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1. Introduction

In this paper we study the boundary asymptotic behavior of solutions to the infinity Laplace equation

{ Asou = b(x)f(u), =€, (1.1)

U = 00, x € 08,

where € is a bounded C! domain in RY with N > 2, the weighted function b and the nonlinearity f satisfy
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(H-b) be C(Q), b>0in Q;
(H-f) f e WL>[0,00), £(0) =0, f(s)/s is increasing in (0, 00).

loc

The infinity Laplacian, defined as

N
Asou = Z Uy, Uy Uz = (D?u(x)Du(z), Du(z)),

i,j=1

was proposed by Aronsson [4], and the infinity Laplace equation A, u = 0 just is the Euler-Lagrange
equation for smooth absolute minimizers. Notice that the infinity Laplace equation is nonlinear and highly
degenerate, and does not have smooth solutions in general. The equivalence of absolute minimizers and
viscosity solutions (in the sense of [16]) of the Dirichlet problem to the infinity harmonic equation, as well
as the uniqueness of solutions were proved by Jensen [25]. Refer to e.g. [8,9,15,19,26,30-33,37,39] and the
survey [5] for important results of the infinity Laplace equations.

By a solution to the problem (1.1), we mean a nonnegative function u € C(Q) that satisfies the equation
in the viscosity sense (see Section 2 for the definition) and the boundary condition with u(z) — oo as the
distance function d(x) := dist(z, 92) — 0. Such a solution is usually called a boundary blow-up solution or
a large solution.

The boundary blow-up problems have been studied extensively in the context of the classical Laplace
operator and other elliptic operators. Recently, the boundary blow-up problems have been extended to the
elliptic problems involving the infinity Laplacian. Juutinen and Rossi [27] investigated the existence and
uniqueness of solutions to the infinity Laplace problem

{ ANy =ut, ze€Q, (12)
U = 00, x € 0f)

with the normalized oco-Laplacian

ANy = mw?u(xwu(x), Du(@)),

and proved that (1.2) admits a solution if and only if ¢ > 1. They also obtained the boundary asymptotic
estimates, and thus the uniqueness of solutions. The existence or nonexistence of boundary blow-up solutions
to the problem

{ Acu = h(z,u), =eQ, (1.3)

U = 00, x € 0N

with h :  x [0,00) — [0, 00) continuous and nondecreasing in u for each x € €, was considered in [35]. In
particular, it was shown that (1.3) with h(xz,u) = b(z)f(u) (i.e. the problem (1.1)) admits a nonnegative
solution if and only if the Keller-Osserman condition

oo S

ds
o, F(s)= T)dT 1.4
[y <= 7O 0/f<> (1.4

holds, where a boundary asymptotic estimate was obtained as well with b > 0 on Q and some additional
assumptions on {2 and b. The problem (1.3) for the case without the monotonicity restriction of h has been
also studied, see [36].
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In a recent work of ours [40], we established the asymptotic behavior of solutions to the problem (1.1)
with the weighted function b maybe vanishing on the boundary and the nonlinearity f regularly varying at
infinity:

Definition 1.1. A positive measurable function f defined on [a, 00), for some a > 0, is called regularly varying
at infinity with index p, written as f € RV, if for some p € R,

Lo 1(69)
5 f(s)

=&, VE>O.

In particular, f is slowly varying at infinity if p = 0. Similarly, f is rapidly varying at infinity if

i F(69)
= f(s)

=o00, VE&>1.

Additionally, a function h(t) is said to be regularly varying at zero with index p if s — h(1/s) € RV _,,
and rapidly varying at zero if s — h(1/s) is rapidly varying at infinity.

Denote by K, the class of positive nondecreasing functions k(t) € C1(0,ty) (to > 0) satisfying

i i @ = 00 = | T)dT
z}g%dt(k(t)) A€ [0,00), K(t) O/k( )dT.

It is easy to see that A € [0,1] due to the nondecreasing of k, and lim; .o K (¢)/k(t) = 0 for any k € K.
When f € RV, with index p > 3 and limy(,)—0 b(x)/k*(d(z)) = By for some By > 0 and k € K, the exact
boundary blow-up estimates to (1.1) were obtained with the first expansion

u(z)

A BB (@)

where £ : (0,6(07)) = (0, 00) is the inverse of

s> 0,

T dr
and

o= [

Furthermore, for the case of f(s) = sP(1 + ég(s)) with g normalized reqularly varying at infinity (defined
after Proposition 2.2), we gave the second expansion of solutions near the boundary as

u(z) = & (K(d(2))) 777 (1 + crd(z) + o(d(z))),

where £; > 0 and ¢; are two constants. It is interesting that the second term in the asymptotic expansion of
boundary blow-up solutions to the infinity Laplace equation is independent of the geometry of the domain,
quite different from the boundary blow-up problems involving the classical Laplacian.
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The main purpose of this paper is to give a further investigation on the asymptotic behavior of boundary
blow-up solutions, including the first and second expansions, to the problem (1.1) with f growing faster
than any regularly varying function, such as

sP

fls)=e™" (p>1), f(s)=e" (p>0), or f(s)=¢ (p>0) fors>0 large.
All these examples are covered by the so called I'-varying functions:

Definition 1.2. A nondecreasing function f defined on (a,c0) is I-varying at oo, written as f € T, if
lim,_, o f(s) = oo and there exists a function x : (a,00) — (0, 00) such that

RFICRIING)

=e! for any u € R. 1.5
s—00 f(s) (1.5)

Here the auxiliary function x is unique up to asymptotic equivalence. By Theorem 1.28 in [22] we know
that under (H-f), f is T-varying at oo if and only if

f(s) ~ f(s) —eJ5dEm ass— 0,

for some B > 0 and positive G € C'[B, 00) with lims_,,, G’(s) = 0. Obviously, if f in (H-f) is [-varying
at oo, then f is rapidly varying and grows faster than any regularly varying function. In addition, it will
be shown that the Keller-Osserman condition (1.4) must be satisfied by any (H-f) function f € T' (see
Lemma 2.2 for details), and this ensures the existence of nonnegative solutions to the problem (1.1) [35].

As early as 1916, Bieberbach [10] has studied the following boundary blow-up problem with the usual
Laplacian:

{Au =b(z)f(v), e, (1.6)

U = 00, x € 0N,

where b(z) = 1, f(u) = e* and © C R? is a smooth bounded domain. It was proved that the prob-
lem (1.6) has a unique positive solution u € C?(2) with u(x) — In(1/d?(x)) bounded as d(x) — 0. Later,
Rademacher [38] extended these results to smooth bounded domains in R3. For the general N-dimensional
case, the problem (1.6) was considered by Lazer and McKenna [28] with f(u) = €*, b(z) continuous and
strictly positive on Q.

