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1. Introduction

Let 2 C RN (N > 1) be a bounded domain with a C2-boundary 92, and let Wol’p(fz) denote the usual Sobolev space of
functions with generalized homogeneous boundary values endowed with the norm

1/p
llull == (/ [Vu@)l? dX) . (1)
Q

Throughout this paper we assume p > N, which implies that Wol'p(Q) is compactly embedded into C°(£2) with the norm
of the embedding operator denoted by c and given by

ull o~
c:= sup ””C& < +o00. (2)
uew, P (2), u#0 lfull
In this paper we consider the following parameter-dependent quasilinear elliptic boundary value problem
—Apu=Af(u) in$ (3)
u=~0 on d52,

where Apu = div(| VulP~2Vu) is the p-Laplace operator, f : R — R is a continuous function, and A is a positive parameter.
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The main goal of this paper is to show that there are finite open intervals Ay C Ry, k = 1, 2, such that forany A € A,
problem (3) admits at least two nontrivial solutions of constant sign, while for A € A; C Aj, there exist at least three
nontrivial solutions with two of them of constant sign and a third one that is sign-changing. It should be noted that in recent
years a number of papers have been published dealing with multiple solutions, and, in particular, with multiple constant-
sign and sign-changing solutions; see, e.g., [1-11], and the references therein. In order to show the existence of multiple
solutions, usually certain growth conditions of different nature on the nonlinearity s — f(s) are required.

Unlike in the above references, the novelty of this paper is to show the existence of multiple solutions in the case that
s — f(s) satisfies certain growth condition only in some neighborhood of s = 0. More precisely, let 1;, k = 1, 2, denote the
first and second eigenvalue of (—A4,, WOLP(.Q)), and let F : R — R denote the primitive of f given by

F(s) :== /Sf(t) dt, VseR,
0

then we make the following assumptions on f near zero: (for a, b € R U {f00} we denote by ]a, b[ the open interval in R)

(F1) limio 5% =L €10, +ool.
(f2,»,) There exists a positive number po such that

max F(s
Isl<po ® 1 . F(s)

5 im —=,
Jors CPA|$2] s—0 |s|P

where |$2| stands for the Lebesgue measure of 2.

Remark 1.1. Inview of assumption (f;), it is easy to verify that limg_, o % = %. Moreover, to show that the class of functions

satisfying (f;) and (f, ;, ) is non empty, consider the case N = 1,p = 2, 2 =]0, 1, f : R — R defined by

TO=1vve

for every t € R, and recall that c> < 1/4, while A, = k?z?, withk = 1, 2.

As will be seen in Section 2, a crucial role in the existence proof of constant-sign solutions, i.e., a positive and a negative
solution of problem (3), is played by the following version of an abstract critical point theorem obtained in [12, Theorem
1.1] which we recall for convenience.

Theorem 1.1. Let X be a reflexive Banach space, ® : X — Rand ¥ : X — R two continuously Gdteaux differentiable
functionals such that @ is coercive, continuous and sequentially weakly lower semicontinuous (w.Ls.c.), while ¥ is sequentially
weakly upper semicontinuous. Let r > infy @ and put

sup ¥ (u) — ¥ (v)

. ed~1(]—o0,r[)
(r) = inf -
v ved—1(1—o0,rD) r—o()

Then, for every A € ]O, ﬁ [ the functional E :== ® — AW has a critical point u, € ®~'(] — oo, r[) such that E(u,) < E(v) for
everyv € @~ 1(] — oo, r[).

