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1. Introduction
1.1. Physical background

We consider a d-dimensional quantum particle, for d > 1, of mass m, under no external forces. According
to Quantum Mechanics, the state of such a particle can be described by a complex-valued wave-function
(see [6, Secs. 2.2.1, 2.2.3])

Y :RT xR? = C, with/|w(t,x)|2dx:1,l vt € RY,
Rd

satisfying the Schrodinger equation
: h + d
ZathiiAchl% (t,LE) €R" xR )
2m

where £ stands for the normalised Planck constant. In some instances (e.g., potential wells [6, Sect. 4.3.4]),
it is possible to confine the dynamics of a quantum particle within a region of the space, namely a regular
open set  C R?, which leads to a boundary-value problem for the associated wave-function, of the form

i) = — LA, (tz) eRT x Q,
P =0, (t,r) € RT x 9Q,

and the condition
/|w(t,m)\2dx =1, VteR".
Q

This allows to consider time-dependent confinement regions, namely a family of smooth open sets {Q(t)},~,
varying continuously with respect to time, within which the particle is confined. This question has attracted
attention in Physics literature, as the works [15,29,23] or the survey [18] account for.

In terms of the wave function, a quantum particle confined in {(¢)},-, must satisfy

/ W(t,z(t)Pde =1, VteRY, (1.1)
Q(t)

and the Schrédinger equation

! The measure |9 (¢, z)|? dz is interpreted as a probability density, which explains the constraint.
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P =0, (t,z(t)) € RT x 09Q(t), (1.2)

{iaﬂp — A0, (6 2(t) € RT x Q(F),
which implies that a time-dependent boundary condition must be taken into account. In [5,27] it is shown
that, when d = 1, such a system can be handled by a suitable change of variables, which transforms the
original problem into a system posed on a fixed domain, with a time-dependent potential. In particular, the
works [24,3] show that, even in the case d = 1, keeping the particle confined in a time-varying box during
the whole time-evolution can be extremely difficult, as some unexpected instability phenomena can appear.

From the perspective of Control of Partial Differential Equations, the seminal paper by P. Rouchon [32]
has raised the question of how to find a convenient family of deformations in order to control the dynamics
of a confined quantum particle, for example to pass from the ground state to an excited state in a given
time. This problem has been understood in one-dimensional situations, both for the linear free evolution
(see [8]) and the nonlinear regime describing a Bose—Einstein condensate (see [12]). The goal of this work
is to explore the same question in a two-dimensional setting.

1.2. Controllability of a 2-D quantum particle confined in a disc via domain deformations

Let, us consider for some T* > 0, R € €°([0, T*]; R}). We define the time-varying open discs
Dg(ry = {(z,w) € R?*; 2* + w* < R(7)*}, Vr€[0,T7],
and we set the Schrodinger equation on this variable domain, according to (1.2), which in adimensionalised

form (i.e., we set m =1, i = 2) reads

{iaﬂﬁ = A w@®  (T,2,w) € (0,T%) X Dp(r), (1.3)

(b = 07 (T,Z,’U)) € <O7T*) X aDR(T)

Remark 1.1. An appropriate notion of solution of this problem will be defined in Section 2, thanks to a
convenient change of variables, described in Section 1.3, that transforms (1.3) into a system set on a fixed
domain.

This is a control system whose state variable is the wave function ¢(7, z, w), which, according to (1.1),
must satisfy

/ |p(T, z,w)|*dzdw =1, V7 €[0,T].
Dr(r
We choose the time-dependent radius of the disc Dg(;) to be the control variable, with the condition
R(0) = R(T™) = 1. (1.4)
We are interested in the following notion of controllability.

Definition 1.2 (Controllability via domain transformations). System (1.3) is controllable in the space X if
for any ¢, ¢5 € X, there exists T* > 0 and R € €°([0, T*]; R}") satisfying (1.4) and such that the solution®
of (1.3) with initial datum ¢|;—o = ¢o satisfies ¢—7+ = ¢y.

2 A precise sense must be given to this notion, as the domain is time-dependent. In this article, this is possible through a suitable
change of variables (see Section 1.3).
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Remark 1.3. Let us point out that the Definition above allows the controllability time 7™ to depend on
the data ¢o, ¢f. In some cases, as in our main result (see Theorem 1.5) or in some previous works (see
Section 1.6 for details), this time T™* can be chosen arbitrarily small and independently from the data.

The controllability of the Schrédinger equation via domain transformations has been treated, in the
one-dimensional case, by K. Beauchard in [8]. The goal of this article is to explore the analogous question
in the disc, as a first example of a two-dimensional case. Indeed, we shall prove a controllability result,
according to Definition 1.2, for regular enough radial data.

More precisely, assuming that all data are radial, system (1.3) writes

187-(;5 = *Ap(7)¢, (7—, p) € (OaT*) X (07 R(T»a (1 5)
¢(r,R(t)) =0, 71€(0,T), '
where A,y 1= 82(7) + ﬁa‘,(r) is the Laplacian operator in polar coordinates with radial data.

1.3. Change of variables

Following [5,8,12], let us introduce the new variables

. . o [ do
E(t,r) = ¢(r, p), with r:= RG)’ t:= 0/ R0 (1.6)

and the change of phase
t
Y(t,r) = E(t,7) exp | —iu(t)r? +4i/u(s) ds |,

0

where
. T
u(t) := FR(IR(T), /u(s) ds = 0. (1.7)
0

This change of variables transforms system (1.5) into the following one, posed on a fixed domain,

(1.8)

i) = —App+ (a(t) — 4u(t)?) r*,  (t,r) € (0,T) x (0,1),
"/)(tv 1) =0, le (OaT)v

for T := fOT* % and

Or. (1.9)

System (1.8) is a bilinear control system in which the state is the function ¢ with ¢ (t) € S, for any ¢ € [0, T,
where S is the unit sphere of L?(D;C), and the control is the real-valued function u € Hg(0,T;R), with

T
HY0,T;R) := ueHaQﬂRL/ﬁ@ﬁwzo
0
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Thanks to the change of variables described above, we find that the controllability of system (1.8) implies
the controllability of system (1.5), according to Definition 1.2, via the application u +— R. Indeed, this can
be proved thanks to the following result (see [12, Proposition 1] for a proof).

Proposition 1.4 (/12]). Let T > 0, u € L*(0,T;R) extended by zero in (—o0,0) U (T, 00) and such that
fOT u(s)ds = 0. The unique maximal solution of the Cauchy problem

is defined for every T > 0, strictly increasing and satisfies
Th_)ngo g(1) = +o00.
Thus, T* = g~ *(T) is well-defined and if R is defined by
R(r) := I8 uls) ds

)

then (1.4) and (1.7) are satisfied.
1.4. Functional setting

Let D be the unit disc of R?. We shall work on the space L?(D;C), with the scalar product
() = [ foiglmmdedy, Vi.g € L(DiC) (1.10)
D
Let (A, D(A)) be the operator defined by

{D(A) = H?N Hg(D; C), (1.11)

A= —Ayp, Vi € D(A).

