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of the Poincaré type. The necessary and sufficient conditions for the equation to have
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Poincaré’s functional equation the previous results which involve at most the mean of the distributional solution.
Laplace—Stieltjes transform Besides, more general distributional (or functional) equations are investigated as
Probability generating function well.
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1. Introduction

One useful method to characterize probability distributions is through suitable distributional equations
(see, e.g., [18,19,11,7,9], and the references therein). In this paper, we will retreat a remarkable distributional
equation described below.

Let X and T be two nonnegative random variables having distributions F' and Fr, respectively, denoted
X ~Fx =F, T ~ Fp. Let {X;}2, be a sequence of independent and identically distributed (i.i.d.) random
variables having distribution F' on Ry = [0,00), and let {T;}$2; be another sequence of i.i.d. random
variables having distribution Fr. Moreover, let N be a random variable taking values in Ny = {0, 1,2, ...},
and assume that all the random variables X, X;, T, T;, N are independent. For given T and N, we will
investigate the distributional equation
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N
X 23" 1x,, (1)
i=1

where ‘2’ means equality in distribution and the summation is zero if N takes value 0. For applications of
Eq (1) in various fields, see, e.g., the survey paper by Liu [14].

Let Py denote the probability generating function (pgf) of N and let F be the Laplace—Stieltjes transform
of X ~ F; namely, Py(t) = E[tN] = 332, Pr(N = k)t*, t € [0,1], where 0° = 1, and F(s) = E[exp(—sX)],
s > 0. Then the distributional equation (1) can be further transferred to the following functional equation
in terms of ﬁ’, Fr and Py:

F(s) = PN( / F(ts)dFT(t)> = Py (E[exp(—sTX)]), s> 0. (2)
0

When Fr is a degenerate distribution at p € (0, 1), namely, Pr(T = p) = 1, Eq (1) reduces to X 4 Zfil X,
and Eq (2) is exactly the Poincaré functional equation

F(s) =Py (}?‘(ps))7 $>0, (3)

which arises in the Galton—Watson processes [16,17]. So we call the general Eq (2) a functional equation of
the Poincaré type.

It is seen that once Eq (1) or Eq (2) has a solution X ~ F', each constant multiplication of X also plays
a solution to Eq (1). However, the solution might be unique, provided we fix the mean of the distributions.
In this sense, Eq (1) or Eq (2) becomes a characteristic property of the distributional solution. A typical
example is the classical characterization of the exponential distribution through Eq (3), where we can take
N obeying the geometric distribution: Pr(N =n) = p(1 — p)"~!
p. 79.

The properties of the solutions X ~ F heavily depend on those of the given T" and IN. Some results about

, n > 1; see, e.g., Azlarov and Volodin [1],

Eqgs (1) and (2) are available in the literature. For example, denote the counting number N = Zf\il Li7,>03,
where [ 4 is the indicator function of the set A. Then for given N and T' ~ Fr with the conditions Pr(N =
Oorl) <1land Pr(T =0or 1) <1 (which are used to exclude some trivial cases), the following results
hold (see [15], Theorem 1.1, and the references therein):

(i) Eq (1) (or Eq (2)) has a solution 0 < X ~ F iff the random variables N and T together satisfy the
conditions

Pr(T > 0)E[N] > 1, E[NJE[T*] =1 and E[T%logT] <0 for some « € (0,1]; (4)

(ii) Eq (1) (or Eq (2)) has a solution 0 < X ~ F' with finite mean iff the random variables N and T together
satisfy the conditions

Pr(T > 0)E[N] > 1, E[N]E[T]=1, E[Nlog* N]<oo and E[TlogT] <0, (5)

where logt 2 = logz if > 1 and log" 2 = 0 otherwise, and 0log 0 = 0.

One of the main purposes in this paper is to find the necessary and sufficient conditions for which Eq
(2) (or Eq (1)) has a unique solution F' (on Ry ) with a fixed mean and finite variance, and hence it can
be used to characterize distributions. This complements the above results (i) and (ii) which involve at most
the mean of the distributional solution. Our approach is different from the previous ones and is somehow
more natural. Moreover, some general cases are also investigated. The main results are stated in the next
section, while their proofs are given in Section 4. The needed lemmas are provided in Section 3. Finally, we
have some discussions in Section 5.
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2. Main results

We start with the simplest case Eq (1) (or Eq (2)). More complicated cases will follow.

Theorem 1. Let 0 < X ~ F with Laplace-Stieltjes transform F and p = E[X] € (0,00). Let T > 0 and
N >0 be two given random variables, where N takes values in Ny and has pgf Pn. Then for given p, the
random variables N and T together satisfy the conditions

E[NIE[T] =1, 0<E[T? <E[T] <1, and E[N?] < o0 (6)

iff the functional equation (2) has exactly one solution F with mean p and a finite variance. Moreover, the
variance is of the form

(E[T))?Var(N) + E[N]Var(T)

Var(X) = |~ B[NE[T?] gz (7)

with BE[N] = 1/E[T].

Unlike the previous results (i) and (ii) (which assume some initial conditions on N and T to exclude the
trivial cases), we don’t assume explicitly any initial condition in Theorem 1. But each of the sufficiency and
necessity parts does imply implicitly the following: Pr(N = 1) < 1 or Pr(T = 1) < 1. To see this, if on the
contrary Pr(N = 1) = Pr(T = 1) = 1, then the second condition in (6) fails to hold. Moreover, in this case,
Egs (1) and (2) reduce to the identities X 4 X, and F(s) = F(s), s > 0, respectively, so the solution to
Eq (2) is not unique, a contradiction to the assumption in the sufficiency part.

The following result is about a characterization of degenerate distributions.

Corollary 1. Under the setting of Theorem 1, the functional equation (2) has exactly one solution F' degen-
erate at mean p = E[X] iff the random variables N and T are degenerate at E[N| and E[T), respectively,
and E[T] = (E[N])~! € (0,1); precisely, Pr(N = ng) = 1 for some integer ng > 2 and Pr(T = 1/ng) = 1.

