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In this paper, a diffusive host-pathogen model with horizontal transmission and
heterogeneous parameters is proposed and analyzed. We first prove the global
existence of solution and a global attractor of the model. We then give the threshold
dynamics for extinction and persistence of the disease. Our result suggests that by
adding horizontal transmission, even a homogeneous case, the basic reproduction
number is larger than the case without horizontal transmission mechanism. This
may lead to over-evaluating the threshold role of the basic reproduction number.
Finally, we also carry out the bifurcation analysis of steady state solutions by
considering disease-induced mortality as the main bifurcation parameter, and such
results can help us better understanding how it affects the spatial pattern of the
pathogen.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

Since the pioneering work of Anderson and May [1], pathogens have been shown to be an important

factor in regulating host behavior and viability, and as a consequence the host-pathogen models have

attracted much attention of many researchers. The pathogens may survive in the environment for several

decades, a lot of research on host-parasite systems has treated that disease transmission can occur when

contagious infection between host and parasite/disease individuals or between members of the same species;

and vertically from mother to offsprings. On the other hand, density-dependent host reproduction and

host movement behavior can help better understand the mechanisms of spread of infectious diseases. In a

recent work, Dwyer [6] considered spatial model with a logistic growth for the hosts, given by the following

system
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1o}

%:dAU1—TU1 (1-%) —BU1U3, $€R7t>0,

1o}

% :dAU2+,Bu1U3_0[U2_T¥, ze€R,t>0, (1.1)
%:75U3+/\U2, $€R>t>0,

where the pathogen wug is assumed to be immobile in the environment, and the host population wuq,us
are structured by density-dependent host reproduction (a logistic growth) with one dimensional Laplacian
operator accounting for the host movement behavior. r represents the reproductive rate of host population;
K is the carrying capacity. Under the assumption that all parameters are constants, Dwyer studied how
these parameters affect the spatial spread of the pathogen by considering the existence traveling wave and
spreading speed.

However, environment in reality typically varies with respect to space and time, and this heterogeneity
may directly have influences on the disease invasion and host persistence. Subsequently, Wang et al. [26]
modified the model (1.1) based on the following three facts: i) the population habitat should be a bounded
spatial domain with zero-flux boundary condition; ii) space-dependent parameters should be used due to
spatial heterogeneity; iii) consumption of pathogen by the hosts must be considered. The model studied in
[26] takes the following form,

% = dAu; —ruy <1 — %) — B(z)ugus, z€Q, t>0,

%—dAu + B(x)uruz — au _pmtue, z€Q, t>0

T 2 1u3 2 K@) , ,

0 1.2
% = —0ug + ANx)ug — B(x)(u1 + ug)us, zeN, t>0, (1.2)
8u1 - 6’11,2 -

E_E_Oa x€0Q, t>0,

ui(z,0) = uf (), reQ, i=1,23.

Here spatial region 2 is assumed to be a bounded domain in R™(n > 1) with smooth boundary 9.
is isolated from outside for the host, implying the homogeneous Neumann boundary condition; % means
the normal derivative along v to 9€2; The positive functions 5(x) and A(x) represent the rates of disease
transmission, and shedding rate at position x, respectively. K (z) is the carrying capacity depending position
x. By using theories of monotone dynamical systems and uniform persistence, the authors in [26] studied the
disease extinction and persistence. Further, a bifurcation analysis for steady state solutions are performed,
which indicates that a backward bifurcation may occur when the parameters are space-dependent.

Due to the mathematical complexity, the model (1.2) assume that both susceptible and infectious hosts
have the same diffusion rate. It is critical important to show prove the eventual uniform boundedness of
solution of (1.2), which in turn ensures the existence of the global attractor. However, as pointed in Wu and
Zou [28], susceptible and infectious hosts may disperse at different rates, and whether some new phenomenon
or results in disease spread under different host movement behavior can occur? So considering the fact that
susceptible and infectious hosts may disperse at different rates can help better understand the mechanisms
of spread of infectious diseases. On the other hand, inspired by [26], Wu and Zou [28] used linear source
growth term and bilinear incidence rate for the host (compare to the model (1.2)) to investigate the effect
of spatial heterogeneity and distinct diffusion rates on the long term dynamics of diffusive host-pathogen
models. They investigated the asymptotic profiles of steady states as one diffusion rate approaches zero and
found an interesting phenomenon that the infected hosts will concentrate on certain points which can be
characterized as the pathogen’s most favored sites, provided that the dispersal rate of infected hosts is very
small (see Section 4.2 in Wu and Zou [28]).
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However, in the model (1.2) (and also the model in [28]), horizontal transmission is ignored (hence there
is no infection pathway mechanism between susceptible and infectious hosts) so that even in the absence
of pathogen, the host population would arrive at steady state level. To make things not too complicated,
we modify a little bit in model (1.2) by adding horizontal transmission between susceptible and infectious
hosts. With these considerations, we consider the following diffusive system

oS S+1
E—dsAS—H“(1—m)5—61(9€)51—ﬁ2(m)5R e, t>0,
ol S+1
o —d1A1+51(x)SI+ﬁ2(x)SP—(b—i—c)[—rml, reQ, t>0, (13)
%—f:A(x)I—mP—ﬂg(x)(S—FI)P, z €N, t>0,
S(z,0) = So(x) > 0,I(x,0) = Iy(x) > 0, P(x,0) = Py(x) >0, x €,
with
oS oI

