J. Math. Anal. Appl. 381 (2011) 134-145

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and
Applications

www.elsevier.com/locate/jmaa

Some estimates for Bochner-Riesz operators on the weighted Herz-type
Hardy spaces

Hua Wang

School of Mathematical Sciences, Peking University, Beijing 100871, China

ARTICLE INFO ABSTRACT
Artic{e history: In this paper, by using the atomic decomposition and molecular characterization of the
Received 30 September 2010 homogeneous and non-homogeneous weighted Herz-type Hardy spaces HKg P (w1, wa)

Available online 16 February 2011

Submitted by Richard M. Aron (Hl(g’p(wl, w3)), we obtain some weighted boundedness properties of the Bochner-Riesz

operator and the maximal Bochner-Riesz operator on these spaces for « =n(1/p — 1/q),
Keywords: O<p<land1<gq<oo.

Bochner-Riesz operators © 2011 Elsevier Inc. All rights reserved.
Weighted Herz-type Hardy spaces

Ap weights

Atomic decomposition

Molecular characterization

1. Introduction

The Bochner-Riesz operators of order § > 0 in R" are defined initially for Schwartz functions in terms of Fourier trans-
forms by

2\8 _
(T2 f)NE) = (1 - '5—') f®,

2
R=J 4
where ]‘ denotes the Fourier transform of f. The associated maximal Bochner-Riesz operator is defined by
s _ s
T, f(x) =sup| Ty f (%)|.
R>0
These operators were first introduced by Bochner [3] in connection with summation of multiple Fourier series and played

an important role in harmonic analysis. As for their HP boundedness, Sj6lin [21] and Stein, Taibleson and Weiss [22] proved
the following theorem (see also [10, page 121]).

Theorem I. Suppose that 0 < p < 1and § > n/p — (n+ 1)/2. Then there exists a constant C independent of f and R such that
T2 | o < Cllfllmp.
In [22], the authors also showed
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Theorem II. Suppose that 0 < p < 1 and § =n/p — (n + 1) /2. Then there exists a constant C independent of f such that

sup AP |{x e R™: T2 f(x) > A} < ClIfIIE,.
A>0

In 1995, Sato [20] considered the weighted case and obtained the following weighted weak type estimate for the maxi-
mal operator T2,

Theorem III. Let w € A1 (Muckenhoupt weight class),0 < p < 1and § =n/p — (n+ 1) /2. Then there exists a constant C independent
of f such that

supAP - w({x e R™: T f(x) > A}) <CISfIP, -
A>0 w

In 2006, Lee [9] considered values of § greater than the critical index n/p — (n+ 1)/2 and proved the following weighted
strong type estimate.

Theorem IV. Let w € A1,0 < p < 1and§ >n/p — (n+ 1)/2. Then there exists a constant C independent of f such that

IT2(H e < Cllfllys,-

Using the above Hb -LY, boundedness of the maximal operator T, Lee [9] also obtained the H), boundedness of the
Bochner-Riesz operator.

Theorem V. Let w € Ay with critical index r,, for the reverse Hélder condition, 0 < p < 1, § > max{n/p — (n+ 1)/2, [n/plrw/
(rw — 1) — (n + 1)/2}. Then there exists a constant C independent of f and R such that

ITRCH [ < Cllfllgp -

The main purpose of this paper is to discuss some corresponding estimates of Bochner-Riesz operators on the homo-
geneous and non-homogeneous weighted Herz-type Hardy spaces HK;"’J(WL w3) (HKg’p(wl, w3)). Our main results are
stated as follows.

Theorem 1. Let w1, wy € Ajand1 <q<o0. If0<p<1,a=n(/p—1/q),8 >n/p — (n+ 1)/2, then there exists a constant C
independent of f such that

” Ti(f) ” Kq'P(wq,w2) < C”f“Hl'(g'p(w],wz)’
” Ti(f) “ Kg'P (w1, w2) < C”f”HKg“p(wl,wz)7

where Kg"P (w1, wa) (Kg'P (w1, w2)) denotes the homogeneous (non-homogeneous) weighted Herz space.