When Pr(T = p) = 1 for some p € (0,1) in Theorem 1, we are able to rewrite Hu and Cheng’s [6]
Theorem 1 with o = 1 and Corollary 1 as follows.

Corollary 2. Let p € (0,1) and p € (0,00) be two constants. Let N > 0 be a random variable taking values
in Ng and let 0 < X ~ F with mean p and Laplace—Stieltjes transform F. Then for given p, the random
variable N satisfies the conditions

E[N]=1/p and E[N?] < 0

iff the Poincaré functional equation (3) has exactly one solution F with mean p and a finite variance.
Moreover, the variance is equal to

_ p* Var(N) u?

Var(X) T

Tt is seen that the set of conditions (5) is stronger than (4), while (6) is stronger than both (4) and (5),
as seen below. This in turn implies that the solution F' in Theorem 1 belongs to the classes of the previous
solutions to Eq (2) under conditions (4) or (5).

Proposition 1. Suppose that N and T are two nonnegative random variables satisfying E[N|E[T] = 1 and
0 < E[T?] < E[T] < 1. Then Px(T > 0)E[N] > 1 and E[T log T] < 0.
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If, in addition to (1), assume that N > m, where m > 1 is an integer, then we can split the RHS of (1)
into two parts:

m N*
d
X = § ,TiXi + E Tj+ij+77L7 (8)
i=1 =1

where N* = N —m > 0. This is equivalent to study the functional equation

F(s) = (7ﬁ’<ts>dFT<t>)mPN ( 7F<ts>dFT<t>) (9)
0 0

= (E[eXp(—sTX)])mPN (E[eXp(—sTX)]), s> 0,

where N > 0 as in Eq (2).
In the next two theorems, we consider Eq (9) for the cases m = 1 and m > 2, separately (see the
explanations right after Theorem 3).

Theorem 2. Let 0 < X ~ F with Laplace-Stieltjes transform F and p = E[X] € (0,00). Let T > 0 and
N >0 be two given random variables, where N takes values in Ny and has pgf Pn. Then for given p, the
random variables N and T together satisfy the conditions

E[N] = 1- Bl E[FT‘[]T]

, 0<E[T’ <E[T] <1, and E[N?] < 0 (10)
iff the functional equation (9) with m = 1 has exactly one solution F with mean p and a finite variance.
Moreover, the variance is of the form

(E[T))?Var(N) + E[N + 1] Var(T)

Var(X) = 1—E[N + 1JE[1?] M (11)

with E[N] = (1 — E[T])/E[T].

Corollary 3. Under the setting of Theorem 2, the functional equation (9) with m = 1 has ezactly one
solution F degenerate at mean p = E[X] iff the random variables N and T are degenerate at E[N] and
E[T], respectively, and E[T] = 1/(E[N] + 1) € (0,1); precisely, Pr(N = ng) = 1 for some integer ng > 1
and Pr(T =1/(nop +1)) = 1.

When Pr(T = p) =1 for some p € (0,1), Theorem 2 reduces to the following.
Corollary 4. Under the setting of Corollary 2, the random variable N satisfies the conditions
E[N]=(1-p)/p and E[N?] <

iff the functional equation

A

F(s) = F(ps)PN (F(ps)), s>0,
has exactly one solution F' with mean p and a finite variance. Moreover, the variance equals

B p?Var(N)

Var(X) .
-D
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Theorem 3. Let 0 < X ~ F with Laplace-Stieltjes transform F and pn = E[X] € (0,00). Let T > 0 and
N > 0 be two given random variables, where N takes values in Ng and has pgf Pyn. Assume further that
m > 2 is an integer. Then for given u, the random variables N and T together satisfy the conditions

1 —mEI[T]

E[N] = BT 0<E[T! <E[T]<— <1, and E[N? < o0 (12)

1
m
iff the functional equation (9) has exactly one solution F with mean p and a finite variance. Moreover, the
variance is of the form

(E[T])?Var(N) + E[N + m] Var(T) 9

Var(X) = 1—E[N + m/E[T?]

(13)
with E[N] = (1 — mE[T])/E[T).

Note that we don’t exclude the case N = 0 in Theorem 3, because when N = 0, Eq (9) with m > 2 is
not a trivial case. Besides, when N = 0, E[T] in (12) equals 1/m (< 1/2 < 1), while the first two conditions
in (10) fail to hold together. Therefore, Theorem 2 is not a special case of Theorem 3; namely, we cannot
derive Theorem 2 from Theorem 3 by just letting m = 1. On the other hand, it is seen that Eq (9) with
m > 2 and N = 0 is equivalent to Eq (2) with N =m > 2.

Corollary 5. Under the setting of Theorem 3, the functional equation (9) has exactly one solution F
degenerate at mean p = E[X] iff the random variables N and T are degenerate at E[N| and E[T], re-
spectively, and E[T] = 1/(E[N]+ m) € (0,1/m]; precisely, Pr(N = ng) = 1 for some integer ng > 0 and
Pr(T=1/(no+m)) =1.

When Pr(T = p) =1 for some p € (0,1/m], Theorem 3 reduces to the following.

Corollary 6. Under the setting of Corollary 2, assume, in addition, p € (0,1/m], where m > 2 is an integer.
Then for given u, the random variable N satisfies the conditions

E[N] = (1-mp)/p and E[N?] <
iff the functional equation
F(s) = (F(ps))" Pn(F(ps)), s>0,

has exactly one solution F with mean p and a finite variance. Moreover, the variance equals

2 Var(N
Var(X) = pVar(N) . 2,
L—p
The distributional equations (1) and (8) are homogeneous cases, because X, X1, X, ... are i.i.d random

variables. We now consider a nonhomogeneous case defined below. In addition to the setting for Eq (1),
suppose 0 < B ~ Fp is another random variable independent of all X, X;,T,T;, N. We will find necessary
and sufficient conditions on B, T and N for which the distributional equation

N
X EB+Y TX, (14)

=1

has a solution X ~ F' with finite variance. Like Eq (2), Eq (14) has the functional form
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F(s) = F(s) - Py < 7ﬁ<ts>dFT<t>) (15)
0

= Fg(s) - Pn(Elexp(—sTX)]), s>0.