Here S(z,t), I(z,t) stand for the density of susceptible hosts, infective hosts at position x and time ¢,
respectively, while P(z,t) corresponds to the concentration of pathogen particles at position z and time
t; ds > 0 and d; > 0 are positive constants measuring the mobility of susceptible and infected hosts,
respectively. The horizontal transmission and the pathogen transmission are modeled by the mass action
mechanism £ (z)ST and fa(z)SP with transmission rate £1(z) and fa2(z). ¢ and m are the natural death
rate of infected hosts and the decay rate of pathogen particles. b is the rate of disease-induced mortality.
A(z) is the rate of production of pathogen particles by infected hosts. 83(z)(S + I)P is the consumption of
the pathogen particles; K (x) is the carrying capacity. All the location-dependent parameters (), B2(x),
B3(z), AM(x) and K(z) of system (1.3) are continuous, strictly positive and uniformly bounded on Q. The
initial conditions, (So(x), Io(x), Po(z)), = € Q are nonnegative continuous functions.

The organization of this paper is as follows. In Section 2, we will firstly summarize the well-posedness of
(1.3), such as the existence of a unique mild solution of (1.3) and uniform boundedness of all solutions. In
Section 3, we studied the extinction of the disease, the basic reproduction number and principal eigenvalue
and prove uniform persistence of system (1.3) by theories of monotone dynamical systems and uniform per-
sistence. We also carry out a bifurcation analysis for steady state solution of the system (1.3) by bifurcation
theory. Section 5 is devoted to some detailed conclusions and discussions.

2. Well-posedness of the model

We first set X := C(€,R3) be the Banach space with the supremum norm || - |x. Define its cone by
X+ := C(Q,R3), then (X,X") is a strongly ordered Banach space. In this section, we aim to prove that
the solution of the system (1.3) and (1.4) exist globally for ¢ € [0,00) in X*.

To this end, we take advantage of a semigroup approach. Denote by I' the Green function associated with
% = Av in Q subject to the Neumann boundary condition. Suppose that A;(t), As(t) : C(Q,R) — C(Q,R)
are the Cy semigroups associated with dgA and d;A — (b+ ¢) subject to the Neumann boundary condition,
respectively. Hence, we obtain that for any ¢ € C(Q,R), ¢t > 0,

(A (o)) = / P(dst, z,y)o(y)dy,
Q

and



4 Y. Shi et al. / J. Math. Anal. Appl. 481 (2020) 123481

(As(t)p)(z) = e~ T / L(drt, ., y)p(y)dy. (2.1)
Q

It then follows from [21, Section 7.1] that for any ¢t > 0, A;(t) : C(Q,R) — C(Q,R)(i = 1,2) is strong
positive and compact. Denote

Hence, A(t) := (A1(t), Aa(t), As(t)) : X = X, ¢ > 0, formulate a Cj semigroup (see, for example, [19]).
Let F = (Fy, Fy, F3) : XT — X be defined by

Fi(¢)(z) =7 (1 - ¢}(—(qu)b2> $1 — Bi(x)p102 — Po() 163,
Fy(¢)(x) = B1(x)p1¢2 + Pa(x) P13 — T¢}(—é_$(;52 @2,

F3(¢)(x) = Mx)p2 — Bs(x)(d1 + ¢2)¢s,

for z € Q and ¢ = (¢1, b2, ¢3) € X+, It follows that (1.3) can be formulated as the following integral
equation

The following results concern the local solution of the system (1.3) and (1.4) on X+,

Lemma 2.1. For any initial data ¢ := (¢1,¢2,¢3) € Xt, (1.3) with (1./) admits a unique solution
u(-t0) = (S, 1), I(-,t), P(-,t)) on (0, Timasz) with u(-,0;¢) = ¢, where Tmar < 00. Furthermore, for
t € (0, Tmaz), u(-t;¢0) € XT.

Proof. Since A corresponds to the linear homogeneous part of (1.3) and the domain of A is

9¢

I O 3
5, =00n 00, Ag € C(QRY).