2. Nontrivial constant-sign solutions

Let us recall that a solution of (3) is any function u € Wol'p(.Q) satisfying
[ 1vup 2 vue Voo te =i [ facopm . voe Wy @), (5)
fe) fe)

Thanks to (2) and the continuity of f, ifu € Wol’p(Q) is a solution of (3), then A,u € L*°(£2) and the nonlinear regularity
theory [13, Theorem 1.5.6] assures that u € C'7(£2) for some y €]0, 1[ and u € C;(£2). In addition, if u is nonnegative,
then from (f;), follows that there exists a constant ¢, > 0 such that Ayu < GuP~!. Hence, applying Vizquez's strong
maximum principle [14], one has that if u £ O thenu € int(C(} (£2),), that is the interior of the positive cone C(} )y =
{u e Cl(R) : u(x) > 0,Vx € 2}, with respect to the Banach space Cj(22) = {u € C'(2) : u(x) = 0,Vx € 9R2}.In
particular, it is well known that

_ _ 3
int(C} (2).) = {u €Cl(®): u(x) > 0Vx € 2, and %(x) <0Vxe arz} :

where n = n(x) is the outer unit normal at x € 942.
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Inequality (4) of (f; ,) gives rise to the definition of the following intervals

Ak Jos
Av= | —F5 . (6)
plim =2 pcP|§2| max F(s)
s—0 ISIP IsI<po

The existence of positive and negative solutions is given by the following.

Theorem 2.1. Assume hypotheses (f;) and (f,;,). Then, for every A € A, problem (3) admits at least one solution v, €
int(Cy ($2)) and one solution v_ € —int(Cy (£2)) such that |v+|lcom) < po.

Proof. Put X := W,”(£2) and

Fo) = {{)(t) 1238 F(s) ::/f(t)dt, Vs € R,
’ 0

D(u) == %||u||p, ¥ (u) ::/ f(u(x)) dx, E() =& — A¥(u)
2

p
foreveryu € X and A > 0. In view of (2), for r := l% one has

o '] —o0, 1) S {uec®@): |ulcog < m}- (7)

From this, we obtain the following estimate

fuP ¥ (u) max F(s) max F(s)

»1(]-00, < <

o) < 202 < perjEE < pepj
Po Po

which implies A; C ]O, ﬁ[ Fix A € A; and apply Theorem 1.1 to conclude the existence ofa v, € @~ (] — oo, r[)

such that E(vy) < E(u) for every u € @~ 1(] — oo, r[), that is, v is a local minimum of E, and due to (7), we see that
lvillcoey < po- We claim that v, # 0. By assumption (f;) and Remark 1.1, we readily see that for any A € A the

inequality ﬁ > % holds true, and thus there are two positive numbers § and « such that

A
|tf|§f)zt >L—a> 5 Veel =8, 80\(0). v

Let ¢; denote the positive eigenfunction, related to the first eigenvalue A4, such that ||¢;], = 1.1t is well known that
@1 € int(C}(£2)4). Thus, for & > 0 small enough one gets [|e@1 ||, < 8 which in view of (8) yields

E(vy) < E(egq) < %p[h — ML —a)] <0=E(0), (9)

namely 0 is not a local minimum of E, and v, # 0 solves the problem
—Apuzkf(u) in £2, u=0 onadf.
Note that

o= fiee =

and |[v4 [lco) < po. Since vy is a (weak) solution of the above problem,

/ |[VuiP2Vu, - Vodx = x/ foppdy, Veoew, ().
2 2

Put sT = max({s, 0}, s~ = max{—s, 0} and ¢ = v, we obtain [Jv} || = 0, and thus v; > 0, which by (10) shows that v is
a solution of (3).
Reasoning in a similar way, the existence of a negative solution v_, with [[v_||co@, < o can be obtained too. Finally,

vy € int(C](2)+) and v_ € —int(Cy(£2)+), as pointed out at the beginning of this section. [
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Remark 2.1. The mere existence of v, and v_ can still be assured if assumption (f;) is replaced by the slightly more general
condition
F(s
liminf Q > 0.
s—0 |s|P

Moreover, bearing in mind [ 15, formula (6b)], it is possible to obtain a precise estimate of the intervals Ay, k = 1, 2.

3. Extremal constant-sign solutions

In this section we are going to prove that for each A € A; there are a smallest positive and a greatest negative solution
f(3).

Theorem 3.1. Under the assumptions of Theorem 2.1, for every A € Ay, problem (3) admits the smallest positive solution
up =uyp(d) € int(C(} (£2).+) within [0, v, ] and the greatest negative solutionu_ = u_(X) € —int(C(} (£2)+) within [v_, 0],
such that ||ut|lcoa) < po.

