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1. Introduction

The upper and lower local dimensions of a locally finite Borel measure y, denoted by dimjec (i, ) and
dim,,.(p, ) respectively, are the limsup and lim inf of the ratio

log u(B(z, 1))
logr

)

asr — 0. When they agree, we say that the local dimension, denoted by dim,.(u, =), exists and equals to this
common value. If the local dimension is constant almost everywhere, we say that p is ezactly dimensional.
The local dimension does not only give information about the geometry of the measure, but also about the
support of the measure. For example, if the upper local dimension of y is smaller than ¢ for all x € A, then
the packing dimension of A is at most ¢, see e.g. [6, Proposition 2.3(d)].

Our main interest is to study the local dimensions of the canonical projection wp of an invariant Borel
probability measure p onto a self-affine set. In 2009, Feng and Hu [10] showed that the local dimension
of mu exists almost everywhere if the underlying iterated function system, IFS for short, is conformal.
They also showed that the local dimension exists if the mappings of the IFS satisfy f;(z) = Az + a;
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and the matrices A; commute. When g is ergodic, these results give that p is exactly dimensional. The
general affine case remained open. In 2011, Falconer and Miao [8] calculated the local dimension in a
specific affine case. They showed that mp is exactly dimensional for Lebesgue almost all translation vectors
a € R%, where & is the number of mappings in the IFS, assuming that j is a Bernoulli measure and that
sup, | 4] < 3,
have the same result for any ergodic measure. This was noted in a very restrictive case by Feng and Barral

see [8, Theorem 6.1]. By taking a minor change in the proof of [11, Theorem 4.3] we can

in [9, Theorem 2.6] and giving the general proof was one of our motivations at the beginning of this work.
In [1], the published version of [9], it is mentioned that this generalization is also known by the authors of
[11]. However the proof is not written out. All the works mentioned here assume that the IFS is finitely
generated.

Our main result, Theorem 1.2, generalizes the results mentioned above. We show that even in the infinitely
generated case, the local dimension of an invariant Borel measure exists, assuming again that sup; || 4;]| < 3.
As a corollary we get that ergodic measures are exactly dimensional. We also remark how to obtain esti-
mates for the local dimensions that hold for all translations, with only assuming that the mappings A;
are contractive. Finally, we make remarks on the connections of our results to the dimensions of the limit
set.

Let us now introduce some notation. Let I be a finite or countable set. We define I* = (J;2 , I". If I is
finite, we say that I is finitely generated and otherwise IV is infinitely generated. When i € I*, we denote
by ij the symbol obtained by juxtaposing i and j. Furthermore, for i € I*, we set [i] = {ij: j € I}
and call this set a cylinder of i. When i = (i1, 4s,...) we denote i, = (i1,...,i,). On the symbol space
I we consider the left shift o, defined by o(iy,i2,13,...) = (i, 43,...) and study Borel measures that are
invariant with respect to this shift, that is u(B) = pu(c~!B) for all Borel sets B. An invariant measure is
called ergodic, if for all Borel sets B with B = 0~ !B, we have yu(B) = 0 or u(B) = 1. We denote the set
of invariant and ergodic Borel probability measures on I by M, (I") and &, (IV) respectively. Throughout
the paper, i denotes a Borel probability measure. By mu, we mean the push-forward measure p o w1,
—3 3]
Due to Kolmogorov extension theorem QY supports a natural probability measure m = (Ed\Q)N. We assume

For each i € I, we fix an invertible d x d matrix A; and a translation vector a; € Q, where Q = |

that sup;c; ||4i|| = @ < 1 and consider the IFS {f;}icr, where f;(x) = A;x+a;, and the canonical projection
Ta : IN — R? defined by {ma(1)} = N, en fif. (B(0, R)), where f;|, = fi, o---o f;, and R is so large that
fi(B(0,R)) C B(0,R) for all i € I. We call Fq = [, ma(i) the limit set of this IFS. It is not restrictive to
assume that each a; is in the cube Q, since this is just a matter of scaling the limit set. This only excludes
the case where sup;, |a;| = oo.

