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1. Introduction

In Cohl (2013) [3] (see (2.1) therein), we developed a series rearrangement technique which produced a
generalization of the generating function for Gegenbauer polynomials. We have since demonstrated that this
technique is valid for a larger class of orthogonal polynomials. For instance, in Cohl (2013) [2], we applied
this same technique to Jacobi polynomials and in Cohl, MacKenzie and Volkmer (2013) [4], we extended
this technique to many generating functions for Jacobi, Gegenbauer, Laguerre, and Wilson polynomials.

The series rearrangement technique starts by combining a connection relation with a generating function.
This results in a series with multiple sums. The order of summations is then rearranged to produce a
generalized generating function. This technique is especially productive when using connection relations with
one free parameter. In this case, the connection relation is usually a product of Pochhammer symbols and
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the resulting generalized generating function has coefficients given in terms of generalized hypergeometric
functions.

In this paper, we continue this procedure by generalizing generating functions for the remaining hyperge-
ometric orthogonal polynomials in the Askey scheme [6, Chapter 9] with continuous orthogonality relations.
We have also computed definite integrals corresponding to our generalized generating function expansions
using continuous orthogonality relations. The orthogonal polynomials that we treat in this paper are the
Wilson, continuous dual Hahn, continuous Hahn, and Meixner—Pollaczek polynomials. The generalized gen-
erating functions we produce through series rearrangement usually arise using connection relations with
one free parameter. While connection relations with one free parameter are preferred for their simplicity,
relations with more free parameters were considered when necessary.

Hypergeometric orthogonal polynomials with more than one free parameter, such as the Wilson poly-
nomials, have connection relations with more than one free parameter. These connection relations are in
general given by single or multiple summation expressions. For the Wilson polynomials, the connection
relation with four free parameters is given as a double hypergeometric series. The fact that the four free
parameter connection coefficient for Wilson polynomials is given by a double sum was known to Askey and
Wilson as far back as in 1985 (see [5, p. 444]). When our series rearrangement technique is applied to cases
with more than one free parameter, the resulting coefficients of the generalized generating function are rarely
given in terms of a generalized hypergeometric series. The more general problem of generalized generating
functions with more than one free parameter requires the theory of multiple hypergeometric series and is
not treated in this paper. However, in certain cases when applying the series rearrangement technique to
generating functions using connection relations with one free parameter, the generating function remains
unchanged. In these cases, we have found that the introduction of a second free parameter can sometimes
yield generalized generating functions whose coefficients are given in terms of generalized hypergeometric
series (see for instance, Section 3 below and [2, Theorem 1]).

An interesting question regarding our generalizations is, “What is the origin of specific hypergeomet-
ric orthogonal polynomial generating functions?” There only exist two known non-equivalent generating
functions for the Wilson polynomials, with the Wilson polynomials being at the top of the Askey scheme.
Unlike the orthogonal polynomials in the Askey scheme which arise through a limiting procedure from the
Wilson polynomials, most known generating functions for these polynomials do not arrive by this same
limiting procedure from the two known non-equivalent generating functions for Wilson polynomials. All of
the generating functions treated in this paper for the continuous Hahn, continuous dual Hahn and Meixner—
Pollaczek polynomials, as well as most of those generating functions treated in our previous papers, do not
arrive by this same limiting procedure from the Wilson polynomial generating functions. Therefore, the
generalized generating functions for non-Wilson polynomials we present in this paper are interesting by
themselves.

Here, we provide a brief introduction into the symbols and special functions used in this paper. We
denote the real and complex numbers by R and C, respectively. Similarly, the sets N = 1,2,3,... and
Z = 0,+1,+2,... denote the natural numbers and the integers. We also use the notation Ny = {0,1,2,...} =
NuU{0}. If a1, as,as,... € C, and i,j € Z such that j < ¢, then ZZL:Z. a, =0, and Hi:i a, = 1. Let z € C,
n € Ng. Let ai,...,a, € C,and by, ...,b; € C\ —Ny. The generalized hypergeometric function , Fy is defined
as [7, Chapter 16]

vl (bh...,bq’ )'_;(bl)n...(bq)n ol (1.1)

If p < ¢ then ,F, is defined for all z € C. If p = ¢ + 1 then ,Fj, is defined in the unit disk |2| < 1, and can
be continued analytically to C\ [1,00). The generalized hypergeometric function is used in the definitions
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of hypergeometric orthogonal polynomials and for the coefficients of our generalized generating functions.
When a € C\ =Ny, and v € C, we define the Pochhammer symbol (rising factorial) as

I'a+v)
(@) = ——=—,
I'(a)
where I' : C\ —Ny — C is the gamma function (see Olver et al. (2010) [7, Chapter 5]). For n € Ny, a € C,
one has

n—1

(a)nz(a)(a+1)~-~(a+n—1):H(a+i), (1.2)

=0

which is a polynomial in a. Note that for some ar € —Njy, 1 < k < p, the generalized hypergeometric
series (1.1) is terminating and represents a polynomial in z. This is the case for the generalized hypergeo-
metric orthogonal polynomials treated in this paper, so we are primarily interested in the definition of the
Pochhammer symbol given by (1.2).

2. Wilson polynomials

Koekoek et al. (2010) [6, (9.1.1)] define the Wilson polynomials W,,(z?%;a, b, ¢, d) by

— +a+b+c+d—1,a+1ix,a—ix
2. = F n,n 9 ) -1
Wa(2%5a,b,¢,d) = (a+b)n(a+ c)nla+ d)n 4 Fs a+ba+ca+d )

where the parameters a, b, ¢, d are positive, or complex with positive real parts occurring in conjugate pairs. It
is known that W,,(z%; a, b, ¢, d) is a symmetric polynomial in the parameters a, b, ¢, d. The Wilson polynomials
occupy the highest echelon of the Askey scheme, and using limit relations and special parameter values it is
possible to obtain many other hypergeometric orthogonal polynomials — see for example Chapter 9.1 of [6].
Sénchez-Ruiz and Dehesa (1999) [8, equation just below (15)] and others previously (see for instance Askey
and Wilson (1985) [1]) have given a connection relation for the Wilson polynomials with one free parameter:

