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We initiate the study of weighted multi-Toeplitz operators associated with noncom-
mutative regular domains D}*(H) C B(H)", m,n > 1, where B(H) is the algebra
of all bounded linear operators on a Hilbert space H. These operators are acting on
the full Fock space with n generators and have as symbols free pluriharmonic func-
tions on the interior of the domain D} (#). We prove that the set of all weighted
multi-Toeplitz operators coincides with

—_————————WOT
ADm)* + A(DT) ,

where the domain algebra A(D}") is the norm-closed unital non-selfadjoint alge-
bra generated by the universal model (W1, ..., W,) of the noncommutative domain
D7 (H). These results are used to study the class of free pluriharmonic functions on
D' (H)°. Several classical results from complex analysis concerning harmonic func-
tions have analogues in our noncommutative setting. In particular, we show that
the bounded free pluriharmonic functions are precisely those which are noncom-
mutative Berezin transforms of weighted multi-Toeplitz operators, and solve the
Dirichlet extension problem in this setting. Using noncommutative Cauchy trans-
forms, we provide a free analytic functional calculus for n-tuples of operators, which
extends to free pluriharmonic functions. Our study of weighted multi-Toeplitz oper-
ators on Fock spaces is a blend of multi-variable operator theory, noncommutative
function theory, operator spaces, and harmonic analysis.

© 2019 Elsevier Inc. All rights reserved.

0. Introduction

Let H?(D) be the Hardy space of all analytic functions on the open unit disc D := {z € C : |z]| < 1}
with square-summable coefficients. An operator T' € B(H?(D)) is called Toeplitz if

Tf:P—i-((pf)a f€H2(T)7
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for some ¢ € L>(T), where Py is the orthogonal projection of the Lebesgue space L?(T) onto the Hardy
space H?(T), which is identified with H?(D). Brown and Halmos [3] proved that a necessary and sufficient
condition that an operator on the Hardy space H?(D) be a Toeplitz operator is that its matrix [Aij] with
respect to the standard basis ey(z) = 2, k € {0,1,...}, be a Toeplitz matrix, i.e.

)\i+1,j+1 :)‘2]7 ’Laj € {Oala"'}u

which is equivalent to S*T'S = T, where S is the unilateral shift on H?*(D). In this case, \;; = a;;,
where ¢ =, 7 arXx is the Fourier expansion of the symbol ¢ € L>°(T). The class of Toeplitz operators
originates with O. Toeplitz [38] and has been studied extensively over the years, starting with Hartman and
Wintner [10] and the seminal paper of Brown and Halmos [3]. The study of Toeplitz operators on the Hardy
space H?(D) was extended to Hilbert spaces of holomorphic functions on the unit disc (see [11]) such as the
Bergman space and weighted Bergman space, and also to higher dimensional setting involving holomorphic
functions in several complex variables on various classes of domains in C™ (see Upmeier’s book [39]).

The class of Toeplitz operators is one of the most important classes of non-selfadjoint operators having
applications in index theory and noncommutative geometry, prediction theory, boundary values problems
for analytic functions, probability, information theory and control theory, and several other fields. We refer
the reader to [2], [7], [35], and [11] for a comprehensive account on Toeplitz operators.

A polynomial ¢ € C(Zy,...,Z,) in n noncommutative indeterminates is called positive regular if all its
coefficients are positive, ¢(0) = 0, and the coefficients of the linear terms Z, ..., Z,, are different from zero.
Ifg=3, 0.2 and X = (X1,...,X,,) € B(H)", we define the completely positive map

Ogx i B(H) = BH),  ®ux(YV):=) a.XoYX].

For each m > 1, we define the noncommutative regular domain
DI'(H) :={X = (X1,...,Xn) € BH)": (id— ®¢x)"(I) >0for 1 <k <m}.

According to [30] and [28], each such a domain has a universal model (W7, ..., W,,) consisting of weighted left
creation operators acting on the full Fock space with n generators. We mention a few remarkable particular
cases.

Single variable case: n = 1.

(i) If m =1 and ¢ = Z, the corresponding domain D*(H) coincides with the closed unit ball [B(H)]; :=
{X € B(H) : || X| <1}, the study of which has generated the Nagy-Foiag theory of contractions (see
[37]). In this case, the universal model is the unilateral shift S acting on the Hardy space H?(D). The
Toeplitz operators on the Hardy space H?(D) have been studied extensively (see for example [7], [35]).

(ii) If m > 2 and ¢ = Z, the corresponding domain coincides with the set of all m-hypercontractions studied
by Agler in [1], and recently by Olofsson [19], [20]. The corresponding universal model is the unilateral
shift acting on the weighted Bergman space A,,(ID), the Hilbert space of all analytic functions on the
unit disc D with

17 = "2 [1@PG - o) 2ds < o

D

In [16], Louhichi and Olofsson obtain a Brown—Halmos type characterization of Toeplitz operators with
harmonic symbols on A,, (D), which can be seen as a reproducing kernel Hilbert space with reproducing
kernel given by kK, (z,w) := (1 — zw)™™, z,w € D. Their result was recently extended by Eschmeier
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and Langendorfer [9] to the analytic functional Hilbert space Hy,(B) on the unit ball B C C™ given by
the reproducing kernel k., (z,w) := (1 — (z,w))" " for z,w € B, where m > 1.

Multivariable noncommutative case: n > 2.

(i) When m =1 and ¢ = Z; + -+ + Z,, the noncommutative domain Dy*(#) coincides with the closed
unit ball [B(H)"]1 := {(X1,...,Xn) : X1 X7 + -+ X, X < I}, the study of which has generated a
free analogue of Nagy—Foiag theory. The corresponding universal model is the n-tuple of left creation
operators (S1,...,5,) acting on the full Fock space with n generators. A study of unweighted multi-
Toeplitz operators on the full Fock space with n generators was initiated in [23], [24] and has had an
important impact in multivariable operator theory and the structure of free semigroups algebras (see
), 151, [6], [27), [29], 4], (15, [17], [18]).

(ii) When m > 1, n > 1, and q is any positive regular polynomial the domain D}*(#) was studied in [30]
(when m = 1), and in [28] (when m > 2). In this case, the corresponding universal model is an n-tuple
of weighted left creation operators acting on the full Fock space. We remark that, in the particular
case when m > 2 and ¢ = Z1 + - - - + Z,, the corresponding domain can be seen as a noncommutative
m-hyperball, the elements of which can be viewed as multivariable noncommutative analogues of Agler’s
m-hypercontractions. As far as we know, Toeplitz operators have not been introduced or studied in this
very general setting.

The goal of the present paper is to initiate the study of weighted multi-Toeplitz operators associated with
noncommutative regular domains Dy'(H) C B(H)", m,n > 1, when ¢ € C(Zy,...,Z,) is any positive
regular polynomial in noncommutative indeterminates. This is accompanied by the study of their symbols
which are free pluriharmonic functions on the interior of the domain Dy (#).

In Section 1, we present some background from [30] and [28] on the noncommutative domains D7*(H),
their universal models, and the associated noncommutative Berezin transforms.

In Section 2, we introduce the weighted multi-Toeplitz operators which are acting on the full Fock space
F?(H,) with n generators and are associated with the noncommutative domain Dy (H) C B(H)". We show
that they are uniquely determined by their free pluriharmonic symbols

ga(Xl,...,Xn):i > baX;;+§: > aaXa, e ba €C,

k=1 el |a|=k k=0 o eF;F,|a|=k

where F,I is the unital free semigroup with n generators and the convergence of the series is in the operator
norm topology for any n-tuple (Xi, ..., X,) in the interior of D}*(H). We prove that the set of all weighted
multi-Toeplitz operators coincides with

WwoT
AD)* + AD1) ,

where the domain algebra A(Dj") is the norm-closed unital non-selfadjoint algebra generated by the uni-
versal model (W7y,...,W,) of the noncommutative domain D}*(#). In the particular case when n = 1 and
q = Z, we obtain a characterization of the Toeplitz operators with harmonic symbol on the Bergman space
A (D), which should be compared with the corresponding result from [16].

In Section 3, we provide basic results concerning the free pluriharmonic functions on the noncommutative
domain D' (#H)° and show that they are characterized by a mean value property. This result is used to obtain
an analogue of Weierstrass theorem for free pluriharmonic functions and to show that the set Har((Dj")°)
of all pluriharmonic functions is a complete metric space with respect to an appropriate metric p. We also
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obtain, in this section, a Schur type result [36] characterizing the free pluriharmonic functions with positive
real parts in terms of positive semi-definite weighted multi-Toeplitz kernels.

Section 4 concerns the space Har®((D7*)°) of all bounded free pluriharmonic functions on Dg*(H)°.
One of the main results states that F' € Har>((D}")°) if and only if it is the noncommutative Berezin
transform of a weighted multi-Toeplitz operator. Moreover, we prove that the map

wor

P : Haroo((D;")o) — A(D;”)* + A(DZJH)

defined by ®(F) := SOT-lim,_,; F(rW) is a completely isometric isomorphism of operator spaces. A non-
commutative version of the Dirichlet extension problem for harmonic functions (see [13]) is also provided.

We prove that F' € Har((D7*)°) has a continuous extension in the operator norm topology to Dy*(#) if and
[l

only if there exists a multi-Toeplitz operator ¢ € A(D7*)* + A(D")"  such that F' is the noncommutative
Berezin transform of .

In Section 5, using noncommutative Cauchy transforms associated with the domain Dg*(#), we provide
a free analytic functional calculus for n-tuples of operators X = (Xi,...,X,,) € B(H)™ with the spectral
radius of the reconstruction operator Rs x strictly less than 1. This extends to free pluriharmonic functions,

proving that the map
Uy x « (Har((Dg")°),p) = (B(H), | - )

defined by ¥, x (G) := G(X) is continuous and its restriction \I/q7X|Hol((Dgn)°) is a continuous unital algebra
homomorphism. Several consequences of this result are also provided.

We should mention that our results are presented in the more general setting of weighted multi-Toeplitz
matrices with operator-valued entries and free pluriharmonic functions with operator-valued coefficients,
while the noncommutative domain D}"(”H) is generated by any positive regular free holomorphic functions
f in a neighborhood of the origin.

In a forthcoming paper [34], we obtain a Brown—Halmos characterization of the weighted multi-Toeplitz
operators associated with the noncommutative m-hyperball (the case when ¢ = Z1 +-- -+ Z,,, m > 2) which
is a noncommutative version of Eschmeier and Langendorfer recent commutative result [9]. This result shows
that the weighted multi-Toeplitz are characterized by an algebraic equation involving the universal model
(Wy,...,W,) of the noncommutative m-hyperball. It remains to be seen if this characterization extends to
the more general domains Dy", where ¢ is any positive regular polynomial.

1. Noncommutative domains, universal models, and Berezin transforms

This section contains some definitions and the necessary background from [30] and [28] on the non-
commutative regular domains D;?(’;’-l)7 their universal models, and the associated noncommutative Berezin
transforms.