Proof. Fix A € Ay, and let vy and v_ be the positive and negative solutions of (3), respectively, as obtained in Theorem 2.1.
Since vy, @1 € int(C(} (£2)4), for ¢ > 0 small enough we can obtain e¢; < v,.Arguing as in (8), and choosing ¢ even smaller
if needed such that ¢ €]0, §/|¢1]lco) [, we obtain

—Ap(epr) = M (ep1) = Mi(eg)’™" — (f( ()p;)l (e@)”!

M(e@)P T = AL — o) (egr)’ ! <0,

which proves that ¢, is a subsolution of (3), and thus e¢q, vy form an ordered pair of sub-supersolution. Applying
[16, Theorem 3.22], (see also [17]) there exists a smallest and a greatest solution of (3) within the ordered interval [egq, v ].
Apparently v, is the greatest solution. We denote by u, € int(C(} (£2),) the smallest solution of (3) within [ep;, v, ]. Let
{en} be a decreasing sequence of positive numbers such that ¢; = ¢, &, | 04, and denote by u,, € int(C(} (£2),) the smallest
solution of (3) within the interval [&,¢1, v ]. Since {u,(x)} is non increasing, we can define

IA

uy(x) = nEToo u,(x) foreveryx € 2. (11)

It is obvious that 0 < uy < vy. Let us verify that
u, isanon zero solution of problem (3). (12)

Since every u, is a solution of (3), one has
/ |Viun (0) [P~ Vit (x) - Voo (x) dx = k/ Fun(®)p() dx, Vo € WyP(2). (13)

Testing (13) with ¢ = u, one readily gets ||Vun||p < Apo|§2| maxceo, po1 f(£), 1., {uy} is bounded in Wl P(£2). In view of

(11), and because Wo P(2) > CO(2), we see that

up = uy inWP(R),  u, - uy inCo(Q). (14)

Taking the test function ¢ = u, — u, in (13), we get

lim |Vun(x)|p V(%) - V(up, — uy)(x) dx =0,

n—-+

which, together with (14) and the S -property of —A,, yields

u, — uy strongly in Wol‘p(.Q). (15)

From (15), (14), passing to the limit in (13), one has that u, solves (3).
By contradiction, assume that uy = 0. Put @i, := u,/||Vuy,||, for every n € N. Obviously, i, € wo“’(n) and ||i,] = 1.
Passing to a subsequence if necessary (still denoted by i, ), there exists some i € WO1 "P(£2) such that

i, =~ inW,?(Q), ii,—> 1 inc%). (16)

Dividing by || Vu,[5~" in (13) one gets

/IVu @) [P2Vil, (x) - Vo (x) dx —kf f(un(x))““ 'X)9(x) dx, (17)
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for every ¢ € Wol‘p(.Q). In particular, for ¢ = i, — @i we obtain

f(p””ffj)) 87 () ({ — ) (x) dx. (18)

Applying (14), (16), (f;), and the assumption u, = O, the right-hand side of (18) tends to zero. Hence, again by the
S-property of —A, and (16), it follows that i, — @ in Wol’p(Q), so that ||ti|| = 1, and thus il # 0. Passing to the limit
in (17), in view of (f;), we obtain, for every ¢ € Wol’p(.Q),

f |Vily (x) P72 Vil (x) - V(i — B)(X) dx = X
2 2

/ [Vi(x)|[P2Vii(x) - Vo(x) dx = AL / 1P (%) (x) dx.
2 2

This implies that @ is a non-trivial eigenfunction of (—A,, Wol’p(Q)) related to the eigenvalue AL > A4. Hence, i must
change sign (see [18]), against the fact that it is the limit of nonnegative functions. This proves (12). The arguments given at
the beginning of Section 2 assure that u. € int(Cg(£2)+).