Theorem 4. Let 0 < X ~ F with Laplace-Stieltjes transform F and p = E[X] € (0,00). Let T > 0 and
N > 0 be two given random variables with finite variances, where N takes values in Ng and has pgf Pn.
Suppose that 0 < B ~ Fp is another random variable with mean E[B] > 0 and a finite variance. Assume
further that (i) Pr(N =0) <1, Pr(T =0) < 1 and (i) Var(B) + Var(T) + Var(N) > 0. Then for given u,
the following statements are true.

(a) The random variables B, N and T together satisfy the conditions

E[B]

= T BNET] 0 < E[N]E[T] <1, and 0<E[N]E[T?] <1 (16)

I

iff the functional equation (15) has one solution F with mean 1 and a finite variance. Moreover, the variance
is of the form

_ Var(B) + p?(E[T))? Var(N) + p*E[N] Var(T)
1~ E[N|E[T?]

Var(X) (17)
with p = E[B]/(1 — E[N|E[T)).
(b) If, in addition to (16), E[T?] < E[T), then the solution F to Eq (15) is unique.

The purpose of the assumptions (i) and (ii) in Theorem 4 is to exclude the trivial cases:
(a) if N=0or T =0, Eq (14) reduces to the equality X 4 B;
(b) if Var(B) 4 Var(T) 4+ Var(N) = 0, all B, T, N have degenerate distributions, and so does the solution X.
The following interesting theorem points out the one-to-one correspondence between solutions to Eq (1)
and Eq (18) defined below, where o € (0, 1).

Theorem 5. Let o € (0,1) and let 0 < T, ~ H, have the stable distribution with Laplace—Stieltjes transform
H’a(s) = exp(—s®), s > 0. Then, under the setting of Eq (1) with given N and T, X, ~ F, is a solution
to Eq (1) with a mean p € (0,00) iff Xo ~ Fy, where X, = TaXi/a and T, is independent of X, is a
solution to the distributional equation

N
i=1

with lim, 0+ (1 — Fy(8))/s* = p € (0, 00).
3. Lemmas

To prove the main results, we need some lemmas in the sequel. Recall that the pgf Py of a random
variable N taking values in Ny is an absolutely monotone function on [0,1] with Py(1) = 1, because
Py(t) = E[tN] =307 rat™, t € [0,1], with each r,, = Pr(N = n) > 0. For the first two lemmas, see, e.g.,
Steutel and van Harn [20], pp. 483-484; Lemma 1 is the so-called Bernstein Theorem.

Lemma 1. The Laplace—Stieltjes transform 2 of a monnegative random wvariable X ~ F is a completely
monotone function on [0,00) with F(0) =1, and vice versa.
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Lemma 2. Let Q be a pgf on [0,1] and let p1, p2 be two completely monotone functions on [0,00) with
p1(0) = p2(0) = 1. Then each of the composition function Qo py and the product function pips is completely
monotone on [0,00), and is the Laplace-Stieltjes transform of a nonnegative random variable.

Lemma 3. If a,b € [0,1] and t > 1 are three real numbers, then |a* — bt| < t|la —b).

Proof. If ¢t = 1, the result is trivial. Suppose now that ¢ > 1. There are two possible cases for a and b:
(i) 0 <a<b<1land(ii) 0 <b<a <1 It suffices to prove Case (i), because Case (ii) follows from
Case (i) immediately by the symmetry property. Consider the function: g(z) = z* — tz, = € [0,1]. Since
g'(z) =t(x'=1 —1) <0, x € [0,1], the function g is decreasing on [0, 1]. Therefore, g(a) > g(b) for Case (i).
That is, a® —ta > b — tb for 0 < a < b < 1. Equivalently, b* — a* < t(b—a) or

la" = b =b" —a' <t(b—a)=tla—b| for 0<a<b<1.
The proof is complete.
For a proof of the next crucial lemma, see Eckberg [2], Guljas et al. [4] or Hu and Lin [8].

Lemma 4. Let 0 < X ~ F have a finite positive second moment. Then its Laplace—Stieltjes transform
satisfies

. 2l
F(s)<1— 24 Bleml/ms o>, (19)
H2 H2

where pj, j =1,2, is the jth moment of X.

Note that in Lemma 4, if the variance of X is zero, then us = p? and X is degenerate at the mean
1 > 0. In this case, (19) becomes an equality: F(s) = e 15 s > 0.
The next two lemmas are taken from Lin [13,10]. The sufficiency parts of Corollaries 1, 3, and 5 can be

proved directly by using Lemma 5.

Lemma 5. Let g be a nonnegative function defined on [0,00) and let g satisfy (i) g(0) =1, (i) ¢'(0) =b €

T

R = (—o00,00) and (i) for some positive real r # 1, g(rz) = (g(x))", © > 0. Then g is the exponential

function g(x) = b, x > 0.

Lemma 6. Let 0 < X ~ F with Laplace—Stieltjes transform F. Then for each integer n > 1, the nth moment
E[X"] = lim,_,o+ (—1)"F™(s) = (=1)"FM™(0%) (finite or infinite).

For 0 < X ~ F with finite positive mean pu;, we define the first-order equilibrium distribution by
Fay(z) = pi' [ F(y)dy, « > 0, where F(z) = 1 — F(z). The high-order equilibrium distributions are
defined iteratively. Namely, the nth-order equilibrium distribution is Fi,)(z) = u(_nl_l) fom F_1y(y) dy,
x > 0, provided the mean fi(,,_1y of Fi,,_1) is finite (equivalently, the nth moment u, = E[X"] of F is
finite). For the next relationship between the means of {F{,)} and moments of F', see, e.g., Lin [12], p. 265,
or Harkness and Shantaram [5].