D(A) = {¢:

It is easy to check that A is the infinitesimal generator of a Cy-semigroup on X. Let 3; := maxg{f1(x)}, By =
maxg{B2(7)}, B3 := maxq{B3(x)} and K := ming{K (x)}. We can check that

lim dist(¢ + hF(¢),X1T) =0, V¢ € X+, (2.2)
h—0+
In fact, for any ¢ € X and h > 0, we have

1+ h (7“ (1 - %) ¢1 = Pr(z)d12 — 52($)¢1¢3)
¢+ hF () = ¢2+h (51($)¢1¢2 + ()1 ¢ — 1S ¢2)

¢35 + h[A(@)d2 — B3(2)(d1 + d2) s3]
¢1 [1 —h (%(cﬁl + ¢2) + P12 + 32@173)}

02 |1 = hi(61 + 62)]

¢3[l — hps(1 + ¢2)]

v
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By [21, Corollary 4], (1.3) has a unique positive solution (S(-,t),I(-,t), P(-,t)) on (0, Tmaz), Where 0 <
Tmaz < 00. O

In what follows, we prove that the local solution can be extended to a global one, that is 7,4, = 00. To
this end, we only need to prove that the solution is bounded in  x (0, Tjnaz)-
We first give the following lemma, which will be used later.

Lemma 2.2. [50, Theorem 3.1.5] For any dw,r > 0 and W°(z) # 0, the following diffusive logistic equation,

ow W

o _ 0, r€dQ, t>0, (2:3)
v

W(z,0) = Wo(z), x € 9,

admits a unique positive steady state W*(z), which is globally asymptotically stable in C(,R).

Lemma 2.3. For any initial data ¢ € XT, system (1.3) has a unique solution u(-,t; ¢) := (S(-,t;¢), I(-, t; ),
P(-,t;¢)) on [0,00) with u(-,t;¢) = ¢. The semiflow ®(t) : X+ — XT generated by (1.3) is defined by

Furthermore, ®(t) : X+ — X is point dissipative.

Proof. First, we prove that S(z,t) is ultimately bounded. It follows from the third equation of (1.3), it is
easy to see that S(z,t) satisfies

asgdsAS+r(1S)S, zeQ, t>0,
a—Szo, z eI, t>0.
ov

From (2.3), we know (2.5) is bounded and the standard parabolic comparison theorem implies that S(x,t)
is uniformly bounded. Further, from Lemma 2.1 and the comparison principle, we have

limsup S(x,t) < W*(x), uniformly for z € €, (2.6)

t—o0

that is, S(z,t) is ultimately bounded in the sense that ||S(z,t)|| < My for some positive constant M. By
using the divergence theorem, we integrate first two equations of (1.3) and adding them up yields

6 = T xXr — Ti(s + 1)2 T — C X

a/(S(x,t)+1(;c,zf)>dgc_ / Sd / o /(b+ )Id
Q Q Q Q
(S+1)2

It follows that

tm sup(| Sz, 0 + |1z, ) 1) < Mas,
— 00
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with My; = |Q|F/K.. Thus, the solution (S,I) of (1.3) satisfies the L' bounded estimate. Then, from the

third equation of (1.3), we have

%/sz: Q/)\(x)ld:z:Q/dexQ/ﬁg(x)(SJrI)de

Q

é )\*Mll —m/Pdm
Q

It follows that

limsup(|[ Pz, t)||1) < Mz,
t—o00

i.e., the solution P of (1.3) satisfies the L' bounded estimate.
Through the above, we can get there exists a positive constant M7, such that

lim sup([|S(z, )|l + [[1(z, )]l + [[P(2, 8)[[1) < M.
t—o0

(2.7)

Thus, the solution of (1.3) satisfies the L' bounded estimate. Recall that limsup,_, . ||S(:,)|| < My. Next
we only need to verify the solution (I, P) of (1.3) to be ultimately bounded. To this end, we first verify it

satisfies the 2" bounded estimate, that is, for k > 0, there exists a positive constant My, independent of

up = (8%(x), I°(x), P°(z)) € XT such that it satisfies the following estimate

limsup ([[1(-, )[[2x + [[P(,1)ll2x) < Mo, V> T,
t—o0

(2.8)

for some large time T' > 0. We will prove (2.8) holds by the method of induction. The case for k£ = 0 is valid

in (2.7). We now assume that (2.8) is true for k — 1, that is, there exists Myx—1 > 0 such that

limsup (|7, )llgs-1 + [P 8)llax-1) < Myw-s,V ¢ > T.
t—o00

Multiplying the second equation of (1.3) by I 2"~1 and integrating over {2, we get

10
2k Ot

1?"dz < dI/Izk_lAId:c+/Bl(x)SIdex—i—/ﬂg(ﬂ:)S’IQk_lde - /(b+c)12’“dx.
Q Q Q

Q

Recall that

d,/ﬂ’“—lmdx < —dI/VI~VIQk_1dx = —(2F - l)dl/(VI-VI)IQk_de
Q

Q Q
2k 1 -
= - md;/wﬂ *d.
Q
Hence (2.10) becomes
10 . , ~
275/]2]66133 < —Dk/|VIQk l\zdx—k/ﬁl(:v)SIdex—f—/52(x)SPIQk_1dx—/(b—&—c)Ide:a
Q Q Q Q Q

k
where Dy, = 222k—112d[

(2.9)