Let F,© be the unital free semigroup on n generators gi, . .., g, and the identity go. The length of o € F,"
is defined by |a| :=0if « = go and |a| := k if a = g4, - -~ g5, where i1, ... i, € {1,...,n}. If Z1,...,Z, are
noncommutative indeterminates, we denote Z, := Z;, ... Z;, if a = gi, ... gi, € FFd1,...ip € {1,...,n},
and Zg, = 1. Similarly, if X := (Xy,...,X,) € B(H)", where B(H) is the algebra of all bounded linear

operators on the Hilbert space H, we denote X, = Xj, ---X;, and Xy = Iy. A formal power series

fo= ZQGF; oo, Go € C, in noncommutative indeterminates Z1,...,Z,, is called free holomorphic

function on the noncommutative ball [B(H)"], for some p > 0, where

[BH)"]p = {(X1,..., Xp) € B(H)" ¢ [IXa X7+ + X, X012 < p},
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if the series > .=, Z|a\:k¢ o X4 is convergent in the operator norm topology for any (Xi,...,X,) €
[B(H)"],. According to [26], f is a free holomorphic function on [B(#)"], for any Hilbert space H if
and only if

1/2k
1
lim sup aal? < -
k—o0 Z | a| P
la|=k
Throughout this paper, we assume that a, > 0 for any a € F;f', ag, = 0, and a4, > 0if i € {1,...,n}.

A function f satisfying all these conditions on the coefficients is called positive regular free holomorphic
function on [B(H)"],. Let @4 x : B(*) — B(H) be the completely positive linear map given by ®; x(Y) :=
Z\alzl anXoY X! for Y € B(H), where the convergence is in the weak operator topology, and define the
noncommutative reqular domain

D}(H) = {X = (X1,...,X,) € B(H)" : (id—®sx)"(I)>0for 1 <k<m}.

We saw in [28], that X € D7 (H) if and only if @5 x(I) < I and (id — @7 x)™(I) > 0. The abstract
noncommutative domain D" is the disjoint union Hrea D}"(”H), where A is a set of Hilbert spaces including
one which is separable and infinite dimensional. We associate with the abstract domain D’]ﬂ a unique n-tuple

(Wy,...,W,) of weighted shifts, as follows. Define bg?) ;=1 and

|t .
b((lm) :Z Z QAryy =7 Gy <J :1@;1> if QEF:’|O‘| >1, (1'1)
j=1

T =e
[V1[2150 75121

(see Lemma 1.1 from [28]). Let H,, be an n-dimensional complex Hilbert space with orthonormal basis
€1,€a,...,6n, where n € N := {1,2,...}. We consider the full Fock space of H,, defined by

F2(H,) := P H*,
k>0

where H® := C1 and H®* is the Hilbert tensor product of k copies of H,. Let D; : F?(H,) — F?(H,),
i € {1,...,n}, be the diagonal operators defined by setting

a e,

where {ea}aeFi is the orthonormal basis of the full Fock space F2(H,,). The weighted left creation operators
W, : F?(H,) — F?(H,) associated with D’ are defined by W; := S;D;, where Si,...,S, are the left
creation operators on the full Fock space F?(H,), i.e.

SiSO::@i@%O, @eFQ(Hn)aie{]-a"'an}'

A simple calculation reveals that

p(m) Vo

e ifa=
Wgey = ! and  Wjeq = ¢ ol K P (1.2)

(m) €8
\/ bm 0 otherwise
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for any «a,8 € F,F. We recall from [28] that the weighted left creation operators Wi, ..., W, have the
following properties:

(i) > agWpWj < I, where the convergence is in the strong operator topology;
|B1>1
(ii) (id —®¢w)™ (I) = Pc, where Pc is the orthogonal projection of F?(H,) on C1 C F?(H,), and the

map @ w : B(F%(H,)) — B(F?(H,)) is defined by

Qpw(Y) = > aaWaYW,

la|>1

where the convergence is in the weak operator topology;
(iif) W := (Wy,...,W,) is a pure element of the domain D}”(F2(Hn)), ie. lim @?’W(I) = 0 in the strong

p—00

operator topology.
The right creation operators are defined by R;p := p®e;, i € {1,...,n}. We can also define the weighted

right creation operators A; : F?(H,) — F?(H,) by setting A; := R;G;, i = 1,...,n, where each diagonal
operator G;, i = 1,...,n, is given by

n>

where the coefficients b0, a € ", are described by relation (1.1). In this case, we have

[ .
\/ bgm) al ey, ifa=7p

Age, = b and  Afe, = ¢ \/bl™ (1.3)
b75 0 otherwise

for any o, 8 € FF, where B denotes the reverse of 8 = Giy - Gy, 1€, B = Gi - - Gi,- As in the case of

no

weighted left creation operators, one can show that

S aghshy < T and  (id- @f,A)m (I) = Pe, (1.4)
[8]>1

where f(Z) := > la|>1 @aZa, & denotes the reverse of a, and @5 (V) := 3,51 aala YAy for any Y €
B(F?(H,,)), with the convergence is in the weak operator topology.
Let X := (Xy,...,X,) € D;”(H) and let K}";( i H — F?(H,) ® A, x(H) be the noncommutative
Berezin kernel defined by

KJ(:;()h = Z v b‘g‘m)ea ® Am>XX;ha heH,

aclF;}
where A, x == [(I — <I>f,x)m(l)]1/2 and the coefficients b\ are given by relation (1.1). We know that

K x: =Wy o DK ie{l,...,n}.

Assume that X is a pure n-tuple, i.e. ¢§7X(I) — 0 strongly, as k — oo. Then K}"}g is an isometry and the

n-tuple W := (Wy,...,W,,) plays the role of the universal model for the noncommutative domain D?.
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Let (W) := >_ ¢sWp, cg € C, be a formal sum with the property that >, p+ |c,g|2% < o0. In [28],

m
BeFF )
we proved that > cgWs(p) € F?(H,) for any p € P, where P C F?(H,,) is the set of all polynomial
BeFt

ine,, a e F.If

sup Z cgW3a(p)|| < oo,
reP.lpl<t || S

then there is a unique bounded operator acting on F?(H,,), which we should also denote by (W), such
that

e(W)p = Z cgWpa(p) forany peP.
BEFT

The set of all operators (W) € B(F?(H,)) satisfying the above-mentioned properties is denoted by
F“(D}“). One can prove that F“(D}”) is a Banach algebra, which we call Hardy algebra associated with
the noncommutative domain D’}'. We introduce the domain algebra A(D}') to be the norm closure of all
polynomials in the weighted left creation operators W7y,..., W,, and the identity. Using the weighted right
creation operators associated with D', one can also define the corresponding domain algebra R(D}”)

In a similar manner, using the weighted right creation operators A := (Aq,...,A;,) associated with D7,

one can define the corresponding Hardy algebra R“(D’;ﬂ). More precisely, if g(A) = Z+ c5Ap is a formal
BEFS
sum with the property that 35 p+ |cB|2K1,L) < oo and such that

sup Z csAp(p)| < oo,
pEP.lIplI<T || o+

then there is a unique bounded operator on F?(H,,), which we also denote by g(A), such that

g(MN)p = Z cgAg(p) forany peP.
BEF:

The set of all operators g(A) € B(F?(H,)) satisfying the above-mentioned properties is denoted by
R>*(D7'). We proved in [28] that F'>°(D7")" = R°°(D’}') and F>°(D'}")"” = F>°(D'}"), where ' stands for the
commutant.

Let us recall some definitions concerning completely bounded maps on operator spaces. We identify
M, (B(H)), the set of k x k matrices with entries in B(H), with B(H®*)), where H®) is the direct sum of
k copies of H. If X is an operator space, i.e., a closed subspace of B(H), we consider My (X) as a subspace
of My (B(H)) with the induced norm. Let X', be operator spaces and u : X — Y be a linear map. Define
the map uy : My(X) — Mp(Y) by

ug([ig]k) = [u(@ij)]k-

We say that u is completely bounded if [|ul|p := supg>y [Jur| < oo. When [[ul[s < 1 (vesp. uy is an isometry
for any k > 1) then u is completely contractive (resp. isometric). We call u completely positive if wuy is
positive for all k¥ > 1. For more information on completely bounded (resp. positive) maps, we refer to [21]
and [22].
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Definition 1.1. An n-tuple X € D’?(H) is called pure if lim,—,oc ®% ;-(I) = 0 in the strong operator topology.

The noncommutative Berezin transform at X € D' (H), where X is a pure element, is the map Bgzn) :
B(F?(H,)) — B(H) defined by

BY[g) = K\ (9@ L) K, g€ B(F?(H,)),

where the K ](cmX) : H — F?(H,)®H is noncommutative Berezin kernel. Let (W) be the set of all polynomials
p(W) in the operators W;, i € {1,...,k}, and the identity. If g is in the operator space

S = span{p(W)g(W)" : p(W),q(W) € P(W)},
where the closure is in the operator norm, we define the Berezin transform at X € D7*(H), by
BY (o) == lim K73 (9@ LKk, g€,

where the limit is in the operator norm topology. In this case, the Berezin transform at X is a unital
completely positive linear map such that

B (WoW3) = Xo X5, a,B€F,.

If, in addition, X is a pure n-tuple in D7*(#), then lim, B(m) lg] = B(m)[ ], g € S. More on noncommu-
tative Berezin transforms and their apphcatlons can be found in [25], [28], [30], [31], and [32].

2. Weighted multi-Toeplitz operators on Fock spaces

In this section, we introduce the weighted multi-Toeplitz operators associated with the noncommutative
domain D’]Z"”("H) C B(H)™. We show that they are uniquely determined by their free pluriharmonic symbols
and provide a characterization in terms of the domain algebra A(D}”).

In what follows, we need some notation. If w,y € F,", we say that w >, v if there is ¢ € F," such that
w = o. In this case we set w\,y := 0. If 0 # go we write w >, 7. We say that w and v are comparable if
either w >, v or 7y >, w. If w,y € F,} are comparable, we consider the weights

[ (m)
by :
b if w>,7,
Ao~y 1=
w,y bﬁ,"” )
) if v>,w,

where the coefficients b((lm)7 a € F,7, are given by relation (1.1). Let £ be a separable Hilbert space and let
[Co v+« p+ be the operator matrix representation of T' € B(€ ® F2(H,)), i.e.

(Conm,y) = (T(x®ey),y D ew)
for any w,y € F,;" and z,y € £.

Definition 2.1. We say that T is a weighted right multi-Toeplitz operator if for each i € {1,...,n} and
w, ’77 «, B S Frj

Awgivgi Cugivgs = Aoy Cuys if w,7 are comparable,

and Cy g = 0 if a, B are not comparable.



264 G. Popescu / J. Math. Anal. Appl. 478 (2019) 256-293

We remark that when n = m = 1, f = Z, and & = C we recover the classical Toeplitz operators
on the Hardy space H?(D). Also if n > 2, m = 1, and f = Z; + -+ + Z, we obtain the unweighted
right multi-Toeplitz operators on the full Fock space F2(H,,) (see [23], [24] and [29]). In this case, we have

b™ =1 for any o € F,7 and the condition above becomes

Cuny, if w>ryor v>,w,
wgivGi

0, otherwise,

and C, g = 0 if o, B are not comparable.
For an equivalent and more transparent definition of weighted right multi-Toeplitz operators on the full
Fock space F?(H,,) see the remarks following the next theorem.