Let us recall that the eigenfunctions of this operator write, in polar coordinates, as follows ([14, Ch. 6,
p. 130])

Ju(jukr)eike
() = 2 ImRTC g 9y € [0,1] x [0, 27), 1.12
Gunlr,0) = ZEBHE v(r.0) € 0.1 x [0.27) (112

for every (v,k) € N x N*, with eigenvalues
Ao = Jig, V(v k) €NxN, (1.13)

where .J,, is the Bessel function of the first kind and order v > 0 and {j, 1}, en- 18 the sequence of its zeros
(see Appendix A for details and notation).
Since the radial case will be particularly important in this article, we shall note, for simplicity,

Pk = ©0,k, Ag = >\0,k7 Vk € N*. (1.14)

Thus, from (1.9), one has
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—Aror = Ao, Yk € N™.
According to (1.11), we introduce the spaces
H{y, (D;C) := D(A?), Vs >0,

endowed with the norm

flleg, == D liswlfrewrdzaml® | » Vf € Higy(D;C), (1.15)

(v,k) ENXN*

where (-, ) 12(p) is given by (1.10). In the case s = 1, we simply write Hg (D), as usual, as well as H~*(D)
for its dual space. In the radial case, we set

Hy, 0a(D;C) = {f € Hiy)(D;C); [ is radial} . Ws >0,

and L2

rad

(D) when s = 0. Furthermore, if f € H(SO)md(D; C), by changing variables, the norm (1.15) reduces

to

2

”f”Hfo),rad = (Z ‘Jz<f7 ¢k>|2> )
k=1

up to a universal constant, with the scalar product

(f,g) = / f(r)g(ryrdr, Vf,ge L*(D) radial. (1.16)
0

S

We observe that H fo)’m 4 is a closed subspace of H, (0)-
1.5. Main result

The main result of this article is a local exact controllability result of system (1.8) around a well-chosen
trajectory. To describe these states, let us introduce the set

D= {(02,63) €R? 02,63 >0, 05+ 63 <1}, (1.17)
and the family of states

0f = /1= 0y — 031 + /0202 + V0303, (62,05) € D, (1.18)

according to (1.14). In this setting, we consider the associated free evolution

VF = eT TV 1 — By — B3 + e P2\ Oy00 + €T\ /303, T > 0. (1.19)

Thus, ¥ = ¢! and let ! = e="20!, for t > 0.
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With this notation, the main result of this article is the following one.
Theorem 1.5. Let T > 0. There exists § > 0 and a €*-map
I:Vyx Vp — HY0,T;R),
where

Vo= {7//0 € SN H) 0a(D; C); [lt0 — @ﬁ”Hg’o) < 5} ; (1.20)

Vi i= {6 €SN By 0 D5 0); Iy — Vbl < 0}, (1.21)
such that F((pu,w%) =0 and for any (vo,v5) € Vo x Vr, the solution of (1.8) with V,—o = 1o and control
u="T(o,9;) satisfies

¢\t:T = ¢f~

Remark 1.6. The choice of the states (1.18) will be clear in Section 4, as the choice of more straightforward
trajectories may lead to a linearised system which is not controllable (see Remark 4.3 for more details).

1.6. Previous work

The problem of the controllability of a confined quantum particle via domain deformations has been solved
in the one-dimensional case by K. Beauchard in [8] for the free evolution and by K. Beauchard, H. Lange
and H. Teismann in [12] for a Bose-Einstein condensate. In both cases, the problem of controllability via
domain transformations can be handled thanks to a suitable change of variables, which reduces the problem
into a bilinear control system under constraints. Let us point out that in 1-D the bilinear control of the
Schrodinger equation has received much attention (we can mention the works [4,33,13,28,7,10,25] among
others). In particular, the techniques developed by K. Beauchard and C. Laurent in [9] allow to prove local
exact controllability results thanks to the Inverse Mapping Theorem and a certain smoothing effect. Let us
observe that this approach simplifies the original proofs in [8], which use the Nash-Moser theorem.

Let us point out that in the one-dimensional case, the mentioned results hold in arbitrarily small time.

Contrarily to the 1D case, in the 2D setting, much less results on bilinear control are known (see [11,31]).
Let us emphasise that, in particular, the results of [31] cannot be applied to our case because of the geometric
constraint (1.4), which imposes a restriction in the control (see (1.7)) for the bilinear problem (1.8). We
refer to Remark 4.3 for more details. Consequently, the controllability problem via domain deformations
in a 2D setting is technically much more involved that in 1D, as the geometry of the deformations plays a
major role. In the case of the disc, we can handle this by exploiting some fine properties of Bessel functions,
through spectral decompositions (see Section 4 for details), which is the major novelty of our work. Indeed,
this article represents the very first step in the exploration of the 2D problem, which should lead to other
developments in the future (see Section 6 for comments and perspectives).

1.7. Strategy and outline
In this work, we shall follow the linearisation principle to prove a local exact controllability result,
exploiting the connection with bilinear control problems under constraints, in the spirit of [8,9]. More

precisely, the strategy of the proof of Theorem 1.5 has three main ingredients:

e we prove first that the linearised system around (wtﬁ, u = 0) is controllable,
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o secondly, we prove that the end-point map (see Section 3 for the definition) is of class € between some
adequate spaces,
« finally, we deduce the local exact controllability from the Inverse Mapping Theorem.

1.7.1. Outline of the article

In Section 2 we recall the well-posedness of system (1.8) and state a smoothing effect. In Section 3 we use
the smoothing effect to prove that the end-point map is of class €. In Section 4 we show that the linearised
system around (1/)5, u = 0) is controllable, thanks to the resolution of a suitable moment problem, that can
be solved through the construction of an adequate Riesz basis in Section 4.2.3 and a key asymptotic result
proven in Section 4.2.4. In Section 5 we conclude the proof of Theorem 1.5 thanks to the Inverse Mapping
theorem. In Section 6 we gather some comments and perspectives. In Appendix A we gather some results
on Bessel function. In Appendix B we gather some results on abstract and trigonometric moment problems
that are useful in Section 4.

2. Well-posedness and smoothing effect

The goal of this section is to prove a well-posedness result in an appropriate functional setting for the
system

{ 0p = —Apt) +u(t)r®y + f(t,r), (t,r) € (0,T) x (0, 1), (2.22)

¥(t,1) =0, te(0,7),

where A, is given by (1.9).

Let us recall that the Schrodinger operator iA, where A is given by (1.11), generates a group of
isometries in H, (D;C), for s > 0, that we denote (e7i2)
g € Hfo),md(D;C), one has

150" Furthermore, thanks to (1.14), for any

e "By = Z e~ (o, ok) - (2.23)
k=1

Proposition 2.1. Let T' > 0. For every 1y € H(?)O),rad(D)’ fe L0, T; H* NHf ,..(D)), u € L*((0,T);R),
there exists a unique weak solution of system (2.22) with 1p—o = 1o, i.e., P € €°([0,T); H(So) raa(D)) such
that

t

Y(t) = e Alpg — i / e A=) Ty(s)r + f(s,7)] ds, Wt € [0,T). (2.24)
0

Furthermore, for every M > 0 there exists a constant Cy = Cy(T, M) > 0, such that if ||ul|z20,7) < M,
then

I¥llgoo,ry:m2, ) < C1(T, M) <||¢0HH3

(0),ra (0),rad

120y, ) - (2.25)
and such that Cy(t, M) is uniformly bounded on any bounded interval. Moreover, if f =0, we have

V()22 0y = lYollL2(py, V¥t € [0, T]. (2.26)

The proof of this result relies on the smoothing effect of next section.
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2.1. Smoothing effect

As it was shown by K. Beauchard and C. Laurent in the one-dimensional case in [9, Proposition 2],

a certain smoothing effect can be expected for (e_im) />0 10 a suitable functional framework. This has been

extended to a large class of smooth domains in any space dimension by J.P. Puel in [30]. To be precise, in
the case of the unit disc D C R2, let

0 = =AY+ f(t,z,y), (t,z,y)€ (0,T)x D, (2.27)
=0, (t,z,y) € (0,T) x dD. :

Then, the following has been proved (see [30, Theorem 2.1]).