2. _ - n! 2.
Wh(x%;a,b,¢,d) = kzzoik!(”* k)!Wk(ac ;a,b,e,h)

" m+a+b+c+d—1)p(d=h)pp(k+a+b)p_r(k+a+c)p_r(k+b+c)ni
(kt+a+b+c+h—1)2k+a+b+c+h),_k '

(2.1)

This is a special case of a more general identity given by Sanchez-Ruiz and Dehesa which gives the connection
coefficients for the Wilson polynomials with three free parameters:

W (2% a,b,¢,d) = Z
k=0

CvO%HHW+c+d—Duk+a+wm%%+a+@m%%+a+d%%
k (k+a+f+g+h—1)

F /<;—n,lH—n4—a4—b—|—c—|—d—1,/41+a+f,/<:+a—|rg,/€+a+h_1
ard %+a+f+g+hktat+bktatek+atd ’

x Wi(2%;a, f,g,h). (2.2)

This identity, combined with limit relations, is useful for deriving connection coefficients for hypergeometric
orthogonal polynomials lower down in the Askey scheme.
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In the process of generalizing generating functions for these lower hypergeometric orthogonal polynomials,
it may be necessary to rearrange the terms in a double or triple sum. In order to do so, we show the absolute
convergence of that double sum. Therefore, we develop upper bounds for the quantities of interest. We rely
on several useful bounds for Pochhammer symbols and factorials given by [4, (48)—(53)]. Let j € N, k,n € Ny,
Ru > 0 and v € C. Then

[(w)j] = (Ru)(j — 1)}, (2.3)
KZ”S(L+MM, (2.4)
(k4 0okl < A+ )P (5 <), (2.5)
(k+v)n 1 1ol

’m < max{(Ru) ", 1}(1 + n) L (2.6)

Theorem 2.1. Let p € C, |p| < 1, z € (0,00), and a,b,c,d, h complex parameters with positive real parts,
non-real parameters occurring in conjugate pairs among a,b,c,d and a,b,c,h. Then

I a+ir,c+ixr P b—ix,d—iv 7% (k+a+b+c+d—1)
2 ate P)FR b+d 7)) T Ak tatbreth—Di(at o(bt dkl

d—h2%k+a+btctrd—1k+atbk+bte R
F : Wi (22: a,b, ¢, h). 2.7
X43(k+a+b+c+d—12k+a+b+c+mk+b+d”>p k(@%a,b,¢,h) (2.7)

Proof. A generating function for the Wilson polynomials is given by [6, (9.1.13)], namely:

a+izr,c+ iz b—ix,d—ix = Wa(z?;a,b,c,d)p"
F ; F ip | = . 2.8
2 1( a+c 7P> 2 1( b+d ap> Z (a+c)n(b+d)nn' ( )

n=0

Substituting (2.1) into (2.8) gives the double sum

a+ir,c+ix b—ixr,d—ix = -
2 Fy ( ;p> 2 Fy ( ;p> =Y Y ansWi(2*a,b,¢,h), (2.9)

a+c b+d ==
where
Cn = P
" (a+ )b+ d)yn!’
and a,,; are the coefficients satisfying
Wp(z?a,b,c,d) = iamka(xQ; a,b,c, h). (2.10)

k=0

In order to justify reversing the order of summation, we show that

Z en | Z |an k| [Wi (2% a,b, ¢, h)| < oo.

n=0 k=0
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Using (2.3), we see that

p n(1 +n 2
ool < K2 P (.11)
where K1 = max {1, (R(a + ¢)R(b+ d))~*}. It follows from [4, (47) and (60)] that
)3 (2% a,b, ¢, )| < Ka(nl)*(1+n)7, (2.12)

k=0

where K5 and o9 are positive constants independent of n. Combining (2.11) and (2.12), we see that

> lenl Y lan sl Wiz a,b,¢,h| < K1 Ky Y |p|™(14n)72 ™ < oo
n=0 k=0 n=0

since |p| < 1. Reversing the summation, shifting the n summation index by k, and simplifying completes
the proof. O

Theorem 2.2. Let p € C, |p| < 1, z € (0,00), and a,b,c,d, h complex parameters with positive real parts,

non-real parameters occurring in conjugate pairs among a,b,c,d and a,b,c,h. Then

(1= p)i-a=b—c=d,p, %(a—&-b—i—c—i—d—1)7%(a—i—b—i—c—i—d),a—i—ix,a—ix;i 4p
a+ba+ca+d (1—p)?

_i (k+a+b+c+d—1)la+b+c+d—1)
(k+atbd+cth—1)k(a+Dbrla+c)lat d)ik!

<2k+a+b+c+d—1,d—h,k+b+c
X3F2

k 2
; ;a,b,c, h). 2.1
2k+a+b+c+h,a—|—d+k ,p>ka(1’5aa Gy ) ( 3)

Proof. Another generating function for the Wilson polynomials is given by [6, (9.1.15)]

a+ba+ca+d (1= p)2

b La+b+ctrd—1), (a+b+c+d),a+iz,a—ix 4
(1= pyi-ob d4FS<2< )3 ) __4p

i (a+b+c+d—1),

(22 " 2.14
a+b a+c>n(a+d)nn!w (CC,a,b,C,d)p ( )

It should be noted that p — — 7 p)2 maps the unit disk |p| < 1 bijectively onto the cut plane C\ [1, 00), so
the left-hand side of (2.14) is well-defined and analytic for |p| < 1.
Substituting (2.1) into (2.14) gives the double sum

(I-p

Jima—b—e—d slatbt+ct+d—1),5(a+b+c+d),a+iz,a—iv 4p
a+ba+cat+d T (1-p)?

= chZan Wi (2% a,b,c,h), (2.15)
n=0 k=0

where
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(a+b+c+d—1)p"
(a+b)n(a+c)pla+d),n!’

Cp =

and a, j are the connection coefficients satisfying (2.10). We wish to show
oo n
Z|cn\Z|an,k||Wk(az2;a,b,c,h)| < 0. (2.16)
n=0 k=0

By (2.4), we determine that

(a+b+c+d-1),
n!