Theorem 2. et w1, wp € Ajand 1 <qg<o0.IfO0<p<1,a=n(/p—1/q),8 =n/p — (n+ 1)/2, then there exists a constant C
independent of f such that

)

” T.(f) ||Wkg'p(w1,wz) < C||f||Hk3‘*p(w1,w2)’
§

” Te(f) ”WKg'p(WLWz) < C“f”HK?p(Wl’W”’

where Wkg‘p(wl, wy) (W Kg’p (w1, wy)) denotes the homogeneous (non-homogeneous) weak weighted Herz space.

Theorem3.letw e Ajand1 <q<o0. If0<p<1l,a=n(1/p—1/q),8 > max{n/p—n+1)/2,[n/plrw/(rw —1) —(n+1)/2},
then there exists a constant C independent of f and R such that

” Ta(f) ”Hf(g’p(w,w) S C”f||Hl'<3"’(w.,W)’
H T?z(f) HHK;""(w,w) < C”f”HKS“p(w,W)’

where ry, denotes the critical index of w for the reverse Holder condition.
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2. Notations and definitions

First, let us recall some standard definitions and notations. The classical A, weight theory was first introduced by
Muckenhoupt in the study of weighted LP boundedness of Hardy-Littlewood maximal functions in [19]. A weight w is
a locally integrable function on R™ which takes values in (0, co) almost everywhere. B = B(xg, ) denotes the ball with the
center xo and radius r. We say that w e Ap, 1 < p < oo, if

1 1 p-1
<E/W(X)dx> <m/w(")_”1jdx) < C foreveryball BCR",
N B

where C is a positive constant which is independent of B.
For the case p=1, w € Ay, if

1
— / w(x)dx < C-essinfw(x) forevery ball B C R".
|B| xeB
B

A weight function w is said to belong to the reverse Holder class RH; if there exist two constants r > 1 and C > 0 such
that the following reverse Holder inequality holds

1/r
! 1
(ﬁ/w(x)rdx> < C(mfw(x) dx) for every ball B C R™.

B B

It is well known that if w € A, with 1 < p < oo, then w € A, forall r > p, and w € A4 for some 1 <q < p. If w € A, with
1 < p < oo, then there exists r > 1 such that w € RH;.. It follows from Hélder’s inequality that w € RH; implies w € RH; for
all 1 < s <r. Moreover, if w € RHy, r > 1, then we have w € RH,. for some ¢ > 0. We thus write r,, =sup{r > 1: w € RH;}
to denote the critical index of w for the reverse Holder condition.

Given a ball B and A > 0, AB denotes the ball with the same center as B whose radius is A times that of B. For a
given weight function w, we denote the Lebesgue measure of B by |B| and the weighted measure of B by w(B), where
w(B) = [ w(x)dx.

We give the following results that we will use in the sequel.

Lemma A. (See [5].) Let w € Ap, p > 1. Then, for any ball B, there exists an absolute constant C such that

w(2B) < Cw(B).

In general, for any A > 1, we have

w(AB) < C - A" w(B),

where C does not depend on B nor on A.
Lemma B. (See [5,6].) Let w € Ap N RHy, p > 1 and r > 1. Then there exist constants C1, C > 0 such that
EN\P _ w(E) R
Cil =) €S —<C| 5
[B] w(B) |B|
for any measurable subset E of a ball B.

Lemma C. (See [5].) Let w € Aq and q > 1. Then, for all r > 0, there exists a constant C independent of r such that

w(x) “n
/ X dx < C-r™w(B(0,1)).

[X|>r

Next we shall give the definitions of the weighted Herz space, weak weighted Herz space and weighted Herz-type Hardy
space. In 1964, Beurling [2] first introduced some fundamental form of Herz spaces to study convolution algebras. Later
Herz [7] gave versions of the spaces defined below in a slightly different setting. Since then, the theory of Herz spaces has
been significantly developed, and these spaces have turned out to be quite useful in harmonic analysis. For instance, they
were used by Baernstein and Sawyer [1] to characterize the multipliers on the classical Hardy spaces, and used by Lu and
Yang [16] in the study of partial differential equations.