Proposition 2.2 (/30]). Let T > 0. For every vy € H?O)(D) and for every f = g+ h, where

g € L'(0,T; Hiy) (D)) (2.28)
and
he L*(0,T; H* N HY(D)), A*h =0, Ahlsp € L*(0,T;L*(0D)), (2.29)

the solution of (2.27) with v—o = o satisfies ¢ € %0([0,T];H€’0)(D)) and there exists a constant C' > 0,
independent of v, g or h, such that

gl o.2:813,) + 18Rl 2073200 ) - (2:30)

léllsoqo ) < € (ol

(0)

Proof of Proposition 2.1. Let T' > 0, v € H(?’O) aq(D) and f € L?(0,T; H3 N H&)md(D)). We consider the
map

Fi @O0, TEHp (D) = €0 T) iy ,y(D)) 1)
G = £,
where ¢ is the solution of
106t 1) = =D E(t,r) +u()r®v(t,r) + f(t,r), (t,r)€(0,T) % (0,1),
&(t,1) =0, te(0,7), (2.32)

f(OaT):wo(T)» re (071)

Our aim is to prove that this map has a fixed point. We divide the proof in several steps.

Step 1. We show that (2.31) is well-defined.

By direct computation, we observe that, as u € L?(0,T;R), for every v € €°([0, T7; H(?)O),rad(D))7 we have
u(t)r?y € L?(0,T; H3 N H(lo),rad(D))' As a result, f:=u(t)r?y + f belongs to L*(0,T; H> N H(lo),md(D))'

We can decompose f as in Proposition 2.2. Indeed, let us consider, for a.e. ¢ € (0,7T) the following elliptic
problem

A%g(t) = A%f(t), in D,
{ g(t) = Ag(t) =0, ondD, (2.33)

where A? stands for the Bilaplacian operator. Since A2f(t) € H~'(D) for a.e. t € (0,T), by elliptic
regularity results (see [22, Th. 5.1, p. 166]), we deduce
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g € L*(0,T; Hiy) (D)). (2.34)
Let us define next
h:==f—g. (2.35)

Since Af € L?(0,T; H'(D)), and using (2.34), we have

h € L*(0,T; H* N HY (D)), (2.36)
Aqh € L2(0,T; HY(D)). (2.37)

Hence, from (2.33),
A?h(t)|ap = 0 and h(t)|op =0, a.e. t € (0,T). (2.38)

Moreover, using trace results (see [22, Th. 8.3, p. 44]), (2.37) implies
Ah € L*(0,T; L*(0D)). (2.39)

Thanks to (2.35), (2.34) and (2.36)—(2.39), we can apply Proposition 2.2 to system (2.32). This implies in
particular that, as all data are radial and A? is invariant by rotations, we deduce ¢ € €°([0,T]; H (30) rad(D))-

Step 2. We derive an appropriate energy estimate for system (2.32). We claim that
I€llgoqoryms, . < CT) (Iolls

(0),rad (0),rad

120 sy, ) - (2.40)

(0),rad

for some constant C'(T') > 0 which is bounded on bounded intervals (0, T).
Indeed, according to (2.30), we have

[€llo o, 752,y

(0),rad

< C (ol

(0),rad

+ gl . + 1ARoDlI207))

We treat the two last terms separately. For the first one, we observe that, using (2.33), elliptic regularity
(see [22, Th. 5.1, p. 166]) and the Cauchy—Schwarz inequality, it follows

HQHLl(o,T;Hg,,,,ad) < C1||A2f||L1(O,T,H*1)
< Collfllro.remsnmy,, )

< CsﬁHfHH(O,T;HSmHg

,rad) :

For the other term, using (2.33), (2.38) and the continuity of the trace map (see [22, Th. 8.3, p. 44]),

|Aop 20,7 = 1A op 20,1
< Cll Afll 20,112, ,(0))

rad

< 05”ﬂILQ(O,T;HSQH}O))TM(D))'

Putting these estimates together, we obtain (2.40).

Step 3. We show that F is a contraction in ([0, T]; H{y) ,,4(D))-
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Let 11,19 € €°([0,T7; H?O),rad(D))' Then, by linearity of system (2.32), 5 := 1)1 — 1) satisfies

iaﬂ](t, T) = _AT‘n(ta ’I“) + u(t)r2(1/11 - wQ)(t7 T)’ (t7 ’I“) € (O’ T) X (07 1)7
n(t,1) =0, te(0,T), (2.41)
n(0,r) =0, r e (0,1).

Using (2.40), we deduce

1E 1] = Elalllgo oy, o))

= lInllsoqo,r1m,, ,...(D))

< C(T)”U(t)T?(wl - ¢2)||L2(0,T;H30H1 (D))

0,rad
< C/(T)||UHL2(0,T)||7’2(¢1 - 7Z12)HLOC(O,T,HBQH(%J,M(D))

< C"(D)|ull 20,1y 11 — Vallgoqo, 83, (D))

(0),rad

where C”(T) > 0 is a constant which remains bounded on bounded intervals.

If C"(T)||ul| 2 < 1, this estimate shows that F is a contraction in the Banach space €° ([0, T'; H(So),md(D))’
as Hiy) ,4(D) is closed in H{ (D). The Banach fixed-point theorem gives then the existence of a unique
fixed point of F. Moreover, (2.40) gives (2.25) in this case.

In order to extend the result to arbitrary u € L?(0,T;R), we choose N € N* and a partition of [0, 77,
namely 0 =Ty < Ty < --- <Tx =T and such that ||ul|z2(7, 7,,,) is small enough Vi € {1,..., N}. We then
apply the preceding arguments in each interval [T}, T;11].

Finally, whenever f = 0 and u € €°([0, T]; R), identity (2.26) follows by classical arguments. This allows
to extend (2.26) to the case u € L?(0,T;R) by density. O

3. €'-regularity of the end-point map
In order to define the end-point map, we shall need the following definitions. Let, for s > 0,
2 = H{y) 1qa(D;C) NS. (3.42)
Setting T' > 0, let us fix £ € S and let us consider the tangent space
TeS == {f € L2(DsC); Relf, ) 12(p) = 0} (3.43)
Then, we consider, thanks to Proposition 2.1, the end-point map

Or: HY0,T;R) x 23 — 2X3x 23,

3.44
(Uﬂ/fo) = (¢0aw|t=T)7 ( )
where v is the solution of (1.8) with control v and initial condition ).
Let
Xo = H{py yaa(D;C) NTyS,  Xr = Hipy ,q(D;C) N T, S. (3.45)

Then, we have the following.
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Proposition 3.1. Let T > 0. The map O defined by (3./4) is of class €. Moreover, for all (v,¥y) €
HA (0, T;R) x Xy, we have

dO7(0,¢%).(v, o) = (Vo, ¥j_7) € Xy x X, (3.46)

where U is the solution of the linearised system around (0, ¢%), i.e.,

0,0 = —A W+ 0(t)r20f,  (t,r) € (0,T) x (0,1),
W(t,1) =0, te(0,7), (3.47)
\IJ(O,r) = U, re (O, 1),

and (T/Jg)te(O’T) is given by (1.19).

The proof of this result can be carried out as in [9, Proposition 3, p. 531], with minor modifications,
thanks to Proposition 2.1. We omit the details.

4. Controllability of the linearised system around (", u = 0)

The goal of this section is to prove the following result.

Proposition 4.1. Let T > 0. There exists a continuous linear map

L: XoxXr — H0,T;R)
(\1107\I/f) =,

such that for any ¥y € Xo and Uy € Xp, the solution of system (3./7) with initial condition Uy and control
v= ’C(\IJOa \I]f) Satisﬁes \Ij|t=T = \Ilf

The proof of this result relies on the resolution of a suitable moment problem. We shall first explain
in Section 4.1 the heuristics leading to such a moment problem. Secondly, we derive in Section 4.2 the
mathematical tools needed to handle it, which mainly consist in the construction of a suitable Riesz basis of
Nonharmonic Fourier series. We finally prove Proposition 4.1 in Section 4.3 thanks to the tools developed
in the previous sections.