Lemma 7. Let 0 < X ~ F have the nth moment p, € (0,00) for some n > 2. Then the mean of the
(n — 1)th-order equilibrium distribution F,_1y is equal to fun—1) = pin/ (N pin—1).

Lemma 8. Let 0 < X ~ F with finite mean p € (0,00) and let X (1) ~ F1y have the first-order equilibrium
distribution. Then for s > 0, the following statements are true:
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(i) (L= B()/s = [5° (1 - F(a))da;

(i) Fray(s) = (1 = F(s))/(ps) < 1;

(i) (F(s) = 1+ pis) /s? =[5~ e**(1 = Fy) (@)

(iv) limg_,o+ (1 — F(s))/s = p and lim,_,o+ (F(s) — 1+ us)/s*> = E[X?]/2 (finite or infinite).

Proof. For part (i), see Lin [12], p. 260, or Feller [3], p. 435. Parts (ii)—(iv) follow from the definition of
equilibrium distribution and Lemmas 6 and 7 immediately.

The next two lemmas are key tools to prove the main results.

Lemma 9. Let 0 < Y, ~ G, n = 0,1,2,..., be a sequence of random variables having the same first two
finite moments, say p1 and pe. Suppose that their Laplace—Stieltjes transforms {G’n};’f:o form a decreasing
sequence of functions. Then the limiting function lim,, . G’n(s) = @m(s), s > 0, exists and is the Laplace—
Stieltjes transform of a nonnegative random variable, say Yoo, which has the mean E[Ys] = u1 and second
moment E[Y2] € [u3, uz).

Proof. For each fixed s > 0, G,,(s) € [0,1], n > 0, so the decreasing sequence {G,,(5)}22, has a limit,
denoted G (s) = lim,, én(s) On the other hand, we have, by Jensen’s inequality and the assumption,

e M5 < Gu(s) < Go(s), s>0, n>1. (20)

Therefore, the limiting function G, satisfies e 715 < Goo(s) < Go(s), s > 0, and hence lim,_,g+ Go(s) =
1= éoo(O). By the continuity theorem for Laplace—Stieltjes transforms (see, e.g., [20], p. 479), we conclude
that G is the Laplace—Stieltjes transform of a nonnegative random variable, denoted Y,,. It remains to
verify E[Ys] = pq and E[Y2] € [12, ui2]. From (20) it follows that the limiting function G satisfies
1—e#s < 1—-Goo(s) < 1—Go(s)
s s s

, >0, (21)
and

e =1+ s < Goo(s) =14 s < Go(s) = L+ ms

2 - 82 - 82

> 0. 22
- ;8 (22)

Finally, applying Lemma 8(iv) first to (21) gets E[Ys] = p1 and then to (22) yields u?/2 < E[Y2]/2 < pa/2.
This completes the proof.

Lemma 10. Let Wy ~ Fy, and Wy ~ Fyy, be two nonnegative random variables with the same mean

pw € (0,00), and let 0 < Z* ~ Fz« have a mean pz- € (0,1). Assume further that the Laplace—Stieltjes
transforms of W1 and Wy satisfy

B, (5) = Fw, (5)] < /lﬁwl(té’) — Fy, (ts)[dFz-(t), s2>0, (23)
0

or, equivalently,
|E[exp(—sW1)] — Elexp(—sW)]| < |E[exp(—sZ*W1)] — Elexp(—sZ*W2)]|, s> 0.

Then Fyw, = Fyw, and hence Fyy, = Fyy, .
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Proof. For each s > 0, applying the inequality (23) (n — 1) more times yields

|y, (s) — Fiw, (s S/ / tyetns) — Fyw, (t1 - tns)|dFz« (t1) -+ - dF - (ty)
0

oo 0o A
:/,,_/‘le(tl'-'tns)_sz(tr--tns)
pwty - ths
0+ o+

We now estimate the first part of the integrand:

pwt - tnsdFzx(t1) -+ dF 7« (ty). (24)

‘ﬁ'wl(tl---tns)—sz(t1-~-tns) _ ‘1—le(f1~-~tn8) B 1—FW2(t1~-~tnS)

pwity - tns pwity - tns pwity - tns
_F ... 1 F .
§ ’1 le (t1 tnS) ’ FW2 (tl tns) < 9 (25)
pwty - tns pwity - tns

The last inequality is due to Lemma 8(ii). Combining (24) and (25) together leads to

|Ew, (s) — Fw, (s)| < 2uws/---/t1---tndFZ*(tl)---dFZ*(tn)

ot ot

=2uws(E[Z*])" — 0 as n— oo,

in which the last conclusion follows from the assumption E[Z*] = uz- € (0,1). Therefore, Fyy, = Fyy,. This
completes the proof.

4. Proofs of main results
Proof of Theorem 1. (Sufficiency) Suppose that Eq (2) has exactly one solution 0 < X ~ F with mean
p € (0,00) and a finite variance (and hence E[X?] € (0,00)). Then we want to prove that the conditions

(6) hold true.
Rewrite Eq (2) as

F(s)PN(7 F(ts)dFp(t ) ZPr </Ooﬁ(ts)dFT(t))n, 5> 0.
0 0

Differentiating twice the above equation with respect to s, we have, for s > 0,

A’s:oo (N =n)n OOAS n_loOA’s ,
E'(s) ;P (N =n) ( 0/ Bt )dFT(t)> 0/ F'(ts)tdFr(t) (26)
' (s) :nZQPr(Nzn)n(n_l)< O/ F(ts)dFp(t ) ( 0/ F'(ts)tdFr(t )
oo o0 . n—1 % o
+n§=:1Pr(N = n)n(O/F(ts)dFT(t)) O/F (ts)t2dFr(t). (27)

Letting s — 0T in (26) and (27) yields, respectively,
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Equivalently, we have, by Lemma 6,

4= u BINIE[T), (28)
E[X?] = E[N(N - 1)|(»E[T))* + E[X*|E[N]E[T?]. (29)
From (28) and (29) it follows that E[N]JE[T] = 1 (which implies that E[N],E[T] > 0) and E[N?] < oo
because 1, E[X?] € (0,00). It remains to prove that 0 < E[T?] < E[T] < 1.
Since E[N(N — 1)] > 0, we have by (29) that E[N]E[T?] < 1, and hence E[T?] < E[T] due to the fact
E[N]E[T] = 1. Namely,
0 < (E[T])* < E[T?] < E[T], (30)

from which we further have 0 < E[T] < 1. We now prove that E[T] < 1. Suppose on the contrary E[T] = 1.