On the other hand, a theory of Hardy spaces associated with Herz spaces has been developed in [4,14]. These new Hardy
spaces can be regarded as the local version at the origin of the classical Hardy spaces HP(R") and are good substitutes for
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HP(R™) when we study the boundedness of non-translation invariant operators (see [15]). For the weighted case, in 1995, Lu
and Yang introduced the following weighted Herz-type Hardy spaces HKy"” (w1, w2) (HKg P (w1, w»)) and established their
atomic decompositions. In 2006, Lee gave the molecular characterizations of these spaces, he also obtained the boundedness
of the Hilbert transform and the Riesz transforms on Hf(g(l/p*]/q)’p(w, w) and HKg(l/p*]/q)’p(w, w) for 0 < p < 1. For the
results mentioned above, we refer the readers to the book [18] and the papers [8,12,13,17] for further details.

Let By = {x € R": |x| < 2¥} and Cj = By\By_1 for k € Z. Denote x = Xe, forkeZ, Xx=xr if ke N and xp = Xs,» Where

Xe, is the characteristic function of Ci. Given a weight function w on R", for 1 < p < oo, we denote by L, (R") the space
of all functions satisfying

1/p
1F 1l any = (/\f(x)\"w(x) dx) <00
Rn
Definition 1. Let « € R, 0 < p,q < oo and w1, wy be two weight functions on R".

(i) The homogeneous weighted Herz space I'(g’p(wl, w») is defined by

Kq"P(wi, wa) ={f eL] (R"\{0}, wy): ||f||,'<g~P(W1,W2) < 00},
where
1/p
i oy ) = (Z(W1<Bk>)°"’/ "I Xkllquz) :
keZ

(ii) The non-homogeneous weighted Herz space K (wq, w») is defined by
q

KgP w1, wa) = {f € L (R wa): [1fllgep y g < 00}
where

oo

1/p
ke (wywy) = (Z(Wl(Bk))ap/n||f)?lc||lL)q ) :
w2

k=0

For k € Z and A > 0, we set Ex(A, f) = |{x € Cx: |f(X)| > A}|. Let Ek(k,f) = Er(n, f) for k e N and Eo(k,f) =|{xe
B0, 1): [f(x)] > A}l

Definition 2. Let « € R, 0 < p,q < o0 and w1, w be two weight functions on R".

(i) A measurable function f(x) on R" is said to belong to the homogeneous weak weighted Herz spaces WI'(g’p(wl, w3)
if

1/p
1w g2 ooy = S“p)‘<2 w1 (B)“P/" i (Ei (. f))p/q> < 0.

z keZ

(ii) A measurable function f(x) on R" is said to belong to the non-homogeneous weak weighted Herz spaces
WKg P (wr, wy) if

e 1/p

||f||w1<g"p(wl7W2) = Sulgk(ZWl (Bk)otp/nw2 (Ek(k, f))P/q> < 00,

A>
k=0

Let . (R™) be the class of Schwartz functions and let .%/(R™) be its dual space. For f € ./(R"), the grand maximal
function of f is defined by

G(fYx)= sup sup |gp* f(y)
pedy |y—x|<t

3

where N >n+1, @y ={p € Z[R"): sup 5<n IX*DPp(x)| <1} and @ (x) =t "@(x/t).
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Definition 3. Let 0 < <00, 0 < p <00, 1 <q < oo and wq, wy be two weight functions on R".