(2.10)

(2.11)
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By lim sup;_, . [|S(:,t)|| < My, there exists typ > 0 such that

/Bl(x)SIdex < Bi(My+1) /Idex, for t > to,

Q
and
/@@;)Sﬂ’“*lpdz < Ba(Mo + 1)/P12“1dx, for ¢ > tq. (2.12)
Q Q

Applying Young’s inequality: ab < eaP + e_%bq, where a,b,e > 0 and % + % = 1. One can estimate (2.12)

by setting €; = kand ¢ = 2% /(2% — 1) as follows,

m —
o P =2

/PI2 “ldz < 7/P2 dx—i—Cel/I dzx, for t > ty,where C, =¢; L
J 4P2(Mo + 1)

Thus, (2.11) can be estimated by

19 -
27&/12% < —Dk/lvﬁk 1|2dx+%/P2kde+Ck/I2kd$7 (2.13)
Q Q Q Q

where C, = B1(Mo + 1) + Bo(Mo + 1)C,, .
Multiplying the third equation of (1.3) by P2" 1 and integrating over {2, we get

10 k _
—ka—/zﬂ dx < / AP U dy — /mP2 dz. (2.14)
Q
Again applying Young’s inequality (by setting ey = 5= 2F /(28 — 1) and ¢ = 2F), we have

/P”lfdx < /Pde:rJr C., /I2kdz,where C., =2
5
Q Q Q

Hence (2.14) becomes

1 : _
Tcg/zﬂ dr < — STm/szder)\CEz /Izkdx. (2.15)
Q Q Q

Consequently, from (2.13) and (2.15), we have

2%% /(12’“ + P)dx < —Dy, / V12 2de + B, /Ideaj - % /PQ’“dx, (2.16)

Q Q Q Q

where Ey = Cj, + cC,.
Applying interpolation inequality: for any € > 0, there exists C¢ > 0 such that

€113 < el VN3 + Cell€llT, where € € WH2().

Qk—l

Let €3 = Dk/(QEk), E=1 , then
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_Dk/|v12“\2dx < —2Ek/12kdx+2Ek063 /ﬂ*‘”dx
Q Q

Thus (2.16) becomes

2

/12’“ +P?)dz < —r*/(l2 + P?")dz + 2E,C., /12’“ dr |
Q Q Q

1
ok

®|Q>

where 7, = min{Ej, 3 uC

It then follows from (28) that limsup, , . [ 1% dz < M;::ll, which in turn implies that
)

o [2ExCh,

T

lim sup ([1(-,8)[[2x + [[P(5 8)[l2x) < Mow, with Mox = % [ —— Mak-1.
t—o0

Thus, according to continuous embedding L(Q2) C LP(f2), ¢ > p > 1, we can conclude that for any p > 1,
there exists a positive constant M,,, independent of initial conditions, such that

ligri)sup(HI(',t)Hp +[11(-, t)llp) < M,

By using the same arguments as those in [28, Lemma 2.4], we have that there exists a positive constant
M such that limsup,_, o [|[I(-,t)]| < Mu, limsup,_, . ||P(+,t)|]] < Ms. Thus, the solution exists globally
for all ¢t € [0, 00), and moreover, ®(¢) : X — X is point dissipative. O

In what follows, we consider asymptotic smoothness of the solution semiflow ®(t), as there is no diffusion
term in the third equation in (1.3). To overcome this problem, we introduce the Kuratowski measure of
noncompactness, «(-),

k(B) := inf{r : B has a finite cover of diameter < r},

for any bounded set B. Then B is precompact if and only if x(B) = 0. We next claim that ®(¢) is a
k-contraction in the sense that there exists a continuous function k(t) : Rt — Rt with 0 < k(¢) < 1 such
that for any ¢ > 0 and bounded set B, {®(s)B,0 < s < t} is bounded and x(®(¢)B) < k(t)x(B).

Lemma 2.4. ®(¢) is k-contracting in the sense that

lim x(®(t)B) =0 for any bounded set B C X*.

t—o00

Proof. Let
G(S,I,P) = —mP + Xx)I — B5(x)(S+ I)P
be the right hand of the third equation of (1.3). Then

8G(S, 1, P)

5P =-m—B3(x)(S+1)<-m, (S,I,P)eX"t.