Theorem 2.2. Any weighted right multi-Toeplitz operator T € B(€ @ F%(H,,)) has a formal Fourier repre-
sentation

(W)=Y Bay@Wi+ A @I+ Y Aw)®Wa,

lal>1 lal>1

where {A(a) toert and {B(a)}aeri\ (g} a7€ S0Me operators on the Hilbert space £, such that

Tg=9W)g, q= ) ha®ea,
jal<k

for any hy, € € and k € N. If Ty, Ty are weighted right multi- Toeplitz operators having the same formal
Fourier representation, then Ty = T5.

Proof. First, we note that, using Definition 2.1, one can prove that T € B(£ ® F?(H,)) is a weighted
right multi-Toeplitz operator if and only if the entries of its matrix representation [C’W,A,}FTTXFTT satisfy the
following relations:

. bgm)bgym) +
(i) Conyy = s Co. g, for any o,v € FI;

B B bgm)bgm)
(ii) Cyoy = )

(iii) Cp,p =0if (o, B) € F,F x F,} is not of the form (ov,v) or (v,07) for o,y € F,.

Cyo,0 for any o,v € F,F;

Consequently, T € B(£ ® F?(H,)) is a weighted right multi-Toeplitz if and only if

5™ /bfym) .
%<T(m®l)7y®ew\rfy>7 lf w 2’)" 77
(T(x®ey),y@ew) =4 RV

. 2.1
\/b(T) <T($®6’Y\rw)7y®1>a if "Y>r w, ( )

0, otherwise.

We define the formal Fourier representation of 1" by setting

(W)=Y Bay@Wi+ A @I+ Y Aw)®Wa,

la|>1 Ja|>1

where the coefficients are given by
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(Ayz,y) ==1\/ba )<T(x®1)y®ea>, aeFr,

(2.2)
(Biaym,y) = O (T(x @ ea),y®1), a€F;\{go},
for any x,y € £. We also set A(gy := A(y,)- Hence, we deduce that
1
Tx®1)= Z ——— AT ®eq
acF;; \ b( ™)
and
* 1 *
T*(z®1) = Z ———=DB{,T ®eqa
aeF,T |a|>1 \/ b((}m)
for any x € £. As a consequence, we can see that Z|a‘>1 b(m)A A(q) and Z\a|>1 o BB ( ) are WOT

convergent series. We note that

p(W)(z®ep) = Y (Bay®@Wi)(x@ep)+ Y (A @ Wa)(z ®ep),

la|>1 ack;t

is well-defined as a vector in €& ® F2(H,). Indeed, the first sum consists of finitely many terms, while the

IR
second one is equal to Zadw A(a)z ®4/ (m) €qg- Using the definition of the coefficients b( m) , one can easily

see that b{™ by (m) < 1Bl +m = ™ This implies
m—1 ap

S Al o < (5'“” N T el

acF;F aclF,f

Since T is a weighted right multi-Toeplitz operator, we can use relations (2.1) and (2.2), to obtain
\/ﬁ <Aw\r’yx’y> ) if w Zr s

_ (m)
<T(flf ® e’y)vy ® €w> % <Bv\7,wl‘7y> ? lf v >r w,

0, otherwise.

(2.3)

Now, note that

(W) (z @ ey),y R ey) = Z (Bym,y) (Wiey,ew) + Z (Aym,y) (Waey, ew) -

la|>1 acF,}

Due to the definition of the weighted left creation operators Wy, ..., W,,, we have

/(M)
b , ifw=ay,
<Woce'y7 ew> = V b«(;vl)

0, otherwise,

for any a € F,}, and
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/ol i
if y=aw
Waeyeo) = b 70 7%
0, otherwise

for any « € F,F with |a| > 1. Using these relations, we deduce that

[ (m)
<\/Z:—M)A(a)x,y> , ffw=ay,a€cF],
ay

Wilr®ey),yRey,) = [y (m)
Rl 1)y ® ) <b—‘“B >, if v = aw,a € F;} with |a| > 1,

(2.4)

\/b(T) ()T, Y

0, otherwise.

Comparing these relations with (2.3), we conclude that

(T(r®ey),y@ey) = (pW)(z@ey),y®ey)

for any x,y € € and v,w € F,}'. Consequently, we obtain T'(z ® e,) = ¢(W)(z ® e,). The last part of the
theorem is now straightforward. The proof is complete. O

Let F J?m be the Hilbert space of formal power series in noncommutative indeterminates Z1, ..., Z, with
complete orthogonal basis {Z, : « € F,7} and such that ||Z,|| f.m := ——~—. It is clear that

Vo

1
Fim = pi= Z 0 Zo : Gq € C and ||<p||?cm = Z W|aa|2 < o0

acF;f acF,f 7

The left multiplication operators Lq,..., L, are defined by L;§ := Z;£ for all £ € Fﬁm. Note that the

operator Uy ,, : F*(H,) — F]%m defined by Uf m(eq) := bg,m)Za, a € F;F, is unitary and Uy, W; = L;Uy,,
for any i € {1,...,n}. A straightforward calculation reveals that T € B(€ ® F?(H,)) is a weighted right
multi-Toeplitz operator if and only if A:= (I ® Uy,,)T(I ® Uj,,) satisfies the condition

bg%) (A, ®,y), if w>p7,
<A(ZL' & Z’y)vy & Zw> = bg% <B(,Y\Tw):1;7y> , if N>, w,

0, otherwise,

for some operators {A(a)}oery and {B(a) baeri (g} I B(E). Note that the Hilbert space Ff’m can be seen
as a weighted Fock space. In the particular case when n = 1 and ¢ = Z, it coincides with the weighted
Bergman space A, (D), while A is a Toeplitz operator with operator-valued bounded harmonic symbol (see
[16] for the scalar case when £ = C). All the results of the present paper can be written in the setting of
multi-Toeplitz operators on weighted Fock spaces. However, dictated by technical aspects, we preferred this
time to put the weights on the left creation operators instead on the full Fock space.

We denote by Ag (D) the spatial tensor product B(E) ®@min A(DY'), where A(D'') is the noncommu-
tative domain algebra. Let P C F?(H,,) be the set of all polynomials in e,, a € F,F.

The main result of this section is the following characterization of the weighted right multi-Toeplitz
operators in terms of their Fourier representations, which can be viewed as their symbols.
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Theorem 2.3. Let {A()}cp+ and {B(Q)}QE]F;{\{QO} be two sequences of operators on a Hilbert space &.
Then

p(W):i= > Bay@Wi+ Aoy @I+ Y Aw)@Wa

la[>1 la[>1

is the formal Fourier representation of a weighted right multi- Toeplitz operator T € B(€ ® F?(H,,)) if and
only if

(1) Xjai>1 b(%)A’(ka)A(a) and 3|11 b(Lm)B(a)BEka) are WOT convergent series, and
(i) sup [lp(rW)] < oo.
0<r<1

Moreover, in this case,

(a) for each r € [0,1), the operator

(p(TW) = Z B(a) & TIQ‘W; + A(O) ® I+ Z Z A(a) & Tla‘Wa
k=1 |a|=k k=1 |a|=k

is in the operator space Ag(D'F')* + Ag(D7), where the series are convergent in the operator norm

topology;
(b) T =SOT- lim1 e(rw), and
r—
(©) Tl = sup [p(rW)[| = lim (W)= sup — [lo(W)q].
0<r<1 T qEEQP,|lqlI<1

Proof. Assume that T € B(£ ® F?(H,)) is a weighted right multi-Toeplitz operator and that o(W) is its
formal Fourier representation. Note that part (i) was proved in the proof of Theorem 2.2.
Using the definition of the weighted left creation operators and the fact that

m) p(m) 1Bl +m —1Y ,(m)
bg>bﬁ g( 1 b

we deduce that

1/2
1 —1
Wl < —— ('“'*m ) |

/b((lm) m—1

Since the operators W, « € F,}', |a| = k have orthogonal ranges, we deduce that
S amwLwr| < <k m = 1) .
o o m—1
a€F;l |al=k
Consequently

1/2 12
1 k+m-—1
@ k *
D Aw @MWl =t D —r Al A ( m—1 )

o=k la|=k 7
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which implies the convergence of the series Y ;- Hzlalzk Aa) ® r“”WaH. A similar result holds for the
operators By,). Using part (i), we can easily see that o(rW) is in Ae(D7')" + Ag(D7}'), where the series
in the definition of p(rW) are convergent in the operator norm topology. This shows that part (a) holds.
Now, we prove that, for any r € [0,1),

(Ie ® K" (T @ Ipa(ar,)) (Te © K{7y) = o(r W), (2.5)

where K ](::/?/V : F2(H,) — F%(H,) ® D,w is the noncommutative Berezin kernel defined by

K{ve= 3" es@ A2 Wie, &€ FX(Hy),
BEFT

and D,y = A;T/QTW(FQ(HH)) Let y,w € F,F, set s := max{|y|, |w|} and define

p(W)i= > Bay@Wit+ >  Aw®Wa.

1<]a|<s a€eF,} |al<s

Note that W;(ey) = 0 if |a| > s and, similarly, Wj(e,) = 0 if |3] > s. Consequently, using Theorem 2.2,
careful computation reveals that

(e @ K (1 Irar,) e © K)o @ ),y 0

= <(T ® Ip2(p,))(z® K}?;%,Vevhy ® K! T%Vew>

- <(T®IF2(H7L)) ST z@\oiea @ A2 Wiler) | Y @ /b Ves ®A},{3wwg(ew)>
acF;; BEF,T

[ P reo e atuiie) T voweuiie)

acF,f BEF,
= 3 VB (T @ ea)iy @ es) (AL Wa(er), A Wi (ew))
a€F,f BeF,t

S X I T @)y @ ea) (AT Walen) AL Wi(ew)

a€FT |a|<s BEFT,|B|<s

3 3y BTG (0g (W)@ ® €a),y ® ) <A711{727,WW;(67),A:,{’QT,WWg(ew)>
(XEF,J[,|Q|<9 Bean ,1B1<s

S D VBB (W)@ @ ea) y @ ea) (AN S Wier) Ay Wiew))

acF;F 5€F;f

= ((ps(W) @ Ipa(a,)) (@ @ Ky e)).y @ K{ e )

= (e @ KTy (0s(W) & Iraga,))Ue @ K (@ @ ex) y @ )
= (ps (W) (z @ eq),y @ eu)
= (p(rW)(x ® ey),y @ ew)
for any z,y € £. This shows that relation (2.5) holds. Since K}"TL%/V is an isometry for any r € [0,1), we
deduce that
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lerM)I <ITl,  r<[0,1), (2.6)

which completes the proof of part (ii). Now, we show that T = SOT- lir% o(rW). Indeed, first note that,
r—
due to part (i) and the proof of Theorem 2.2, we deduce that

2

_ 1
> (e oWz wes)| < (M) S el <o

m)
a€F,f a€F;F ba

and also a similar result involving the other series in the definition of p(W). Consequently,
le(rW)p —@(W)pl| =0, asr—1, (2.7)

for any p := Zm\gk h(a) ® €q, where hy) € € and k € N. Let x € £ ® F?2(H,) and choose p as above such
that ||z —p|| < a7 Using relation (2.6) and Theorem 2.2, we obtain

lp(rW)z — Tl < [lp(rW)(z —p)|| + (W )p — o(W)p|| + [[p(W)p — Tz
< 2[T ||z = pll + [l (rW)p — o(W)p||
et lorW)p — o(W)p||.