(i) The homogeneous weighted Herz-type Hardy space HKy"? (w1, w) associated with the space Kg'P (w1, wy) is defined
by
HKG P (w1, wo) = {f € #'(R"): G(f) € Kg"P (w1, w2)}

and we define ||f||H,~<g.p(W]7W2) = ||G(f)”1'<§""(wl,wZ)'

(i) The non-homogeneous weighted Herz-type Hardy space HKg'¥(w1,w,) associated with the space Kg'P(wy, wy) is
defined by

HKg P(wi, wa) = {f € #'(R"): G(f) e Ki"P (w1, w2)}

and we define ”f”HKg‘p(w],wz) = ||G(f)||1<3""(w1,wZ)'

3. The atomic decomposition and molecular characterization

In this article, we will use atomic and molecular decomposition theory for weighted Herz-type Hardy spaces in [8,12,13].
We first characterize weighted Herz-type Hardy spaces in terms of atoms in the following way.

Definition 4. Let 1 <qg < oo, n(1—1/q) <« <oo and s > [x +n(1/q — 1)].

(i) A function a(x) on R" is called a central («, q, s)-atom with respect to (w1, wz) (or a central («, q, s; w1, wa)-atom), if
it satisfies:
(a) suppa € B(0,R) ={xeR": |x| <R},
(b) llallg < w1 (B(O. R)~/",

(©) fR,. a(x)x? dx = 0 for every multi-index g with |8] <s.

(ii) A function a(x) on R" is called a central («,q,s)-atom of restricted type with respect to (wi,wy) (or a central
(o, q,s; wq, wp)-atom of restricted type), if it satisfies the conditions (b), (c) above and
(a") suppa C B(0, R) for some R > 1.

It is worth pointing out that the difference between (a) and (a’) lies in the definitions of homogeneous and non-
homogeneous weighted Herz space.

Theorem D. Let w1, wy € A;,0<p <00,1<q<ooandn(1—1/q) <a < oco. Then we have:
(i) feHKy P (wi,wy) ifand only if

fx) = Z)\kak(x), in the sense of .(R"),
keZ
where )" . |Ak|P < oo, each ay is a central (o, q, s; w1, wa)-atom. Moreover,

1/p
. ~ i p
”f”HK;‘-P(W]‘WZ) ~ ll‘lf<z |)¥k| ) s

keZ

where the infimum is taken over all the above decompositions of f.
(ii) f e HKy"P(wy, wy) ifand only if

o0
fx) = Z)\kak(x), in the sense of .'(R"),
k=0

where Y 12 |Ak|P < oo, each ay is a central (@, q, s; w1, wa)-atom of restricted type. Moreover,

) 1/p
||f||H'<g'p(W1,W2) ~ ll‘lf(Z |)\.k|p> s

k=0
where the infimum is taken over all the above decompositions of f.

Next we give the definition of central molecule and the molecular characterization of Hf(;a/p “VDP (W)

(Hl(g(l/pil/q)‘p(w, W))
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Definition 5. For 0 < p <1 < ¢ < o0, let w € A7 with critical index ry, for the reverse Holder condition. Set s > [n(1/p — 1)],
& >max{sry/niry —1)+1/rw—1),1/p—1},a=1—-1/p+ecand b=1-1/q+¢.

(i) A central (p, g, s, €)-molecule with respect to w (or a central w-(p, g, s, €)-molecule) is a function M e L%, (R") satisfy-
ing:
(@) M(x) - w(B(O, x]))" € L}, (R"),
b b
(b) 1M - IMCW(BQ, |- |)>*’|\1 P = Nw(M) < o0,
) fgn M(x)xV dx =0 for every multl index y with |y| <s.
(ii) A function M e L%, (R") is called a central (p,q, s, €)-molecule of restricted type with respect to w (or a central w-

(p.q, s, &)-molecule of restricted type) if it satisfies (a)-(c) and
(d) [IMll;a, < w(B(0, 1))/9-1/P.

The above Ny, (M) is called the molecular norm of M with respect to w (or w-molecular norm of M).

Theorem E. Let (p, q, S, €) be the quadruple in the definition of central w-molecule, let w € Ay and @« =n(1/p — 1/q).