The singular values ||A;), || = ai(iln) = -+ = aq(iln) > 0 of Ay, = A;, -+ A;, are the lengths of the
principal semiaxis of the ellipsoid A, (B(0,1)). For 0 < s < d, the singular value function is defined as

in

s—k

¢°(iln) = a1 (iln) -+ cw(ifn)apr (1]n)* 7",
where k is the integer part of s. When s > d, we set ¢°(il,) = (a1 (iln) - - cq(i]n))¥/?.
For convenience, fix partitions P, = {[i]}iesn, and set H,(Pn) = — >, pli]logu[i]. Entropy and
energy of € M, (IV), defined by

h, = — lim 1H(Pn) and A,(s) = lim l/log;qbs(i|n)du

n—oo N n—oo N

respectively, are the basic tools in the study of ergodic measures in the field of iterated function systems.
In order to work with invariant measures, we need to localize these concepts. By theorems [18, Theorem 7
in Section 2] and [22, Theorem 10.1], for u € M, (IV), there exist L'(u) functions h, (i) and A,(s,1) so
that
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1 1
hu(i) = — lim —logp[il,] and A,(s, 1) :nli_{rologlogég(ﬂn), (1.1)

n—oo N

for 1 almost all i € IN and

/h#(i) dp=h, and /AH(S, i)dp = Au(s). (1.2)
N

IN

Furthermore, for u € & (1), we have h,(i) = h, and A,(s,i) = A,(s) for p almost all i € IN. We call
h, (1) the local entropy of p at i and A, (s, i) the local energy of p at i. In order to use [18, Theorem 7 in sec-
tion 2|, we need to assume that H(P,) < oo at some level n. Since h,, = lim,,_, %H(Pn) = inf,en %H(Pn)
we can equivalently assume that h, < oo.

We define the measure-theoretical pressure function P,(-,1) : [0,00] — R by

. pliln]
n—oo n ¢5(i|n)’

when i is so that both equations in (1.1) hold. If h, < oo the limit exists for y almost all i € I. When
hu(i) < oo or A,(s,i) > —oo, then P,(s,i) is just h,(i) + A,(s,1).

It is not yet said, that there exists i € IV, so that lim,,_;. %log @°(il|,) exists for all s. Fortunately,
this happens for p almost all i € IN. By repetitive use of the second equation in (1.1), we get that for u
almost all i € IV, the limit lim,,_, o0 %log aq(i]p) exists for all 1 <1 < d. We call these values the Lyapunov
exponents of p at i and denote them by A;(u,1). For s < d, it now easily follows that

AM(S, i) = )‘l(lu'v i) +oee Tt )‘k(/‘v i) + (8 - k))‘k+1(:u7 i), (13)

where k is the integer part of s, with the interpretation that 0 - (—oc) = 0. If s > d, we get A,(s,1) =
S(A(p, 1) +-- -4 Aalp, 1)). From this we see that A,(-, 1) is strictly decreasing function with 4,(0,1) = 0.
Also we see that A,(-,1) has at most one point of discontinuity and at this point it is continuous from left.
The point of discontinuity equals to min{k: Agi1(p,1) = —o0}.

With the assumption h, < 0o, we have that for ; almost all i € IV, the equations in (1.1) hold for all s.
Also, the first equation in (1.2) gives that h,(i) < oo for p almost all i € IN. In this light, we give the
following definition.

Definition 1.1. Let u € M, (IV) and h,, < co. When i is so that h,(i) < oo and both equations in (1.1)
hold, the local Lyapunov dimension of p at i, denoted by dimpy (u, 1), is defined to be the infimum of the
numbers s, for which P, (s,1) < 0.

