebras, with the extra condition of barrelledness
on the aforementioned tensor product, and under the assumption of condition (P) on the given Banach
quasi*-algebras, in the case of full representability (see Theorems 6.11 and 6.20). Moreover, employing the
projective cross-norm «y, Corollaries 6.12 and 6.21 come up with a full characterization of *-semisimplicity,
respectively full representability, in the last case under the condition (P) for the Banach quasi *-algebras
involved. Thus one naturally asks ‘under which conditions Theorems 6.11 and 6.20 hold for a tensor product
Banach quasi *-algebra. Both of these last questions do not look so manageable. Thus there is still a lot of
work to be carried out. As we know, both (topological) tensor products and (topological) quasi *-algebras
have applications to quantum dynamics and quantum statistics (for more information, in this aspect, see
[24]), consequently, it is worth continuing the study we have started with this paper.
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