(i) Every central (p, q, s, €)-molecule M centered at the origin with respect to w belongs to HK“ P(w, w) and ||M||HKa Pww) S

CN.w (M), where the constant C is independent of M.
(ii) Every central (p,q,s, €)-molecule of restricted type M with respect to w belongs to HKO‘ P(w, w) and ||M||HK

CNyw (M), where the constant C is independent of M.

S wow) S
Throughout this article, we will use C to denote a positive constant, which is independent of the main parameters and
not necessarily the same at each occurrence. By A ~ B, we mean that there exists a constant C > 1 such that % < % <C.
4. Proof of Theorem 1
The Bochner-Riesz operators can be expressed as convolution operators

T3 f(x) = (f % d1/R) (%),

where ¢(x) =[(1— |- |2)i]"(x). It is well known that the kernel ¢ can be represented as (see [11,23])
I (348 1,
¢ =7 L@+ DX Ju (2 1x),
where ], (t) is the Bessel function
(5w ; ) 1
Ju) = —2—— /e’“(l —s2) 72 s
F(p+3rG)J
We shall need the following estimate which can be found in [20].
Lemma4.1.let0 < p <1and § =n/p — (n+ 1)/2. Then the kernel ¢ satisfies the inequality

sup (1+ |x|)n/p |D*¢(x)| < C  for all multi-indices a.

xeRM

Proof of Theorem 1. First we observe that § > n/p — (n + 1)/2, then we are able to choose a number 0 < p; < p such
that § =n/p; — (n + 1)/2 Set s = [n(l/p1 — 1)]. For any central («,q,s; w1, wp)-atom a with suppa C B(0,r), we are
going to prove that ||T (a)||Kap(W wy SGC where C > 0 is independent of the choice of a. For given r > 0, we can find an

appropriate number ko € Z satisfying 2k0—2 < r < 2k0~1, Write

IT2@ R0 1,y = 2 W1 B [ T2@ iy
keZ 2
ko
= > wiB M@y + Z w1 BT @ ey,
k=—00 k=ko+1

=1+ 1.
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Note that 0 < p < 1,8 >n/p— (n+1)/2, then § > (n — 1)/2. In this case, it is well known that (see [11,23])

T (@) < C- M@ @), (1)
where M denotes the Hardy-Littlewood maximal operator. The size condition of central atom a and the above inequality (1)
imply

ko ko

h<C )0 w0 Mlalfy <C 3T wiB)* i (BO.n) "
w2

k=—00 k=—00

Since w1 € Aq, then we know w € RH, for some y > 1. When k < ko, then By C By,. By Lemma B, we have

w1 (By) < C - wi(Byy)IBil”[Bry | ™7,
where 6 = (u — 1)/ > 0. Hence
ko
h<C Y 409wy (B P ws (B0, 1) ")
k=—o00
ko

<C Z 2(I<7ko)a9p

k=—o00

-C XO: 2k(x0p

k=—00
<C. (2)

We now turn to estimate I,. For any given central («, g, s; w1, wz)-atom a with support contained in B(0, ), it is easy
to verify that

a1(x) = w(B(©0,1)"P7VP )

is a central («1,q,s; w1, wp)-atom which is supported in B(0,r), where oy =n(1/p1 — 1/q). We now claim that for any
x € Cx = By \Bg_1, the following inequality holds
rn/pl —aq/n

T8 (a1)(x) < C w1 (B©O,n) " w,(B(0,r) . 3)

" x|/p

In fact, for any ¢ > 0, we write

ay % pe(x) =" / ¢<x;y>a1 (y)dy.