< (1 +n)|a+b+c+d—1|7

and thus, by (2.3),

(1+mn)n

where 01 = la+b+c+d— 1]+ 3 and K; = max {1, (R(a + b)R(a + c)R(a + d))~'}.
Combining (2.12) and (2.17), we see that

len| < Ky (2.17)

Z len] Z an & || Wi (2% a,b,¢,h)| < K1 Ky Z(l +n)71H2|p|" < 0o
n=0 k=0 n=0

since |p| < 1. Swapping the sums, shifting the inner index, and simplifying gives the desired result. O
3. Continuous dual Hahn polynomials

The continuous dual Hahn polynomials are defined by [6, (9.3.1)]

— +ix.a —1ix
Sp(2%a,b,¢) = (a+b), paly O 1],
(a: “ C) (a+)(a+c) 3 2( a+b,a—|—c

where a,b, ¢ > 0, except for possibly a pair of complex conjugates with positive real parts. It is known that
S, (2%;a,b, c) is a symmetric polynomial in the parameters a, b, c.

In order to generalize generating functions of the continuous dual Hahn polynomials, it is necessary to
derive the connection coefficients for the continuous dual Hahn polynomials with two free parameters.

Lemma 3.1. Let « € (0,00), and a,b,c, f,g € C with positive real parts and non-real values appearing in
conjugate pairs among a,b,c and a, f,g. Then

Sn(z%a,b,¢) = Z (n)(k—l—a—f—b)nk(k‘—i—a—l—c)n;rC
k=0 k
k—nk+a+ fk+a+g 2.
><3—F‘2< k+a+b,k+a+c ,].)Sk;(l',a,f,g)- (31)

Proof. Letting h +— d in (2.2) gives

Wi (2% 0. b, d) = Z (n> (m+a+b+c+d—1Dpk+a+dnrlk+a+c)npwlk+a+dn_k

= \k (k+a+f+g+d—1)
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i F kfn,k+n+a+b+c+df1,k+a+f,k+a+g.l
s %+a+f+g+dk+tat+bk+a+te ’

X Wk(xQ;av,ﬂgvd)' (32)

The limit relation between the Wilson and continuous dual Hahn polynomials is given by [6, Section 9.3,
Limit Relations]

2.
lim Wn ($ ; 4, b7 C, d)

— 2.
des o0 (a+d)n —Sn(‘r 7a7ba C)'

We apply this limit relation to reduce the Wilson connection coefficients to those for the continuous dual
Hahn polynomials. Dividing both sides of (3.2) by (a + d),, multiplying the right-hand side by (a + d)x/
(a + d)i, and taking the limit as d — oo gives the desired result. O

For the other two generating functions, we use a connection relation for the continuous dual Hahn
polynomials with one free parameter. Let a, b, ¢, d > 0 except for possibly a pair of complex conjugates with
positive real parts among a, b, c and a, b, d. Then

Su@%a,bc) =Y (Z) (k4 a4+ b)nr(c— d)n_r k(@ a,b, d). (3.3)
k=0

This relation follows by letting f + b,¢g — d in (3.1), and applying the Chu—Vandermonde identity (see [7,
(15.4.24)]) to the resulting hypergeometric function.
We also need the following bound on the continuous dual Hahn polynomials.

Lemma 3.2. Let x > 0 and a,b,c € C with positive real parts and non-real values occurring in conjugate
pairs. Then, for n € Ny,

|Sn(2%;a,b,¢)| < K (n)*(1 +n)7, (3.4)
where K and o are constants independent of n (and x).

Proof. The generating function [6, (9.3.12)]

et +ix,b+ix = Sn(z%a,b, )
1—p)ctim,my (470 o) =Y 2 3.5
(1=p)= 1< ath ,p> 7;) @b’ (3:5)

leads to the representation

a+ix)p(b+ix)g (¢ —ix)p—k
S, (2% a,b, c) kz (a+ bk TR

Straightforward estimation using (2.3) and (2.4) gives (3.4). O

Lemma 3.3. Let b, c,d, f € C with ®b > 0, Re > 0. Then, for all p € C with |p| < 1,

b—f,d > —m,d
(1= p)" %P ( bf7 ;P) = %(C)m 3F% ( TZ:c’fﬂ) : (3.6)
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Proof. On the right-hand inside of (3.6), we substitute

_mvdaf. _ - m! (d)f(f)ﬁ
3F2< be ’1> = Z(*l)e(m—e)w! ®) ()

£=0

and reverse sums. The reversal of sums is justified provided |p| < 3. Then we obtain

!(C)m3F2< 77;,’07]0;1):(1_@_02}71(’bf;p%l>,

Now [7, 15.8.1] yields (3.6) for |p| < 3. Since the left-hand side of (3.6) is an analytic function in the unit
disk |p| < 1 and the right-hand side is its Maclaurin expansion, we see that (3.6) is valid for |p| < 1. O

B

>

m=0

3

Theorem 3.4. Let p € C with |p| < 1, € (0,00) and a,b,c,d, f > 0 except for possibly pairs of complex
conjugates with positive real parts among a,b,c and a,d, f. Then

Cdi +ix,b+ix = Sk(x?;a,d, f)p* b—fk+a+d
1— d+sz a 5 . _ y Uy O,y F ; . ) )
( p) 2 1( atb 7P> kz:%—(a—i-b)kk! 211 Etath P (3.7)

Proof. Substituting (3.1) for S, (z%;a,b,c) in the generating function (3.5) yields

etia a+ir,b+ iz >, =
(1 - p) + o F1 ( T ;P> = Z Cn an,kbn,ksk(x2; a, d, f)a (38)
a n=0 k=0
where
__r
n = (a+ b),n!’

an g = (Z) (k+a+b)p—r(k+a+c)p_t,

- k—n,k—i—a—i—d,k’—l—a—i—f'l
R ktatbktate )

We wish to reverse the order of summation so we show that

> lenl Y lankllbnkl1Sk (2% . d, )] < 0. (3.9)
n=0 k=0

Using (2.3) we find

(L+n)p["
(nh2 7

where K; = max{1, (R(a +b))~1}. Using (2.5) we determine

|an,k| < (Z) (1+ n)|“+b|+|a+0|gz_§§z'
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Combining this with (3.4) yields

|lan x||Sk (2% a,d, f)| < Ko <Z> (1+n)72(n!)?, (3.11)

where 09 = |a +b| + |a + ¢| + 0, K2 = K with 0 and K defined as in (3.4).
By (2.6)