Then E[N] = 1 (by the fact E[N]E[T] = 1) and from (30) it follows that E[T?] = 1, Var(T) = 0 and
Pr(T = 1) = 1. Plugging these in (29) yields
1= (E[N])* <E[N? =E[N] =1, (31)

which implies Pr(N = 1) = 1 as in the case of T. These together imply that Eq (2) is an identity for any
0 < X ~ F as described before, which contradicts the unique solution to Eq (2). So we conclude that
E[T] € (0,1).

Finally, we prove E[T?] < E[T]. Suppose on the contrary E[T?] = E[T]. Then (31) follows from (29)
again (using E[N]E[T] = 1) and hence Pr(N = 1) = 1. This is impossible because E[T] € (0,1) and
E[N]E[T] = 1. The proof of the sufficiency part is complete.

(Necessity) Suppose that the conditions (6) hold true. Then we will prove the existence of a solution F'
to Eq (2) with mean p and a finite variance.

Set first

EN(N - D|(E[T)* ,
1-ENE[?Z] M

p1=p and pg = (32)

Note that the denominator 1 — E[N]E[T?] = 1 — E[T?]/E[T] > 0 by (6) and that us > u? by the facts:
E[N?] > (E[N])? and E[T?] > (E[T])?. Therefore, the RHS of (19) with p, o defined in (32) is a bona
fide Laplace—Stieltjes transform, say ﬁo, of a nonnegative random variable Yy ~ Fy (by Lemma 1). Namely,

2 2
FQ(S) =1 ﬂ + ﬁe—(fw/#l)s7 s> 0.
M2 2

Next, using the initial Yy ~ Fy we define iteratively the sequence of random variables Y,, ~ F,, n =
1,2,..., through Laplace-Stieltjes transforms:

EL(s) = PN(/Fnl(ts)dFT(t)> = Py (Efexp(—sTY,_1)]), n > 1, (33)

which is well-defined due to Lemma 2. Differentiating twice the above equation with respect to s and letting
s — 0%, we have, for n > 1,
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E(0%) = F,_, (0")E[NIE[T] = £, (07), (34)
EJ(0%) = EIN(N = DI(F; 1 (0NE[T)® + £, (07)E[N]E[T?]. (35)

With the help of Lemma 6 and by induction on n, we can show through (34) and (35) that E[Y,] =
E[Yo] = 1, E[Y,?] = E[Y§] = p2 (defined in (32)) for all n > 1 and hence

(E[T))*Var(N) + E[N]Var(T)
1 E[N|E[T?] Hr,

Var(Y;,) = g — p3 = n > 0. (36)

Moreover, by Lemma 4, we first have Fy < Fjy, and then by the iteration (33), £, < F,,_; for all n > 2 (due
to the absolute monotonicity of Py ). Namely, {Y,,}52, is a sequence of nonnegative random variables having
the same first two moments pq, p2, and their Laplace—Stieltjes transforms {Fn} are decreasing. Therefore,
Lemma 9 applies. Denote the limit of {Fn} by ﬁ'oo, which is the Laplace—Stieltjes transform of a nonnegative
random variable Y, ~ F, with E[Y] = p1 and E[Y2] € [u3, pa]. Consequently, it follows from (33) that
the limit Fi is a solution to Eq (2) with mean p and a finite variance. Applying Lemma 6 to Eq (2) again
(with F' = F), we conclude that E[Y2] = py as given in (32), and hence the solution Y., ~ F,, has the
required variance as shown in (7) or (36).

Finally, we prove the uniqueness of the solution to Eq (2). Suppose there are two solutions to Eq (2),
denoted 0 < X ~ Fy and 0 <Y ~ Fy. We want to show that F'x = Fy. As before, with the help of
Lemma 6 and the conditions (6), we have from Eq (2) that

EX]=E[Y]=m =p, EX°]=E}’] == EUIT(_ E[N])gf;[QT]]) .

Let W1 ~ Fw,,Ws ~ Fy, have the first-order equilibrium distributions of X,Y, respectively. By
Lemma 8(ii), their Laplace-Stieltjes transforms are of the form:

() = Oy 2 LB (37)

Therefore, it remains to prove that Fyy, (s) = Fy,(s), s > 0.
From Lemma 7 it follows that E[W1] = E[W2] = ua/(2u1) = puw € (0,00). Using Eq (2), we first estimate
the difference between F'y and Fy as follows: for s > 0,

F(s) — By (s)| = ]PN ( /Ooﬁxus)dFT(t)) - /Ooﬁyus)dFT(t)) \
0 0

[Srov=n KZWWT ) (07 e
<3 Pr(¥ =) ~n07| (1) = i (t3)|dFr ()

— B[] 7 (P (1) — By (t3)|dPr (1)

- 575 Z| P (t5) - By (t9)/dFr (1)
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in which the inequality follows from Lemma 3, while the last equality is due to the condition E[N|E[T] =1

dFT E /
0

where Z* ~ Fyz. has the length-biased distribution of T ~ Fr and E[Z*] = E[T?]/E[T] < 1. Equivalently,
we have, by (37), that

in (6). Therefore, we have, for s > 0,

Fx(s) = Fy(s) <7

1%
0

A

Fx(ts) —Fy(ts) FX

ust

( ) dFz-(t),

Fur(5) = Fua(9)] < [ |Fiw, (09) = Fur, (t9)]dFz- (0), 5> 0.
Lemma 10 applies and hence le = FW2. This proves the uniqueness of the solution to Eq (2). The proof
of the necessity part is complete.
Proof of Proposition 1. (i) Since E[N|E[T] = 1, we have E[N], E[T] > 0 and hence Pr(T > 0) > 0. Rewrite
1 =E[N|E[T) = E[N|E[T|T > 0] Px(T > 0).