Based on this fact, ®(t) can be decomposed as ®(t) = ®1(¢) + P2(t), t > 0, where
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¢
Dy (t)ug = S(~,t;u0),l(-,t;u0),/ef:(m+S("l)“("l))dl)\(:c)l(-,s;uo)ds , t >0,
0

and
By(t)uy = {o,o, e Jo <m+5<wl>“<wl>>dlpo(x)} > 0.

By Lemma [28, Lemma 2.5], ®;(¢)B is precompact for any ¢ > 0. Hence, x(®1(¢)B) = 0. Moreover, the
operator norm of ®5(t) can be estimated as

Py (2
100 = sup 1220¥x ot o Il e
vex Yk vex [¥lx

It then follows that for ¢t > 0,
K(®(H)B) < K(P1(1)B) + k(P2(t)B) < 0+ || P2(t)|| k(B) < e ™ k(B).
Thus, ®(t) is a k-contraction on XT with the contraction function e™™*. 0O

The following result reveals that solutions of system (1.3) converge to a compact attractor in X+, which

is just a consequence of applying the general results in [7, Theorem 2.4.6].
Theorem 2.1. ®(t) admits a connected global attractor on XT.

3. Threshold dynamics

3.1. Eztinction

Let T(t) : C(Q,R?) — C(Q,R?) be the semigroup associated to the following linear problem:

% = dr AT + B1(2)S°(2)I + Bo(2)S°(x)P — (b+ ), x€Q, t>0,
aj:A(z)I—mP, e, t>0,

ot (3.1)
g:O, x eI, t>0,

ov

I(z,0) = Iy(x), P(z,0) = Py(z), x €.

Since (3.1) is cooperative, T(t) is a positive Co-semigroup on C(, R?). It is easy to see that T'(t) has the

generator

o (D B@S @)~ (bte) @@ )
A(z) -m

It then follows from [25, Theorem 3.5] that B is a closed and resolvent positive operator.
Substituting I(z,t) = e*)9(z) and P(z,t) = eMp3(x) into the first and two equations of (3.1), we can
get
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phe = di Ao + B1(2)S%(@)he + B2(2) S (2)hs — (b + c)ipa, T € Q,

M¢3 = A(x)’(/)Q - mw3a HARS Q7 (32)
% =0, x € 0f).

The existence of the principle eigenvalue of (3.2) is described by the following result.
Lemma 3.1. Let s(B) = sup{ReX, A € o(B)} be the spectral bound of B. Then the following statements hold.

(i) s(B) is the principal eigenvalue of the eigenvalue problem (3.2) associated with a strongly positive
etgenfunction;
(ii) s(B) has the same as &y, where &y is the principal eigenvalue of the eigenvalue problem

X X 0 X
@A¢+(m@w%m+éﬁlﬁlﬁil—w+@)w:£% req,
m (3.3)
O¢(z) = z € 0N
ov ’ ’

Proof. Proof of (i). We define an one-parameter family of linear operators on C'(Q,R):

)\ (2)S%(z
L, =diA+ B1(2)S°(z) — (b+c) + %, w> —m.

Let Cy := min, 5{B1(2)S%(z)} > 0, Cs := min,5{B2(x)A(z)S°(z)} > 0. Recall that the following eigen-
value problem

e =drAp — (b+c)p, x€Q,
— =0, x € 08,

admits one principle eigenvalue, 7° = —(b + ¢), with an associated eigenvector ¢° > 0. Denote by p* =
31(7° —m + C1) + /(70 + m + C1)? 4 4C; the larger root of the following algebraic equation

2+ (m = Cy =% — (C2 + m(Cr +17°)) = 0.
It follows that p* > —m and

0, BN@)S@)

L¢® = diAg® + B1(2)S%(x) e — (b+¢)p m

. C .
> <n°+01+u*+2m>w°=u .

With the aid of [29, Theorem 2.3 (i)], we complete the proof of (i).
Proof of (ii). The result directly follows from [29, Theorem 2.3 (ii)], that is, s(83) has the same sign as
s(Lo), where

| B@N@)S°(@)

Lo =d;A + B1(2)S%(x) — (b+¢) -

This completes the proof. O
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It is easy to see that system (1.3) has a trivial equilibrium at M;(0,0,0) and a disease-free equilib-
rium at M3(S°(x),0,0), where SO(z) = W*(z) is the unique positive solution of (2.3) which is globally
asymptotically stable in C(,X) for the dynamics of (2.3).

The following result reveals that s(B) is a threshold for disease extinction.

Theorem 3.1. If s(B) < 0, then the disease-free equilibrium (S°(x),0,0) is global attractive for the system
(1.3), that is, for any initial data ¢ € X+, we have

lim (S, 1), (2. 1), Pla,£) — (5°(2),0,0)] = 0.
Proof. We fix ey > 0. It then follows from (2.6) that there exists to > 0 such that 0 < S(-,t) < S%(x) + ¢
for all t > tg. It then follows from the comparison principle for cooperative systems (see e.g., [12]) that

(I(z,t), P(z,t)) < (I(x,t), P(x,t)) on Q x [tg,00), where (I(z,t), P(x,t)) satisfies

oI . . . .