In [29], it was shown for the boundary blow-up solution of Au = e* in Q@ C RY that u(x)—In(2/d?(x)) — 0
as d(z) — 0. Furthermore, Bandle [6] improved this estimate by proving the expansion

u(z) = In(2/d*(x)) + (N — 1)H(z)d(z) + o(d(x)),

where H(Z) denotes the mean curvature of 92 at the point z nearest to z. Subsequently, Anedda et al. [1]
established the second-order estimates for boundary blow-up solutions of Au = eulu”™" in Q ¢ RN with
p > 0. It was proved that

u(@) = w(d(x)) +p~ (N = D H(@)d(x)[w(d(x))]' ™ + O1)d()[w(d(x))]' > (1.7)

near the boundary, where w(t) is defined by

oo d S .
~ L _t with F(s) = / I
ly V2F(s)
w(t —00
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and H (z) is the mean curvature of the surface {z € Q : d(x) = constant}. One can see from (1.7) that

<

—1/aT _ imin (z) — w(d(z))
P (N = D H < lnind o @7

< lim sup

@) _
i sup @@y =P T DA (1.8)

with H,, and Hjs standing for the minimum and the maximum of the mean curvature of the boundary
99 respectively, which implies u(z) —w(d(z)) and d(z)[w(d(x))]' P maybe share the same decay order, and
the quotient of them is related to the geometry of the domain. See also [2,3,7,17,21,41] for the effect of the

domain geometry in the asymptotic behavior of boundary blow-up solutions.
In [14], Cirstea studied the asymptotic behavior of boundary blow-up solutions to the problem
{Au+au-b(x)f(u), x €, (1.9)

U = 00, x € 09,

where f satisfies (H-f) and the weighted function b € C*(Q) is allowed to vanish on the boundary. When
the nonlinearity f(s) grows faster at oo than any power function s? (p > 1) and the weighted function b(z)
is controlled on the boundary in some manner, the asymptotic estimates of boundary blow-up solutions
to (1.9) were determined. The boundary blow-up problems with singular weighted functions [12,13,20] and
other elliptic operators instead of the Laplace operator [18,24,34] have been studied as well.

Now, we state our main results. First, the exact asymptotic estimates with the first expansion can be
formulated as follows:

Theorem 1. Suppose f in (H-f) is T-varying at oo, and b satisfies (H-b) with

. b(x)

for some By >0 and k € Ky. Let u(z) be a solution of (1.1).
(i) If0 < A <1, then
(1.11)

with 0 defined by

7 dr 1 (1.12)

and V(t) = 1/(tk(t)K3(t)).
(ii) Assume A =0, and lim;_,q t%(g) = 1 with W(t) := % for small t > 0. If

lim G'(s)In f(s) = B € R,

S§— 00

then the same estimate as (1.11) holds.
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(iii) Assume X\ =0, and lim;_,o W/ () In K(t) = a € R. If

(a) lim =1, or (b) lim G'(s)Inf(s) = B € R with § # o,

S—00 (8) S—00
then

u(x)

a0 TR -

with 9(s) given by

r dr 1
; T3 (1.14)
oy Yimem
and
2 for case (a),
_ )T |
o {ln f(s)  for case (b). (1.15)

Remark 1.1. By Lemmas 3.1 and 3.3 in [14], if lim; .o W/()In K(t) = o € R, then a < —1. Moreover,

limy o W/ () In K (t) = o < —1 if and only if lim;_,q % = 145 € (1,00), and lim;,o W/(t) In K (t) = —1

implies lim;_,q % = oo. It follows that if lims_, . G'(s)In f(s) = f € R, then 8 > —1. Likewise, we
also have that lim,_,o G'(s)In f(s) = B > —1 is equivalent to lim, o Sgés) = % € (—o0,1), and
limg_ oo G'(8) In f(s) = —1 leads to limg_ o % = —o00. All these restrictions on the functions & and f

indicate the rates of the weighted function b decaying to zero near the boundary and the nonlinearity f
growing at oco. So, the three items of Theorem 1 quantitatively determine the boundary asymptotic behavior
of solutions in different cases for the decay of b and the growth of f. In Section 5, we will characterize these
results via an explicit description with examples possessing various decay rates for b and growth rates for f.
Next, a special attention is paid to the second-order estimates of boundary blow-up solutions.
Theorem 2. Let b(z) =1 in Q. Assume f € C1[0,00) is increasing in (0,00) with f(0) =0 and
(1) f(s) =™ (p>1), or (I2) f(s)=e" (0<p<1)

in [s«,00) for some s, > 0. Then for any solution of (1.1),

Mm{¢w@»+oumwww@»m¢uwml% in case (I-1), w16,

Y(d(x)) + O1)d(x)[v(d(2))]' > in case (I'-2)

as d(x) — 0, where ¥(t) : (0,v(04+)) — (0,00) is the inverse of the decreasing function

o0 ds ' - S
v(t) :/W, t >0 with F(s) = O/f(T)dT7

and O(1) denotes a bounded quantity.
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Remark 1.2. Theorem 2 indicates a substantial difference on the asymptotic behavior of boundary blow-up
solutions between the infinity Laplacian and the classical Laplacian. The second expansion of solutions
for the classical Au = e’ was known (see e.g. [1,6]), corresponding to case (I-2) here. We conclude
from (1.16)2 that

o _0l2) = ()
d(z)—0 d(x)[p(d(x))]* P

:O7

i.e., u(z) — ¥(d(z)) must be an infinitely small quantity of higher order than d(z)[x)(d(x))]'~? (not only
independent of the domain geometry), substantially different from (1.8) for the classical Au = eulul”™",

Remark 1.3. Note that in Theorem 2, f(s) = eld é& on [B, o) for some B > 0 with

Ins)=?/p for (T-1),
G(s) = f,(s) = SE ns)Ffp for (I-1), (B, 00). (1.17)
f'(s) s 7P/p for (T'-2),
One can readily check that in both cases lims_oo G'(s) = lims— 00 sG”(s) = 0, and it is obvious that

limg_, o, G(s) = oo. In addition,

lim =

35 G(s) In 1 (5)

0 for (I-1),
{p for (T-2).

These simple facts will be used in the proof of Proposition 6.2 and Theorem 2.

The rest of the present paper is organized as follows. In Section 2, as preliminaries, we recall the definition
of viscosity solutions with the comparison principle and the results of the Karamata regular variation theory,
and check the required Keller-Osserman condition. Then we prove Theorem 1 (i)—(ii) and (iii) in the next
two sections respectively. In Section 5, we give remarks and examples to illustrate the results of Theorem 1.
Finally, Section 6 is devoted to the proof of Theorem 2 on the second expansion of solutions.