Finally, let us verify that u, is in fact the smallest positive solution of (3) within [0, v ]. Indeed, if u is any positive solution
of (3)suchthat0 < u < vy, thenu € int(C& (£2).) and, for some n € N one has that e, < u < v™.Recalling (11) and that
u, was constructed as the smallest solution of (3) within [e,¢1, v4 ], one has that u, < u, < u and the proof is complete for
the part regarding u, . Similar arguments show the existence of u_ € —int(C(} (£2)1), being the greatest negative solution
of (3) within [v_, 0]. O

Remark 3.1. We point out that Theorem 3.1 gives a more precise additional extremality information with respect to the
conclusion of Theorem 2.1.

4. Variational characterization of the extremal solutions

In this section we are going to variationally characterize the extremal constant-sign solutions u, and u_ obtained in
Theorem 3.1. For this purpose we introduce the following truncation functions

0 ifs €] — 00, 0]
T4 (X,8) == 1S ifs €]0, up (x)]
up(x) ifs € [ug(x), +o0[
u_(x) ifse]—oo,u_(x)]
T_(x,5) = {s ifs elu_(x), 0[
0 ifs € [0, +o0[
u_(x) ifse]l—oo,u_x)]
To(x,8) .= 1S ifs €elu_x), ur X[

uy(x) ifs e [up(x), +oof,

and, for every A > 0, the associated truncated functionals on Wol'p (£2)
1
B = VUl — 2 / (F o 7)(x, u(x)) dx.
2

1
oW i= S IVul} < [ (F o w)(x u(o) de
p Q
Our main goal here is to show that u; and u_ are local minimizers of Ey.

Lemma 4.1. Assume that the assumptions of Theorem 3.1 hold. Then, for every . € Ay, the function u, = u, (1) is a global
minimizer of E, and a local minimizer of Ey, and u_ = u_(A) is a global minimizer of E_ and a local minimizer of Eo.

Proof. Let us begin by observing that
if v is a critical point of E,, then0 <wv <u, (19)

which, by the definition of 7, implies that any critical point of E. is a solution of (3) that belongs to [0, u, ]. To prove (19),
letv e WOLP(.Q) be a critical point of E,, i.e., v satisfies

/ IVuP™2Vu - Vo dx = A/ frv)pdx, Voe W, (). (20)
2 2
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Since u, is a positive solution of (3), by using (20) and the special test function ¢ = (v — u; )™ as well as the definition of
E; and 74, one has

/ (V@ P?Vo®) — [Vur 0P Vi, (0] - V(o — u) " (x) dx
2

= )\/{ }[f(r+(x, V() — f (s ()] (v — us)(x) dx = 0.
vV>U4

Hence, V(v —uy) = 0ae.in{v > u,},ie. V(v —uy)T = 0ae.in 2 and || (v — u; )™ || = 0, which implies v < u,. Testing
(20) with ¢ = —v~, one gets ff2 |[Vv~|P dx = 0, and thus v~ = 0, which proves (19).

Since E, is coercive and w.ls.c., it has a global minimizer z, € Wol’p(.Q), ie,

Ei(zy) = inf E,. (21)
w,P(2)

Thus, z4 is a critical point of E; and, by (19), 0 < z; < u,.Because u; € int(C(} (£2),), for o > 0 small enough one
gets o1 < u, and, reasoning as in (8) and (9), E, (ocp1) < O, thatis z; # 0 is a nontrivial solution of (3), belonging
to [0, u4 ], which by the minimality property of u, assures that z; = u., that is, u, is a global minimum of E,.. Since
ug € int(C(} (£2).), there exists a neighborhood U of u,. with respect to the topology of C& (£2) such that U C C(} ()4 and
Eo(uy) = Ey(uy) < Eyp(u) = Eo(u), for every u € U. In other words, u is a local minimum of Ey with respect to the

topology of C(} (£2) and, bearing in mind [13, p. 655-656] (see also [19]), it turns out to be a Wol‘p(Q)—local minimum. The
assertion for u_ can be obtained analogously. O

5. Sign-changing solution

In this section we will see that by restricting the parameter range for A to A, (note A, C Ay), a sign-changing solution
also exists.

Theorem 5.1. Assume hypotheses (f;) and (f; 5,). Then, for every A € A, problem (3) has a solution uy = uy(A) € int
(C4(£2)4), a solution u_ = u_(x) € —int(Cj(£2)) and a nontrivial sign-changing solution uy = ug(A) € Cj(£2), whose
norms in C° are less than py.