Now, relation (2.7) implies lim sup,._,; ||p(rW)a —Tz|| < € for any € > 0. Hence lim,_,; ||p(rW)az—Tz|| =0
for any z € £ ® F?(H,,), which proves part (b). To prove part (c), let € > 0 and choose p € £ @ F?(H,,)
be a polynomial such that ||p|| = 1 and ||Tp|| > ||T'|| — €. Theorem 2.2 and relation (2.7) imply that there
is t € (0,1) such that [[o(W)p| > [T — €. This shows that sup,cp 1y ¢ (rW)[| > [|T'[|. Since the reverse
inequality holds due to relation (2.6), we deduce that

sup [o(rW)| = [T (2.8)
€[0,1)

T

Now, let t1,¢2 € [0,1) such that ¢; < t. Since @(t2W) is in Ag(D7') we can use the noncommutative
Berezin transform to deduce that

(le ® K](v?;%/v)* (p(t2W) @ Ip2(p,,)) (Ie ® K}?;%,V) = @(tarW)

for any r € [0,1). Taking r := % and employing the fact that KJ(JZ%,V is an isometry, we obtain

It W) < lle(tW)I],

which together with relation (2.8) show that ||T|| = lim,_,1 ||@(rW)||. On the other hand, the fact that

T = sup llo(W)q|| is a consequence of Theorem 2.2.
1€ERP, [lqlI<1

It remains to prove the converse of the theorem. Assume that {A()},ep; and {B(a)}aeri (g} are two
sequences of operators on a Hilbert space &£ satisfying conditions (i) and (ii), where (W) is the formal
series

> By @Wi+ > Aw) @ Wa.

la|>1 acF,f

As is the first part of the proof, we can show that o(rW) is in the operator space Ag(D7')* + Ag (D7),
and (W )p makes sense for any polynomial in £ ® F2(H,,). Note that item (ii) implies
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sup (W)l < oo. (2.9)
qeERP,|lqlI<1

Indeed, if M > 0 and there is a polynomial pg € £ ® P such that ||o(W)po|| > M. Using the fact that
lo(rW)po — o(W)pol| — 0 as r — 1, we find ¢ € (0,1) such that |[@(tW)po| > M, which implies that
lle(W)|| > M. Since M is arbitrary, we get a contradiction. Therefore, relation (2.9) holds. Consequently,
there is a unique operator T' € B(€ ® F?(H,,)) such that Tp = (W )p for any polynomial p € £ ® F?(H,,).
Now one can easily see that relation (2.4) holds and

(T(r®ey),y@ew) = (p(W)(z©ea)y @ ew)

b(m)
—Az,y ), ifw=ay,

B(a)$7y> , ity =aw,

otherwise,

—<T(x®1),y®€w\7>, if w>, s
Vol '
- |

o (Tr@ep,w)y®l), if v> w,

0, otherwise.
This shows that T is a weighted right multi-Toeplitz operator and completes the proof. O

Corollary 2.4. The set of all weighted right multi- Toeplitz operators on €@ F?(H,) coincides with

A7)+ A D) " = Ae(DF) + A (DF)

where Ag(DT) := B(E) @min ADYF') and A(DY) is the noncommutative domain algebra.

Proof. Let My be the set of all weighted right multi-Toeplitz operators and note that the inclusion My C
soT
Ag(D7)* + Ag (D) holds due to Theorem 2.3. Since

A (D7) + A7) " A(DP) + A (D7)

it remains to show that

A (D7) + A7) " < My

To this end, note that, for any operator A € B(£) and « € F,7, the operators A @ W* and A ® W, are
multi-Toeplitz. On the other hand, if {T;} is a net of weighted right multi-Toeplitz operators such that
T; — T in the weak operator topology, passing to the limit in relation (2.1), written for T;, shows that T is
a weighted right multi-Toeplitz operator as well. This completes the proof. O

Next, we show that for certain noncommutative domains D', the corresponding set of weighted right
multi-Toeplitz operators does not contain any nonzero compact operator.

Theorem 2.5. Let D" be a noncommutative domain where the coefficients bgm) associated to f satisfy the
condition
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gix

&m )

sup < 00, ie{l,...,n}.

acF;; b
Then there is no nonzero compact weighted right multi- Toeplitz operator on the full Fock space F?(H,).

Proof. First, note that

b(m) N
sup ——- < oo foreach o €T}, (2.10)
ack;t b3

Indeed, if o = g;, -+ gi,, i1, .. ,4q € {1,...,n}, then

bory bgil---giqv b9i2~~-giqv bgiq'V

b’Y bgz‘g"'gz'q’y bgi3"'giq'Y b’Y

Using now the condition in the theorem, the assertion follows. Assume that 7' is a compact weighted right
multi-Toeplitz operator on F?(H,). Then, we have

bgm)b(vm)
(Tey, e0q) = —m) (Tegy, €q)
3%

(2.11)
b((Tm)b’(ym)

(Tegy,ey) = (Teq, eq4y)

o
for any oy € F,}', and (Teq, e5) =0 if (a, B) € F,f x F;} is not of the form (¢y,7) or (y,07) for o,v € F,.
Since a compact operator maps weakly convergent sequences to norm convergent sequences, we deduce that
(Tey,e5) — 0and (Tes,ey) — 0 as |y| = co. Consequently, using relations (2.10) and (2.11), we conclude
that (Tey, e5y) = (T, ey) = 0 for any o € F,". Now, using again relation (2.11), we deduce that 7' = 0,
which completes the proof. O

We shall present a concrete class of noncommutative domains for which the theorem above holds. Consider
the case when f = Z; +--- 4+ Z, and m € N. The corresponding domain D7 is the noncommutative
m-hyperball, which is defined by

{X :=(X1,....,X,) € BH)": (id— ®x)*(I)>0for 1 <k <m},
where ®x : B(H) — B(H) is defined by ®x(Y) := YI' | X;Y X} for Y € B(H). In this case, we have

b_g,T) =1 and b0 = <|an—|1— Tl_ 1) if « € F,}', |a| > 1. Consequently,

] +m
bgg) m—1
L= =1, as |a| — .

b (ol +m—1
m—1

This shows that Theorem 2.5 holds for the weighted right multi-Toeplitz operators associated with the

noncommutative m-hyperball. It would be interesting to know if there are examples of domains D" which
admit nonzero compact multi-Toeplitz operators.
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3. Free pluriharmonic functions on the noncommutative domain D}"m d
9

In this section, we provide basic results concerning the free pluriharmonic functions on the noncommuta-
tive domain D', ,(#) and show that they are characterized by a mean value property. This result is used
to obtain an analogue of Weierstrass theorem for free pluriharmonic functions and to show that the set of
all pluriharmonic functions is a complete metric space with respect to an appropriate metric. A Schur type
result in this setting is also presented.

Since the domain D' is radial (see Theorem 1.4 from [32]), i.e. rX € D}'(H) for any X € D}'(H) and
any r € [0,1), we can introduce the radial part of the domain D*(#), i.e.

Note that, in general, we have
D] (H) € DY () € DY (H) € D ua(H) ™
In the particular case when ¢ is a positive regular noncommutative polynomial, we have

IntD;n(H) = g,lrad(H> and nglrad<H)_ = D(T(H) = DT(H)_
Let Zi,...,7Z, be noncommutative indeterminates, set Z, := Z;, - Z;, if a« = g;, ---¢;, € F,[, and
Zgo = 1.

Definition 3.1. A formal power series F' := ) A, ® Z, with A,y € B(€) is called free holomorphic
aclF,
function on the abstract domain D := [[;, D7 ,q(H), if the series

F(X) = Z Z A(a) & X(x

k=0 aeF},|al=k
is convergent in the operator norm topology for any X € D;’:‘rad(H) and any Hilbert space H.

We remark that it is enough to assume in Definition 3.1 that H is an arbitrary infinite dimensional
separable Hilbert space. Unless otherwise specified, we assume throughout this paper that 7 has this
property.

We denote by Holg (D}") the set of all free holomorphic functions on the abstract domain D7’ with

operator coefficients in B(E). Let F := Y A(,)®Z, with A,y € B(E) be a formal power series and define
a€lF,
v € [0, 0] by setting

1
— := limsup Z Afq) @ Wy

€l |a|=k

According to [33], the series

SN Aw@Xal|, X €9DFq(H),
k=1 |||a|=Fk
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is convergent. Moreover, if v > 0 and r € [0,7), then the convergence is uniform on rD7*(#). In addition,
if v € [0,00) and s > v, then there is a Hilbert space H and Y € sD*(#H) such that the series

o0

DD Aw®Ya

k=1|a|=k

is divergent in the operator norm topology. As a consequence of these results, we deduce the following.

Proposition 3.2. F'= } A, ® Z, is free holomorphic on D'\ . if and only if
aclF,

1/2k

lim sup Z wﬁA?ﬁ)A(ﬁ) <1,
BeFT,|B|=k

(m)
where wg := sup, cp+ % and bgm) is given by relation (1.1).
By

Proof. Due to the results preceding the proposition, we have that F' is free holomorphic on D7 aa if and
1

k

only if limsup,cz, >, A ®@Ws|| <1.0On the other hand, due to relation (1.2), we have

a€cFt |al=k

™ it 3
. e if a = B,
WsWiea = ¢ o ©
0 otherwise,

which implies ||[WsWj|| = wg. Since the operators Wjs, with § € F," and |3| = k, have orthogonal ranges,
we deduce that

1/2 1/2

Yo AW = D ApAp eWeWi| =| Y. wsAlynAep
BEF.!,|8|=k BEFT,|8|=k BeF!,|8|=k

The proof is complete. O

Definition 3.3. A map G : D}, (%) = B(E) ®@min B(H) is called self-adjoint free pluriharmonic function
on D', ,(H) with coefficients in B(£) if there is a free holomorphic function F' on D", ;(H) such that
G = RF. Any linear combination of self-adjoint free pluriharmonic functions is called free pluriharmonic
function.

We remark that if G = RF as in the latter definition, then G determines F' up to an operator A, € B(E)
with R4, = 0. Indeed, assume that RF = 0. Then F(rW) = —F(W)*, r € [0,1). If F has the
representation F' = Zaemr A(q) ® Za, the relation above implies

FrW)(z®1l)=-F@rW) (z®1) = —A(, )z, rxel.