Remark 4.2. In order to prove that the linearised system (3.47) is controllable, one could possibly use other
strategies. For instance, according to the classical HUM method, the controllability of (3.47) is equivalent to
prove an observability inequality for the adjoint system, in the sense imposed by the functional framework
of the end-point map (3.44), i.e., (3.45). Such observability inequality could perhaps be obtained by using
Carleman estimates, as in [20,21] or by microlocal methods, as in [2] and the references therein. On the
other hand, even if the functional framework above allows the derivation of suitable observability estimates,
it is not clear how to construct a control v satisfying the geometrical constraint fOTv(s) ds = 0 with the
mentioned techniques. This motivates the approach that we follow here, based on the method of moments
instead on other strategies.
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4.1. Heuristics leading to a moment problem

Since (3.47) is a linear system, we may suppose, w.l.o.g., that ¥y = 0. Thus, the solution of system
(3.47) admits the following expansion, for any ¢ € [0, T,

—iy/1— 65 — 03 Z/ ’()"rh)s ds apppe” Mk (4.48)

k=17

— / Z/ Z()\k—)\g)s ds bkwke—ikkt
k=17

— /0 Z/ Z(Akfks)s ds ckwke*”"“t,
k=17

where (Ag)ren+ and (g )ken+ are given by (1.14) and
ay = (1, 1), b, = (rPpa, 1), = (rPps, x), Vk € N*. (4.49)
Given a state ¥y € X, for X7 given by (3.45), we look for a control v € H& (0, T;R) such that
Vo = Uy, (4.50)

We shall traduce this condition into a trigonometric moment problem as follows.
Firstly, since the control v belongs to H& (0,7;R), we must impose

T T

v(s)ds =0, sv(s)ds = 0. 4.51
[ [ i) (4.51)
0 0

Next, in order to satisfy equation (4.50) we shall decompose W in Fourier expansion, which yields

o

Up=> (U, 01) 0%, (4.52)
k=0

and then rephrase (4.50) in terms of each Fourier mode. We can do this by separating low and high
frequencies.

High frequencies. Let k > 4. We observe that (4.50) implies, according to (4.48) and (4.52), that

T
e T (W, o) =v/1 =0z — 93%/11 e g
0

T
+\/92bk/v —A2)s g + /6 ck/ 1(/\’“_)‘3) Sds.
0

0

3 Indeed, suppose that V¥ ; € X7, there exists v € Hé(O7 T'; R) such that the corresponding solution of (3.47) with U = 0 satisfies
\il‘t:T = \ilf. Thus, if we are given Wy € Xy and ¥y € X, it suffices to choose Ut = —e7 TRy, 4 W, which provides a control
w € H(} (0, T; R), such that the solution ¥ of (3.47) with i’\t=0 = 0 and control w satisfies il‘t=T = U¥. Then, U(t) = e "0 4+ T (2)
satisfies system (3.47) with control w, initial datum ¥,_o = ¥o and verifies Wy—p = Wy.
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Since the frequencies (A, — Aj)g>4 for j = 1,2, 3 are distinct (see Proposition 4.5 below), we can prescribe
the following moment values, for any k > 4,

T

/ 0(s)e!PeA)s qg = 27”7::_93@ £rr)e T (4.53)
0

T \/9_
/ B(s)e M) ds = - b 2(Ty, pr)e™ T, (4.54)
0

T W
[ it as = M e, (4.55)
0

Low frequencies. We observe that 0 € {\; — A, k,j = 1,2,3}. In that case, since the restriction on the
control (4.51) must be taken into account, we need to separate the low frequencies in such a way we could

recover the Fourier modes ((U¢, ¢y))k=1,2,3 from (e!*e=i)t) This can be done by imposing the

k,j=1,2,3"
following conditions

T . —
[ioevainay - Waeale e Vil (456)
a2/ 1-— 92 — 93 ’
0
T - iAsT
/@(S)Gi()\3_>\l)s ds = Z<lefa 903>el = \/%b30 (457)
asy/ 1-— 92 — 03 ’
0
T
/1.](8)61-()\37)\2)5 ds = C, (4.58)
0

where C' € C satisfies

2@1)3 vV 9293 ReC = vV 1-— 92 - 93<\I/f, (,01>6M1T (459)
+ \/972671-)\2T<\ij7 ¢2> + \/07367,&)\3T<\I/f7 903>

Note that the choice of C' € C is possible, since ¥ € ng S.

Conclusion. Putting together (4.51), (4.53)—(4.55) and (4.56)—(4.58), we obtain the following moment
problem

fOT 0(s)ds =0,

fOT sv(s)ds =0,

fOTO(S)ei(AQ—Al)s ds = ﬁ (i@f’ pg)eeT — \/@026) 7
fOTiJ s)etAs=A)s g = ﬁ (i(Wy, p3)esT — \/Bb5C) |
fOTiJ s)etMs=A2)s 4g — (O

E i (4.60)
fTi;(s)ei(Ak*)‘l)s ds = iivlfae;*%ﬂff, orye™ T Yk > 4,

(s)

(s)

[}

==

0
Jo ¥

Indeed, if (4.60) is satisfied, then (4.50) holds.

s)eiPn—)s qg = W03 (g o Ve T Y > 4,

Ck
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Remark 4.3. At this point, we can justify further the choice of the family of states ©* given by (1.18). Indeed,
choosing, for instance, (f2,05) = (0,0) ¢ D, we get ¢* = ;. However, in this case, the corresponding
linearised system around (0, 1) is not controllable with controls in H0 (0, T;R), because of the constraint

fOT 0(s)ds = 0.
4.2. Towards the resolution of the moment problem

The goal of this section is to develop the necessary mathematical tools leading to the proof of Propo-
sition 4.1. In order to do this, we shall rewrite the moment problem given by (4.60) in an abstract form
that could be handled by the classical results on moment problems consisting in the use of Riesz basis (see

Appendix B for details and notation).

4.2.1. Reinterpretation of the moment problem
We observe that (4.60) can be rewritten in the form

T
(0,e7"*)r2(0,1,0) = /U " ds = d,
0

for the family of frequencies
{wei B €N} = {0} U {53, — 08 p =123, n>p+1}, (4.61)

rearranged in increasing order and

o

: itk =0,
v (T, p2)e™ T — VO50,0) itk =1,
o (g, ea)e™T — VBabsC) i k=2,

awlc if k =3, (4.62)
i\!)f_3<q/f’wk>eiAkT7 if k € 44 3N,
32 Uy, op)e™ T it k €5+ 3N,
u;?jgwfwszﬁ if k € 6+ 3N,

for C given by (4.59), {ax, bk, i }jen- given by (4.49) and {(¥y, k) }, o given by (4.52). Thus, according
to Appendix B, let us consider, for a given T > 0, the family

Fi={t— e~ “ntin e N} C L*(0,T;C) (4.63)
and let us consider the moment set associated to F, i.e.,
Mz20,r,0)(F) = {{<w’ e L 0i0) F ey W E L2(0,T;<C)}.
Then, we shall prove that
C2(N,C) := {{di}en € (N, C); do € R} C Mp2(0,1:0) (F)-

More precisely, we have the following result.
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Proposition 4.4. Let {wy}, oy be the increasing sequence defined by (/.61). Then, for any T > 0, there exists
a continuous linear map

MR x 2(N,C) — L*(0,T;R),

such that for every d € R and d = {dn},en € C2(N,C), the function w := M(d,d) satisfies

T iwkt —
{fo w(t)et dt =d,, VYn €N, (464)

) tw(t)dt = d.

For the proof of this result, we combine arguments coming from [9, Appendix B, Corollary 2] and [26,
Appendix, Proposition 6.1]. Firstly, we show in Section 4.2.2 that the frequencies {wy}; <. are non-resonant.
Secondly, we construct in Section 4.2.3 a suitable Riesz basis and then we prove Proposition 4.4.