2. Preliminaries

In this section, we give some definitions and auxiliary results that will be used throughout the paper.
We first state the concept of viscosity solutions for problem (1.1).

Definition 2.1. A function v € C(Q) is a viscosity subsolution of the PDE Ao u = b(z) f(u) in Q if for every
¢ € C%(Q), with the property that u — ¢ has a local maximum at some xy € Q, then

Acop(x0) = bw0) f(u(0))-

We say a function v € C(Q) is a viscosity supersolution of the PDE Ao u = b(x)f(u) in € if for every
¢ € C%(Q), with the property that u — ¢ has a local minimum at some xy € Q, then

Ascip(xo) < b(wo) f(u(20)).
A function v € C(Q) is a viscosity solution of the PDE A u = b(z)f(u) in Q if it is both a subsolution
and a supersolution. Finally, by a solution of (1.1), we mean a function u that is a solution of the PDE

Asu = b(x) f(u) such that u = co on 9N.

In the proof of the boundary asymptotic estimates, we need the following comparison principle (see [35]):

Please cite this article in press as: W. Wang et al., Asymptotic boundary estimates to infinity Laplace equations with I'-varying
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Lemma 2.1 (Comparison principle). Let b satisfy (H-b), f satisfy (H-f). Suppose u,v € C(Q) such that
Asou > b(x)f(u) nQ and Axv <b(z)f(v) inQ
in the viscosity sense. If u < v on 0Q and 0 < v on I, then u < v in .

As a preparation, let us now recall some basic results from the Karamata regular variation theory
(see [11]).

Proposition 2.1 (Uniform convergence theorem). If f € RV, then (in the case p > 0, assuming f bounded
on each interval (0, k1)),

i F(69)
o f(s)

=& uniformly in &

on each

[f1,k2] (0 <Ky <Ky <o0) ifp=0,

(0,k1] (0 < K1 < 00) if p>0,

[k2,00) (0 < kg < 00) if p <.
Proposition 2.2 (Representation theorem). A function L is slowly varying at infinity if and only if it may
be written in the form

s
L(s) = c(s) exp /MdT , s>a,
) T

for some @ > a, where the functions c(-) and y(-) are measurable and continuous respectively, and c(s) —
¢ € (0,00), y(s) = 0 as s — .

Replacing ¢(s) by ¢ in Proposition 2.2, we call

S
£(s) = cpexp /MdT , §>a
T
a
normalized slowly varying at infinity, and furthermore define

f(s)=sPl(s), s>a

normalized regularly varying at infinity with index p, written as f € NRV,.

It is easy to see that for a positive function f on [a,00), f € NRV, if and only if sf’(s)/f(s) is continuous
and tends to p € R as s — oo. In addition, for any f € RV,, it is clear that L(s) := f(s)/sP is slowly
varying at oo, and hence is asymptotically equivalent to a normalized slowly varying function ¢(s). Denote
f(s) := sP(s). Then f(s) € NRV, and f(s)/f(s) — 1 as s — 0.

Proposition 2.3.

(i) If f € RV, then as s — oo,

oo ifp>0,
f(S)H{O if p<0.

Please cite this article in press as: W. Wang et al., Asymptotic boundary estimates to infinity Laplace equations with I'-varying
nonlinearity, J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2015.11.046




Doctopic: Partial Differential Equations YJMAA:19992

W. Wang et al. / J. Math. Anal. Appl. e e e (e e e0e) o0 0—0oe 9

(ii) If f € NRV ), then f7¥ € NRV ., for every v € R.

(i) If fi € NRV,, (i=1,2), then fi(s) - fa(s) € NRV p,4p,-

(iv) If f; € NRV,, (i=1,2), and fa(s) — 00 as s = 00, then fi(fa(s)) € NRV p, p,.

(v) If f € NRV,, is strictly increasing with p > 0, then f~1 € NRVy,,, where f~ 1 is the inverse of f.

Proposition 2.4 (Asymptotic behavior). Suppose L is slowly varying at infinity, and let & > a be the constant
such that L(s) is locally bounded in [a,00). Then as s — oo,

(i) [y 7P L(r)dr ~ (p+1)"'s"*PL(s) if p > —1;
ii) f:o TPL(T)dT ~ (=p — 1) "L TPL(s) if p < —1.

At last, we give the following lemma to end this section.
Lemma 2.2. If f € T satisfies (H-f), then the Keller-Osserman condition (1.4) holds.

Proof. Fix o > 3. Since lims_,o, G'(s) = 0,

s'(s) _ sl ot
- = — = — 00 ass— 0o
f(s) elsder Gls)

and hence there exists a positive constant ¢o such that sf’(s)/f(s) > o for s > ¢. Integrate to get that
f(s8) = f(co)(s/c0)?, s > co. Thus

tm 78— i L6

s—o00 89 s—o00 089~ 1 5—00

which implies the Keller-Osserman condition (1.4) is true. O
3. The proof of Theorem 1 (i)—(ii)

This section is devoted to the proof of Theorem 1 (i)—(ii). We begin with a crucial lemma.

Lemma 3.1. Assume 0 < A <1, or A =0 and lim;_,q thV;S) = 1. Then there exists a decreasing C?-function

A on (0,€) with € > 0 such that ast — 0, A(t) ~ m and

(i) In
(i) [In
(iif) |

A() ~ 4 K();
AW ~ —
A" ~ ik

Proof. Note that for 0 < A < 1, it is automatically satisfied that

tW’( )

taO W() =1

Set w(s) = 1/W(1/s) for large s. Then w € NRV1, and hence w’ is slowly varying at infinity. Accordingly,
there exists a C2-function & such that @’ € NRV, and &'(s) ~ w’'(s) as s — 0o. Moreover, @(s) ~ w(s) as
s — oo and @ € NRV . Thus,

oy, W(s 1
—(In@(s))" ~ Sa)((s)) ~ 5 ass oo
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Define
1
Aft) = —————.
T SIORES

One can readily verify that A(t) ~ m with (i)—(iii) valid as t — 0. O

The next lemma can be deduced via similar arguments to the proof of Lemma 4.1 (a more complicated
one), and refer to those in Section 4.

Lemma 3.2. Let 0(s) be the function in (1.12). Then

PN

(i) 0(s) — oo and 2750/ (s)]> = f(0(s)) ~ f(0(s)) as s — o0;
(i) f(6(s)) € NRV;
(iii) @ is slowly varying at oo and ¢’ € NRV _;.

Moreover, if
lim G'(s)In f(s) = B € R,

then

(iv) lim In f(a(s))(1 + ng;g?) — 8.

5— 00

In what follows, we will establish the exact boundary blow-up estimates in Theorem 1 (i)—(ii). The primary
technique is the comparison principle. Denote

Qs :={zx € Q:d(x) <d}.