- (k+a+d)s(k+a+ f)s
B SX_;}( )‘ (k+a+b)s(k+atc)

—k

I /\

( ) k) Ks(1+5)7 < K32"(1 4 n)7 (3.12)
s=0

where K3 = max{(Ra)"2,1}, 03 =2+ |a +d| + |a + f|.
Combining (3.10), (3.11), (3.12), we find

oo n oo n
n
5 ool Y- analbnslSi] < Kikakia (14 mseseslin Y (1)

n=0 k=0 n=0 k=0
= K1 KyK3 » (14 mn)toetos|pnar,
n=0

Therefore, condition (3.9) is satisfied provided that |p| < ;. When we reverse sums in (3.8), we obtain

s a+ix,b+ix
17 c+w:F ) .
(1-p) 2 1( ath )

> = pm -m,k+a+dk+a+f
d, —(k m 3F ;1.
; a+b a: '@ fmzzom tatcms 2( k+a+bk+a+c

We now use Lemma 3.3 and obtain (3.7) for |[p| < ;. Using (2.6) one can show that the right-hand side
of (3.7) converges locally uniformly for |p| < 1, so by analytic continuation, (3.7) holds for all p € C with

o] <1. O

Theorem 3.5. Let p € C, x € (0,00), and a,b,c,d > 0 except for possibly a pair of complex conjugates with
positive real parts among a,b,c and a,b,d. Then

a+ir,a—ir = pFSk(x?;a,b,d) c—d
N . _ F : . 1
c2 2<a+b,a+c ’ p> kZ:()(a+b)k(a+c)kk!1 Nktare? (3.13)

Proof. Another generating function for the continuous dual Hahn polynomials is given by [6, (9.3.15)]

a+iz,a—ix o~ Su(2%;a,b,c)
P o F ’ ;— — i) . 3.14
cz2 2(a—i—lxa—l—c p) nz::o(a—l—b)n(a—&—c)nn!p (3.14)

We substitute the term S,,(z?;a, b, c) using (3.3), which gives

n

a—+ix,a — s
6p2F2 < a+b a+ec ;7 ) chzan,ksk($2;aabad)v (315)

n=0 k=0
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where

n

P
(a+b)n(a+c)yn!’

Cp =

n = (Z) (k+a+b)n_i(c—dn_rp. (3.16)

We wish to reverse the order of summation, so we show

Z|CW|Z|ankHSk z%a,b,d)| < co.
n=0

Using (2.3), we determine

T (3.17)
where o1 = 2, K1 = max{1, (Ra)~?}. Using (2.4) and (2.5), we determine
|an,k] < %(Urn)”, (3.18)
where o3 = |¢c — d| + |a + b|. Combining this with (3.4), we see that
n n
D langSk(@®a,b,d) < K(n)?(1+n)7T = K(14n)7 7+ (nl)?, (3.19)
k=0 k=0

Combining (3.17) and (3.19), we see that

1 + n 471+<72+0'+1|p|n

Z|cn|2|ank5kw abd|<K1Kz < 00
n=0

for any p € C. Reversing the order of summation in (3.15), shifting the n index by k, and simplifying gives
the desired result. O

Theorem 3.6. Let p € C with |p| < 1, x € (0,00), v € C and a,b,c,d > 0 except for possibly a pair of
complex conjugates with positive real parts among a,b,c and a,b,d. Then

_ v.a+iv,a—iz_ p - (7)kp"
1-p) 7 3F =
(1=r) 32( a+ba+c —1) z:: (a+b)r(a+c)rk!
7d7’>/+k 2
F ; ; . 2
X 9 1<k+a+cap> Sk(.f,a,b,d) (3 0)

Proof. Yet another generating function for the continuous dual Hahn polynomials [6, (9.3.16)] is

o

_ ¥,a+tx,a — T 14 (V)nsn($2§a'7b70)
1 o P ) = . 3.21
( p) 73 2< a+ba+ec ’pl) ;(a+b)n(a+c)nn!p ( )
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Substituting (3.3) into (3.21) yields the double sum

_ .6+ 1T,a — 1T = -
e (P ) <3 Y s 322
’ p n=0 k=0

where

(V)np
(a+b)n(a+c),n!’

Cp =

and ay, j is defined by (3.16). By (2.3), (2.4), we obtain

(L+n)7 o]
CE

cn| < K1 (3.23)

where o1 = 2+ || and K1 = max {1, (Ra)~2}.
We recall the bound on ay, 1Sk (2?;a,b,d) given by (3.19). Using this, we have shown

S) n [e%S)
D leal D lanallSu(2?5a,b,d)| < KiK Y (14 m)7 47242 g < oo,
n=0 k=0 n=0

since |p| < 1. Reversing the summation, shifting the n index by k, and simplifying completes the proof. O
4. Continuous Hahn polynomials

The continuous Hahn polynomial with two pairs of conjugate parameter are defined by [6, (9.4.1)]
_ - . (2Ra)n(a +b), —n,n +2Ra + 2Rb — 1,a + ix
ra,b,a,b) =it —F L - i1
pn($,a, y @y ) ? n 3472 2§Ra’a+b 5 3

where a and b are complex numbers with positive real parts. The continuous Hahn polynomials are symmetric
in a,b. The limit relation between the continuous Hahn and Wilson polynomials is given by [6, Section 9.4,
Limit Relations]

2. _- _. — . 7 .
lim Wy ((z +t)%;a — it,b — it,a + it,b + it)

t—00 (_Qt)nnl :pn(x;aabvdub)' (41)

In the following results for continuous Hahn polynomials, we assume the restriction Sa = b = Se.
This is because in the general case, one cannot transform the 3F5 in the connection relation with one free
parameter (see (4.3) below) to a simple product of gamma functions. The case Sa = b = e is the most
general complex solution to the problem of obtaining a generalized generating function for continuous Hahn
polynomials using a connection relation with one free parameter. It is interesting to note however that the
case Sa = Sb = e can be reduced to the case Sa = Sb = Jec = 0, because the change of a,b,c > 0 to
a+ ih,b+ ih,c+ ih only leads to a shift in the z-variables of polynomials involved.