Hence, we deduce that A,y = 0 if o € F;f with [a] > 1 and RA(y,) = 0. Therefore, F = A, ® I. On
the other hand, it is easy to see that any free pluriharmonic function H has a representation of the form
H = H, + iH>, where Hy and Hy are self-adjoint free pluriharmonic functions. Note also that any free

holomorphic function F is a free pluriharmonic function, due to the decomposition F = £ +2F ~ i E EiF -
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Using Proposition 3.2, one can easily prove the following characterization of free pluriharmonic functions
on D, ;.

Proposition 3.4. A map G : DT, ,(H) — B(E) ®min B(H) is a free pluriharmonic function on DT, ,(H)
with coefficients in B(E) if and only if there exist two sequences {A(a)}perr C B(E) and {B(a)}peri (g0} C
B(€) such that

1/2k 1/2k
limsup|| Y wpdinA| <1 and limsup| Y. wsBBl|| <1

Ml || peFt . 81=k Rl || peFyt | 81=k

and

G(X):i > B(a>®X;+A(O)®I+§: > Aa) @ Xa,

k=1 |a|=k k=1 |a|=k

where the series are convergent in the operator morm topology for any X € D’f’fmd(?’-l) and any Hilbert
space H. Moreover, the representation of G is unique.

The extended noncommutative Berezin transform at X € D (H), where X is a pure element, is the map
BY" : B(€ @ F*(H,)) — B( ®H) defined by

BV lg) = (L0 K% ) (9@ B) (e @ K{'Y) . g € B(E® F2(H,)),
where the K}"}g :H — F?(H,) ® H is noncommutative Berezin kernel.
We denote by Pg (W) the set of all operators of the form } -, <, A(a)®Wa, where k € N and A, € B(E).
The following result extends Theorem 2.4 from [32]. We include it for completeness.

Theorem 3.5. If X € D}'(H) and Sg := Pe(W)* + Pe(W) , then there is a unital completely contractive

linear map @y x : S¢ — B(E) @min B(H) such that
®rx(p) = lmBY[e], e,
where the limit is in the operator norm topology. If, in addition, X is a pure n-tuple in D?(H), then

lim B{Y [¢] = BY[¢], ¢ € Se.

r—1

Proof. Let ¢ € Sg and let {gx (W, W*)}32, C Pe(W)*+Pg (W) be such that g, (W, W*) — ¢ in the operator
norm, as k — oo. For any X € D'(H), the noncommutative von Neumann inequality (see [28]) implies
llge (X, X*) —q; (X, X*)|| < |lg(W, W*) —q; (W, W*)]| for any k, j € N. Consequently, since {qi(W, W*)}32,
is a Cauchy sequence, so is the sequence {gx(X, X*)}72,. Therefore,

(I)f,X(CP) = kli{go qk(X7X*)a X e D;‘n(H)v (31)
exists in the operator norm and || ®f x(¢)|| < ||¢|. Now, we show that

mf’,ﬁ’;)[@], (7S SE;

=1l
r—1

Qs x(p)
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where the limit is in the operator norm topology. Since
B [ (W, W) = (Ie @ K" (ar(W, W*) @ L) (Ie © K, ) = qu(rX,rX"),
relation (3.1) implies
Orox(p) =B [el,  rel0,), (3.2)
Given € > 0, let N € N be such that [[gn (W, W*) — | < §. Note that

Cprx(p) —an(rX,rX7) = lim g (rX,rX") —qn(rX,rX")

and
[@7rx(9) = an (X, r X < Jlp—an(W. W) < 5. refo1) (3:3)
Note also that there is a § € (0,1) such that
lan (rX, 7 X*) —gn (X, X*)| < 5, 7€ (81), (3-4)

3
Using the relations (3.1), (3.2), (3.3) and (3.4), we obtain

195 (0) — BY 4]l = [®5,x () — B5rx ()]
< [1®7x () — an (X, X7 + lan (X, X*) — gn (r X, 7 X))
+lan (r X, rX*) = g x(p)]| < €

for any r € (0,1). Therefore,

mﬁy;)[@}v pe 857

=1i
r—1

Qr x ()

where the limit is in the operator norm topology. Similarly, one can prove that, for any k x k matrix [pi;]kxk
with entries in Sg,

— tim B
[@5.x (P = lim [BUR el

in the operator norm. Using the properties of the noncommutative Berezin kernel, we deduce that

|7 (i) | < Mgl

This proves that @ x is a unital completely contractive linear map. Now, assume that X € D?(’H) is a
pure n-tuple of operators. Then we have

B (g (W, W] = (I @ K k(W W) © T)(Te © K{Y) = gu(X, X°).

Since g (W, W*) — ¢ in the operator norm, as k — oo, we can use the relation above and (3.1) to deduce
that

m BUY[¢].

=1
r—1

BY[p] = lim qu(X,X*) = ®1x(p)

The proof is complete. O
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Next, we show that the free pluriharmonic functions are characterized by a mean value property.

Theorem 3.6. If G : DT, ,(H) — B(E) ®min B(H) is a free pluriharmonic function, then it has the mean
value property, i.e.

G(X)=BGEW)], X erDPH),r € (0,1).

Conversely, if a function ¢ : [0,1) — A, (D7)* + A, (D )I I satisfies the relation
p(r) =BU[e(t)],  forany 0<r<t<l,
then the map F : D'}, ,(H) — B(E) @min B(H) defined by
F(X):=B[p(r)l, X erD}(H),r € (0,1),

is a free pluriharmonic function. Moreover, F(rW) = ¢(r) for any r € [0,1). In particular, F > 0 if and
only if ¢ > 0.

Proof. Assume that G : D, , 4(H) = B(E) @min B(H) is a free pluriharmonic function with representation
G(X) :Z Z B(a) ®X;+A(0) ®I+Z Z A(a) R Xq,
k=1 |a|=k k=1 |a|=k

where the series are convergent in the operator norm topology for any X € D}’frad(H) and any Hilbert
space H. Since the universal model W = (W1, ..., W,,) is in D'F'(F?(H,,)), for any r € [0,1), we have

W) - Z Z B(a) (87"‘0‘”}[/;< +A(0) ®I+Z Z A(a) ®T\Q|Wa’

k=1|a|=k k=1|a|=k

where the convergence is in the operator norm topology. If X € rD*(H), r € (0, 1), then %X € D7?(H) and

E; DGEW)] = lim B; G(rW)]
= lim G(0X) = G(X),

where the limits are in the operator norm topology. The latter equality is due to the continuity of G on

TD}"(’H). To prove the converse, assume that the function ¢ : [0,1) — Ag (D}")* + Ag¢ (D}”)".H satisfies the
relation

o(r) = B(n;‘),[ap(t)}, forany 0<r<t<l

Due to Theorem 2.3 and Corollary 2.4, ¢(r) is a weighed right multi-Toeplitz operator and has a unique
formal Fourier representation

Z T‘alB( ) ®W + Z Tla‘A(a)( ) W,

la|>1 |a|>0

for some operators {A(a)(r)} et and {B(a)(r)}aerii (go3- Moreover, setting



G. Popescu / J. Math. Anal. Appl. 478 (2019) 256-293 277

ps(r) =Y By (r) @ dwr + Y rlMAg (e dw,,  seo1),
[a|>1 || >0

where the convergence of the series is in the operator norm topology, we have
p(r) = SOT-lim ;5(r) and  sup [jes(r)] = llo(r)]- (3.5)
6—1 5€f0,1)

Due to similar reasons, ¢(t) is a weighted right multi-Toeplitz operator and has a unique formal Fourier
representation

S Byt Wi+ > AL () @ W,

jal>1 la|20

for some operators {A(a)(t)},ep; and {B(a)(1)}aeri (g} - Moreover, setting

Ys(t) = > B ) @dlw + > A @) @ s, se0,1),

la|>1 la|>0

where the convergence of the series is in the operator norm topology, we have

plt) = SOT- T 45(t) and  sup [4s()]| = lo(t)].

6€[0,1)

Now, since the map ¥ — Y ® I is SOT-continuous on bounded sets, so is the noncommutative Berezin

transform ﬁ(fa), Using the results above, we deduce that
t

BY}) [io(1)] = SOT- lim BQ’@ 15 (t)

= SOT- lim |a‘B( () @8Wr + Y A () @6w,

§—1
la|>0

Consequently, using the fact that o(r) = ﬁ(;;{)/ [¢(t)] and relation (3.5), we can easily see that B, (t) =
By (r) for any a € F,f with | > 1 and A(,)(t) = A (r) for any a € F,;f. Therefore,

o)=Y By Wi+ Y Ay eW.,  rel01),

lee| 21 lee|>0

for some operators {A ()}, cp+ and {B(a)}aelﬁi\{gg}v where the convergence is in the operator norm topol-
ogy. Now, for any X € rD}'(H), r € (0,1), we define

F(X) := B[ (r)):
Hence, we deduce that

= Z B(a) ®X;+ Z A(a) ®Xom X € Dfrad(H)

laf>1 lal>0

and F(rW) = ¢(r) for any r € [0,1). The proof is complete. O
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Let Holt (D7,.44) be the set of all free holomorphic functions I € Holg(D7',, ) such that RF' > 0. If

F:= 3 Aq) ® Za, we associated the kernel I',p : F;f x F,f — B(€) defined by
aclF,

[ Gm)
a r'”“A(a), ifw=ay, |al >1,

ifw=r,
Lrp(w,y) =
—r'a‘AZ‘a), if v =aw, o] > 1,

0, otherwise.

We will use the notation SF (DY',,,) for the set of all free holomorphic functions F' € Holg(DY,,,) such
that the weighted multi-Toeplitz kernels I',p : F,} x F,f — B(E€), r € [0,1), are positive semidefinite.
Now, we prove a Schur type result for free pluriharmonic functions with positive real parts.

Theorem 3.7. HOZ;(D??Tad) = S:{(D’;ﬂ’md).

Proof. Assume that F € Holf (DY,,,) has the representation F = Y g+ A(q) ® Zo and let hg € &, for
B € F,F with |3] < g € N. Note that, using relation (1.2), we have

<Z Z Ay @717 W, Z hs@ep ), Z h'y®6’Y>

s=1|al=s [B]<q [vI<q

> 2 <Z Ayhs © 1 Waes, Y h7®67>

s=1|a|=s \|B|<q [vI<q

(
bﬁ e e
o

aff

2

DL <A<a>h5,hv><

a€F;fa>118117I<q

b(m)

=

= > AL she )

1B]s17v|<g,y>rB bgm

= Y (Ter(7,B)hshy).

18l,1v1<g,y>B

=

In a similar manner, one can prove that

<Z S A ertWI Y hsees |, Y h,y®e,y> = Y (Twr(v,B)hshy).

s=1|a|=s [B]<q [vI<q 18], 17vI<gy>rB

Note also that, for any 8 € Fp, T'vr(8,8) = T'rr(90,90) = Ag, + Ay, . Taking into account the relations
above, we deduce that

<(F(rW)* + F(rw)) Z hs ®ep |, Z h7®e7> = Z (Trr (v, B)hs, hy) -

181<q [v1<q 18l,1vI<q

Consequently, F(rW)*+ F(rW) > 0 for any r € [0, 1) if and only if I', ¢ is a positive semidefinite kernel for
any r € [0,1).
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On the other hand, if X € D', ;(H), then there is r € (0,1) such that X € rD’(#). Due to Theorem 3.6,
we have
F(X)* + F(X) = BUY [FGW)* + F(rW)] .