Proof. Letus fix A € Ay C Ay and consider u; € int(Cy(£2);) and u_ € —int(Cy (£2)-) given by Theorem 3.1. Arguing as
in (19), one has that

if vis a critical point of Eg, thenu_ <v <uy. (22)

Hence, every critical point of E is a solution of (3) that belongs to the interval [u_, u, ]. It is easy to verify that E, is coercive
and w.l.s.c., with infwl.p(g) Eo < 0. Thus, there exists zy € Wol’p(Q) such that zg # 0 and Eq(zp) = ian1,p(Q) Eo, that is z
0 0

is a critical point of Eg, and thus z; is a solution of (3) with zy € [u_, u,]. Now, distinguish two cases:

(A)zp # u_ and zy # u,.Then, zg €]u_, u,[\{0} is a critical point of Ey. In view of (22) and the extremality properties
of u_ and u,, zo must be sign-changing and we conclude taking vy = z.

(B)Eitherzg = u_ orzp = u,.Let, for instance, zy = u. Thus, u is a global minimum of Eq, while u_ is a local minimum
for the same functional (see Lemma 4.1). If u_ is a non-strict local minimum the proof is done because then Eq, admits
infinitely many local minima at the level Eq(u_) that, by (22) and the extremality properties of u_ and u., must be sign-
changing solutions. Therefore, we may assume that u_ is a strict local minimizer. In this case, there exists p €]0, ||[u_ —u||[
such that

Eo(ut) < Eo(u-) < | ian Eo(w). (23)
u—u_|=p
Obviously, Eq satisfies the Palais—-Smale condition and, applying the mountain pass theorem [20], it has a third critical point
up € Wy P(£2) such that

inf  Eg(u) < Eg(up) = inf max Eg(y(t)), (24)
vel te[—1,1]

lu—u—ll=p
where I' = {y € C([-1, 1], Wol‘p(.Q)) : y(=1) =u_, y(1) = uy}. In order to exclude that ug = 0 we will prove that
Eo(ﬂo) < 0. (25)
For this goal, we will use the variational characterization of A, (see [21])

Ay = inf Vy ()| 26
2 ylgrotdngzl]ll y(©Il, (26)



162 P. Candito et al. / J. Math. Anal. Appl. 395 (2012) 156-163

where Iy = {y € C°(—1,11.8) : y(—=1) = —g1. y(1) = @}, while S = W, ?(£2) N 3B ?, being 08" @ = (u €
IP(£2) : |lull, = 1}, is considered with the Wol’p(.Q)—topology.
Since A € A,, in particular, A > A;/L and there exist 8, § > 0 such that

f@® A2
=T >L—-8> N vt €] =6, 8[\{0}. (27)

By (26), for 8’ €]0, A(L — B) — A3[, there exists y € Iy such that

/

B
Vy®l? < x4+ =. 28
t;{laﬁ‘]]” YOl < A2+ 5 (28)

Let Sc = S N Cg(£2) be endowed with the Cj (£2)-topology and Iy ¢ = {y € C°([—1,11,5¢) : y(—1) = —¢1, y(1) = ¢1}.

Because S¢ is dense in S, Iy ¢ is dense in I, and for0 < r < (A, + BHYVP — 0y + ’37/)1/" there exists yp € I, such that
maxeer—1,1 [Vy (t) = Vyo(Ollp <, and

max [[Vyo(O)ll) <22+ . (29)
tel-1,1]

Moreover, since uy, —u_ € int(Cg (2),.), there exists ' > 0 such that

@ 0 ()

we+ B cint(@Q@),).  —u + B cint(@@),), (30)

1o _ -
where Bg? @ _ {ue C(} (£2) : ”u”C& @) = 8'}. Obviously yo : [—1, 1] — C[} (£2) is continuous and there exists M > 0 with

maxe(—1,11 %0 (Dllc1 @, < M.Fixey € |0, min {§/M, §'/M}[ and pick & €]0, &1[. Then, ey, is a path in Cj (£2) joining —e¢;
and e¢4. Moreover, for every t € [—1, 1] one has