Theorem 4.1. Let a,b,c € C such that ®a > 0, ®b > 0, Re > 0 and Sa = 3b = Se. Then

pn(lL';(l, b7 (7,, l_)) = Zan,kpk(x;aac7daé)a (42)
k=0
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where an k=0 if n —k is odd and, if n =k + 2p, p € Ny,

(=1)P(n+ 2Ra + 2Rb — 1) (k + 2Ra)p—r(k +a +b)p—k(b— ),
4rpl(k + 2Ra + 2R — 1) (k+ a+ ¢+ 3)pla+ b+ k), '

an, k

Proof. Let a +— a —it, b+ b—it, c+> a+it,d s b+it, f + c—it, h > ¢+ it, and x — = + ¢ in (2.2).
Divide both sides by (—2¢)"n!, multiply the right-hand side by (—2t)*k!/(—2t)*k!, and take the limit as
t — oo. This yields connection coeflicients for the continuous Hahn polynomials with one free parameter

n+2Ra + 2Rb — 1) (k + 2Ra),_x(k +a + B)n,kin_k
(n—k)!(k+ 2Ra + 2Rc — 1),

pulaiabab) =3

k=0

pk(xv a, C, da é)

o k—n,k+n+2§}%a+28‘%b—1,k+a+é.1 (4.3)
302 2k 4+ 2Ra + 2Re, k+ a + b e '
We further reduce this using Whipple’s sum [7, (16.4.7)]
7 av,c ) VAL + DTG + 0 + D)T(C + 5(1—a' = V) (4.4)
L@ Y +1),2¢ 7 ) T TR (@ + )TEW + D)) + L1 —a)T(@ + 11 —b)) '

To apply (4.4) in (4.3), we assume that Sa = b = Sc. Then the hypergeometric series may be rewritten as

I k—n,k+n+23‘%a+2§}%b—1,k+a+é.1
a2 2(Ra+Re+k),a+b+k ’

_.F k—n,k+n+2%a+2§)%b—l,k—i—%a—i—%c.l
s 2(Ra + Re + k), Ra + Rb+ k )

Setting a’ =k —n, b’ =k +n+2Ra+ 2Rb — 1, and ¢’ = k + Ra + Re, we apply (4.4) and determine

g (F-mktn+2Ra+2Mb—Lk+ate ) _ VaT(k+Ra+ Re+ 3)
82 2(Ra+Re+ k), k+a+b ) TRk —n+ )T (k4 1+ 2Ra + 2R0D))

T'(Ra + Kb+ k)T (Re — Kb+ 1)

x D(i(k+n+2Ra+2Rc+ 1)L (3(k —n+ 2+ 2Rc — 2RD)) (4:5)
It follows from (4.3), (4.5) that a, , = 0 if n — k is odd. If n = k + 2p with p € Ny, then
E—nk+n+2Ra+28b—-1,k+a+c (b—¢)p(2p)!
3F2< 2(Ra + Re + k), k+a+b ; >_(k—l—a—l—é—l—%)p(a—l—l_)—l—k)pp!éll" (45)
Substituting (4.6) into (4.3) with simplification completes the proof. 0O
We derive a bound for the continuous Hahn polynomials.
Lemma 4.2. Let a,b € C with positive real part, and x € R. Then, for all n € Ny,
lpn(7;0,b,a,b)| < nl(14n), (4.7

where o is a constant independent of n.
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Proof. Wilson (1991) [9, (2.2)] showed that

n

. .\ 2ix —n+2k
W, (2% a,b, ¢,d) = n! guk(zx)un,k(—zw)T, (4.8)
where
(a+2)p(b+2)p(c+2)p(d+ )k
ug(x) == .
EN(1 + 2x);
Applying the limit relation (4.1) to (4.8), we find
) i m " w (a4 i2) (b4 i) (@ — i) 1 (b — i)
pn(x7a7baa7b) =1 Z(il) k'(n—k)' : (49)

Using (2.4), we obtain
n
pn(z5a,b,a,0) <> (14 k)KL +n— k)7 (n— k)!
k=0

< (1+n)% Z El(n — k) < (14n)2Finl,
k=0
where o = |a +iz|+ [b+iz|. DO
Theorem 4.3. Let p € C, x € R, and a,b,c € C such that Ra > 0, Rb > 0, Rc > 0 and Ja = 3b = Sc. Then

a+tir b—ix = (k + 2Ra + 2Rb — 1), . o
F —ip |1 F :
! 1<23%a ’ Zp>1 1(29% ’”’) ZJ ORa)y (2R (k + 2Ra § 2 — 1, P00

F (%a+%b+k) (§Ra—|—§Rb—|—k+1) Ra+Rb+k— 5, Rb—Re  —p*
475 éR + Rb+ kL %a+%b+ R+ B Ry 4 BEL érea+§Rc+/-c+17 4 )

Proof. A generating function for the continuous Hahn polynomials is given by [6, (9.4.11)]

a—+ix . b—ix - pn(x;a7bvaa6)
141 ( ) ZP) 141 < 2RD ;ZP> —~ (2%a)n<2%b)np ( O)

Substituting (4.2) in (4.10) gives the double sum

- (%ﬂw) R (b;%;j”;i ) zz on(Eia,6,0),

where

A
(2Ra), (2RD),,’

Cp =

and the a,,  are the coefficients satisfying (4.2).
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We wish to reverse the order of summation, so we need to show that

Z|cn|2|ank||pk x;a,c,a, )| < oo.
n=0

Using (2.3), we determine

o] < 16, AE ol
= n

where K; = max{1, (4RaRb)~1}. Using the bounds (2.3), (2.4), (2.5), (2.6), we estimate

nlk!4k

fanp] < KoL m)™ T

(4.11)

where we used that (*”') < 4™ with m = p + k. By these estimates and (4.7),

m

n L4k (k)2
Z|cn|2|ankpk|<K1K22<1+n>“+”2+2ﬂ (&)
n=0

| |
o nl &= (2k)!
R el
n=0 ’

for any p € C, where we used that the sequence 4~ ( )\/E converges to T /2,
Therefore, we are justified to reverse summation in the double sum, and we obtain

o0
E Cn E an kpk(T;a,c,a,¢) = E pr(z;a,c,a,c) § Cont kGt ke -
n=0 k=0 k=0 m=0

Since am4k,r = 0 for odd m, we may set m = 2p. Then using asp4k,k as given by Theorem 4.1, we obtain
the desired result after some simplification. 0O

Theorem 4.4. Let p € C, |p| < 1, z € R, and a,b, ¢ € C such that Ra > 0, kb > 0, Re > 0 and Sa = b = Se.