4.2.2. A non-resonance property
Proposition 4.5. Let A\, := jg)n for any n € N*. Then, for any n,m € N* and p,q € {1,2,3}, we have
A —Ap FE A — Ay, Yn#Em, p#q. (4.65)

Proof. Let us assume that n,m > 4, property (4.65) being obvious otherwise.
Working by contradiction, let us suppose that there exist m,n > 4 and p, ¢ < 3 such that

An — Ap = Am — Aq (4.66)
Moreover, we may assume, without loss of generality, that
n>m>p>q. (4.67)

We shall distinguish two cases.

Case 1. Let us suppose that p = ¢ + 1.
Then, thanks to (A.85), we have

>\n - >\m = (jO,n - jO,m) (jO,n + jO,m)

n—1

(]

(Jo,k+1 — Jo,k) (Jon + Jo,m)

m

V
—~ =

n—m) (Jop — Jo,q) (Jo,n + Jo,m) -
Thus, combining this with (4.66), we get
Ap = Ag > (n—m) (Jo,p — Jo,q) (Jon + Jo,m) -
This implies
Jop +Jo,q > Jon + Jo.ms

which is incompatible with (4.67), which shows (4.65) in this case.

Case 2. Let us suppose that p = ¢ + 2.
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Firstly, let us assume that n = m + 1. Then, by claim (4.66) and using (A.85) twice, this yields

(jO,p — jO,q)(jO,p + jO,q)
Jo,m+1 — Jo,m
(jO,p - jO,q)(jO,P + jO,q)
Jo.p = Jo,g+1

Jo,q+1 — Jo, ) . ) )
< (1 + = o q) (Jo.p + Jo.g) <2 (Jo,p + Jo.g) -
Jo.p — JOo,g+1

Jo,m+1 + Jom =

<

But this is impossible, since jo.5 + jo.a > 2(jo,3 + jo.1), as can be seen from the values of these zeros.!
Secondly, let us suppose that n —m > 2, i.e., |[25™] > 1, where |-] stands for the floor function. Thus,

(252 -1

Jon — Jom > Z (Jo,m+2(i+1) — Jo,m+2i)
=0

n—m, . , . .
2 LTJ (Jo.p = Jog) = (Jo.p — Jo,q) -
Thus, (4.66) yields

jO,n + jO,m < jO,p + jO,qa

which is in contradiction with (4.67). O
4.2.8. Construction of a Riesz basis

Proposition 4.6. Let us set, according to (/.01), w_,, := Wy, for any n € N and wy = 0. Let us define, for a
giwven T > 0, the families

Fr={t—e“rineZ} C L*(0,T;C),
and

Fipo={tre“rtineZ*} C L*(0,T;C).
Then, we have that (see Definition B.1 for details)

(1) Fi is a Riesz basis of Hy := Adhp2(o,r,c) (spanFr).
(2) Fr is a minimal family in L*(0,T;C).
4 Approximated values of these zeros, according to [34, Table VII, p. 748] are
Jo1 = 2.4048256, jo.3 = 8.6537279, jo.4 = 11.7915344, jo.5 = 14.9309177.
This yields

jo,5 + jo,a = 26.7224521 > 2(jo,3 + jo,1) = 22.117107,

which proves the claim.
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Proof. Step 1. We prove point (1).
We observe that (A.82) and (A.85) imply that, for any k € Z*,

Wgt1 — W1 = jS,N(kH) - jg,N(k)
= (Jo,n(k+1) — Jo.nk)) (Jo.Nket1) + Jo.N(k))

> (jo.2 — jo,1) (o2 + Jo,1) = Joo — o1 >0,

for some bijection N : N* — N*. Thus, (B.92) and (B.93) are satisfied and Theorem B.5 can be applied for

any T > 7 22—7Tj§ - Thus, combining this with Theorem B.3, we deduce that F7. is a Riesz basis of Hr for
any T' > 75 22:rjc2) 1
Moreover, we notice that, thanks to Beurling’s theorem (see Theorem B.6), we can extend the validity of
this statement to every 7' > 0. Let us consider D (w), the upper density of the sequence {w, },,;, according
to (B.96). We shall prove that Dt (w) = 0.
Indeed, let us observe that (A.83) implies that
Wy —> 00, asm — oo. (4.68)

Moreover, we observe that, for a sufficiently large ng € N, the frequencies {w,} can be gathered in

n>ng
successive three-element packets of the form

Jmotn = 363 < Fomo+n = o2 < Fomotn — Joa-
Consequently, the gap between the elements of each packet must be
7 = min {jg,:), - jg,zajg,z - jg,l} > 0.
In addition, the gap between the elements of successive packets must be
j§,n0+n+1 - jg,no+n + j3,1 - jS,g,

which tends to oo as n — oo, thanks to (A.83) and (A.84). In addition, the non-resonance property (4.65)
ensures that wy # wy,, for any n # k. We then deduce from this that the frequencies wy, do not concentrate,
ie.,

inf — >~ > 0.
inf (W1 —wi) =27 >

On the other hand, let » > 0 be large enough. According to (4.68) and the previous discussion, we must
have

#{wp € I} < 34 {wp <7+ 425}

max
ICR interval |I|=r
-2 -2
<3# {Jop <7 +4ss}

<3# K <r+j3s)

<34 /r+ 753

as k* < jg ,, for any k € N*, according to (A.84) and (A.85). Thus,
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2
interva =r S 1 3T + ‘70*3
Dt (w) = lim IR interval |7]= Aloe €1} CVITHs

700 T r—00 'S

Theorem B.6 allows to conclude.

Step 2. We prove point (2).
Working by contradiction, let us assume that Fr is not minimal in L?(0,7 : C), for some T' > 0. Then,
the previous step implies (see Remark B.2) that

t—t € Adhp2o,r,c) (spanFr).
Then, by successive integrations, one checks that
t—t e Adhch([o’T]) (spanFr), VjeN,j>2.

On the other hand, the Stone-Weierstrass theorem guarantees that the family defined by {t + 1,¢ > t7;
j €N, j > 2} is dense in €°([0,T]). Thus, we deduce that

spanFyr is dense in L?(0,T;C). (4.69)

Let us choose some w € R\ {w,}, ;. The previous step, combined with Theorem B.5, entails that
{t — ei“’t} U Fr is minimal in L?(0,7; C). But then, we must have

ts et ¢ Adh2(0,1,c) (spanFr) ,
which is a contradiction with (4.69). O
Once we have obtained a suitable Riesz basis, we can prove Proposition 4.4.

Proof of Proposition 4.4. Let us set dj, := d_g, for any k € Z* with k < 0. Let {,&,;k € Z} be the
biorthogonal family to Fr (see point (3) in Theorem B.3). Using Proposition 4.6 and Remark B.4, there
exists a constant C' > 0 and a unique v € Hrp satisfying

T
/u(t)ewt dt =dy, Vk€Z,
0

and such that

lullL20,m) < C (Z |dk|2> :

kezZ*
Moreover, u is real-valued thanks to the uniqueness. Let us set

T
w = M(d,d) = u+ d—/tu(t)dt £.
0

Thus, w solves (4.64) and is also real-valued, since u and ¢ are so. Moreover, proceeding exactly as in
[9, Corollary 2, Appendix B], one shows that the map M is continuous. O
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4.2.4. A key asymptotic result
The goal of this section is to prove the following formulae, which are key to prove that d = {di},cy,
defined by (4.62) is well-defined and belongs to ¢?(N; C).