Since 9 € C1, it follows from [23] that d(x) € C1(Qs,) for some &y > 0. Moreover, |Dd(z)| = 1 in Qs,, and
consequently Aod = 0 in Qg, in the viscosity sense.
The key proposition to prove Theorem 1 (i)—(ii) is as follows.

Proposition 3.1. Under the assumptions of Theorem 1 (1)—(ii), for any small e > 0, there exists 6 € (0,00/2)
such that for each p € (0,9),

e =0((&1+2)A(d(z) —p)), @€ Qs \Q, = Q,
and
Ue = 9((51 — 5)A(d(x) + p)), x € QQJ,p = Q:

are a supersolution and a subsolution of Eq. (1.1)1 in Q; and in Qf

o respectively, where {1 = 64/(27By)

and A is the function in Lemma 3.1.
Proof. Fix a small £ > 0. Let 0 € (0,d0/2), p € (0,9). For simplicity, denote
d=(x) :==d(z) —p, d"(z):=d(z)+p.

Next, we only prove that
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is a supersolution of Eq. (1.1); in . The proof for u. is similar.
Define

U(t) = 0((51 + €)A(t)), te (07 20 — p)'

Note that 6 and A are increasing and decreasing respectively by Lemmas 3.1 and 3.2. Therefore, n is
decreasing in (0,26 — p) for ¢ small enough. Let ¢ be the inverse of 7. It is easy to check that

/ . 1 . / / -1
() = ey = (6 + 97 (G + AN A ]
() = —(& + )2 [0 (&1 + ©)A(C(E) A (¢(1)]
x (€0 +2)0" (61 + )ALE) (A(CE) + 0 (&1 + ) A1) A" (1)) (3.1)

Let (zo, ) € 2, x C?(€2) be a pair such that @. > ¢ in a neighborhood N of zy and @ (x0) = ¢(20).
Then ¢ = ((p) € C*(Q;), and

d”(z) < ¢(z) InN, d(zo) = d(zo).

Since Ased = 0 in Q, we have Axp(z0) > 0. A simple computation shows that
Aucd = (" () (9))*[Dol* + (¢'(0)* Ao,
which together with A, ¢(zg) > 0 and ¢’ < 0 yields that
Asop(@o) < —¢"(¢(0))(¢ (9(0))) Do) .
Also, since |Dd(z)| = 1 for z € Q; and d~ — ¢ attains a local maximum at o, it follows that
|Dd™ (wo)| = |’ (¢(20)) Dep(x0)| = 1.

Therefore

Asoip(0) < —¢"(p(0))(¢' (¢ (0))) "
By (3.1), we further have

Acip(@o) < (&1 +2)° [0/ (&1 + A (20))A'(d (20))]”

X [(&1+2)0" (€1 +2)A(d™ (20))) (A'(d (20)))” + 0 (€1 + £)A(d™ (w0))) A" (A (20))]

_ (A'(d(a:o))
A(d~(x0))

+ (61 +e)A(d (20))) [0 (&1 + ©)A(d (w0)))]

) {((51 LA (20))) 0 (€ + ) A (20))) [0 (62 + AW (0)))]?
s A”(d (20)) A(d~(x0) }
A (o))

= ([mA(to)]')‘*{sge"(so)[af(so)P + 88[9/(80)]3W}
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with to := d~ (z9) and s¢ := (£1 +¢€)A(to). Note that o will approach to the boundary of Q when § is taken
small enough. Thus, t5 — 0 and sy — oo as 6 — 0. We now proceed to get

1

m (Aoo@(%) - b(xo)f(ﬂa(%)))
(I AC)" f 4y v o s AV (t)A() | blwo)
< k4 (to) f(0(s0) { $08" (s0)[0" (50)]” + 550" (s0)] [A(t0)]2 }_ k4 (d(z0))
, b(zo)
=160 = Sty

According to Lemma 3.2 (i), we have if 0 < A < 1, then

o) — <MAmnf{0wmmyM@mm+fw%»wﬁwmm}
O k4 (t0) £(6(s0)) 81 8150 2750 [A'(to)]?
_ fs0) WM%MX%GWWW_5+;Mmmm?
(& +e)f(0(s0)) Alto)k*(to) | 81f(A(so)) 81 27 [A(to)]* [’
and for A =0,
N4
ron) = oL Lo o s + s o
(AC)))" [ g s A (E)AtD) 5 g
T Y e i~ Yo
B ([lnA(to)]’)438[0’(so < 500" (s0 >+ [In A(to)]” ( lnA(to)]) s3]0’ (s0)]2
T kY (to)f(6(s0)) 0'(s0) k*(to) f(6(s0)
_ F(0(s0)) In A(to) (I A(to ) 0 700 508" (s0)
ot T FAr w0 (1 %)
L OG0 A (mA)])’
27(&1 +¢€) f(0(s0)) k4 (to)A(to)

It follows from Lemmas 3.1 and 3.2 that

Ki(d(zo)) | 276 + o)

in both cases of 0 < A <1 and A\ = 0, where we point out separately that

I(xg) — — By, 0—0,

mA(to) _ lim L(ﬁso) = lim 7g( o)) =1.

lim ————— = 1li =
020 f(6(s0))  so7oe Inf(B(s0)) =07 s0[f(0(s0))]'
By the choice of &, we have I(zo) — b(z0)/k*(d(z0)) < 0 provided 6 € (0,8p/2) small enough. Thus
Asoip(o) < blwo) f (e (x0))-
The proof is complete. O

We now give the proof of Theorem 1 (i)—(ii).
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Proof of Theorem 1 (i)—(ii). Given a small € > 0, by Proposition 3.1, there exists ¢ € (0,d¢/2) such that for
each p € (0,9),

e (z) = 0((& +e)A(d(z) — p)) and  uc(z) = 0((&1 —e)A(d(z) + p))

are a supersolution and a subsolution of Eq. (1.1); in 7 and in Q;‘)‘, respectively. Take M = M (J) large
enough such that

u<u.+M on{xe:dx) =25}
and
ue <u+M on{zxef:d(x)=20—p}.

Consequently, u < uc + M on 99, and u. < u+ M on BQ;‘. Due to the monotonicity of f, we can also
conclude that 4. + M and u + M are two supersolutions of Eq. (1.1); in € and in Q. By comparison
(Lemma 2.1), we get

u<u.+ M inQ;7 and u. <u+ M inQ;.