B(0,r)

Let us consider the following two cases.
(i) 0 < & <r. Note that § =n/py — (n+ 1)/2, then by Lemma 4.1, we have

la1 (¥)|

. oh/p1—n
a1 x g ()| < C-e / %=y /P

B(0,r)

Observe that when x € Cy = Bi\Bk_1, k > ko, then we can easily get |x| > 2|y|, which implies |x — y| ~ |x|. We also note
that 0 < p1 <1, then n/py —n > 0. Thus

1
|x|n/P1

lay # e (x)] < C PP / la1 ()| dy. (4)

B(0,r)

Denote the conjugate exponent of q > 1 by ¢’ =q/(q — 1). Using Holder's inequality, A; condition and the size condition
of aj, we can get

1/q NSV
/Ial(y)|dy<< / Ial(y)|qu(y)dy> </(W2—1/q)q dy>

B(0,r) B(0,r) B(0,r)

< Cllalg, |BO.n|wa(BO.n)

< C|B©, r)|w1(B©O, 1) " w,(B(0,r) . (5)
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Substituting the above inequality (5) into (4), we thus obtain

n/pi

a1 % g ()] < C w1 (B(©0,1) """ w,(B(0,r) "%, (6)

’
" x|n/p

(ii) € > r. Since 0 < p1 < 1, then we can find a non-negative integer N such that H,'\',Jr <p1< + . It is easy to see that
this choice of N implies [n(1/p1 — 1)] > N. Using the vanishing moment condition of a, Taylor’s theorem and Lemma 4.1,

we can get
< E 1 1y)ay
B(0,r)

lYISN

()%

B(0,r) |[YI=N+1

rN+1
<C-
s¢ gn+N+1 /

B(0,r)

—n

a1 % pe ()| =€

DV¢(" =2

a1 (y)|dy

—n/pi

.y
Y |la1(y)| dy,

&

where 0 < 6 < 1. As in the first case (i), we have |x| > 2|y|, which implies [x —0y| > 5 1|x]. This together with the inequal-
ity (5) yield

rn+N+1 1

—aq/n
a1 ¢ ()| < C- gn+N+1-n/p1 |x|n/p1 w1(B(0.1)

wy(B(0,r) .

Observe that n+ N +1—n/p; >0, then for & > r, we have g"tN+1=1/p1 > yn+N+1-n/p1 Consequently

o1/n

a1 % ¢e ()] <C- w1 (BO. 1) w, (B0, 1)), (7)

r
| |”/P

Summarizing the estimates (6) and (7) derived above and taking the supremum over all ¢ > 0, we obtain the desired
estimate (3). Note that « =n(1/p — 1/q) and oy =n(1/p1 — 1/q). It follows from the inequality (3) that

00 p/q
1/p1—1
L< Y wiB* " wi(B(0,n)" " /")( / |T:2(a1)(x)|qu(x)dx>
k=ko+1 2k=1 < |x| <2k
S np/p1 1-p/q —(-p/q) -p/a w2 (X) pla
<C Y r™Piwy (B PAwy (B0, 1)) w3(B(0,1)) s
k=ko+1 2k=1 < |x| <2k
<c Z PPN waB) TP waB \P
A \2wie J wa(B(0,1) wa(BO,1) /)
When k > ko, then By 2 By,. Using Lemma B again, we can get
wi(By) < C - wi(Byy)|Bl[By,| ™' fori=1or2.
Therefore
00 kon kn \ 1-p/q4 ; 5kn \ P/
2konp/p1 2 2
wse ¥ (Gom)(mw) ()
k=ko+1
o
=c ) 20k ko)(ﬂP/Pl n)
k=ko+1
C 3 71
- klezk(np/m—n)
<C, (8)

where in the last inequality we have used the fact that np/p; —n > 0. Combining the above estimate (8) with (2), we get
the desired result.
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We are now in a position to complete the proof of Theorem 1. For every f € kaf’p(wl, w3), then by Theorem D, we
have the decomposition f = ZEZ Ajaj, where ZEZ |2j|P < oo and each a;j is a central (o, q, s; w1, wa)-atom. Therefore

p
172y ) <€D wl(Bk>°‘P/"<Z 1 T2 @) xx “qu;)

keZ JEZ
ap/n AP TS (q p

<CY wi(By) (Zml HT*(apkaquz)