Then
—oRa— Ra +RNb — L, Ra + RNb, a + iz 4p
_ \1-2Ra—2RD 2 It L
(1 p) 3F2< 2§Ra,a+b 9 (1 _p)2>
i (2Ra + 2Rb — )23 b (Ra+Ro+ k=3 Ro—Re
£ (2Ra)(Ra + Rb)(2Ra + 2Re + &k — 1) 2t Ra+ Re+k+ 1 P
x (—ip)" pr(;0,c,a,¢). (4.12)

Proof. Another generating function for the continuous Hahn polynomials is given by [6, (9.4.13)]

—oRa— Ra+ Rb— L Ra+ Nb,a + iz 4p
1 — p)1—2Ra—2%b_p 2 0, .
(1=7) a2 2Ra,a + b (1 —-p)2

pn(x;a,b,a@,b)p". (4.13)

i (2Ra + 2§Rb -1y
(2Ra), (a + b),in

n=0
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Note that the left-hand side of (4.13) is an analytic function of p in the unit disk |p| < 1, and (4.13) is valid
for |p| < 1. We substitute p,(x;a,b,a,b) in the generating function (4.13) using (4.2). This gives the double
sum

o Ra+ Rb— L Ra+Rb,a+ iz
(1— p)i—2Ra 2§Rb3F2< 2 b, : ) chZankpk x;a,c,a,c),
2Ra,a + b 0 _

where

. (2Ra + 2Rb — 1), ,,
" (2Ra),(a + b),in

)

and a, j are the coefficients from (4.2). Using (4.7) and (4.11) we show that

o0 n o0
S enl > lansllpr(zsa,c,a.2)] < Ka Y (1+n)7+oH7/2|p" < oo
n=0 k=0 n=0

provided that |p| < 1. Using (4.5) and manipulations as in the proof of Theorem 4.3 gives the desired result
(4.12). O

5. Meixner—Pollaczek polynomials

The Meixner—Pollaczek polynomials are defined as [6, (9.7.1)]

2 )0 in —n, A+ ix iy
N (z;¢) == (n‘) 23 ( o) ;1—e 2¢>. (5.1)

We obtain a connection relation for the Meixner—Pollaczek polynomials with one free parameter.

Lemma 5.1. Let A > 0,¢,v € (0,7). Then

(22 k: Ve e
PN (z;¢) = sm" ¢ Z + k sin® Psin™F(y — ng)P,g)‘) (x; ). (5.2)

Proof. The Meixner—Pollaczek polynomials are obtained from the continuous dual Hahn polynomials via
the limit relation [6, Section 9.7, Limit Relations]

Su((z =t A+it, A —it,teotd) _ o (z; 9)

tlim .
—00
(sin ¢>) n nl

Letting x — x — t,a — A +it, b— X\ —it, c— ¢, and d — ¢ in (3.3) gives

n

Sp((z — )% N +it, A — it, tcot ) = Z <Z> (k 4+ 2X\)p—k(t(cot ¢ — cot ) n—k

k=0
x Si((x — )% X +it, A — it, tcot ).

Dividing both sides of this equation by (ﬁ) and multiplying the right-hand side by

taking the limit as ¢ — oo gives the desired result. O
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We now derive an upper bound for the Meixner—Pollaczek polynomials.
Lemma 5.2. Let A > 0, ¢ € (0,7) and z € R. Then
[P (@:0)| < (1+n)7,
where o is a constant independent of n.

Proof. The generating function [6, (9.7.11)]

(1 _ eiqi)p)—)\+ia;(1 _ e—zd) —A—iz ZP(/\ T ¢

leads to the representation

- (A +iz),
PW (z;¢) = Z n_l)g)' k gi¢(2k—n)

k=0

Straightforward estimation using (2.4) gives (5.3) with o = 2|\ +iz|+ 1. O
Theorem 5.3. Let A >0, v, ¢ € (0,7), x € R, and p € C such that

|pl(sin ¢ + [sin(¢ — ¢)|) < sine.

Then

. —2)\ oo
(1 = &% )i (] gmie ) =A—io _ (1 _ pSln(?ﬂ - ¢)> ZP,EA)(x;lﬁ)ﬁk,

sin )

k=0

where

psin ¢
sing — psin(v — ¢)’

p=

Proof. We apply (5.2) to the generating function (5.4). This yields a double sum

(1 _ 6i¢p)7/\+m(]_ _ 672(1) —A—iz __ Zp Zan kP( ) (t w)

where a,, ;, are the coefficients satisfying

PN (z;¢) = ZankP ¥)

given explicitly in (5.2). In order to justify reversal of summation, we show

Z|p|”2|ank|P< (@39 < oo

k=0

(5.4)

(5.6)

(5.7)
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Using (2.5) we determine

Tl n2)\
S Z()smwsinw—as)”’“=%<sm¢+|sm<w—¢>>". (5.8)

Csin™¢ P sin™ v

Combining (5.8) with (5.3), we see that

ZWz\anknP‘” |<Zl+ o P S (s +[sin(v — )"

by assumption on p. Reversing the summation and simplifying gives the desired result. O

In view of (5.4), (5.6) is equivalent to the identity

sin(y — ¢
Y = @)

—2A
(1t in(a = et = (1 p PO ) ey ) )

Actually, (5.9) can be verified by elementary but not completely trivial calculations. Nevertheless, (5.6) is
a useful formula. Since it can be derived independently of the connection formula (5.2) it may be used to
give a second proof of Lemma 5.1.