Therefore, 0 < Pr(T > 0)E[N] = (E[T|T > 0])~!. We will show that E[T|T > 0] < 1. Write

Ean>oy—§R%;55/€ﬂ%@)—§£¥§%ﬁ
o+

Similarly, E[T?| T > 0] = E[T?]/Pr(T > 0). From the condition E[T?] < E[T] it then follows that (E[T|T >
0))?2 < E[T?|T > 0] < E[T|T > 0]. Consequently, E[T|T > 0] < 1. This proves the first conclusion of the
proposition.

(ii) We next prove the second conclusion E[T logT] < 0. Note first that the function g(t) = t* —t—tlogt > 0
for ¢t > 0. So we have E[T? — T — T'log T'| T > 0] > 0. Equivalently,

E[T? -T|T > 0] > E[TlogT|T > 0].
Finally, by the condition 0 < E[T?] < E[T] < 1, we have

0>E[T?> -T|=E[T*-T|T > 0] Pr(T > 0)
E[TlogT|T > 0] Pr(T > 0) = E[T log T.

This completes the proof.

Proof of Theorem 2. Note that Eq (9) with m = 1 is equivalent to

oo

PN+1</ (ts)dFp(t ) = P41 (Elexp(—sTX)]), s3>0,

and that Var(N 4+ 1) = Var(N) in (11). Therefore, Theorem 2 follows from Theorem 1 by replacing N by
N + 1 taking values in N = {1,2,3,...}. The proof is complete.
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Proof of Theorem 3. The proof is similar to that of Theorem 1. We give the details here for completeness.
(Sufficiency) Suppose that Eq (9) with m > 2 has exactly one solution 0 < X ~ F with mean p € (0, 00)

and a finite variance (and hence E[X?] € (0,00)). Then we want to prove that the conditions (12) hold true.
Rewrite Eq (9) with m > 2 as

7= ([ #esarno) e [ pesario)

= ni::OPr(N = n)(Zﬁ(ts)dFT(t))n+m, 5>0.

Differentiating twice the above equation with respect to s, we have, for s > 0,

Z Pr(N (n+m) ( Zﬁ(ts)dFT(t)> e O/OOF’(ts)tdFT(t), (38)
o nimer s )
P ZPr n)(n 4+ m)(n +m — 1)<O/F(ts)dFT(t)) (O/F (t)tdP (t))
n+m—1 N
+2Pr )(n+m </F (ts)dFp(t )> O/F (ts)t2dFr(t). (39)

Letting s — 07 in (38) and (39) yields, respectively,

E'(0%) = F'(07)E[N + m]E[T],

E"(0T) = E[(N +m)(N +m — 1)](E"(0T)E[T))? + F”(0ME[N + m]E[T?].
Equivalently, we have, by Lemma 6,

4 = 1w BN + m]B[T], (40)

E[X?] = E[(N +m)(N +m — 1)](E[T])? + E[X?|E[N + m]E[T?]. (41)
Therefore, from (40) and (41) it follows that E[N +m]E[T] = 1 and E[N?] < co because u, E[X?] € (0, 00).
It remains to prove that 0 < E[T?] < E[T] <1/m < 1.

Since E[(N + m)N] > 0, it further follows from (41) that E[N + m]|E[T?] < 1, and hence E[T?] < E[T]
because E[N + m]E[T] = 1. The latter also implies that E[T] > 0, and hence

0 < (E[T]))? <E[T?* <E[T] =

Finally, we prove E[T?] < E[T]. Suppose on the contrary E[T?] = E[T]. Then from (41) it follows (by
using E[N +m|E[T] = 1) that

E[(N+m)(N+m—1)] =0.

This is impossible because N > 0 and m > 2. The proof of the sufficiency part is complete.
(Necessity) Suppose that the conditions (12) hold true. Then we will prove the existence of a solution F'
to Eq (9) with m > 2, which has mean p and a finite variance.
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Set first

E[(N +m)(N +m - D|(E[T])* ,
—E[N + m]E[T?] H1:

p=p and py = (42)

Note that the denominator 1 — E[N + m]E[T?] = 1 — E[T?]/E[T] > 0 by (12) and that us > u? by the
facts: E[(N +m)?] > (E[N + m])? and E[T?] > (E[T])?. Therefore, the RHS of (19) with 1, 2 defined in
(42) is a bona fide Laplace—Stieltjes transform, say F}, of a nonnegative random variable Yy ~ Fy. Namely,

2 2
ﬁ‘o(s) =1 ﬂ + ﬂef(lw/#l)s7 5> 0.
M2 2

Next, using the initial Yy ~ Fy we define iteratively the sequence of random variables Y,, ~ F,, n =
1,2,..., through Laplace-Stieltjes transforms:

EL(s) = (7Fn L (ts)dFp(t) ) (7 1(ts)dFr( )) n>1, (43)
0 0

which is well-defined due to Lemma 2. Differentiating twice the above equation with respect to s and letting
s — 0T, we have, for n > 1,

E(0%) = F,_(0")E[N + m]E[T] = £, _, (07), (44)
EV(07) = BI(N +m)(N +m — 1)](£,_y(0)E[T])? + F/_, (07)E[N +m]E[T?]. (45)