-

Since the noncommutative Berezin transform is a positive map, we deduce that F(X)* + F(X) > 0 for any
X € D}, ,4(H) whenever F(rW)* + F(rW) > 0 for any r € [0, 1). The converse is obviously true. Putting
all these things together we complete the proof. O

The next result is an analogue of Weierstrass theorem for free pluriharmonic functions on the noncom-
mutative domain D', ().

Theorem 3.8. Let Fy, : D!, ,(H) = B(E) @min B(H), k € N, be a sequence of free pluriharmonic functions
such that, for any r € [0,1), the sequence {Fy(rW)}2, is convergent in the operator norm topology. Then
there is a free pluriharmonic function F : D, /(H) — B(E) ®@min B(H) such that Fy(rW) converges to
F(rW), as k — oo, for any r € [0,1). In particular, Fy, converges to F uniformly on any domain TD}”('H),
re0,1).

Proof. Assume that F}, has the representation

Fe(X)= > Bay(k)@Xi+ Y Aw(k)®Xa, X €DF, (M),
la|>1 || >0

for some operators {A(,)(k)},erz and {B(a)(k)}aerii (g} Where the convergence is in the operator norm
topology. According to Theorem 2.3, for any r € [0, 1), Fj,(rW) is in the operator space Ag (D")* +Ag (D).
Il-11

Define the function ¢ : [0,1) — Ag(D7')* + Ag (D)~ by setting
o(r) = klim Fp(rW), r€0,1). (3.6)
—00

Let 0 <r <t < 1 and note that

B

<

Wle()] = lim BYY[F ()] = lim Fu(ri) = o(r),

r
k—oo t

o*|

where the limits are in the operator norm topology. According to Theorem 3.6 the map F : D}’f,.ad(H) —
B(E) @min B(H) defined by

F(X) = Bg;g [o(r)], X erDP(H),re (0,1),

is a free pluriharmonic function and F(rW) = ¢(r) for any r € [0,1). Using relation (3.6), we obtain
F(rW) =limg_ 00 Fi(rW), r € [0,1). Since

sup ||F(X) = Fp(X)[| = [|[F(rW) = Ex (rW)],
XerD7(H)

we deduce that Fj converges to F' uniformly on any domain rD}Z‘('H), r € [0,1). The proof is complete. O

Corollary 3.9. Let Fy, : DT, ,(H) = B(E) @min B(H), k € N, be a sequence of free pluriharmonic functions
such that {Fy(0)} is a convergent sequence in the operator norm topology and

Fi<F<---.

Then Fy converges to a free pluriharmonic function on DT, ,(H).
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Proof. We may assume that F; > 0, otherwise we take Gy := Fy — F1, k € N. Due to Harnack type
inequality for positive free pluriharmonic functions on D7, ;(H) (see Theorem 6.1 from [33]), if k > g € N,
then we have

1—r

1) = Fy(OI < 1F(0) - Fy(O)ll 1

for any X € rD7*(H). Since {F}(0)} is a Cauchy sequence in the operator norm, we deduce that {F}} is a
uniformly Cauchy sequence on rDf*(#). Hence { F},(rW)} is a Cauchy sequence and, therefore, convergent in
the operator norm topology. Applying Theorem 3.8, we find a free pluriharmonic function F': D, ,(H) —
B(€) ®min B(H) such that Fj(rW) converges to F(rW), as k — oo, for any r € [0,1). In particular,
F}. converges to F' uniformly on any domain rD}"(’H), r € [0,1). The proof is complete. O

Let Harg(DT',, ) denote the set of all free pluriharmonic functions I : DT, (%) — B(E) ®@min B(H).
If F,G € Harg(DY',,,) and 0 <r <1, we define

d.(F,G) := [|[F(rW) — G(rW)]||.

If H is an infinite dimensional Hilbert space, the noncommutative von Neumann inequality for the n-tuples
in the domain D*(#H) implies

XerDP(H)

Let {rm}n -1 be an increasing sequence of positive numbers convergent to 1. For any F,G € Harg(DY,,4),
we define

&\ 4, (FG)
p(F’G)‘_’;G) 1+d, (F.G)

Using standard arguments, one can show that p is a metric on Harg (D?fmd).

Theorem 3.10. (Harg(D??md),p) is a complete metric space.

Proof. It is easy to see that if € > 0, then there exists 6 > 0 and N € N such that, for any F,G €
Harg(DT,,4), dry (F,G) <0 = p(F,G) < e. Conversely, if 6 > 0 and N € N are fixed, then there is
€ > 0 such that, for any F,G € Harg(DY',,,), p(F.G) <€ = dr(F,G) <.

Let {Gy}32, C Harg(DY,,,) be a Cauchy sequence in the metric p. A consequence of the remark above
is that {Gy(ryW)}22, is a Cauchy sequence in B(€ ® F?(H,)), for any N € N. Consequently, for each
N € N, the sequence {Gy(ryW)}32, is convergent in the operator norm. Using Theorem 3.8, we find a
free pluriharmonic function G € Harg(DY',,,;) such that G(rW) converges to G(rW) for any r € [0, 1).
By the observation made at the beginning of this proof, we conclude that p(Gy, G) — 0, as k — oo, which
completes the proof. O

4. Bounded free pluriharmonic functions and Dirichlet extension problem
In this section, we characterize the bounded pluriharmonic functions on D7, ,(H) as noncommutative

Berezin transforms of weighted right multi-Toeplitz operators and present a noncommutative version of
Dirichlet extension problem.
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A free pluriharmonic function G : D', ;(H) — B(E) ®min B(H) is called bounded if
1G]] := sup [|G(X)]| < o0,

where the supremum is taken over all n-tuples X € D;{fmd(’H) and any Hilbert space H. Due to the
noncommutative von Neumann inequality for elements in D;’fmd(’H), it is enough to assume, throughout
this section, that the Hilbert space H is separable and infinite dimensional. Denote by Harg®(D',,, ) the
set of all bounded free pluriharmonic functions on D", ; with coefficients in B (€), where £ is a separable

Hilbert space. For each k = 1,2, ..., we define the norms || - ||x : My (Hargo(D}’fmd)) — [0, 00) by setting

I1F5] k5 == sup [|[[Fii (X))l

where the supremum is taken over all n-tuples X € D}'fmd(’H) and any Hilbert space H. It is easy to see
that the norms | - ||, k = 1,2, ..., determine an operator space structure on Harg®(DY',,,), in the sense of
Ruan (see e.g. [8]).

Theorem 4.1. If F': DY, ((H) = B() ®@min B(H), then the following statements are equivalent:

(i) F is a bounded free pluriharmonic function on D', ,(H);

(ii) there exists ¢ € Ag(D}')* + .Ag(D?L)SOT such that F(X) = ]~3g§n) (] for X € D}, ,4(H),

where qu(n) is the noncommutative Berezin transform at X. In this case, ¥ = SOT- lirr{ F(rW). Moreover,
r—

the map

SOT
)

®: Harg (DY, qq) — Ae(D}F)* + Ae(D} defined by  ®(F) =

is a completely isometric isomorphism of operator spaces, where Ag(D7') := B(E) @min A(D}') and A(DT)
is the noncommutative domain algebra.

Proof. Let I € D??md(H) and note that, due to Proposition 3.4, it has a representation

oo oo
F(X) :Z Z B(a)®XZ+A(0)®I+Z Z A(a)®Xa,
k=1 |a|=k k=1|a|=k

where the series are convergent in the operator norm topology for any X € D}’fmd(”r'-l). Consequently, we
have F(rW) € Ag(D7')*+Ag (D7) for any r € [0,1), and sup,.¢(o 1) [|[F'(rW)]| < co. Applying Theorem 2.3,
we find a unique weighted right multi-Toeplitz operator T' € B(€ ® F?(H,,)) such that

T =SOT-lim F(rW) and |T| = sup ||F(rW)|. (4.1)
r—1 ref0,1)

sor ~(m -
Therefore, T' € Ag(D7')* + A¢(D7') . Now, we prove that F'(X) = Bg( )[T] for X € DY, .qa(H). Indeed,

since F'(rW) € Ag(DF)* 4 Ag(DY'), we have

FrX)=(I:® K}f’;())*(F(rW) & In)(le ® Kj(cf}))

for X € D7, 4(H) and 7 € [0,1). Since the map Y — Y ® I is SOT-continuous on bounded sets, we use
relation (4.1) to deduce that SOT-lim, ,; F(rX) = BYV[T] for X € D, .a(H). On the other hand, since F’
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is continuous on D, ;(H) with respect to the operator norm topology, we conclude that F'(X) = ]"?;g;n) [T]
for X € D}, ,,(H), which shows that item (ii) holds. Conversely, assume that (ii) holds. Then F(X) =
Eg?) [] for any X € DT, ,(H) and some ¢ € Ag(D7)* —l—Ag(D?")SOT. Due to Corollary 2.4, ¢ is a
weighted right multi-Toeplitz operator on £ ® F?(H,). Applying Theorem 2.3, we find be two sequences
{A) }aer+ and {B(a)}ae]Ff{\{go} of operators on a Hilbert space £ such that, ¥ = SOT-1lim, o, G(rW),
where

Grw) = Z Z B(a) ® r“"'W; + A(O) QI+ Z Z A(a) ® T‘OClWa,
k=1 |a|=k k=1 |a|=k

with the convergence is in the operator norm topology. Moreover, we have sup,.¢(o 1) [|G(rW)| = ||¢[|. Define
the bounded free pluriharmonic function G : D7, ;,(H) — B(E) @min B(H) by setting

GX)=) > Bay®Xi+Ao@I+> Y Aw®Xa, XeDF, (M),
k=1|a|=k k=1|a|=k

where the series are convergent in the operator norm topology. Note that

ﬁg;n) [¢] = SOT- }1311 ﬁg}”) (G(rW)]

oo (o)
_ T laf * la]
SOT- lim I;zl:kr B(a)®Xa+A(0)®I+;|ZkA(a)®r X

= SOT- }1_)1111 G(rX) = G(X),

where the last equality is due to the continuity of G. Therefore, G(X) = F(X) for any X € D}, ,(H).
Now, let [Fij]rxr be a k x k matrix with entries in Hargo(D?fmd). As in the case when k = 1, we can
use the noncommutative von Neumann inequality for the domain D, to show that

I[Fijlixell = sup [[[Fij(rW)]exk|l

refo,1)
and that T;; := SOT-lim,_,; F;; (rW) are weighted right multi-Toeplitz operators. Since
(Ie ® K" )" (T © L) (Ie @ K¥) = Fiy(rW), 1€ 0,1),

we deduce that ||[F;(rW)lkxkll < [Tijlexkll, € [0,1), which, due to the convergence above, implies
[Fij (rW)]kexckll = [[Ti5]exk||- This completes the proof. O

A consequence of Theorem 4.1 and Corollary 2.4 is the following noncommutative version of Herglotz
theorem (see [12], [13]).