Theorem 5.4. Let A >0, p € C and ¥, ¢ € (0,7). Then

N s g\ g (P S0 —0)) g (sint 0 PV @)
eP1F1< 2\ i (e 1)P> —exp< sin kz:;) smkw (2\)% e’k¢p (5.10)

Proof. A generating function for the Meixner—Pollaczek polynomials is given by [6, (9.7.12)]

A 1T —92 Pn
o < ;A e - Up) B Z (2A)(ezf¢2p ' (5:11)

n=0

To this generating function, we apply (5.2). This yields a double sum

Atz oig SRy N (.
e’ 11 ( 9 i 1)0) = Z Cn Zan,kpk (z;9), (5.12)
n=0 k=0
where
o — P
" (20 ein®
and a,  are the coefficients satisfying (5.7).
We bound |c,,| using (2.3)
1 n
lenl < Klw, (5.13)

where K7 = max{1, (2\)71}. We use (5.3), (5.8) and (5.13) to show

> o S T (Y

n! sin
n=0 n=0 1/]
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which justifies reversal of the sum in (5.12). Reversing the summation and simplifying gives the desired
result. O

Theorem 5.5. Let A > 0, v,p € C and ¥, ¢ € (0,7) be such that (5.5) holds. Then

, _ -2
(1—p) P (7,)\+zx; (1-e )P)

2\ p—1
_ (1 _psin(—9)) T g (sin e psin(¥ — )\ ™ (P (@)
R <1 : W) ;;; (Sink¢> (1  esing ) @A)k 7 (5.14)

Proof. A generating function for the Meixner—Pollaczek polynomials is given by [6, (9.7.13)]

_ YAtz (1=e2)p\ X (Wa PV (359) ,
(1-p) 72F1< 2\ ’p—l) *;(QA)an . (5.15)

We substitute (5.2) for PT(L)\)(LE; ¢) in this generating function. This yields the double sum

_ Atz (1 —e29) = "
(L=p) 72k (7 o) 7(7> D end an kP (i),
p n=0 k=0
where
o = _np"
(2 ein?”

and a, i, are the coefficients satisfying (5.7). In order to reverse the order of summation, we show that

ZlcnIZIGnkHP ;3 9)| < oo
n=0

To bound |c,|, we apply (2.3) and (2.4)
len| < K1(1+n)7[pl", (5.16)

where o1 = |y + 1 and K; = max{1, (2)\)~!}. Combining (5.8) with (5.3) and (5.16), we see that

sl < K2 Y1+ 01+a+2A<P|(SiH¢+|SiH(¢¢))>n<oo.

n=0 n=0 smz/;

Reversing the summation and simplifying gives the desired result. O
6. Definite integrals

We may apply the orthogonality relation on these continuous hypergeometric orthogonal polynomials
to the generalized generating functions considered above to calculate their corresponding definite integrals.
The Wilson polynomials satisfy the orthogonality relation given in [6, (9.1.2)] with weight w : (0,00) — R
defined by

w(z) = F(a—i—iac)F(b—l—ll;JgiE)C—i—im)F(d—I—im) . (6.1)
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Corollary 6.1. Let p € C, |p| < 1, and a,b,c,d,h complex parameters with positive real parts, non-real
parameters occurring in conjugate pairs among a,b,c,d and a,b,c,h. Then

T a+ix,c+ix b—ix,d—ix
F ’ ; F ’ ;
/21( a+c 7/))21( b+d 7p>
0
I(a+ iz)T(b+iz)L(c + iz)T(h + iz) |
I'(2ix)
L(a+ )Tk +a+bD(k+a+h)(k+b+ )Tk +c+h)I(k+b+h)
b+dl2k+a+b+c+h){(k+a+b+c+d—1)}1

y <d—hﬂk+a+b+c+d—Lk+a+@k+b+c_) .

dx

x Wi(z%;a,b, ¢, h) ’

=27

6.2
k+a+b+c+d—1@k+a+b+c+hk+b+dw (6.2)

Proof. Choose some k € Nyg. We begin by multiplying both sides of (2.7) by Wi(22;a,b, ¢, h)w(x), where
w(x) is the weight function as defined in (6.1) with d replaced by h. Integrating over = € (0, 00) causes the
infinite sum on the right hand side to vanish except for a single term. Simplification produces the desired
result.

In order to justify the interchange of sum and integral we show that the series on the right-hand side of
(2.7) converges in the L%-sense with respect to the weight w(z). This requires

desk < 00, (6.3)
k=0

where s > 0 is defined by

oo

/w ) {Wi(2)}? da,

0

and

o)
dk = § CnQn, L,
n=k

where ¢,, and a,, ;, are defined as in the proof of Theorem 2.1. From the orthogonality relation corresponding
o (6.1) we obtain

sp < K(1+ )7k,

where K, o are positive constants independent of k. Since the estimate of s; is of the same type as that of
Wi, by the argument used in the proof of Theorem 2.1, we see that, for |p| < 1,

Z [en] Z |an k8K < .
n=0

This implies

o0
Z |dk|sk < o0
k=0

which in turn implies (6.3) and the proof is complete. O
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Corollary 6.2. Let p € C, |p| < 1, and a,b,c,d,h complex parameters with positive real parts, non-real
parameters occurring in conjugate pairs among a,b,c,d and a,b,c, h. Then

a+ba+ca+d T (1—=p)2

oo
/(l—p)lf‘l*bfcfdéng <;(a+b+c+d1),é(a+b+c+d),a+i$,aix. 4p )
0

x Wi (2% a,b, ¢, h)w(z)dx

B 2rl(a+b)T(a+ )T (k+a+h)T(E+b+c)T(k+b+h)T(k+c+h)
CT@k+a+b+e+h)(at+dp{(k+a+b+c+d—1)(a+b+c+d—1)x}!

Gk+a+b+c+d—Ld—mk+b+c )k
X 3F2 ) .

6.4
2k+a+b+c+ha+d+k ' (6:4)

Proof. The proof is the similar to the proof of Corollary 6.1, except apply to both sides of (2.13). O
The continuous dual Hahn polynomials satisfy the orthogonality relation [6, (9.3.2)].