With the help of Lemma 6 and by induction on n, we can show through (44) and (45) that E[Y,] =
E[Yo] = 1, E[Y,2] = E[YZ] = p2 (defined in (42)) for all n > 1 and hence
(E[T])?Var(N) + E[N + m]Var(T)
: > 0. 46
—E[N + m|E[T?] o B= (46)

Var(Yy,) = pg — pii =

Moreover, by Lemma 4, we first have Fy < F}, and then by the iteration (43), F, < E,_, for all n > 2.
Namely, {Y,,}52, is a sequence of nonnegative random variables having the same first two moments 1, gz,
and their Laplace—Stieltjes transforms {Fn} are decreasing. Therefore, Lemma 9 applies. Denote the limit
of {F’n} by Es, which is the Laplace-Stieltjes transform of a nonnegative random variable Ys, ~ Fio with
E[Y.] = w1 and E[Y2] € [u?, uso]. Consequently, it follows from (43) that the limit Fi, is a solution to
Eq (9) with m > 2, which has mean p and a finite variance. Applying Lemma 6 to Eq (9) with m > 2 again,
we conclude that E[Y2] = us as given in (42), and hence the solution Y., ~ Fi, has the required variance
as shown in (13) or (46).

Finally, we prove the uniqueness of the solution to Eq (9) with m > 2. Suppose that there are two
solutions, denoted 0 < X ~ Fx and 0 <Y ~ Fy. We want to show Fx = Fy. As before, with the help of
Lemma 6 and the conditions (12), we have from Eq (9) with m > 2 that

_ E[(N+m)(N+m - DI(B[T])? ,

EX|=E[Y]=m =p, EX’]=E[Y?= 1 —E[N +m|E[T?] a

Let W1 ~ Fw,,Ws ~ Fy, have the first-order equilibrium distributions of X,Y, respectively. By
Lemma 8(ii), their Laplace-Stieltjes transforms are of the form:

B (s) = %SX() ﬁWz(s)z%ﬁ, s> 0. (47)
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Therefore, it remains to prove that Fyy, (s) = Fy, (s), s > 0.
From Lemma 7 it follows that E[Wl] [Wg] = pa/(2p1) = pw € (0,00). Using Eq (9) with m > 2, we
first estimate the difference between F v and Fy as follows: for s > 0,

iPr(N =n) {(71&@3)(1& ) (7 Fy (ts)dFp(t )n+mH
0 0

n=0
<3 Pr(N=n)-(n+m) / B (ts) — By (ts)|dFp(1)
n=0

_ B[N +m) /|FX ts) — By (ts)|dFr(t)

1 oo
- = ~ By (t5) AP (),
E O/

in which the inequality follows from Lemma 3, while the last equality is due to the condition E[N+m]E[T] =
1 in (12). Therefore, we have, for s > 0,
oo
dFT E /
0

oo .
</ FX(ts)—Fy(ts)
- ust

0

where Z* ~ Fyz- has the length-biased distribution of T~ Fr and E[Z*] = E[T?]/E[T] < 1. Equivalently,
we have, by (47), that

A

Fx(t

( ) dFz-(t),

| Fw, (8) = Fiwa (s)] < /Iﬁwl (ts) — Fiwy (t5)|dFz-(t), s> 0.

Lemma 10 applies and hence le = FWQ. This proves the uniqueness of the solution to Eq (9) with m > 2.
The proof of the necessity part is complete.

Proof of Theorem 4. We first sketch the proof of part (a).

(Sufficiency) Suppose that Eq (15) has one solution 0 < X ~ F with mean p € (0,00) and a finite
variance (and hence E[X?] € (0,00)). Then we want to prove that the conditions (16) hold true.

Rewrite Eq (15) as

s)ZPr(N (/ (ts)dFp(t ) , §>0.
n=0 0

Differentiating twice the above equation with respect to s and letting s — 07 yield

F'(07) = Fp(0%) + F/(0T)E[N]E[T],
E"(0F) = Fi(07) + 2F(07)E' (07 E[N]E[T]
+E[N(N — D](E"(0NE[T])? + F”(0H)E[N]E[T?].

Equivalently, we have, by Lemma 6,
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pn=E[B] + y E[N]E[T] > ;i E[N]E[T], (48)
E[X?] = E[B?| + 2uE[B]JE[N]|E[T] + E[N(N — 1)](1 E[T])? + E[X?]|E[N]E[T?]
= Var(B) + p*(E[T])*Var(N) + 1*(1 — E[N|(E[T])?) + E[X?|E[N]E[T?]. (49)

Therefore, 0 < E[N]E[T] < 1 by (48) and u = E[B]/(1 — E[N]E[T]). Moreover, it follows from (48) and
(49) that

Var(X)(1 — E[N]E[T?]) = Var(B) + p*(E[T])*Var(N) + p*E[N]Var(T) € (0,00).

The last conclusion is due to the assumptions. Thus, 0 < E[N]E[T?] < 1, and we have the variance of X as
required in (17). The proof of the sufficiency part of (a) is complete.

(Necessity) Suppose that the conditions (16) hold true. Then we will prove the existence of a solution F'
to Eq (15), which has mean p and a finite variance.