We remark that, for ergodic p, the above functions h, (1), Ai(p, i), Au(s, i), Pu(s,i) and dimpy (g, 1)
are constants for p almost all i. In such case, we use the notations h,, A\i(x), A4,(s), Pu(s) and dimpy (@)
to emphasize the independence of i. We are now ready to state our main result.

Theorem 1.2. Assume that pn € M (IN), by, < 00, sup;e; | Aill < § and that there exists s € [0,00) so that
0> P,(s,i) > —00. Then dimjoc(maft, e (1)) = min{d, dimpy (u,1)} for p almost all i € I and m almost
alla € QY.

We only need the assumption 0 > P,(s,i) > —oo in the proof of the upper bound to ensure that
Ai+1(p, 1) > —oo, where k is the integer part of dimpy (i, 1).
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2. Local dimensions of invariant measures

In this section we prove Theorem 1.2. The proof is divided into upper and lower estimates, namely to
Theorems 2.1 and 2.2. We remark that Theorem 2.1 was proven in [11, Proposition 4.4] for an ergodic
measure on a finitely generated affine IFS.

Theorem 2.1. Assume that p € Mg(IV), h,(i) < oo and supe;ai(i) < 3. Then we have that

dim, (e, Ta (1)) = min{d,dimpy (p, 1)} for p almost all i € I and m almost all a € QY.
Proof. Assume first that dimpy(p,1) < d. For arbitrary ¢ > 0, we choose (i) = dimpy(p,1) — 2¢ and
0(i) = dimzy(p,1i) — €. Since P, (-, 1) is strictly decreasing, we find ¢’ > 0, so that A,(6(i),1) > —hu(i) +

2¢’. By Egoroff’s theorem, for each § > 0 there is a measurable set Hs C I and integer Nj, such that
p(IN\ Hs) < 6 and

1 1 )
—log pfiln] < —hy(i) + &' < 4,(0(3),3) — ' < —log ¢’V (i]n)
n n
for all n > Ns and i € Hs. Therefore we find a constant ¢’ > 0, independent of i, so that

uliln] < "D (1)) (2.1)

for all n € N and i € Hs. Next we consider the integral

dm dﬁd (a1)
d /
/ Ta(i) — |v<1 / / ma) = ma(yr@ (@)

where a = (a;,a’) € QY. We can make the change of variable in the inner integral as in [3, Lemma 3.1]. By

using this lemma with Fubini’s theorem, and then inequality (2.1) and the properties of the singular value

///wafd_ﬂa ?2\ //W“ i) du(3) du(i)

QN Hs I Hs N

/fj{j YO (1],)) " ulil] dud)

H(;nl

<ee / (6O ) D@L da(a)

H5n1

function, we get

/Zan D-001) gyy(1)

Hs n=1

<cd Z 2*"E/du(i) < 00,

n=0 Hs

where iAj = i|min{k—1: irj,} and ¢ is the constant from [3, Lelnma 3.1], independent of i and j. Originally,
the bound of the norms of the linear maps in [3, Lemma 3.1] is &, but by [21, Proposition 3.1], & suffices.
Now we have that
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//lwa ) — Tal 1))|'y <0 (2.2)

for m almost all @ € QY. Next we fix a so that (2.2) holds. We deduce that the integral [ |ma(i) —
7a(3)] 773 du(j) is finite for 1 almost all i € Hs and so we find constants M (1) for u almost every i € Hy,
so that [, |ma(1) —ma(3)]77® dp(3) < M(1). This implies that mqu(B(ma(1),7)) < r?HM (1) for all 7 > 0
and for p almost all i € Hy.

We have obtained that dim,,.(map, 7a(i)) = (i) for g almost all i € Hs and m almost all a € QY.
Since § was arbitrary, this also holds for p almost all i € IV,

If dimpy (g, 1) > d, then we get the proof by choosing (i) =d and v(i) =d—e. O

Theorem 2.2. If u € M,(IV), h, < oo and A,(s,i) > —oo for some s > dimpy(u,i), then
dimyee (Tapt, Ta (1)) < min{d, dlmLy(,u, i)} for p almost all i € I and for all a € QY.