keZ JEZ
<CY nglP

JjeZ

p

< CI M ier

5. Proof of Theorem 2

Proof of Theorem 2. For every f € HI'(g’p(wl, wy), by Theorem D, we have the decomposition f = ZjeZ Ajaj, where
ZjeZ |Aj|p < oo and each q; is a central (a, q, [n(1/p — D]; wi, wp)-atom. Without loss of generality, we may assume that
suppa; € B(0,rj) and rj = 2J. For any given o > 0, we write

o? -Zw1(3k)°‘p/nwz({xe Ce: T2 Fo] > a})p/q
keZ

- p/a
SU"~ZW1(BJ<)“W"W2<:X€C1<I > 1l[Tia;00] >0/2])

keZ j=k—1

k—2 p/q
+oP -Zwl(Bk)“p/"wz<{x € Cy: Z Aj1|Toa;(x)| > a/zD

keZ Jj=—00
=J1+ 2.

Observe that 0 <p <1 and § =n/p — (n+1)/2, then § > (n — 1)/2. It follows from Chebyshev’s inequality and the inequal-
ity (1) that

o) p
J1<szwl(Bk)“W"< |Aj|}|ri(aj>x:<||La2>

keZ Jj=k—-1

00
< ZPZW1 (Bk)ocp/n< Z |)‘j|p” Tﬁ(aj)||f?mz>

kezZ Jj=k—1
o
<CY wi(B)ePm AilPlail®, ).
<CY wi(By) 2 xiPlajliy
keZ Jj=k—1

Changing the order of summation gives

j+1
Ji <CZ|M‘|”( > wl<Bk>°‘P/”W1<Bj>—°‘P/").

jez k=—00

Note that when k < j+ 1, then Bi_; € Bj. Let 6 be the same as in Theorem 1, then by Lemma B, we can get

0
By By_
w1 (By ])§C(| k 1|> . o
w1 (Bj) IB;|
It follows from Lemma A and the above inequality (9) that
j+1 i1
3 wiB0 P wy (B <C Y akinade
k=—00 ke—oo

<C.
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Hence

1P p
Ji<CY P <CIfIE

‘ KgP(wi,wa)®
J€Z

143

(10)

We now turn to deal with J. Note that j <k — 2, then for any y € B; and x € Cy = By\Bk_1, we have |x| > 2|y|. By

using the same arguments as in the proof of Theorem 1, we can get
s 2J\"P 1
T2 (@) () < C- (M) w1(Bj) "M (B )T,

Since B;j C Bi_», then by using Lemma B, we obtain
wi(Bj) > C - w;(Bx_2)|Bj|[Bx_2|~' fori=1or2.
It follows immediately from our assumption & =n(1/p — 1/q) that

2

n/p—a—n/q )
2,—,2) w1 (B—2) /"Wy (By_2) "'/

T:i(aj)(x)«-(

< C-wi(Bk—2) "Wy (By_) /1.
Set Ay = w1(Br_2) /"Wy (Byx_») /1.
If {x e C: Zk’z |Aj||T£aj(x)| > 0 /2} =0, then the inequality

j=—oc0

p
]2 < C||f||Hl%3"p(w1,w2)

holds trivially.
If {x € C: Z’]‘;EOO |Aj||T,‘§aj(x)| > 0 /2} # (), then by the inequality (11), we have

U<C~A,<<Z|Aj|>

JEZ
1/p
< C'AI<<Z|)”J'|I’>
JjeZ
<C- Ak”f”ﬂks“p(W],Wz)'

Obviously, limg_, ., Ax = 0. Then for any fixed o > 0, we are able to find a maximal positive integer k, such that

o<C- Ak(, ||f||H1'<g"p(W1,Wz)’

Therefore

ko

J2<aP Y wi(B*P M wy(By)P

k=—o00

ke
<ClfI? Z( w1 (By) )“‘””( w2 (By) )”/"
S HK;""’(w],Wz)k:_oo w1 (Bk, —2) w2 (Bg, —2) -

Since By_p C By, 2, then by using Lemma B again, we have

w;(Br—2) < C( [Bi—2|
Wi(Bg, —2) | Bky 2]