Corollary 4.2. Any non-negative bounded free plurtharmonic function on DY, is the Berezin transform of
a positive weighted right multi-Toeplitz operator on € @ F2(H,,).

Corollary 4.3. If F' : D! ,(H) — B(E) @min B(H) is a bounded free pluriharmonic function and Y €
D% (H) is a pure n-tuple of operators, then lim,_,1 F(rY) exists in the strong operator topology.
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Proof. Assume that F' has the representation
FX)=3 > Bay®Xi+D Y A ®@Xa, X €DF,u(H),
k=1 |a|=k k=0 |o|=k

where the series are convergent in the operator norm topology. Due to Theorem 4.1, we find a unique
weighted right multi-Toeplitz operator T € B(£ ® F?(H,,)) such that

T =SOT-lim F(rW) and |T| = sup ||F(rW)|. (4.2)
r—1 ref0,1)

Let Y € D7*(H) be a pure n-tuple of operators and let r € [0,1). Then we have

FOrY)=> > Bayarlyy+3 3 Ay erlly,

k=1 |a|=k k=0 |a|=Fk
=By [F(riv)]
= (e © K{3)"(F(rW) © ) (Ie @ K[}),
where the convergence of the series is in the operator norm topology. Consequently, since the map A — AR T

is SOT-continuous on bounded sets, relation (4.2) implies that SOT- lim,_,; F(rY") exists and it is equal to
(Ie ® K}@)*(T ®Iy)(Ie ® KJ(C";L,)) The proof is complete. O

Corollary 4.4. Given a function F': DT, ,(H) = B(E) @min B(H), the following statements are equivalent:

(i) F is a bounded free plurihamonic function.
(ii) There is a bounded function ¢ : [0,1) — Ag(D'?)* + Ag (D7)

o which satisfies the relation

go(r):f’)";[)/[w(t)L forany 0<r<t<l,

and F(X) := ]ﬂ?;(;;() [p(r)] for any X € rDT(H) and r € (0,1).

Moreover, F and ¢ uniquely determine each other and F(rW) = o(r) for any r € [0,1).

Proof. Assume that F' is a bounded free pluriharmonic function and has representation

FX)=) Y Bay®Xi+> Y Aw®Xa, XeDF, M),

k=1|a|=k k=0 |a|=k

where the series are convergent in the operator norm topology. Then sup,.¢( 1y [[F'(rW)]| < oo and

F(rW) = ﬁg’;&[F(tW)], 0<r<t<l.

Define ¢ : [0,1) — Ag(D})* + Ag (D) by setting ¢(r) := F(rW). Note that, if X € rD*(#), then

F(X) = lim i Z B(a) ®5Ia\X; + i Z Ay ® slelx,

6—1
k=1 |a|=k k=0 |a|=k

= lim ﬁg’;’g [o(r)] = E;”;Q [p(r)]-
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Conversely, assume that item (ii) holds. Applying Theorem 3.6 to ¢, we deduce that F is a free pluri-
harmonic function and F(rW) = ¢(r) for any r € [0,1). Since ¢ is bounded, we also have |F| <
sup,.cqo,1 [[F'(rW)|| < oo. This completes the proof. O

We denote by Harg (D', ) the set of all free pluriharmonic functions on D, ,(H) with operator-valued

coefficients in B(€), which have continuous extensions (in the operator norm topology) to the domain
D’'(H). Here is our noncommutative version of the Dirichlet extension problem for harmonic functions [13].

Theorem 4.5. If ': DT, (H) = B(E) @min B(H), then the following statements are equivalent:

(i) F is a free pluriharmonic function on DY, ,(H) which has a continuous extension (in the operator
norm topology) to the domain D}"(’H);

(ii) F' ds a free pluriharmonic function on DT, (H) such that F(rW) converges in the operator norm
topology, as r — 1;

(iif) there ezists ¢ € Ag(D})* + Ag(DT)

M such that F(X)= Eg;n) [¢] for X € DY, q(H);

In this case, ¢ = lim1 F(rW), where the convergence is in the operator norm. Moreover, the map
r—r
l-ll

® : Harg(DY,,q) — Ae(D}F)* + Ag(DT)
morphism of operator spaces.

defined by ®(F) := ¢ is a completely isometric iso-

Proof. The implication (i) = (ii) is clear. Assume that (ii) holds and note that the function ¢ : [0,1] —
Ag (D) +Ag(D}”)"'” given by ¢(r) := F(rW) if r € [0,1) and ¢(1) := lim,_; F(rW) is continuous
and bounded. Setting 1 := ¢(1) and using Theorem 4.1, we deduce that F(X) = ]~3§n)(¢) for X €
D, .a(H). Therefore, the implication (ii) = (iii) holds true. Now, we prove the implication (iii) = (i).
Assume that item (iii) holds. Thus there exists ¢ € Ag(DP)* + .Ag(D’]TL)WH such that F(X) = ﬁg}n)(dz)
for X € DY, ,4(H). According to Theorem 4.1, F' is a bounded free pluriharmonic function on D', ,(H),
|F|l = [|¢|l, and ¢ = SOT-lim,_,; F(rW). In what follows, we show that ¢ = lim,_,; F(rW) in the operator
norm topology. Indeed, let >~ > lal=k Blay®@W3 +> o > la|=k A(a) ® W, be the Fourier representation
of ¥ and note that

0o 00
F(X) = Z Z B(a) X X; + Z Z A(a) ® Xaa X € DTfr,Lrad(H>7
k=1 |a|=k k=0 |a|=k

where the series are convergent in the operator norm topology. Then for any r € [0,1), F(rW) €
my* m = (m . P el

As (DY) + Ag(DF) and F(riV) = B (¢). Since ¢ € Ag(DF)* + A (D})

that ¢ = lim,_,1 ngv;/)w) in the operator norm topology. Consequently, lim,_,; F'(rW) = ¢ in the operator

, Theorem 3.5 implies

norm topology, which proves our assertion.
Let Y € D}'(H) and define F(Y) := Bff;) (1) We remark that, due to Theorem 3.5, the latter limit exists

in the operator norm topology. It remains to prove that F

D7, .(H) = F an F is continuous on D}"(”H).
Indeed, if X € D}’fmd(H), then X is a pure n-tuple and Theorem 3.5 implies that lim,_, Ef«n)}) (V) =
BE}”>(¢). Consequently, F'(X) = F(X) for any X € DY, ,(H). Now, we prove the continuity of F on

D}"('H) Since ¢ = lim,_,; F(rWW) in the operator norm topology, for any € > 0 there exists 7o € (0,1) such

that ||y — F(roW)|| < §. Since ¢ — F(roW) € Ag(D})* + .Ag(D’JZL)HN7 we can use again Theorem 3.5 and

deduce that

lim BYY [y — F(rgW)] = F(Y) = F(reY)
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and
|E(Y) = F(roY)|| < o = FroW)|| < 5, Y € D (H).

On the other hand, since F is continuous on DT, ;(H), there is § > 0 such that |[F(roY) — F(roZ)| < §
for any Z € D''(H) such that [|Y — Z|| < J. Using the estimations above, we note that

IF(Y) = F(Z)| < |F(Y) = F(roY)|| + || F(r0Y) — F(roZ)|| + | F(roZ) — F(Z)| <

for any Y, Z € D'(H) such that [V — Z|| < 4. The last part of the theorem follows from Theorem 4.1. The
proof is complete. O

Corollary 4.6. Given a function F : DT, ,(H) = B(E) @min B(H), the following statements are equivalent:

(i) F is a free plurihamonic function which has continuous extension to DT'(H).

(ii) There is a continuous function ¢ : [0,1] — Ag(D7')* + Ag (D}”)M
satisfies the relation

in the operator norm topology which

p(r) = ﬁg%[gp(t)}, forany 0<r<t<l,

and F(X) = ]NB(%W;() [p(r)] for any X € rD'F(H) and r € (0,1).

Moreover, F and ¢ uniquely determine each other and F(rW) = ¢(r) for any r € [0,1).

Proof. The proof is similar to that of Corollary 4.4, but uses Theorem 4.5. We leave it to the reader. O
5. Cauchy transforms and functional calculus for noncommuting operators

In this section, we use noncommutative Cauchy transforms associated with the domain D’JP(H), to provide
a free analytic functional calculus for n-tuples of operators X = (Xi,...,X,,) € B(H)"™ with the spectral
radius of the reconstruction operator strictly less than 1. This extends to free pluriharmonic functions and
has several consequences.

Let f = Zae]F;t aaZa, @ € C, be a positive regular free holomorphic. For any n-tuple of operators

X = (X1,...,Xpn) € B(H)"such that > an,X,X7 is SOT-convergent, we define the joint spectral radius
| >1
of X with respect to the noncommutative domain D" to be

Pp(X) = Jim ([ (1),
where the positive linear map @y x : B(H) — B(H) is given by

px(Y)i= > auXoYX], Y €B(K),

l|>1

and the convergence is in the weak operator topology. In the particular case when f := Z; +---+ Z,,, we
obtain the usual definition of the joint operator radius for n-tuples of operators.

Since Y agAqAL is SOT convergent, one can easily see that the series Y. aszA, ® X% is SOT-
la|>1 la|>1
convergent in B(F?(H,) ® H). We call the operator
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Rf,X = E G&AQ®X;—Z
l|>1

the reconstruction operator associated with the n-tuple X := (X, ..., X,,) and the noncommutative domain
D’". Note that

. 2
IR o < @ 7 Ieh ], ke,

where f:= 3 asZ, and Pra(Y) = > aalaYA}. Consequently, we deduce that

la|>1 || >1
r(Rpx) < ri(0)rs(X),

where r(A) denotes the usual spectral radius of an operator A. Since H(I)-M(I)H <1 (see relation (1.4)), we
deduce that r7(A) < 1. This implies

Assume now that X := (X1,...,X,) € B(H)" is an n-tuple of operators with 7(R ) < 1. Note that the
latter condition holds if r¢(X) < 1. We introduce the Cauchy kernel associated with X to be the operator

oy = (1- Rf,X)_m,

which is well-defined and

m) _ [~ pk
Cix = (ZRf,X) ;
k=0

where the convergence is in the operator norm topology.
We remark that Cj(c";() € R*(D})®@B(H), the WOT-closed operator algebra generated by the spatial
tensor product. Moreover, its Fourier representation is

il =3 As @by X, (5.1)
BEF,T

where the coefficients b,(lm), a € F;} are given by relation (1.1). In the particular case when f is a polynomial,
the Cauchy kernel is in R(D}")@pin B(H).

Given an n-tuple of operators X := (Xi,...,X,) € B(H)" with r(Rj y) < 1, we define the Cauchy
transform at X to be the mapping

¢ B(F*(H,)) — B(H)
defined by

(Cf()a,y) = (A )1 @a),Ci0y),  wyeh.