5= dr AT + By (2)(S°(z) 4 €0) I + Bo(2)(S°(z) + €0)P — (b + )1, z €N, t>tp,

aa—]; = A\z)I —mP, x€Q, t>t, (3.4)
ﬁ:0, Tz €00, t>tp.

ov

Since s(B) < 0, there exists a small ¢g > 0 such that s(B;,) < 0 and it corresponded to an associ-
ated eigenvector (5°(x),15°(z)) > 0. Suppose that for any given ¢ € X, there exists some o > 0
such that (I(z,to;¢), P(2,t0;¢)) < a(¥5®(2),¢5°(x)), for all z € Q. Recall that (3.4) admits a solution

e Beo) (=10) (450 (1), 4h5° (), for all ¢ > to. The comparison principle implies that
(I(w,t0;9), P(x,t0; 9)) < ae™ B0l U0y (2), 450 (@), ¢ > to.
It follows that (I(z,t), P(x,t)) — (0,0) as t — oo uniformly for 2 € Q. Therefore, we have (I(x,t), P(x,t)) —

(0,0) as t — oo uniformly for x € Q. Moreover, from (2.3), we conclude that S(z,t) — S%(z) as t — oo
uniformly for 2 € Q. This completes the proof on the global attractivity of M,. O

3.2. Basic reproduction number and principal eigenvalue

In what follows, we pay attention to original system (1.3). Linearizing system (1.3) at (S°(x),0,0), we
get

0

%—f =dsAS +r (1 - 2;(53)) S — <ﬁ + 51($)> SO(2)I — Bo(2)S° ()P, € Q, t>0,
0

% =d;AI + B1(2)S(@)] + Bo(2)S°(z)P — (b+ c)I — ri(((z)) I, zeN, t>0,
88]; = \az)I —mP — 33(x)S°(x) P, reQ, t>0, (3.5)
oS oI
5 =7, =0 e, t>0,
S(x,0) = So(x), I(z,0) = Ip(z), P(z,0) = Py(x), x € Q.

It is easy to observe that equations for variables I and P in (3.5) are decoupled with the equations of S.
Then we first consider the following subsystem (which is cooperative):
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0
o = WAL+ B @] + Ga()S°)P — (b4 O =L s, 150,
O = \@) —mP — f5(@)S° ()P TeQ >0, (3.6)
ﬂ:o, e, t>0,
ov
I(x,0) = I°(x), I(x,0) = I'(z), x € .
Denote by TI(t) the solution semiflow of (3.6) on C(Q, R?) with generator
Bgo = (dIA PRSI - b - Tio(%) 08 ) =B+ F, (3.7)
Az) —m — f3(z)S°(z)
where
5o <d1A—(b+c)—r§§((f)) 0 > o (51($)So(x) 52(1')5'0(1'>>.
A(z) —m — B3(x)S°(x) 0 0

We can check that Bgo and B are resolvent-positive operators. Let T(t) : C(,R?) — C(€,R?) be the
Cy-semigroup generated B. It follows that B is cooperative for any x € Q, which implies that T'(t) is a
positive semigroup in the sense that T(t)C(Q, R2) C C(Q,R%).

It follows that the next generation operator £ := —FB~! takes the following form

Lo(x) = / F()T(t)p(x)dt = F() / T(t)p(z)dt ¢ € C(ALR?), €.

Then L is well-defined, continuous, and positive operator on C(Q,RQ), which maps the initial infection
distribution ¢ to the distribution of the total new infections produced during the infection period. We then
follow the procedure in [29] to define the spectral radius of £ as the basic reproduction number

Ry :=r(L) = sup{|\,A € o(L)},

where o (L) is the spectrum of £. By the general results in [25] and the same arguments as in [29, Lemma
2.2], we have the following result.

Lemma 3.2. Then Rg — 1 has the same sign as s(Bgo).

Lemma 3.3. Let Ao be the principal etgenvalue of the problem

0(y - x )50 (z
%’f:o’ xz € 0.

Then Ry = 1/5\0.