Set first
_ . E[B
= BN R o
_ Var(B) + p?(E[T])*Var(N) + p*(1 — E[N](E[T])?) (51)
H2 = 1 - E[N|E[T?] '

Note that the denominators 1 — E[N]E[T], 1 — E[N]E[T?] > 0 by (16) and that us > u? by the fact
Var(T') > 0. Therefore, the RHS of (19) with (50) and (51) is a bona fide Laplace—Stieltjes transform, say
Fo, of a nonnegative random variable Yy ~ Fj. Namely,

2 2
FO(S) =1 ﬂ + ﬂe—(ﬂz/#l)s7 5> 0.
M2 H2

Next, using the initial Yy ~ Fy we define iteratively the sequence of random variables Y,, ~ F,, n =
1,2, ..., through Laplace-Stieltjes transforms:

Fu(s) = (7 F_1(ts)dFrp( )) n>1, (52)
0

which is well-defined due to Lemma 2. Differentiating twice the above equation with respect to s and letting
s = 01, we have, for n > 1,

EL(0%) = Fp(0%) + F,_,(0")E[N]E[T], (53)
F’r/L/(O+):FA’ (0 )+2FB(O+) n— 1(0+)E[N]E[T]
+E[N(N — D](F),_,(0ME[T])> + F}/_, (0")E[N]E[T?]. (54)

With the help of Lemma 6 and by induction on n, we can show through (53) and (54) that E[Y,] = E[Y] =
w1, E[Y.?] = E[YZ] = uz (defined in (50) and (51)) for all n > 1 and hence

Var(B) + p?(E[T))*Var(N) + u>E[N]Var(T)
1 — E[N]E[T?] ’

Var(Y,) = po — p3 = n > 0. (55)

Moreover, by Lemma 4, we first have F < ﬁ‘o, and then by the iteration (52), F, < F,_; for all n > 2.
Namely, {Y,,}52, is a sequence of nonnegative random variables having the same first two moments 1, pa,
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and their Laplace—Stieltjes transforms {Fn} are decreasing. Therefore, Lemma 9 applies. Denote the limit
of {ﬁ’n} by F., which is the Laplace—Stieltjes transform of a nonnegative random variable Yo, ~ F,, with
E[Ys] = p1 and E[Y2] € [u3, us]. Consequently, it follows from (52) that the limit F,, is a solution to
Eq (15), which has mean p and a finite variance. Applying Lemma 6 to Eq (15) again, we conclude that
E[Y2] = u2 as given in (51), and hence the solution Y., ~ F,, has the required variance as shown in (17)
or (55). This proves the necessity part of (a).

For part (b), the proof of the uniqueness of the solution to Eq (15) is similar to that of Theorem 1, and
is omitted. The proof of the theorem is complete.

Proof of Theorem 5. In view of Egs (1) and (18), we want to prove the equivalence of the two functional

— ([ i), <=0 e
0

with lim,_,o+ (1 — E.(s))/s = p € (0,00), and

equations:

oo

Fo(s) = PN(/Fa(tl/“s)dFT(t)>, §>0, (57)
0
with lim,_,o+ (1 — Fa(s))/s* = p € (0,00). Here
Fo(s) = E[exp(—sXa)| = E[exp(fsTaXi/a)] = /efsazdF*(x) = F,(s%), s>0. (58)
Suppose EF, satisfies (56) with lim,_g+ (1 — F,(s))/s = p. Then it follows from (58) that
Bols) = Bu(s®) = PN(/F*(tsa)dFT(t)> _ PN(/Fa(tl/“s)dFT(t)>, s3>0,
0 0

and lim, o+ (1 — Fia(s))/s* = lim,_0+ (1 — EF,(s%))/s* = lim,_,+ (1 — F,(s))/s = p. This means that (56)
implies (57). The converse implication can be proved similarly.

5. Discussions

We have to mention that under the setting of Eq (1), the distributional equation is different from the
following one (in which all i.i.d. T; are replaced by the same T):

N
x4 Ty X (59)
=1

It is seen that Eq (59) has instead the corresponding functional form

oo

/PN s))dFrp(t) = /PN(E[eXp(—stX)])dFT(t), 5>0, (60)
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which is not equal to Eq (2) in general. But when T is degenerate at p € (0, 1), Eq (60) also reduces to the
Poincaré functional equation (3) as Eq (2) does. Therefore, Eq (60) is another generalization of the Poincaré
functional equation (3).

The solutions to Eqgs (2) and (60) are distinct in general; in fact, the second moments of the distributional
solutions are different from each other. More precisely, the second moment of the solution X ~ F (with
mean p) to Eq (60) is of the form

o _ EIN(N - DIE[T?]
B = = wvmr

which is greater than or equal to that in (32) because E[T?] > (E[T]).

It is interesting, however, that the necessary and sufficient conditions for Eq (60) to have exactly one
solution with finite variance are the same as those for Eq (2). Namely, we have the following result. The
proof is similar to that of Theorem 1 and is omitted.

Theorem 6. Under the setting of Theorem 1 with given u, the random variables N and T together satisfy the
conditions (6) iff the functional equation (60) has exactly one solution F' with mean p and a finite variance.
Moreover, the variance is of the form

E[N?E[T?] -1

VartX) = T RivRTe *

with E[N] = 1/E[T].

Theorem 5 about Eq (1) has a parallel result for Eq (59), which extends both Theorems 1 and 2 of
Hu and Cheng [6]. In this regard, see also Hu and Lin [7], Section 4, for characterizations of the so-called
semi-Mittag-Leffler distributions.

Analogously, Eq (14) is different from the following:

N
XEB+TY X,
i=1

which has the corresponding functional form

F(s) = Fa(s) - [ Pu(Flts))dFr(t) (61)

oo

— Fi(s) - / Py (Elexp(—stX)])dFr(t), s> 0.
0

For this case, we have the next result analogous to Theorem 4. The proof is also omitted.

Theorem 7. Under the setting of Theorem 4, the following statements are true.
(a) The random variables B, N and T together satisfy the conditions (16) iff the functional equation (61)
has one solution F with mean p and a finite variance. Moreover, the variance is of the form

_ Var(B) + E[B|(2u — E[B]) + (E[N?|E[T?] — 1)u?
B 1 — E[N]E[T?]

Var(X)



C.-Y. Hu, G.D. Lin / J. Math. Anal. Appl. 491 (2020) 124399 19

with p = E[B]/(1 — E[N]E[T)).
(b) If, in addition to (16), E[T?] < E[T], then the solution F to Eq (61) with given mean is unique.

Finally, we remark that two different distributional equations may be transferred to the same functional
form which of course leads to the same distributional solution. This means that a probability distribution
may have several kinds of characteristic properties.
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