Hence, for z € Q7 NQF, we have

with W(t) = 1/(tk(t)K3(t)). Let p — 0 to obtain

0((51 — E)A(d(x))) B M - u(z) < 9((51 +€)A(d(l‘))) N M
0(¥(d(z))) 0(¥(d(z))) — 6(¥(d(z)) —  6(¥(d(z))) 0(¥(d(z)))’

for any & € gs. Recalling that 8(s) — oo as s — oo and 6 is slowly varying at co, we further get by

Lemma 3.1 and Proposition 2.1 (the uniform convergence theorem) that

i inf —2E) < Jim sup 48
L It S = M gre ) = &

The proof is complete. O
4. The proof of Theorem 1 (iii)

In this section, we give the proof of Theorem 1 (iii). The following lemma plays an important role in the
proof.

Lemma 4.1. Suppose

@) 1m 2E8 1 o (b) lim G(s)In f(s) = BER. (4.1)

S—»00 G(s) S—00

Let g(s) and ¥(s) be the functions in (1.15) and in (1.14) respectively. Then

(i) 0(s) = 00 and 27s*[0' ()] = F(9(5))g(I(s)) ~ [(I(s))g(I(s)) as s — 00;
(i) f(9(s)) € NRVq;
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(iii) ¥ is slowly varying at co and ¥ € NRV _y;

0 for case (a),
(iv) slggos[g(ﬁ(s))]' - { 1 j:or case Ezi

. 50" (s 1 for case (a),
(v) 81520 9(19(5))(1 + g’(g))) - {ﬂ for case (b).

Proof. Assertion (i) can be derived directly from the definition of ¥(s). By (1.14), we have

( 7 [T g(f_l(T))}_é[f_l(T)]'dT> e s for s >0 large,
o)

where f ~!is the inverse of f . Define

Then H(f(z?(s))) = s € NRV;. A simple computation yields

N

i 1P
= (o)

whence

PN

slf ()"

i Sy Zs )

soee [fTHE)) sz [ H(e)]? -

N

which shows [f~'(s)] € NRV_,, and thereby f~'(s) € NRV,. We claim that g(f~'(s)) € NRV,. In-
deed, for case (a), it is clear that ¢ € NRV and the claim follows from Proposition 2.3 (iv); for case (b),
g(f_l(s)) = In s is certainly normalized slowly varying at infinity. By Proposition 2.3 (ii) and (iii), we have
[9(f~1(s))]" 2 [f~Y(s)] € NRV_;. Denote

Then L(s) is slowly varying at co. In view of Proposition 2.4 (ii), we get

rH' (r) y 3r=3 L(r)

m ——— = 1m —=—F = 1
r—00 7—[(7") r—00 f:o TﬁéL(T)dT

9

that is, H(r) € NRV. Recalling that ’H(f(ﬂ(s))) € NRVy, we deduce from Proposition 2.3 (iv) and (v)
that f(9(s)) € NRV.

Since f~1(s) € NRV, and f(9(s)) € NRV 1, it follows by Proposition 2.3 (iv) that ¥ € NRV. Noticing
that

F(o(s)) = (4.2)

we obtain
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PN

51 (s) o s[f(s)) (4.3)

— =1

TGO % f(0(s))

due to f(9(s)) € NRV ;. Observe that

lim ¢'(s)G(s) =

§—00

{ 0 for case (a),

1 for case (b). (44

Combining this with (4.3), we arrive at assertion (iv). As a result, g(9¥(s)) € NRV. Assertion (i) implies
that

sT3[F(0()g(9(s))]3, (4.5)

whence, again by Proposition 2.3 (ii) and (iii), we get ¢/ € NRV _;.
From (4.2) and (4.5), we have

(12 27O o (@)1
st (1457 ) =a0en (oo
S (90 FOROE)Y 1
o) (2 o )+ pela0(s)
_ s (90(s)  sEG@E@EI 1 o
OO IR ) ¢ Slatote))

Since f(9(s)) € NRV,

i a0() (1+ 55 )

S5— 00

= lim

S$—» 00

= lim

= lim (G'(()g(9(5) + 26 DEGH(s)) — slo(0(5)] ).

Thus, assertion (v) is established due to (4.1), (4.4) and assertion (iv). O
We proceed to give the following proposition.

Proposition 4.1. Under the assumptions of Theorem 1 (iii), for any small € > 0, there exists § € (0,60/2)
such that for each p € (0,4),

e =9((& +e)®(d(x) — p)), x€Qs\Q,=: Q,
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and
ue = 9((& —e)®(d(z) +p)), x€ oy, =}

are a supersolution and a subsolution to Eq. (1.1); in Q, and in Q‘*‘, respectively, where the function
®(t) = K~*(t) and the constant & is determined by

% for case (a),
&=

%ﬁB—Oa) for case (b).

Proof. Fix a small € > 0. Let § € (0,9¢/2) and p € (0,6). As before, a detailed discussion will be given only
for ..

Let (9, ) € Q, x C*(Q)) satisfy 4. > ¢ in a neighborhood N of ¢ and w.(x9) = ¢ (o). Similar to the
proof of Proposition 3.1, we obtain

2

Asop(@o) < (€2 +€)° [0/ ((&2 +€)@(d (20))) @'(d™ (0))]
x [(€2 +€)9" (€2 + €)B(d (20))) (' (™ (20)))” + 9 (€2 + )@ (d™ (20))) @ (d™ (wo))]

_ n4 1 ’ ’ @”(t )(I)(t )
— (ln®(to)]) {séﬁ (s0) [ (s0)) + 5319 WF’W}

with to := d ™ (x0) = d(zo) — p and s¢ := (&2 + £)P(¢o). Furthermore, we have

1

m (AooSO(fCO) - b(:co)f(ﬂs(xo)))
(@) [ 4o v va s 3@ (E0)®() | blao)
< RA{0) F(0 (30){ oV (o) 17" (so)™ 5ol (s} 1y e } F(d(z0))
e J(p) _ bl@0)
=70 = Fatiao))
with
,4
o) = SO Lo o s+ 8 o)
(I 2(t0)))" f 5o 3@ (t0)@l0) e 113
+k4(to)f(19(80)){0w( W @iy~ ol ”}
_ (I ®(t0))") " s[9 (s0)) (1 s ws0>> L @)} ([ @(10)))"sB (s0))
k(o) £ (9(50)) 9 (s0) k4 (t0) F (9(50))
F(0(s0)) ([In®(to))")* 509" (s0)
G+ )/ (050))  Fi(io)®(to) '9“9(80”<” 7 (s0) )
L 0G0 g(0s0) @ (to)” ([ @(to)])°
27(6 + )/ (9(s0)) K (to)®(t0)

o 256f( ( ) ) s 50’19//(50)
= TG+ ore) T "”(H (s0) )

_ 256 f(9(s0)) - 9((s0)) W' (to) In K (to)
27(&2 + ) f(9(s0)) In ®(%0) ’
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where Lemma 4.1 (i) is used. Therefore, it follows from the assumptions and Lemma 4.1 that

256
T(ao) b(xo) T CESR By for case (a), N
k*(d(zo)) 22576&2;?)) — By for case (b), 7

where we specifically mention that

0 for case (a),

1 for case (b).

b ) = o ey = Jim_ sla00) = {

50) 50—>00

YIMAA:19992
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In view of the choice of &3, we obtain J(zg) — % < 0, and thereby Ao cp(xo) < b(xo)f(Ue(x0))

provided § small enough. The proof is complete. O

Proof of Theorem 1 (iii). By using the procedures performed in the proof of Theorem 1 (i)—(ii), we can

arrive at the desired result. O

5. Remarks and examples of Theorem 1

In this section, we give an explicit description for the results of Theorem 1. First, we illustrate the manner

of the boundary blow-up solutions going to infinity. That is the following proposition.