Proof. In fact, the operator —FB~! can be computed as

_ _.8%@) -1
g (B@S@) msw) ) (@A 0~ )
N 0 0 @) (dr A—(btc)—r o))~ 1
m+B3(z)S0(x) " m+B3(z)S%(z)
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0 ()25 (x) L@\ B(@)S @)
_ (—(5ﬂ@5(fV+m+méwwm)(@A‘*b+0*‘TKuJ méamwu>)w,
0 0

0 0
So Ro := (L) = r(—(B1(x)S°(x) + %)(d A—(b+c)— ri{((af)))_l) Therefore, Ry is the principle

eigenvalue of

{5 (160 (a) o A@)2A(2)S° (@) e S@NT 2
(s + SERELE) (8- 040 -1 ) o= Rop, o€ @)
that is,
7 . 7ASO(x) 259z A1) Ba(2)S%(2) | 1 5
s <”* ! K(x))‘”(ﬁl( o ”mmg(x)SO(x))WO e € 0HE),

which completes the proof. O

Remark 3.1. From Lemma 3.3, Ry have the following variational formula:

Mz x)S°(
kmz9@+éﬁawwﬁh} (3.8)

Ro==—= sup
Ao ¢6H1(ﬂ> ¢#0 | [o (d; Vo> + (b+c+r = )¢>2) dz
From (3.8), we can easily get the information that how Ry depends on the diffusion coefficient dj.

Remark 3.2. When all parameters in (1.3) are constant, one can easily see that S°(x) = K, and R, can be
reduced to

1

const. __
Reonst: — —

BaAK

- (W”m

)/w+c+m. (3.9)

0

Substituting I(x,t) = eMipo(x), P(x,t) = eMips(x), into (3.6), we obtain

0
A = dr A + 1 ()S°(a)os + ) () — (0 + W — T, w e,
Agpg = A(w)ppa — meps — B3(x)S° ()13, z €, (3.10)
% =0, x € 0N,
ov

The existence of the principal eigenvalue of (3.10) are stated in the following result.

Lemma 3.4. Let Bso be defined in (3.7) and s(Bgo) be the spectral bound. If s(Bgo) > 0, then s(Bgo) is the
principal eigenvalue of eigenvalue problem (5.10) associated with a strongly positive eigenfunction.

Proof. It follows from (3.6) that

t

I(t,6) = As(t)d + / Ag(t — $)g(I(- 5,8), P(-, 5, 6))ds

0
t

P(+t6) = Aa(®)oa+ [ A0}t - DAC(,5,0)ds

0
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where g(I,P) = (—ﬁso(-) +,31(-)SO(-)) I+ Ba()SO( )P, and As(t)s = e~ (MBS igy for ¢y €
C(Q,R).

We define a linear operator

()¢ = (0, As(t)s), & = (¢, ¢3) € C(Q,R?), (3.11)
and a nonlinear operator
t
()6 = | 10:8.6), [ Aa(O)t = INOLC,5.0)ds | o 6= (6n,0) € CQRY)
0

It is easy to see that II(¢t) = IIa(¢) 4 II3(¢). Similar to Lemma 2.4, we know that IT3(¢) is compact. Hence,
from (3.11), we have

(m~+B3(-)So(:))tes —mtos
B P N [ el g
sec@roolz0 191 T sec@re). el ol pec@r2) o204l

and hence ||[TIy(¢)]| < e™™.
It follows that for any bounded set B in C'(Q, R?), there holds

S(TI(0)B) < A(I(0B) + r(T5(0)B) < [(6)|<(B) < e ™x(B), t>0.
Thus, TI(¢) is a k-contraction on C(<,
(¢

radius, wess(T1(t)) < —m. Here wess(I1
Recall that

R?) with a contracting function e=™*, that is, the essential spectra
) = 1m0 M Here «f(-) is the measure of non-compactness.

)

wgo = max{s(Bgo),wess(TI(t))},

In [|TI(8) |

——, is the exponential growth bound of II(#) such that

where wgo, defined as wgo := limy_, oo
[TL(t)|| < Me“s°, for some M > 0.
On the other hand, the spectral radius r(II(¢)) of TI(t) satisfies
r(Ily) = e*Bso)t > 1 when $(Bgo) >0, t > 0.

This implies that wess(II(¢)) < r(II;) for any ¢ > 0. The result directly follows from a generalized Krein-
Rutman Theorem [13]. O

3.3. Persistence

The following result concerns the disease persistence when s(Bgo) > 0. To this end, we set

Xo:={peX": ¢1()£0 and ¢o(-) Z0},

and

aXo = X+\XQ {¢EX+ ¢1() =0 or (Z)Q() EO}
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Then X = X, U 9Xq, Xy is relatively open with Xy = X, and 09X is relatively closed in X. Let ®(¢) be
defined by (2.4). Set My = {¢ € 90X : ®(t)¢ € 90X,V t > 0} and let w(¢) be the omega limit set of the
forward orbit v (¢) := {®(t)(¢) : t > 0}.

Theorem 3.2. If s(Bgo) > 0 (or Vo > 1), then (1.3) is uniformly persistent in the sense there exists § > 0
such that for any ¢ € XT with ¢; Z0, i = 1,2,

ligiorgf Sz, t;¢) > 6, ligiolgf I(x,t; ¢) > 6, ligiorgfp(m,t; ®) > 8, uniform for all = € Q.
Furthermore, system (1.3) and (1./) admits at least one positive steady state.
Proof. We prove the following claims.
Claim 1. X s positively invariant with respect to ®(t), that is, ®(t)Xo C Xo, for all t > 0.