Lemma 4.7. For every v € N and k,l € N* such that k # 1,

1
4‘1/ .V JV -V Jl/ ‘V
/T3Ju(ju,lT)Ju(ju,kr) dr = JvikJul +1(j ’k) 2+1(J ’l). (470)
2 52
0 (Ju,k Ju,z>

Proof. Let us define, for every k& € N*,
Wfk(r) =120, (juxr), ¥re(0,1). (4.71)
From (A.81), we deduce that Wf i satisfies the following equation

d? 3d ) 4 — 1?2
W) = 2w+ (o TS ) W =0, e 0. (4.72)

r2

This implies

1 1
/7"3Jl,(j,,ykr)J,,(jl,,lr) dr = /nyk(r)JV(jl,’lr)rdr
0 0

a2 d 4-0

( _3d 4-v )Wf,k(r)Jy(ju,zT)TdT
d2 1 d 1/2 .

( +-S _> W2 e (r)Jy (juar)rdr

4 1d 1\, ., ,
+ E <rdr - r2) W5 (1) (uar)r dr. (4.73)
"0

For the last integral, we have, by (4.71), (A.86) and (A.89),

1

1d 1\, .
/ (;5 — r_) Wl,,k(r).],,(],j7lr)7“ dr
0

TQJIL (ju,kr)‘]u (jl/,lr) dr

14 . .
TJI/(.jV,kT) JV(]V,ZT) dr

= jl/,k TQJl/fl(ju,kT>Jl/(jV,lT) dr. (474)
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For the other integral in (4.73), we have, integrating by parts and using (A.81),
1

1
d? 1d v? ) ) .
[ (G 2 = ) W uarirdr = =2, [ W2 LG ar
0 0

r2

Combining this equality with (4.73) and (4.74) yields

1

1
)
v . 4 .
(1 — J,Q’l> /TSJy(jl,,k’l")J (Joar)dr = /7’2Jy 1(Guxr) oy (Juar) dr. (4.75)
0

jy’k ]V,k
0

To calculate the last integral, let us define
Wz}q,k(?“) =rJy_1(Jurr), Vre(0,1). (4.76)
According to (A.81), we have, for every r € (0, 1),

a2 1d

WWV—L;@(T) T ar

Wisalr) + (et = W) =0,

Then,

1
/TQJ,, 1Gpm) Iy (Gur) dr = /Wy lk( )y (Gur)rdr
0

1
1 d2 1d 9 — 2

2\ rar w, Ty (joar)rd
'3k0/<dr2 d + 2 ) v—1.6(r) o (Guar)rdr

1
1 2 1d 1 ,

- _jg—k/ (W + T r_2) Wyfl’k(r)Jy(]V,lr)rdr
0

1
1 2 d 2v .
ta [ (2 =B WG ar

2
-]l/,k? r
0

Integrating by parts, and recalling that J,(0) < oo, for any v € Z, we find

1
1 2 1d 2 1 ,

_ E/ <W + T 7“_2) W%l’k(r)Jy(yV’lr)r dr
0

1 1 a2 1d 2 ,
= _E W, 1(r) (@ oD 2 Jy (Gur)r dr
d r=1 r=1
r : Juir :
~ | Wo kL Guar) |+ |5 Wi () T, ()
Jve O r=0 ]V k r=0
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1
— 1 1
- 2 v—1,k
jl/,k

1

. 2
(2) [ wia
I/7 0

This gives

d2 1d l/2 . jl/,l 1
) (Gt iy~ ) M L

v (Juar)rdr + =5

(nn) eoe _oee

2
ror ok

le

Ju-1 (ju,k>‘]zl/(jl/,l)-
v,k

1
1 2 d 2v 1 .
Tk / (r dr 7 > W1 k(1) Ju (Gum)r dr
o

+ 5= Ju— l(JVk)in(jwl)'

We treat the last integral separately. Integrating by parts and using (4.76) and (A.89), it comes

rdr r2

2.71/1/

= _le/,l

o _

]ul

o~ °©

1
QV/JV 1jyk7’
0

= _2ju,l

o—_ _

Hence, using (A.87), we deduce

rdr 72

o—__

Consequently, from (4.77), we get

20\ [

v,l

( ) ) /Wul—l,k(r)‘]u(
ju,k S

Combining this with (4.75) we find

TJu—l (jv,kr) |:Jl/—

v,k

2d 2v .
(—— — —> Wl}flyk(r)Jl,(j,,,lr)r dr

1
rdr—?y/Jy 1(Gukm) Ty (Goar) dr
0

14
‘)—V '1/ 1 d1
(j N )

v,l

1 (jl/,lr) -

v (Juar) dr

rJy—1(Gu k) Ju—1(Gu,r) dr.

2 d 2v .
( )Wl 1, &) (Gur)rdr = 0.

) il ) .
Goar)rdr = 228 3, o) T G
v,k

YJMAA:21363

l,k(l)Jz//(jl/,l)

(4.77)
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4jvadv—1(vk) I}, Gv)

( 2
1- =2
Jvk Jv.k (jg,k - 33,1)

Hence, this yields (4.70), since (A.89) and (A.88) imply that J,(jux) = —Jo+1(Guk) and J,_1(Ju1) =
_Ju+1(ju,l)~ |

1
)/rgj,,(j,,Jcr)Jl,(j,,,lr) dr =
0

4.3. Resolution of the moment problem

Proof of Proposition 4.1. We observe that the trigonometric moment problem (4.60) can be solved by using
Proposition 4.4. In order to justify this, we claim that there exist C1,Co, Cs, D1, Dy, D3, positive constants
such that

Cy < jdplaxl < Dy, Oz < jdilbil < Do, Cs < g plex| < D3, Vk € N (4.78)

Indeed, let k > 1, the case k = 1 being straightforward. Identity (4.70) with v = 0, [ = 1, allows to write,
through (4.49) and (1.12), that

1

1 3

= Jo(J Jo(j d
o = GGy ] 7o) o

_ 450,1J0,k

ok — Jo,1)” Gok + Jo.1)?
and thus,

3 40,170k
Jo,k\ak\ =

(o — do.1)? ok + Jor)?
(o — Jo)’ 0 1
(Jo.k — j0,1)2 (Jo,k + Jo,k)

> 4jo1

2 2 jO,l'

The majoration follows by the same arguments. Then, (4.78) is proved for {ax}, .. Let us observe that
the other two cases can be done in the same way.
In addition, assumption ¥y € Hp, . ,,(D,C), combined with (4.78), gives that d := {dj},cy € £Z(N; C).
This allows to apply Proposition 4.4, which provides a function w := M(0,d) € L?(0,T;R) with

T T
/w(o) do =0, /aw(a) do = 0. (4.79)
0 0
Consequently, setting
t
t—o(t) = /w(a) do (4.80)
0

we find a control v € H& (0,T;R) solving (4.60). Moreover, the application (0, V) — v thus defined is
continuous, thanks to Proposition 4.4. O
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5. Proof of Theorem 1.5

Following [9, Section 2.4], Theorem 1.5 is a consequence of the Inverse Mapping Theorem, combining
Proposition 4.1 and Proposition 3.1. We omit the details.

6. Comments and perspectives

In this paper we have proved a controllability result via domain deformations for the Schréodinger equation
in the unit disc of R2. This work, the first of this kind in a two-dimensional domain, shows that the geometry
of the domain under study is essential. Indeed, our result is possible thanks to the particular geometry of
the disc, which allows to exploit the radial symmetry. This yields a simplified situation to which the tools
from one-dimensional bilinear control can be adapted. Even if some extensions in this direction are still
possible, this feature of our result seems quite limiting.

On the other hand, a major difficulty of this result was to determine the functional framework in which
controllability holds. This has been done thanks to a careful analysis of the spectral family given by the
Bessel functions.