Proof. As mentioned in the Introduction, we follow the lines of the proof of [11, Theorem 4.3].
We may assume that dimpy (u,1) < d. Fix an integer k, so that k < dimpy(u,1) < k+ 1. We have that
Taliln] € fi}, (B(0, R)) for some R € N. The ellipsoid f;|, (B(0, R)) can be covered by a rectangular box, call
it B(i|n), with side-lengths 2Ra; (il,), ..., 2Raq(i]n). We can cover B(il,) with N(i],) non-overlapping
“half-open” boxes with side-lengths

pt1(iln)s - k1 (iln), art2(iln), - aaliln),

where N(il,) < (2R)%a1(iln) - - an(iln)ans1(iln)~*. Let P,(i) be the box that contains m4(i), and let
Qn(i) == [i]n] N5 (Pu(1)). In other words, @, (i) is the part of the cylinder [i],] that gets projected into
P, (i). For fixed j we define

Al = {i eI": p(Qn(i) = Tn/j%}

for all n € N. Now we have
N J = J) = 1)) < \o—n/j pli] —9—n/j
p( ) = (U @\ 41) = ¥ w(@uiw) < ¥ vz oo,
i€t Qn(1)Z A% e

Thus for the set A7 := (Jy oy Naen A7, we have

= g o (] ) =1 o Q0100 71 g S0

n=N n=N

By definition, for all i € A7, we find M (i) € N such that the inequality

(1)) > 2-n/a i) 2.3
holds for all n > M(i).
We assumed that A,(s,i) > —oo for some s > dimpy(u,1i). This implies that A;(¢) > —oo for all
1 <1< k+1 For (i) > dimzy(p, 1), we have
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i 108 ALiln] —log N(iln) Llog pliln] — 321, log en(ily) — log a1 (i) ™)

= lim
n—oo  logagy1(iln—1) n—oo 2=l Lo Jog avpy1(ifn—1)
ho(1) 4\ D4 ,
< #(1)+ 1(:“'71)+ : + k(,ual) +k<'y(i) (24)
—Apg1(p, i)

for p almost all i € I". The first inequality follows by the definition of N(il,) and the fact that h,(i)
and A\;(p,1) are finite for 1 <71 < k+1and 0 > Agp11(p,1). The second inequality follows by (1.3), since
P,(y(i),1) < 0. In the calculation, we have omitted the constant (2R)¢ from N (i|,), since it has no effect
on the result.

Let r; be any sequence of positive numbers converging to zero. For each [, we find an integer n;, so that
\/Eak+1(i|nl) < < \/Eak+1(i|nl,1). To avoid complicated notation, we only write n instead of n;. We
have i € @, (1) and m4Qx (i) C P, (i) and the greatest side-length of P, (1) is ax41(i|n). Therefore we have
TaQn(i) C B(ma(1), Vdoyy1(iln)). Using this and (2.3) and (2.4), we get that

lim sup (8 TalBa(D) ) 108 TapuB(a(d), Vda i (iln))
e togr noee log Vdagy(ilo-1)

) :
< limsup —08H@n(3)
n— 00 IOg Q41 (1|n—1)

< hmsup( log 2 LA log p[[n] 19gN(1ln)>
n—oo \10g art1(ifn—1) log g y1(ifn-1)
log 2
< 1 .
_loga ,}/(1))

where @ = sup;c; @1(i) < 1. Since j and the sequence r; were arbitrary and u(A7) = 1 for all j € N, we
have obtained dimjoc(maft, Ta(i)) < Y(1) for pu almost all i € IN. O

Remark 2.3. It is natural to ask, what can be said of the local dimensions, when one only assumes
sup;c; a1(4) < @ < 1, and what results can be obtained for all translations a. Observe that Theorem 2.2
already applies to this case. By using an essentially identical proof as the proof of [10, Theorem 2.6], one
can get the following estimates.