Proposition 5.1.

(i) Under the conditions of Theorem 1 (1)—(ii),

o))
1 ety

where 0(s) is the function given by (1.12) and W(t) = 1/(tk(t)K3(t)).
(ii) Let 9¥(s) be the function defined in Theorem 1 (iii) and ®(t) = K~*(t). Then

i to@@) [ - for case (a),
50 9@(0) | EL Jfor case (b),

where 1/(1 + «) denotes —oo if @ = —1.
Proof. For 0 < A < 1, since 0(s) € NRV and lim;_,q tW’(¢)/W (t) = 1, we have

WOOY _,, [20000) 100)
“en o) e | T

T IO

When A = 0 and lim,_,o tW’(¢)/W(¢) = 1, note that

Since

nonlinearity, J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2015.11.046

Please cite this article in press as: W. Wang et al., Asymptotic boundary estimates to infinity Laplace equations with I'-varying




Doctopic: Partial Differential Equations YJMAA:19992

18 W. Wang et al. / J. Math. Anal. Appl. e e o (e e e e) e 0 0e—00e

and f(0(s)) € NRV, by Lemma 3.2 (ii), we have

P O BV ( (JCO)
and
L GO(s)ms _ G(0(s)) In f((s)) 0y Gl In f(s) _
Jm =) Jm 0(s) Jm 1+5

Moreover, a direct calculation yields

(Inw(t)] ~ _Wi(t) and InU(t) ~—4InK(t) ast—0,

which together with ’Ho6pital’s rule results in

lim tnw@)]" lim t/W(t) _
t—0 InW(¢) t—0 In K (t)

Consequently, assertion (i) follows.
We proceed to prove assertion (ii). For now, we have

toe®)) _ e@)9' (@) GM(R(#)g(I((t) m®()  Hnd@)]
v(e@®)  G(®())) 9(2(t)) g (®(1) et

Similar to the proof of assertion (i), we get
/ £ /
) L sU(s))]

Observe that

lim
S5— 00 S

g(s)G(s) (1 for case (a),
- { 14+ for case (b),

and

In s { oo for case (a),
lim —————= =
s—o0 g(1(s)) 1 for case (b)

due to Lemma 4.1 (iv). By I'Hopital’s rule and Remark 1.1, it follows that

!/ !
lim tn @) lim ') 1 ’
t—0 In®(t) t—0 W(t) 1+«
where 1/(1 4 «) denotes —oo if @ = —1. Thus we arrive at the desired result. 0O

From the above proposition, we know that (¥ (¢)) in Theorem 1 (i)—(ii) is slowly varying at zero, whereas
Y(K~%(t)) in Theorem 1 (iii) is regularly varying at zero (with index (1+3)/(1+a)) for case (b) with a < —1,
but is rapidly varying at zero for case (b) with & = —1 and case (a). This reveals in what behavior the
boundary blow-up solution u goes to co near the boundary since as d(z) — 0, u(z) ~ 6(¥(d(x))) for
Theorem 1 (1)—(ii) and u(z) ~ 9(K~4(d(z))) for Theorem 1 (iii).
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Next, we list a series of functions required by the items (i)—(iii) of Theorem 1 respectively as examples
to give a picture sketching these results.
We start from the following facts. Firstly, it is true for Theorem 1 (i)—(ii) that

—41n i
In f(O(T(t)) ~InU(t) ~ —4In K (t) ~ { —illnlz(t) ii ;’ ig <1 (5.1)

as t — 0 by Lemma 3.2 (ii). Secondly, it holds for Theorem 1 (iii) that

A

In f(O(K~(t)) ~ —4In K(t) ~ —4Ink(t) ast— 0 (5.2)

by Lemma 4.1 (ii).
Let the (H-f) function f € I' satisfy one of the following

(1) f(5) ~ f(s) = ™™ p1 > 1 (s0 lim Gl 1y,
e, p2 >0 (thus lim G'(s)In f(s) = 1522 > —1);

s

n f(s
fs) =", ps >0 (here lim G'(s)In f(s) = ~1).

—~
w N}
—
~ =
—~ o~
w »
—  —
e 2
~
A~
»
~
Il

Based upon (5.1) and (5.2), we obtain immediately the following explicit representation for the boundary
asymptotic behavior of solutions with various decays of b (described via k as in (1.10) of Theorem 1):

!
(I-1) Theorem 1 (i) If k(t) = e~ (-1 D" with 0 < ¢; < 1, then lim, o (%) = 1. We conclude
1
Inu(z) ~ [ —4Ind(z)]"  for case (1),

u(z) ~ [—4Ind(z ]é for case (2),
u(z) ~ [In(—4Ind(z) }% for case (3)

as d(xz) — 0.
(I-2) Theorem 1 (i) If k(t) = t%2 with g2 > 0, then lim;_,q (%)I = q2+1 € (0,1), and hence
mu(z) ~ [~ 4(gs + 1) Ind(x)] 77 for case (1),
u(z) ~ [ —4(g2 + 1) Ind(z)] v for case (2),
u(z) ~ [In(—4(ga + 1) Ind(x))] % for case (3)
as d(z) — 0.

i
(IT) Theorem 1 (i) If k() = e~ 9™ with g3 > 1, then lim;_,o (%) =0 and

tW'(t)
im =
t—0 W( )
Therefore,
not considered here for case (1),
u(z) ~ [A(=Ind(z))B]7  for case (2),
u(z) ~ [In(4(—Ind(z))®*)] " for case (3)
as d(x) — 0.
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!/
(ITI-1) Theorem 1 (iii) If k(t) = e "™ with g4 > 0, then lim;_q (%) =0 and

tim W(1) In K (1) = o
We have
Inu(z) ~ [4(d(x))"4]%  for case (1),
u(z) ~ [A(d(z))~#]"  for case (2),
u(@) ~ [In(4(d(x))")] % for case (3)
as d(z) — 0.