Any advance in a more general setting would be utterly interesting. The consideration of more general
domains and data may lead, very likely, to the use of more general controls, probably space-dependent.
Consequently, the tools from bilinear control, very useful in the one-dimensional case and in the present
work, will be no longer convenient, in profit of other approaches.
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Appendix A. Bessel functions

Let v € R. We denote the Bessel function of order v of the first kind by J,, (see [1, 9.1.10, p. 360]), which
satisfies the ordinary differential equation

2

22 d Ju(2) + =

= in(z) + (2> =) Ju(2) =0, =z € (0,+00). (A.81)

dz

A.1. Properties of the zeros

We denote by {j,.x} wen- the increasing sequence of zeros of J,, which are real for any v > 0 and enjoy
the following properties (see [1, 9.5.2, p. 360] and [19, Lemma 7.8, p. 135]):

V<juk <Jjuk+1, VkeNT, (A.82)
Juk — +00, as k — 400, (A.83)
Juk1 = Juk = T, as k — o0, (A.84)
(Jo,k+1 — Jo.k)pen- 18 @ strictly increasing sequence. (A.85)
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A.2. Integral identities

We also have the integral formulae ([1, 11.4.5, p. 485])

rJy (Guar)dy (Gupr) dr = _|JV+1(Juk)| ok, Vi keN, (A.86)

o—__

and (see [1, 11.3.29, p. 484])

1
/ r I, (0r) 1, (Br) dr = iy s ()T (B) — BT, () Ty (), (A87)
0

for any a, 8 € R, with a # 8. We have the differential relations (see [1, 9.1.27, p. 361])

J(r) = —Jyer () + ;Jy(r), r € (0, +00), (A.88)
J(r) = Jy_1(r) — ;Jy(r), r € (0, 4+00). (A.89)

Appendix B. Moment problems

In this section we gather some classical material concerning abstract moment problems in Hilbert space
and trigonometric moment problems in L?(0,T;C), that have been used in section 4.

B.1. Abstract moment problems

Let H be a separable Hilbert space, equipped with the scalar product (-, ) g, and let S = {fx}, o, C H
be a family of elements of H. Given a sequence of complex numbers {c},,, we want to determine whether
the moment problem

(fifo)mw=ck, Vk€ELZ, (B.90)

can be solved for some element f € H. In particular we study the moment set associated to S, which is
defined (see [35, Ch. 4, Sect. 2, p. 128]) by

My (S) == {{{g, fudri}pens g€ H} CCh
Let us notice that, in practice, we are interested in solving the moment problem (B.90) for {¢;}, ., € (*(Z; C),
i.e., we want ¢2(Z;C) C My (S). This necessitates some conditions on the family S, that we briefly describe
below.
Definition B.1. Let H be a separable Hilbert space and let S = {fx},c;, C H. Then,

(1) S is a minimal family in H if

Vj€Z, fj¢Adhg (span{fi; k#j}),
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(2) S is a Riesz basis of H if there exists an orthonormal basis of H, say {ex};, and a linear and bounded
mapping T € £(H) which is invertible and satisfies

Tey, = fr, Vke€Z,
(3) S satisfies the Riesz—Fischer property in H if
%(Z;C) € My (S).

Remark B.2. Observe that it follows from the previous definition that any Riesz basis of a separable Hilbert
space H is also a minimal family in H.

The following result provides two powerful criteria to check whether a given family S C H is a Riesz
basis or satisfies the Riesz—Fischer property in H.

Theorem B.3. Let H be a separable Hilbert space and let S = { fi}c, C H. Then,

(1) [35, Ch. J, Sect. 2, Th. 3, p. 129] S satisfies the Riesz—Fischer property if there exists a constant m >0
such that the inequality

2

my lel® <

kEZ

> e

kEZ

H

holds for any {cy}cq C CZ with finite support.
(2) [35, Ch. 1, Sect. 8, Th. 9, (3), p. 27] S is a Riesz basis if there exist M, m > 0 such that the inequality

2

<MY |l (B91)
H keZ

my lexl* <

keZ

> et

keZ

holds for any {ck} ey C C* with finite support.
(3) [35, Ch. 1, Sect. 8, Th. 9, (5), p. 27] 8 is a Riesz basis if and only if one has Adhg (spanS) = H° and
there exists a family, say S+ = {9r}pez C H, satisfying that Adhy (spanSJ-) = H and such that®
<gna fk> = 5n,k7 V’I’L, k € Z.

Remark B.4. The previous result shows that if S is a Riesz basis of H, then it satisfies the Riesz—Fischer
property in H. Thus, in particular, ¢2(Z,C) C My (S). This allows to deduce that if S is a Riesz basis of H,
then the moment problem (B.90) can be solved in H for a given {ci},c, € 2(Z;C).

B.2. Trigonometric moment problems

Let us focus next on the choice H = L?(0,T;C), for some T > 0. Let us consider families given in the
form

S={t— e keZ} c L*0,T;C), with {wi},c, CR”

5 In this case the family is called complete in H (see [35, Ch. 1, Sect. 5, p. 16]).
8 Such a family S is called biorthogonal to S (see [35, Ch. 1, Sect. 5, p. 24]).
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In order to determine if such a family S is a Riesz basis of H, it is crucial to analyse the separation
properties of the frequencies {wx},.,, as this allows to fulfil (B.91) through an Ingham-type inequality
(see [17]). We shall recall next a classical result due to A. Haraux (see [16] and [19, Sect. 4.4, p. 69] for a
proof).

Theorem B.5 (Harauz). Let N € N and let {wy},.c be an increasing sequence of R% such that the following
gap conditions

Wgpt1 —wg >y >0, VkeZ, with |k| > N, (B.92)
Wetl — Wk = p > 0, Vk € Z, (B93)

are satisfied for some v and p. Let
T>—. (B.94)
Then, there exist M, m > 0 such that the inequality
T 2
my lexl* < / D eret At < MY e (B.95)
kEZ o lkez kEZ
holds for any sequence {cy},.c; C C with finite support.

Condition (B.94) can be sharpened by using the following result, due to A. Beurling (see [19, Th. 9.2,
p. 174]).

Theorem B.6 (Beurling). Let w = {wi},cp C R” satisfying (B.93). Then, the real number

D*(w) = lim MAaX[CR interval |I|=r 7 Wk € 1}

r—00 r

, (B.96)
called the upper density of w, is well-defined and inequality (B.95) holds for any T > 2w DV (w).

References

[1] M. Abramowitz, I. Stegun, Handbook of Mathematical Functions, Natl. Bur. Stand., 1964.
[2] N. Anantharaman, M. Léautaud, F. Macia, Wigner measures and observability for the Schrédinger equation on the disk,
Invent. Math. 206 (2) (2016) 485-599.
[3] C. Aslangul, Surprises in the suddenly-expanded infinite well, J. Phys. A: Math. Theor. 41 (2008) 075301.
[4] J.M. Ball, J. Marsden, M. Slemrod, Controllability for distributed bilinear systems, STAM J. Control Optim. 20 (4) (1982)
575-597.
[5] Y. Band, B. Malomed, M. Trippenbach, Adiabaticity in nonlinear quantum dynamics: Bose-Einstein condensate in a time
varying box, Phys. Rev. A. 65 (2002) 033607.
[6] J.-L. Basdevant, J. Dalibard, Mécanique quantique, Cours de 1’Ecole polytechnique, Eds. de ’'Ecole Polytechnique, 2012.
[7] K. Beauchard, Local controllability of a 1D Schrédinger equation, J. Math. Pures Appl. 84 (2005) 851-956.
[8] K. Beauchard, Controllability of a quantum particle in a 1D variable domain, ESAIM Control Optim. Calc. Var. 14 (1)
(2008) 105-147.
[9] K. Beauchard, C. Laurent, Local controllability of linear and nonlinear Schrédinger equations with bilinear control, J. Math.
Pures Appl. 94 (5) (2010) 520-554.
[10] K. Beauchard, C. Laurent, Bilinear control of high-frequencies 1D Schrédinger equation, preprint, https://hal.archives-
ouvertes.fr/hal-01333625v1, 2016.
[11] K. Beauchard, C. Laurent, Local exact controllability of the 2-D Schrdédinger—Poisson system, preprint, https://hal-
agrocampus-ouest.archives-ouvertes.fr/hal-01333627 /document, 2016.
[12] K. Beauchard, H. Lange, H. Teismann, Local exact controllability of a Bose-Einstein condensate in a 1D time-varying
box, SIAM J. Control Optim. 53 (5) (2015) 2781-2818.