Assume that p € M, (IV), h, < oo and logag(il1) € L' (p). Then we have for p almost all i € IV and
for all @ € QY that

hi(3)
—Eu(log ag(ilh) | )

hi ()
1oga1(i|1) | I)7

< di—mloc (,’TM» W(i)) < (Fnlfw (’/T/ia ﬂ—(i)) < _EN( (25)

where h7, (1) is the local projection entropy defined as in [10, Definition 2.1}, m is so that H(P,) < oo, and
7 is the o-algebra of ¢ invariant sets. For the definition of the conditional expectation E,,, see [18]. If the
index set I is finite then (2.5) is strictly included in [10, Theorem 2.6].

The assumptions h, < oo and logag(il1) € L'(u) are needed in the ergodic theorems that are used in
the proof and the number m can be chosen to be the least integer for which H(P,,) < co. In the finitely
generated case these assumptions are of course satisfied and m = 1. We also note that the proof of [10,
Theorem 6.2], which is a more general version of [10, Theorem 2.6], deals with a direct product of two IFS
and the conditional measures used there are not needed to obtain (2.5).

In most cases, the upper bound in Eq. (2.5) is not as good as the result of Theorem 2.2. However, in the
exceptional case, where Theorem 2.1 does not hold, the upper estimate in (2.5) might give a better estimate
since hj, < hy, see [10, Proposition 4.1].



1036 E. Rossi / J. Math. Anal. Appl. 413 (2014) 10301039

3. Pressure function and dimensions of the limit set

In order to determine the Hausdorff dimension of the limit set Fy,, one often considers the pressure
function defined by

P(s) = lim llog > ¢ (4).

n—oo N
ieln

In the finitely generated setting it is known that if max;e; [|4;] < 3, then the Hausdorff dimension of Fy
equals to the zero of the pressure for £ almost all @ € R%, where & denotes cardinality of the index set I,
see [3]. In [13, Theorem B], Kdenméki and Reeve generalize this result for an infinitely generated affine IF'S,
with the extra assumption of quasi-multiplicativity, see [13, (2.1)] for the definition. Since their results on
the Hausdorff dimension of the limit set are closely related to our results on measures, we give some notes
on this paper.

The pressure function satisfies P(s) = P,(s) for all u € M, (IV) and all s € [0,00), see [13, Lemma 2.2].
Furthermore, if the singular value function is quasi-multiplicative and s > so, = inf{s: P(s) < oo}, then
there exists an ergodic measure p, called the Gibbs measure, satisfying P(s) = P, (s), h,, < oo and
A,,(s) > —oo, [13, Theorems 3.5 and 3.6 and Lemma 4.2]. In Example 4.2 we show that P(s) can be
nonzero everywhere. In this case, any ergodic measure p with h, < oo satisfies dimpy (1) < So. This
follows since P(Soc) = Pu(Ss0) and P, is continuous from left. The next theorem gives a necessary and
sufficient condition for the existence of the zero of the pressure function under the quasi-multiplicativity
assumption.

Lemma 3.1. Suppose that the singular value function ¢*(1) is quasi-multiplicative for all 0 < s < d. Then
P(s) is continuous and strictly decreasing on the interval [Seo,00). Furthermore if P(so) = 0, then there
exists a unique s satisfying P(s) = 0.

Kéenmaki and Vilppolainen have proved a similar result, [15, Lemma 2.1], and we will make use of that
proof. Their lemma deals with a finitely generated IF'S, but some parts of the proof apply directly to the
infinitely generated case.