+= 45 !
(ITI-2) Theorem 1 (iii) If k(t) = e™© * with g5 > 0, then lim;_,o (%) =0 and

. / _
}%W ) InK(t) =-1.

So,
Inu(z) ~ [del@@) ] 7 for case (1),
g L
u(z) ~ [4eld@) "] P2 for case (2),
not established for case (3)
as d(z) — 0.

The above examples clearly show the contribution of the decay of the weighted function b (near the
boundary) and the growth of the nonlinearity f (at infinity) to the boundary blow-up rate of the solutions:
more rapidly b decays to zero, or more slowly f grows at co, more rapidly the solutions go to infinity near
the boundary.

6. The proof of Theorem 2

The last section is devoted to the proof of Theorem 2 concerning the second expansion of solutions near
the boundary. We give a crucial lemma at first.

Lemma 6.1. Suppose the C'-function f on [0,00) satisfies f(s) > 0 for s >0, and

Let (t) : (0,v(04)) — (0,00) be the inverse of
[ee]
/ £>0.
/ VAF(T

Then
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(1) lim §p(t) = 00, and ¢/'(t) = = /AF (1)) with " (t) = f((1))//AF (¥(1));
(if) 15% tj(f;;) =0; ”
(i) lim ¢fln f(y(t))]" = —4 and lim =1

Proof. Note that F(s) = elo 5% on [B, c0) for some B > 0 with G1(s) = F(s)/f(s), s > B. By (6.1),
G’ (s) = 0 as s = oo. Similar to the proof of Lemma 2.2, we get that for fixed o > 4, there exists ¢y > 0
such that F(s) > F(co)(s/c0)?, s > ¢g, and thereby

/ t>0.
V/AF (T

t

Also, it follows from L’Hépital’s rule and (6.1) that

lim F(s)
o0 57 (3)

A simple computation yields assertion (i). Noticing that

oo

dr
¢ :w(/t) Jir e o) (6.2)

and using L’Hopital’s rule, we have with assertion (i) that

_ 4 o0 dr
ty' (t) L 4F (s) fs TiF(r) . 4 B
= lim ——=0.
t—0 w(t) s§—00 S §—00 4 _ s

By (6.2),

-1
(47)_‘1‘[F_1(T)]/d7> =s for large s > 0,
F(p(1/s))

where F'~! is the inverse of F. Following the procedures used in the proof of Lemma 4.1 (ii), we arrive at
F(¢(1/s)) € NRV 4, whence

and

W) @) VAFRD) Lt F@@)

t.—>0 P(t) =0 — AR () T =0 4

Since [In f(s)]’ ~ [In F(s)]" as s — oo due to (6.1),
tim tfin f((0)]' = lim {ln F(o(£))] = 4.

Now, assertions (ii) and (iii) have been established. O
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Remark 6.1. lim;_, t[In f(1)(t))] = —4 can be rewritten as

NR0),
t—0 t’L/J'(t)

-4 (6.3)

with G(s) = f(s)/f(s) for s > 0 large. In addition, we point out that Lemma 6.1 is valid for the functions
f in Theorem 2, since here (6.1) is satisfied.

In addition, we need two propositions:
Proposition 6.1. Let b(x) = 1. Suppose f € C[0,00) is increasing in (0,00) with f(0) =0, and satisfies the

Keller—-Osserman condition (1.4). Then for any solution u of (1.1), there are constants 6 € (0,00/2) and
M > 0 such that

Pld(x)) = M < u(x) <Pp(d(x) + M,  x € Qs
with ¥(t) defined in Lemma 6.1.

Proof. The claimed result follows with the same proof of Theorem 1 if we can find some § € (0,0¢/2) such
that for each p € (0,9),

w(@) = B(d(@) — ). € s\ By =5 2
and
2(x) = Y(d(x) +p), x€ Qo5 =:QF

are a supersolution and a subsolution of Eq. (1.1); in 1, and in Qj, respectively.

Next, we take z for instance to show that it indeed can be a subsolution of (1.1);. Let § € (0,d0/2),
p € (0,9). It is obvious that v is decreasing in (p,2d) provided 0 small enough. Denote by ¢ the inverse
of 1. Then

=[NP (¢ (). (6.4)

Let (x0,¢) € QF x C*(Q}) be a pair such that z < ¢ in a neighborhood N of zy and z(zo) = @(xo) (i-e.
C(¢(z0)) = d(z0) + p =: d"(x0)). Similar to the proof of Proposition 3.1, we get by (6.4) that

Aseip(0) > —C" (p(20)) (¢ ((0))) 7
= [W(dJr xo))]2¢ll(d+(xo))

The proof is complete. O

Remark 6.2. Clearly, u(z) ~ ¢(d(x)) as d(x) — 0 in Proposition 6.1. Generally, we can prove that if b in
(H-b) satisfies (1.10) with 0 < A < 1, f € C[0, 00) is increasing in (0,00) with f(0) = 0, and (6.1) holds,
then for any solution u of (1.1), u(z) ~ ¥(K(d(z))) as d(z) — 0.
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Proposition 6.2. Under the assumptions of Theorem 2, there exists § € (0,00) such that for each p € (0,0)
and each A > 0 with Ap[ln f((p))] = < 8, the functions

= ¥(d(x)) + Ad(@)[In f (¢ (d(2)))] 7' G(v(d(x)))

N

and

(d(x)) = Ad(z)[In f(4(d(2)))] 7' G (v (d(2)))

U

are a supersolution and a subsolution of Eq. (1.1)1 in Q,, respectively. Here G(s) is the function given
by (1.17).

Proof. Let p € (0,6) and A > 0 satisfy Ap[ln f(¢(p))]~! < § with 6 € (0,50) to be determined. We only
give the proof for subsolutions.
Define

Then
' (t) = ' (t) — Alln f ()] G (9 (1))
+ Atfln f((8)] 72 - ' () = Atlln fF((0)] TG (9(1) - ¢ (#)

:wﬁﬂrwwmﬂwmr%i$$)—Mfwww*+awwﬁ}

— M f((®)] " + & )| |

Y(t))

<yt { tw’t

<0

with ¢ small enough, since lim; o1 (t) = o0, lim,;0o G'(s) = 0 and lim; o G(¢(¢))/(ty'(t)) = —4 due
to (6.3). Hence 7 is decreasing in (0, p). Denote by ¢ the inverse of 1. A direct but tedious computation
shows that

, _ 1
0= ew
= {(@C(0)) — Alln FEECON T CED)) + A In FEON] ¥ (C()
fA«tmuwmawn GG 140 }*

(
x {9 (C(8)) + 2A[n £ (3 (¢ (1))~
—2A[1nf( ( O] G
(

-

In f((CE)]
~2M O Gc)