Corollary 6.3. Let p € C, |p| < 1, and a,b,c,d, f > 0, except for possibly a pair of complex conjugates with
positive real parts. Then

2
Sk(xQ; a, du f)d.’E

 \—dtiz a-+ir,b+ix I(a+ix)T(d + iz)T(f + ix)
/(1 2 2F1< atb P T(2iz)

0

(6.5)

27TF(k—I—a—I—d)F(k—i-a—i-f)F(k:—i-d—i—f) 7 b—fk+a+d
(a + b)ik! I k+avn T

2
and integrating across = €

Proof. Multiplying both sides of (3.7) by Sk(z%;a,d, f) ’F(GHUD)FF(?;;S)F(H”)

(0,00) causes the series to vanish except for a single term. Justification for interchanging the sum and the

integral is similar to the proof of Corollary 6.1. We leave this exercise to the reader. Simplifying completes
the proof. O

Corollary 6.4. Let p € C, and a,b,c,d > 0 except for possibly a pair of complex conjugates with positive real
parts among a,b,c and a,b,d. Then

2
Si(x?; a,b, d)dx

76”F a+iv,a—ir I(a+ix)T(b+ix)T'(d + ix)
2\ a+bate’ I'(2iz)

0

_Tlet+yl(k+atdLk+b+d) 1( c—d ;p>pk, (6.6)

B (a+ o)k

Proof. The proof is essentially the same as for Corollary 6.3. Multiply both sides of (3.13) by

_ , 2
Sy (2?%;a,b,d) F(aJr”)FF(?;:;)F(dJr”) and integrate over z € (0,00). With justification for reordering, sim-

plification completes the proof. 0O

Corollary 6.5. Let p € C with |p| < 1, v € C and a,b,c,d > 0 except for possibly a pair of complex conjugates
with positive real parts among a,b,c and a,b,d. Then
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2
Si(x?;a,b,d)dx

70(1 _ ) v.a+ir,a—ir  p I(a+ iz)'(b+ iz)['(d + ix)
82 a+ba+c p—1 I'(2iz)
0

(y)kl“(a—l—b)l‘(k:—l-a+d)I‘(k‘+b+d)2 ] (—d77+’f, ) k| (6.7)

(a+c)g ktate”

2
, integrate over x € (0, 00).

Proof. Multiply both sides of (3.20) by Sk(x2;a,b,d) F(QHI)F&;g)F(dHI)

Justification for reordering with simplification completes the proof. O

The continuous Hahn polynomials satisfy the orthogonality relation [6, (9.4.2)].

Corollary 6.6. Let p € C, and a,b,c € C such that Ra > 0, Rb > 0, Rc > 0 and Sa = b= Sc. Then

T a+ix . b—ix . . ) _ . _ ] _
/ 1By ( oRa ,—zp) 1By ( oRb ,zp) I(a+ ix)T'(c+ix)l(a — izx)T'(¢ — ix)pk(z; a, ¢, a, ¢)dx

— 00

L(2Ra)l(a + &)’ (2Re) (k + 2Ra + 2Rb — 1) (a + &)k (2Re)k (p/4)*
k!(2k + 2Ra + 2Re — 1)I'(2Ra + 2Re — 1)(2RD) (5 (2Ra + 2Rc — 1))y,

1 1 1
S(Ra+Rb+ k), > (Ra+ R+ E+1), Ra+Rb+k— = Rb—Re  _ 2
Xaly | 2 ko1 koo ko k1 e (6.8)

Proof. Multiply both sides of (4.10) by |T'(a + ix)T'(c + iz)|?pk(a, ¢, @, ¢). Justification for interchanging the
sum and the integral is similar to the proof of Corollary 6.1. Again, we leave this to the reader. Integrating
over x € (—o00,00) completes the proof. O

Corollary 6.7. Let p € C, |p| < 1, and a,b,c € C such that Ra > 0, Rb > 0, Rc > 0 and Ja = Ib = Se.
Then

oo

o%a_ Ra +Rb — L, Ra + RNb, a + iz 4p
1 _ p)l—2Ra—2%b 2 0 .
/( 2 a2 2Ra,a+b T (1—=p)2
x |T(a + iz)T(c + ix)|*pr(z; a, ¢, @, &) dx (6.9)

_ 2m(—ip) T (2Ra)T (2Re) [T (a + €)]*(2Ra + 2Rb — 1) (k + 2Ra + 2Rb — 1) (a + &) (2Re)
B 4FEN(2k + 2Ra + 2Re — 1)T(2Ra + 2Rc — 1)(Ra + Re — 1)1(Ra + Rb),,

R Ra+Rb+k— 5, R0—Re ,
2 Ra+ Re+k+ 1 L

(6.10)

Proof. The proof is the same as Corollary 6.6, except apply to both sides of (4.12). O

If A > 0 and ¢ € (0,7), then the Meixner—Pollaczek polynomials satisfy the orthogonality relation [6,
(9.7.2)].

Corollary 6.8. Let A > 0, ¥, ¢ € (0,7), and p € C such that (5.5) holds. Then

oo

/ (1 — e p) Ao (1 — =9 p) A2 2V=m2 P () 4 i) PPN (54) dae

— 00

(1) 2t 2

sin v (2sine)2 k! (6:11)
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where

psin ¢
siny — psin(y — ¢)

ﬁ:

Proof. Multiply both sides of (5.6) by e(2¥=™2|T(\ + ix)|2P,§’\)(x; ). Integrating over z € (—o0, 00) gives
the desired result. The justification for interchange of the sum and the integral is similar to the proof of
Corollary 6.1. This is left to the reader. O

Corollary 6.9. Let A >0, p € C and ¢, ¢ € (0,7). Then

(o}

/ i oy e = 1) ) @D i) PP (1) do
—o0
pe” @ sin(y — @) sing\ " 27D (2)) pF
= exp - - Yo VAL (6.12)
sin 1 sinty ) e*?(2sin )2 k!
Proof. The proof is the same as Corollary 6.8, except apply to both sides of (5.10). O
Corollary 6.10. Let A > 0, v,p € C and ¢, ¢ € (0,7) be such that (5.5) holds. Then
T Atz (1 —e %9
/ (1—=p)""2F nAE ; U= eZ¥v=m D\ + ix)|2P,£’\)(w; Y)dx
2\ p—1
— 0o
psin(y — ¢)\ 7" (sing\* ()sl(2))2mp"
€' sin 1) sinty ) etk¢(2sin1))2 k!

Proof. The proof is the same as Corollary 6.8, except apply to both sides of (5.14). O
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