Proof of Lemma 3.1. It is easy to see that P(s) is decreasing and thus it is finite for all s > s. As in [15,
Lemma 2.1], we deduce that for any s > s, we have

P(s)— P(s+0) > —6logsu? a1 (i),
i€
which gives that P(s) is strictly decreasing for s > so and that lims_, P(s) = —oo. Now we only need
to show the continuity. By inspecting the proof of [15, Lemma 2.1], we get that P(s) is convex on intervals
[m,m + 1]. Since P(s) is also decreasing, we get that P(s) is left-continuous for all s > s4. Since ¢*(1) is
quasi-multiplicative, P(s) can be approximated pointwise by continuous functions from below, namely by
the pressures of finite sub-systems, see [13, Proposition 3.2]. Again, using the fact that P(s) is decreasing,
we get right-continuity. Especially, P(s) is right-continuous at s. Note also that quasi-multiplicativity was
only used to get the right-continuity. O

The lower local dimension of the Gibbs measure is also estimated in [13, Theorem 4.1]. By Lemma 3.1
and Theorem 1.2 we get the following corollary. Due to Lemma 3.1 the assumption of the existence of sy in
[13, Theorem 4.1] can be relaxed to P(ss) = 0.
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Corollary 3.2. Suppose that the singular value function ¢*(i) is quasi-multiplicative for all 0 < s < d and
P(so) > 0. Then there exists so so that P(so) = 0 and the Gibbs measure jus, satisfies Ay, (so) > —oo. If
in addition A, (so +d) > —oco for some § > 0, then

Clirnloc (WQMSW Wa(i)) = S0,
for i almost all i € I and m almost all a € QY.

Proof. The existence of sq is clear by Lemma 3.1. The assumption A, (so+d) > —oo is only needed when
s is an integer, to ensure that we may use Theorem 1.2. The result follows since sg = dimpy(p,i). O

By [13, Theorem BJ, dimy F,, = sup{dimy 74 (JY): J C I is finite} for m almost all a. We do not know
whether a similar approximation holds for dimp and dimp. Recalling [6, Theorem 10.1], one could use
Corollary 3.2 and hope for results on packing dimension of the limit set. The problem is that we only know
the local dimension of p, for almost all 1 and not for all i. Mauldin and Urbanski have given an example of
an infinitely generated self similar set F' satisfying the open set condition, for which dimy F' < dimp F', see
(16, Example 5.2]. On the other hand, for all finite subsystems it holds that dimpy 74 (J") = dimp 74 (JV),
see [4]. Therefore the dimension approximation property does not hold for this, or similar examples. Note
also that dimgF, = dimp F, for infinitely generated self-affine sets F, by [16, Theorem 3.1]. The following
theorem gives an estimate for the relation between Hausdorff and packing dimensions of infinitely generated
self affine sets. For x € Fy, we set the notation L, (z) = {fi(x): i € I"}.

Theorem 3.3. Let {f;}icr, be an infinitely generated affine IFS. Then we have that

sup {dimH Fa,di—mBLn(x)} < dimp F, < sup {so,dTnBLn(x)},
zeF, x€F,
neN neN

where so = inf{s: limp 00 L10g >, a1(i)® = 0}.

Proof. We have dimp F, = dimgF, by [16, Theorem 3.1] and so the first inequality is trivial. The proof of
the last inequality is essentially the same as the proof of [17, Lemma 2.8|, since || f{|| = c1(i). O

Note that if so < 1, then 5o = inf{s: P(s) < 0} = dimy F, = dimp F, for m almost all a € Q" by [13,
Theorem B].

4. Examples and final remarks

Here we give some examples on the entropies and pressures of measures. In Example 4.1 we show that
the measure-theoretical pressure function can be non-zero everywhere and in Example 4.2 we show that
the pressure function can be non-zero everywhere, as mentioned earlier. In the examples, we make use of
Bernoulli measures: Fix reals 0 < p; < 1 so that > ;- p; = 1. The unique measure satisfying plil,] =
Di, Diy + - - i, is called a Bernoulli measure. It is well known that Bernoulli measures are ergodic. It is also
easy to see that the entropy of a Bernoulli measure can be infinite.