Please cite this article in press as: I. Moyano, Controllability of a 2D quantum particle in a time-varying disc with radial data,
J. Math. Anal. Appl. (2017), http://dx.doi.org/10.1016/j.jmaa.2017.05.002



http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4153s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib416E616E74686172616D616Es1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib416E616E74686172616D616Es1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib41736C616E67756Cs1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib42616C6Cs1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib42616C6Cs1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib424D54s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib424D54s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4B423035s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4B423038s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4B423038s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4B42434C3130s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4B42434C3130s1
https://hal.archives-ouvertes.fr/hal-01333625v1
https://hal.archives-ouvertes.fr/hal-01333625v1
https://hal-agrocampus-ouest.archives-ouvertes.fr/hal-01333627/document
https://hal-agrocampus-ouest.archives-ouvertes.fr/hal-01333627/document
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4B42484C48543133s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4B42484C48543133s1

ARTICLE IN PRE

28 1. Moyano / J. Math. Anal. Appl. sss (sess) eee—see

[13] U. Boscain, M. Caponigro, T. Chambrion, M. Sigalotti, A weak spectral condition for the controllability of the bilinear
Schrodinger equation with application to the control of a rotating planar molecule, Comm. Math. Phys. 311 (2012) 423-455.

[14] E.B. Davies, Spectral Theory and Differential Operators, Cambridge Univ. Press, 1995.

[15] S.W. Doescher, M.H. Rice, Infinite square well potential with a moving wall, Am. J. Phys. 37 (1969) 1246.

[16] A. Haraux, Séries lacunaires et controle semi-interne des vibrations d’une plaque rectangulaire, J. Math. Pures Appl. 68
(1989) 457-465.

[17] A.E. Ingham, Some trigonometrical inequalities with applications in the theory of series, Math. Z. (1936) 367-379.

[18] E. Knobloch, R. Krechetnikov, Problems on time-varying domains: formulation, dynamics, and challenges, Acta Appl.
Math. 137 (2015) 123-157.

[19] V. Komornik, P. Loreti, Fourier Series in Control Theory, Springer Monographs in Mathematics, Springer, New York,
2005.

[20] I. Lasiecka, R. Triggiani, X. Zhang, Global uniqueness, observability and stabilization of nonconservative Schrédinger
equations via pointwise Carleman estimates. Part I: H'(Q)-estimates, J. Inverse Ill-Posed Probl. 11 (1) (2004) 43-123.

[21] I. Lasiecka, R. Triggiani, X. Zhang, Global uniqueness, observability and stabilization of nonconservative Schrédinger
equations via pointwise Carleman estimates. Part II: Lo (2)-estimates, J. Inverse Ill-Posed Probl. 12 (2) (2004) 183-231.

[22] J.-L. Lions, E. Magenes, Problémes aux limites non homogenes, vol. 1, Dunod, Paris, 1968.

[23] A.J. Makowski, P. Peptowski, On the behaviour of quantum systems with time-dependent boundary conditions, Phys.
Lett. A 163 (1992) 142-151.

[24] S. Miyeshita, Conveyance of quantum particles by a moving potential well, J. Phys. Soc. Jpn. 76 (2007) 104003.

[25] M. Morancey, Simultaneous local exact controllability of 1D bilinear Schrédinger equations, Ann. Inst. H. Poincaré Anal.
Non Linéaire 31 (3) (2014).

[26] M. Morancey, V. Nersesyan, Simultaneous global exact controllability of an arbitrary number of 1D bilinear Schrédinger
equations, J. Math. Pures Appl. 103 (1) (2015) 228-254.

[27] A. Munier, J.R. Bourgan, M. Feix, E. Fijalkow, Schrédinger equation with time-dependent boundary conditions, J. Math.
Phys. 22 (1981) 1219-1223.

[28] V. Nersesyan, Growth of Sobolev norms and controllability of Schrédinger equation, Comm. Math. Phys. 290 (2009)
371-387.

[29] D.N. Pinder, The contracting square quantum well, Am. J. Phys. 58 (1990) 54.

[30] J.P. Puel, A regularity property for Schrédinger equations on bounded domains, Rev. Mat. Complut. 26 (1) (2013) 183-192.

[31] J.P. Puel, Local exact bilinear control of the Shrédinger equation, ESAIM Control Optim. Calc. Var. 22 (4) (2016)
1264-1281.

[32] P. Rouchon, Control of a quantum particle in a moving potential well, in: 2nd IFAC Workshop on Lagrangian and
Hamiltonian Methods for Nonlinear Control, Seville, 2003.

[33] G. Turinici, On the controllability of bilinear quantum systems, in: C. Le Bris, M. Defranceschi (Eds.), Mathematical
Models and Methods for Ab Initio Quantum Chemistry, in: Lect. Notes Chemistry, vol. 74, Springer, 2000.

[34] G.N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge Univ. Press, Cambridge, 1922.

[35] R.M. Young, An Introduction to Nonharmonic Fourier Series, Academic Press, San Diego, 2001.


http://refhub.elsevier.com/S0022-247X(17)30439-0/bib426F736361696Es1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib426F736361696Es1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib446176696573s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib446F657363686572s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib486172617578s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib486172617578s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib496E6768616Ds1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4B6E6F626C6F6368s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4B6E6F626C6F6368s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4B6F6D4C6F72s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4B6F6D4C6F72s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4C545A68616E6731s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4C545A68616E6731s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4C545A68616E6732s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4C545A68616E6732s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4C696F6E73s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4D616B6F77736B69s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4D616B6F77736B69s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4D6979617368697461s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4D6F7267616Es1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4D6F7267616Es1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4E657273657379616E4D6F72616E636579s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4E657273657379616E4D6F72616E636579s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4D756E696572s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4D756E696572s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4E657273657379616Es1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib4E657273657379616Es1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib50696E646572s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib5075656Cs1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib5075656C62696C696E6561697265s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib5075656C62696C696E6561697265s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib526F7563686F6Es1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib526F7563686F6Es1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib547572696E696369s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib547572696E696369s1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib576174736F6Es1
http://refhub.elsevier.com/S0022-247X(17)30439-0/bib596F756E67s1

	Controllability of a 2D quantum particle in a time-varying disc with radial data
	1 Introduction
	1.1 Physical background
	1.2 Controllability of a 2-D quantum particle conﬁned in a disc via domain deformations
	1.3 Change of variables
	1.4 Functional setting
	1.5 Main result
	1.6 Previous work
	1.7 Strategy and outline
	1.7.1 Outline of the article


	2 Well-posedness and smoothing effect
	2.1 Smoothing effect

	3 C1-regularity of the end-point map
	4 Controllability of the linearised system around (ϕ#, u≡0)
	4.1 Heuristics leading to a moment problem
	4.2 Towards the resolution of the moment problem
	4.2.1 Reinterpretation of the moment problem
	4.2.2 A non-resonance property
	4.2.3 Construction of a Riesz basis
	4.2.4 A key asymptotic result

	4.3 Resolution of the moment problem

	5 Proof of Theorem 1.5
	6 Comments and perspectives
	Acknowledgments
	Appendix A Bessel functions
	A.1 Properties of the zeros
	A.2 Integral identities

	Appendix B Moment problems
	B.1 Abstract moment problems
	B.2 Trigonometric moment problems

	References