EO®] < elo®lgm < eM <5, Vxe 2, (31)

L
as well as e[l yo(0)llci ) < €M < &, that is Eeyo(t) € B*'“’. By (30) it follows that u; — eyo(t), —u_ + £y5(t) €

int(Cj (£2)4), and thus
u_ <epy(t) <uy. (32)

Hence, putting together (29), (32), (31), (27) and recalling that yo([—1, 1]) C BBﬁp(m, one has

Eo(ey0(t))

p
AVl — / F(ro(x. £70(0) () dx
2

IA

%p[)»z +B8 —A2L—-PB)]<0 Vte[-1,1]. (33)

Now set
¢y = Ei(epn), my =E (uy) Ef={ue W(}’p(-Q) CEy(w) <ok

Since u, — gp; € int(C(} (£2),) and u, is the smallest positive solution of (3), ¢, is not a critical point of E, and

my < c4. For every u €]m,, cy] one has that u is not a critical value of E,. In fact, by contradiction, if w, € Wol'p(.Q)
is a critical point of E; with E4(w;) = u €]my, ¢4 ], then, due to (19),0 < w; < uy and wy # 0 because ¢, =
E.(ep1) = Eo(ep1) = Eg(eyo(1)) < 0, in view of (33). Hence w, = u, and u = my that is a contradiction. It is simple
to verify that E, satisfies the Palais-Smale condition, so that we can apply the second deformation lemma [13, p. 366] to
the C' function E., and obtain n € C°([0, 1] x ES", ES") such that 7(0, u) = u and n(1,u) = u, for every u € E{', as
well as EL (n(t,u)) < E,(u) foreveryt € [0,1]and u € Ej_*. Let us define the path y; : [0, 1] — Wg’p (£2) by putting
ye(t) = n(t,ep)t = max{n(t, egs), 0} for every t € [0, 1]. Clearly y, € C°([0, 1], W, *(£2)) joining eg; and u,.
Moreover, for every t € [0, 1] one has

1
Eo(yy(t)) = */ [Vn(t, e@) 0P dX—A/ F(ty(x, n(t, ep1) (X)) dx
P Jin(t.ep1)>0} {n(t.e¢1)>0}
< E;(n(t, ep1)) <Ei(epy) <0, (34)

where we use the definitions of Eg, 7o, 74+ and E. as well the properties of 7. Reasoning in the same way with the functional
E_ it is possible to construct a continuous path y_ : [0, 1] — W(}'p(.Q) joining —e¢ and u_ such that

Eo(y_(t)) <0, ¥t e [0, 1]. (35)
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The union of y_, ey and y, produces a path y € I such that, because of (35), (33) and (34) and the continuity of
Eo, maxe[—1,1] Eo(y (£)) < 0, which proves (25). Keeping in mind that ug is a nontrivial solution of (3), distinct from u_
and u, such that, by (22), u_ < up < uy, the extremality properties of u_ and u, assures that uy, must change sign.
Moreover, the regularity theory implies that uy € C(} (£2), which completes the proof. O

Example 5.1. For every A € ]4712 [ the following Dirichlet problem

ot
> 1—exp(—m4/4)

"no__ Ll4 2 :
—u’ = Au exp — —u in ]0, 1[
kg

(36)
u@) =u(l)=0
satisfies the conclusion of Theorem 5.1 with py = 72.
Corollary 5.1. Assume (f;) and the following condition:
max F(s)
lim 2= —o. (37)

Then, for every A > Ay /L problem (3) has a solution uy = u; () € int(Cg(£2)), asolutionu_ = u_(1) € —int(Cj (£2)+) and
a nontrivial sign-changing solution ug = ug(A) € Cg(£2).

s

———0__ 3and the conclusion
pcP 82| maxjs|<p, F(s)

Proof. Fix A > A,/L. From (37) there exists pg = po(A) > 0 such that % <A<
follows at once by Theorem 5.1, if we observe that L € A,. O
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