Example 4.1. (P,(s) # 0 everywhere.) Let p be a Bernoulli measure with pfi] = ¢(i + 1)72, where ¢ =
2
(% — 1)~ Let
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We can now calculate

o' o0
h, = _Zci_2 logci™2 = logc—|—2cZi_2 logi < o0
i=2 1=2

and thus g is a probability measure with finite entropy. Also, by induction we see that A;(u) =
Yoo pli]log 2uli] = log2 — hy, and

oo

Aa(p) = cZ(z +1)?logecd™" = —oc0.
i=1

Thus p is a Bernoulli measure with finite entropy and P, (t) > log2 for all t < 1 and P,(t) = —oo for all
t > 1. Since sup;; o (i) = 2u[1] = 2¢ < 1, Theorem 2.1 gives that dim, (map, mq(1)) > 1 for p almost all
i € IN and m almost all @ € QN.

Example 4.2. (P(s) # 0 everywhere.) Let ¢; =i~ 2, d; =i~ and A4, = [ i] foralli € N. Now A; = [¢ )]
for all i € I, where ¢; = ¢, ---¢;,, and d; = d;, - - - d;, . Therefore, for all t =1 + s, we have

1 1 1 1
ipoap 4 i

which implies

Z (i) = (Z i;Jrs) and P(t) = logz i;Jrs'

ieln i€N i€N
Choose I = {|i(logi)?]: i > no}. Now we have that
P(%) ZIOgZﬁ%% = log Z m <0
i€l i=ng
for ng large enough. For all t < 2 we get P(t) = oo, since logi < i for large i when § > 0.
We end with final remarks on the assumptions and results of this paper.

Remarks 4.3.

(1) Considering the proof of Theorem 2.2, suppose that Agy1(u, 1) = —oo. We face difficulties at (2.4) since
we are to calculate the limit

log agy1(in)
n—oo log ag41(iln—1)

Since ag4+1(1) — 0 as i — oo, there are sequences for which the above limit is infinite. If one has
extra information about the support of the measure then the set of these sequences can be studied. For
example, if u(IN\|J JV) = 0, where the union is over all finite sets J C I, then we find constants c(i) for
almost all i so that agy1(i]n) = ¢(i)agt1(iln—1) and the set of the exceptional sequences is of measure
zero. Unfortunately these measures are rather trivial. This can be seen from [14, Lemma 2.3]. Note that
one can always use the sequence ay1(il,) to obtain the estimate dim,  (mqp, 7o (1)) < dimpy (g, 1).
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(2) Since we assumed that the limit set F' is bounded it is reasonable to also assume that agq(i) — 0 as
i — 00. Therefore we could have — Y, p[i]log aq(il1) = co and so the assumption log a4(il) € L' in
Eq. (2.5) is necessary.

(3) Considering the finitely generated case, suppose that #I = k and that sq is the zero of the pressure
function. Kédenméaki proved the existence of an equilibrium measure p,, in [12]. For this measure,
dimpy (p1s,) equals to sg. By Theorem 1.2, we get that dimg(F) > so for Lebesgue almost all a € R,
This shows that we cannot remove the assumption sup,¢; [|4;] < 4 from Theorem 1.2. For examples
where dimg (F') < sg, see [2,19,20]. Also there are examples showing that for particular a, Theorem 1.2
cannot hold, see e.g. [5, Example 9.11]. The size of the set of these exceptional translations has been
studied by Falconer and Miao in [7].

(4) Supposing that hg(i) < 00, we may slightly modify the definition of the Lyapunov dimension, namely
by setting

dim7y (1, 1) = inf{s: A (i) — Ay(s,i) <0}.

Perhaps we could have dimjoc(mqpt, Ta (1)) = min{d, dim7 (u, 1)} for g almost all i € I and all a € QV,
when p € E,(IV), hf, < 0o and sup;¢; || 4| < 1.
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