Applying Lemma A and the above inequality (12), we finally get

6
) fori=1or?2.

ko

1
p - p
J2 < C||f||H,-(3c-p(W17W2) Z 2 (ks —k)no S C”f”HfQ‘,"‘p(w],wz)'

k=—o00

(11)

(12)

(13)

Combining the above estimate (13) with (10) and taking the supremum over all o > 0, we complete the proof of Theo-

rem 2. O
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6. Proof of Theorem 3

Proof of Theorem 3. As in Theorem 1, we first choose a number 0 < p; < p such that § =n/p; — (n+ 1)/2. Set s =
[n(1/p1 — 1)] and N = [n(1/p — 1)]. By using Theorem D and Theorem E, it suffices to show that for every central
(o, q,s; w, w)-atom f with supp f € B(0,r), then Tﬁf is a central w-(p, g, N, €)-molecule. Moreover, its w-molecular norm
is uniformly bounded; that is

NMw (TR f) <C,

where the constant C is independent of f and R.

Observe that § > [n/plrw/(rw — 1) — (n + 1)/2, then a simple calculation shows that Nry,/n(ry —1)+1/(0ry — 1) <
1/p1 —1, thus we can choose a suitable number ¢ > 0 satisfying max{Nr, /n(r,, — 1)+ 1/(rw —1),1/p—1} <e<1/p; —1.
leta=1—-1/p+eandb=1-1/q+e.

The size condition of central atom f and the inequality (1) imply

IT3H e < T2 < ClFllg, <C-w(BO.1) . (14)

On the other hand,

||T§(f)w(3(0,|~|))b||'z€v= / T3 £ 0| w(B(0, 1)) wx) dx + / T2 £ (0| w(B(0, 1)) wix) dx
|x|<2r |x|>2r
= K; + K.

Using Lemma A, the inequality (1) and the size condition of f, we obtain
b
K1 <w(B(0,2)"||T3(f) HCLI%
b
<C-w(BO.N)"IfIlfy

<C-w(BO,n)" P
=C-w(B(0,n)". (15)

Note that when |x| > 2r, y € B(0,r), then we have |x| > 2|y|. By using the same arguments as that of Theorem 1 (w; =
wy = w), we can deduce

n/p1

TP <C-——w(B(0.n) 7. (16)

IX[7PT
If |x| > 2r, then B(0, 2r) € B(0, |x|), by Lemma B, we get
¥

2"
It follows from the inequalities (16) and (17) that

w(B(0, |x])) < C

w(B(0,2r)). (17)

ra/p1 —4/p |x|an bg
Ky <C / WW(B(O,T)) ~(2r)anw(B(O,2r)) w(x)dx

|x|>2r

< C.ma0/P=by (g (o, r))—q/p+bq /

|x|>2r

w(x)
|x|na(1/p1~b) X

Observe that ¢ < 1/p1 — 1, then we have 1/p1 — b > 1/q, which is equivalent to q(1/p; — b) > 1. Since w € A4, then
w € Aq(1/p,-b)- Consequently, by Lemma C, we deduce

—q/p+bg+1

K2 < C-w(B(0,1)) =C-w(B(0,r)". (18)

Hence, by the inequalities (14), (15) and (18), we obtain

Nu(TRF) = |To(O|50 - [ TR(HW(BO. 1)) ;"
(1—a/b)a

<C-w(B(©,n) " w(B(0,n)
<cC.
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It remains to verify the vanishing moments of Tﬁ f(x). Note that s > N. Therefore, for every multi-index y with |y| <N,
we have

/ T f ()XY dx = (T f (x)x”)(0)

Rn

—

=C-D”(T%f)(0)
=C-D”(@1r- )0
=C- Y (D%1k)©0)(DFF)0)

lal+IBI=lyI
=0.

This completes the proof of Theorem 3. O

Remark. The corresponding results for non-homogeneous weighted Herz-type Hardy spaces can also be proved by atomic
and molecular decomposition theory. The arguments are similar, so the details are omitted here.
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