The operator Cj(cn;() (A) is called the Cauchy transform of A at X.
In what follows, we provide a free analytic functional calculus for n-tuples of operators X € B(H)™ with
T'(RJF7X) < 1.
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Theorem 5.1. Let p € C(Zy,...,Z,) be a positive regular noncommutative polynomial and let X =
(X1,...,Xp) € B(H)™ be an n-tuple of operators with r(Rz x) < 1. If

= Z doZF + Z caZa

la|>1 a€F,f
is a free pluriharmonic function on the noncommutative domain D*(H), then
o oo
EEDIPILIS LD IPPLS
s=1 |a‘=s s=0 ‘(x|=s

is convergent in the operator norm of B(H) and the map
Wyt (Har(D20),p) = (BOH), |- ) defined by ¥, x(G) i= G(X)

s continuous. In particular, ‘I’p,X|Hol(Dm ,) s a continuous unital algebra homomorphism. Moreover, the

free analytic functional calculus on Hol(D’” ) is uniquely determined by the map

p,rad
Z; — X, ZE{I,,TL}
Proof. Note that, using relations (5.1), (1.3), we obtain

)

(Wa ® Iy)(1 ®:c),C’(m)(1 ®y)>

S

BEFT

1 [ (m) .
\/Em)ea®:c Z b eﬂ®XBy>

BeF,T

< 1m)ea®x > b“" A5®X)(1®y)>

= (Xaz,y)
for any x,y € H. Hence we deduce that, for any polynomial ¢ € C (Zy, ..., Z,),

(@(X)z,y) = ((aW) & B2 2), 0 (1@ y)

and
g < laW)IICL. (5.2)

o0
Since F' := ) caZq is a free holomorphic function on D', the series F(rW) := >° > carl®W,,
acF,f k=0 |a|=k
€ [0,1), converges in the operator norm topology. Now, using relation (5.2), we deduce that F(rX) :=

(oo}
ST Y cqrl®l X, converges in the operator norm topology of B(H),
s=0 |a|=s

IE@X)| < |EEW)[IICTY, (5.3)

and
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(F(rX)z,y) = (FOW) @ h)(1 @), CiR (1@ y) (5.4)

for any z,y € H and r € [0,1).
In what follows, we prove that if r(Rz x) < 1, then there is t > 1 such that r(R;:x) < 1. Indeed, since
the spectrum of an operator is upper continuous, so is the spectral radius. Consequently, for any § > 0, there
is € > 0 such that if ||X — tX]|| <, then r(Rs:x) < r(Rp,x) + 6. Hence, using the fact that r(Rz x) < 1,
we deduce that there is ¢ > 1 such that r(Rjx) < 1. Using relations (5.3) and (5.4) in the particular case
oo

when 7 = } and when X is replaced by tX, we deduce that F(X) := Y>> > cqXq is convergent in the
k=0 |a]=k

operator norm topology and

(F(X)z,y) = <(F GW) ® In)(1® 1), 0% (1 y)> . mycH. (5.5)

Hence, we obtain

1 m
P01 < 7 (3w) [1egza

Similar results hold true for the free holomorphic function £ := Y. d,Z,. Combining the results, we

aclF,’
deduce that

G(X) = i > daX;, +i > caXa

s=1 |a‘:s s=1 |a|:s

is convergent in the operator norm of B(H) and

s () | ) s

To prove the continuity of ¥, x, let G and G be in Har(DZ?md) such that G — G, as m — o0, in the
metric p of H ar(Dgfmd). This is equivalent to the fact that, for each r € [0,1),

Gp(rWW) = G(rW), as k— oo,

where the convergence is in the operator norm of B(F?(H,,)). Employing relation (5.6), when G is replaced
by Gy — G, we deduce that

IGL(X) —G(X)|| =0, as k— oo,

which proves the continuity of ¥, x.

Let Fj = s§0| z‘; D7, j € {1,2}, be free holomorphic functions on D', ;. Recall that A(D')
is the noncommutative domain algebra and Fy(rW)Fy(rW) = (F1Fy)(rW) for any r € [0,1). Setting
k ,
Dik =2, 2, 7, we have pjk(X) = F;(X), as k — oo, in the operator norm for any X € D", (H).
s=0 |a|=s

Using relation (5.5), we obtain

(P1.x(X)p2k(X)z,y) = <(P1,k (%W) (P2,k <%W> ® I)(1 ®x),0;f’§))((1 ®y)>, z,y € H.
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Passing to the limit as k — oo and using again relation (5.5), we obtain

(R FX)e) = (7 (37 (5

t

1 m
W) BB s0).Cl o)
1 m
~((ar) (7)o s, ci o)
= ((F1F2)(X)z,y)
for any z,y € H. Consequently, \IJ;D,XlHOl(D;"md) is a unital algebra homomorphism.

To prove the uniqueness of the free analytic functional calculus, assume that ® : Hol(D}',,,) — B(H) is
a continuous unital algebra homomorphism such that ®(Z;) =T;,4 =1,...,n. It is clear that

U, x(q) = @(q) (5.7)

for any polynomial ¢ € C (Zy,...,Z,). Let F =) oo Z|a|=s caZa be an element in Hol(D}', ;) and let
Qr = Z]::o Z|a\:s CcaZa, k € N. Since

oo

Frw)=>"3 " r'caW,
s=0 |a|=s
and the series Yoo r* HZM:S caWa

as k — oo, which shows that Q; — F in the metric p of Hol(D ). Hence, using relation (5.7) and the
continuity of ® and ¥, 7, we deduce that & = W, 7. This completes the proof. O

converges, we deduce that Q(rW) — F(rW) in the operator norm,

m
p,rad

Corollary 5.2. Let X := (Xy,...,X,,) € B(H)™ be an n-tuple of operators with r(Rz x) < 1 and let F €
Hol(DY..0)- If t > 1 is such that r(Rp.x) < 1, then

p,rad
- 1
F(X)=C" {F (ZW” ,

where F(X) is defined by the free analytic functional calculus. If, in addition, F is bounded, then

F(X) = C,(,n;()(ﬁL where F = SOT- lim F(riV).
’ r—
Proof. The first part of the corollary is due to Theorem 5.1 (see relation (5.5)). Now, we assume that F' is

bounded and has the representation F := > > ¢4Z,. Then, we have
k=0 |a|=k

k
F(rW) = klggozrs Y caWa, 0<r<l,
s=0

|a]=s
in the operator norm of B(F?(H,)), and

k
kli_)ngo 7’ Z caXa =F(rX)
s=0 lal=s
in the operator norm of B(#). Now, due to the continuity of the noncommutative Cauchy transform in the
operator norm, we deduce that
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F(rX)=Cpx(F(rWw)), r€[0,1).

Since F is bounded, we know that F' := lini F(rW) exists in the strong operator topology. Since || F(rW)]| <
r—
I|F||, » € [0,1), we deduce that

SOT- lim [F(rIV) ® I,] = F @ Iy.
r—

According to the proof of Theorem 5.1, we have

1 m
P < 7 () [iegza

Using this relation, we deduce that

|F(X) — F(6X)|| < HF GW) - F (%W) H IS, de(0,1).

Since ||F (+W) —F(gW)H — 0, as § — 1, we obtain lim ||F(X) — F(6X)|| = 0. On the other hand,
0—1

(ForX)a,y) = ((FOW) @ h)(l @), G (1 @ y))

for any 2,y € H and r € [0,1), we can pass to the limit as » — 1 and obtain F(X) = CI(:';() [F]. This
completes the proof. O

Corollary 5.3. Let X := (X1,...,X,,) € B(H)" be an n-tuple of operators with r(Rs x) < 1.

(1) If {Gk}e, and G are free pluriharmonic functions in Har(D}',. .4
k — oo, then Gx(X) — G(X) in the operator norm of B(H).

(i) Let {Gi}RZ, and G be bounded free holomorphic functions on D}, ., and let {ék}zozl and G be the
corresponding boundary operators in the noncommutative Hardy algebra FW(D;’). If G, — G in the
w*-topology (or strong operator topology) and ||Gillec < M for any k € N, then Gx(X) — G(X) in the
weak operator topology.

) such that |Gr, — Gllec — 0, as

Using Theorem 5.1 one can deduce the following.

Corollary 5.4. For any n-tuple of operators (X1,...,X,) € D;’fmd(H), the free analytic functional calculus
coincides with the F>°(D}")-functional calculus (see [25]).

Using Corollary 5.2, we can obtain the following.

Corollary 5.5. Let X := (X1,...,X,,) € B(H)"™ be an n-tuple of operators with r(Rz x) < 1. Then, the map
U, x 1 F°(Dy') — B(H) defined by

v, x(G) = C{"Y[G],
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for any G € F(DyY), is a unital WOT continuous homomorphism such that Wy x(W,) = X, for any
a € F,f. Moreover,

195x(G) < (fjHR;,X\Dm Gl
k=0

Definition 5.6. Let H; and Hy be two self-adjoint free pluriharmonic functions on D}’?m 4 With scalar coeffi-
cients. We say that Hs is the pluriharmonic conjugate of Hy, if H; + iH5 is a free holomorphic function on

m
fyrad®

Proposition 5.7. The free pluriharmonic conjugate of a self-adjoint free pluriharmonic function on D',
is unique up to an additive real constant.

Proof. Assume that G = RF with F € H ol(D??m 4), and let H be a self-adjoint free pluriharmonic function

such that G+iH = Q € Hol(D},,,). Then H = 22=E=F and the equality H = H* implies R(Q— F) = 0.

Consequently, due to the remarks following Definition 3.3, we have 0 — F' = X with A is an imaginary

complex number. Now, it is clear that H = FEZF — iA. The proof is complete. O

Theorem 5.8. Let X := (X1,...,X,) € B(H)™ be an n-tuple of operators with r(Rz x) < 1 and let F €
Hol(D?..4) be such that F(0) is real. If G = RE and t > 1 is such that r(Rs:x) < 1, then

p,rad

(F(X)z,y) = <(G (%W) ®In)(1® ), [201()?3( - I} (1® y)> . z,ycH.

If, in addition, F is bounded, then

(F(X)z,y) = (Go by o), 2000~ 1] (1ey),  wyeh,
where G = SOT- lim, 1 G(rW).
Proof. Using the proof of Theorem 5.1, we deduce that

<(F (%W) I)(1® ), [20;?})( - I] 1® y)>

2 <(F (%W> ® In)(1 ), O (1 ®y)> - <F <lw) ® In)(1ez),1 ®y>

t
= 2(F(X)z,y) — F(0) (z,y)

and

S

Gl

= <(W ® Iy)(1®), [20523( - I} (1 y)>

= F(0) (z,y).

W>* ® byl @), 2000 1) (1@ y)>

Taking into account that F(0) € R and adding the relations above, we obtain
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2 (F(X)z,y) = < KF <%W) +F (%W)) ® IH] 1®u), [20;?;( - I} (1 ®y)> :

which proves the first part of the theorem. In a similar manner, but using Corollary 5.2, one can prove the
second part of the theorem. O

We remark that the free pluriharmonic conjugate H of G can be expressed in terms of G, due to the fact

that H = £ EZF ~ — 4\, where ) is an imaginary complex number.
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