+Aqmmﬂwqmn*iﬁg$§¢w«ww

— AC()[In fCENITG" (W (C(1) - [¥' (C(1)]?
= AC() I fCENIT G (W (C(1))) - " (1) }- (6.5)
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Let (z9,¢) € Q, x C?(£,) be a pair such that u < ¢ in a neighborhood N of zg and u(zg) = ¢(zo) (i.e.
d(zo) = ¢(¢(x0))). Similar to the proof of Proposition 3.1, we get

Asip(0) = —¢"(p(20))(¢' (¢ (0))) ",

which together with (6.5) yields that

Asop(z0) > w”(to)[w'(to)]Z{l — Ato[ln f(1(to))] (f(;/},((t ))) [In f(s0)] " + G’(so)) }2

_1 /2 f(s0)] MY (Bo)  2G"(s0)Y (to)
X {1 + Ato[In f(1h(t0))] ( tot" (t0) T T v (o)
~ 2s0[ln f(s0)] 7" ¢’ (to) to?’(to) 1
Glso) In f(s0) taW(to) witg)  Lnd (o)
s0G'(s0)  ¥'(to) toy'(to) " P (to) tod(to) ,
oo T o) o)~ € oy wwy o)}

where to := d(zo) and sg := ¥(d(zg)) = (to). Note that since we require p, A > 0 such that p and
Ap[ln f(¢(p))]~! are not more than 6, to and Ato[ln f(1(to))]~* can be arbitrarily small whenever ¢ is
taken small enough. In the following, we denote with o(1) an infinitely small quantity with ¢g — 0 that is
independent of A. Notice that sg is a function of ¢y satisfying s — oo as tg — 0. It follows from Lemma 6.1
and Remark 1.3 that

Aceiplwo) = F((t0)) {1 + Atolln f(1(t0))] 7 (4 + (1) }* {1 + Atolln f((t0))) ™" - o(1)}
= F(to)){1 + Ato[In F((to))] "
x (8 + Ato[ln f(4(t0))] 7 (16 + o(1)) + (Ato[In f(1(t0))]™)? - o(1) + 0(1))}
> F(to)){1 + Ato[ln F((t))] (8 — 163 + o(1)) } (6.6)

provided 0 small enough.
Let us continue to estimate f(u(zp)). Noticing that lim,_, o G(s)/s = lims_, oo G'(s) = 0, we can take §
small so that

—Ato[In f((t0))] ™"

and thereby invoking Taylor’s expansion and further taking ¢ small if necessary lead to

m(1-Atolin Fp(ton] L0 ) ]

Insg

[In ¥ (to)]” | 1+
=e

olin (o))

< )] [L=pAto[ln £ (¥(t0))] " 2500 + 125 (—Atolln £ (w(t))] 7 €402 )]

— ol ¥ (to)]P+Ato[In f(3(t0)] ™" (—1+Ato[In f((t0))] ™ -0(1))

< el v (to)]P+Ato[ln f(¥(t0))] ™ (—140(1)
< el P 1 4 Ato[In f(4(t0))] " (=1 + Ato[In £(1b(t0))] - Co + 0(1))}

for case (I'-1), and
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e[g(ro)]P _ eW(tO)]p {lfAto[ln f(d’(to))]_l%{)o)}p

< [Pt [L=pAtolln £ (w(t))] ™ CL0 +Ca (~Ato[In (b (t0)] " €502 )]

— ol (to)]P+Ato[In f£((t0)] ™" (= 1+Ato[n f (1 (t0))] ™' -0(1))

< el¥(to)]”+Ato[ln F ()]~ (—1+0(1))

< el U1 4 Ado[ln £ (9(10)] ™1 (=1 + Ato[n £ (4(t0))] ™" - Ca + (1)) }

for case (I'-2), where C; (i = 1,2,3,4) are positive constants independent of A. Therefore, in both cases,
f(u(zo)) admits the same estimate of the form

Flu(zo)) < f((to){1 + Ato[ln f(¥(t0))] ™' (—1 + D16 + o(1)) } (6.7)

with § small enough. Hence we obtain from (6.6) and (6.7) that

Ascp(o) = flu(xo)) = f(1(to)) {Ato[In f(4(t0))]™H(9 — D26 +0(1))} >0
provided § small enough. The proof is complete. O
At last, we give the proof of Theorem 2.

Proof of Theorem 2. Let u be a solution of (1.1). By Proposition 6.1, there are constants ¢* € (0,dp) and
M > 0 such that

P(d(x)) — M <wu(z) <P(dx)) + M, € Qs

In view of Proposition 6.2, there exists § € (0,d*) such that for each p € (0,9) and each A > 0 with
Ap[ln f(¥(p))] =t < 6, the functions

= (d(x)) + Ad(z)[In f((d(2)))] "' G((d(x)))

and

u = 9(d(x)) — Ad(z)[In f((d(2)))] "' G((d(x)))

are a supersolution and a subsolution of Eq. (1.1); in ,, respectively. Here G(s) is the function given
by (1.17). In what follows we will fix p and A to suit our purpose.

It is easy to see that f(s)/s® is ultimately increasing, i.e., there exists a constant sy > s, such that
f(s)/s? is increasing in (sg, 00), which shows

1
o3

()< f(2) and o*f(s) = flos)

for any s > 259 and any o € (1/2,1). Noticing that u(x) — oo as d(z) — 0, we can take p; € (0,4) small to
guarantee that u(z) > 2s¢ for d(z) < p;. Hence for any o € (1/2,1),

(u(e)) < F(Su@) and o f(u(@) > flou())

o3

in {z € Q:d(x) < p1}, whence

Aoo(éu) < f(%u), A (ou) > flou) in{zxeQ:d(x) <p}
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in the viscosity sense. Since G(s) — oo as s — oo indicated in Remark 1.3, we can let p; be small such that
SG(Y(d(x))) > M on {z € Q : d(z) < p1}. Let Aipi[In f(2(p1))]”! = . Then u and @ (with p; and Aq
taken above) are a subsolution and a supersolution of Eq. (1.1); in ©,,, with

u(z) <u(z) <u(z) on{zxeQ:dx)=p}
Certainly,

u(z) < %u(x) and u(z) > ou(z) on{xeQ:d(x)=pi}.

From Proposition 6.1 and the expressions of u and u, we have

IS

lim ﬁ: lim M:1.
d(z)—0 u(x)  d(z)—0 u(x)

Hence
u(z) < lu(aj) and @(z) > ou(x) mnear ON.
o

By comparison, we get

w(z) <u(z) <u(r) in€y,
that is,

u(z) — ¢(d(z)) ‘
@I @G | =N ™ e

Inserting the expressions of f and G, we get the desired result. O
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