Suppose that (S(-,¢;¢), I(-,t; @), P(-,t; ¢)) is the solution (1.3) with ¢ € XT. It follows from Lemma 2.1
that S(z,t) satisfies

dgAS — %—f—l—hl(a;t)S: —rS§$<0,z€Q, t>0,

where hq(z,t) = —ﬁ[S(m,t) + I(z,t)] — f1(z)I(z,t) — B2(z)P(x,t) < 0. Then S(z,t;¢) > 0 directly
follows from the strong maximum principle and the Hopf boundary lemma. From the second equation of
(2.1), we have 2L > d; AT — (b+ ¢)I — r2EL T, T is the upper solution of the problem

ot K(z)
oI . . S+,
D A — (b =122 F zeq, t>0,
Py I (b+¢) rK(x) x
?
oL _y, 2 e, t>0,
ov
I(a:,O):Io(m):IO, x e

By the maximum principle and I° # 0, we have I(z,t) > 0 for all z € Q and ¢ > 0. So I(z,t) > I(x,t) > 0
for all z € Q and t > 0 directly follows from the comparison principle. From the third equation of (1.3), we
get

t
P(z,t) :e—fﬂt(m+S(-,l)+I(~,l))leO(1,)+/e—f;(m+S(~,l)+I(‘,l))dl)\(x)]—(_’S;UO)d&
0

which in turn implies that P(x,t) > 0 for all 2 € Q and ¢ > 0. This proves Claim 1.
Claim 2. w(v)) = My | Ma, ¥V o € My, where My = {(0,0,0)} and My = {(5°,0,0,)}.

If ¢» € My, then we have ®(t)y € My, V¢ > 0. It follows that S(z,¢;¢) = 0 or I(x,t,v) = 0. Suppose that
I(z,t;4) =0, Vit > 0. From the third equation of system (1.3), we have lim;_,~, P(z, ;%) = 0 uniformly for
x € Q. Thus, it follows from the first equation of system (1.3) and Lemma 2.2 that lim;_,, S(z, ;1) = 0 or
lim; o S(x,t;7) = SO uniformly for = € Q. Suppose that I(x,#o,1) # 0, for some #5 > 0, Claim 1 implies
that I(z,t,4) >0, ¥V € Q,t > ty. Hence, the case for S(x,%,9) = 0, V t > fy, holds. It follows that the
second equation of (1.3) becomes % =d; A+ 51(x)ST+ Bo(x)SP — (b—i—c)]—rf;zrml) I,z €Q, t > ty, which
implies that lim;_,o I(x,t; 1) = 0. Further, from the third equation of (1.3), we have lim;_,o, P(z,t;9) =0
uniformly for x € Q. Hence w(t) = My |J Ma, V 1 € M. This proves Claim 2.
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Claim 3. For any ¢ € Xo, limsup,_,  ||®(t)p — M;|| > .V ¢ € Xp, Vi=1,2.

It follows from Lemma 3.4, s(Bgo) > 0 is the principal eigenvalue of eigenvalue problem (3.10) associated
with a strongly positive eigenfunction. For convenience of later discussion, we suppose that there is a small
oo > 0 such that s(BZ3) > 0 is still the principle eigenvalue problem (3.10), where

S%(z)4o
o <d1A+ﬁl(x)(50(x) —09) = (bt ¢) — r{EHnon) Ba()(S° — 79) )
A(x) —m — B3(2)(8%(x) + 00)(x)

Let ¢ = (1/12, 1/J3) be the strongly positive eigenfunction corresponding s(B¢3). Without loss of generality,
we further assume oy is sufficiently small such that

1 Pi(z) | PBa(z)
1-— UQIilélé((K(x)+ . + . )>O.

Assume for the contrary that there exists ¢g € X( such that
. oo . g0
lim sup || ®(¢) (o) — M1|| < — or limsup ||®(¢)(¢o) — Ma|| < —.
t—o00 2 t—00 2

We consider the first case that limsup,_, . [|®(t)(¢o) — Ma2|| < F. It follows that there exists ¢; > 0 such
that SO(x) - % < S(l‘,t,(ﬁo) < SO(‘I) + %a I(.I,t,d)o) < %a P(m7ta¢0) < 6_207 Vi> t1, T € Q Thus
I(x,t,¢0) and P(x,t,dg) satisfies

oI
57 2 AL+ Bi(z )(S°(x) — 00) I + Ba(2)(S°(x) — 00) P
0

—(b+0o)I WI, z €N, t>1,
oP 0
5p 2 P+ A@)] = B5(2)(57(2) + 00) P, T€Q, t>t,
gzO, xG@Q,t>t1.
ov

It follows that I(z,t,¢o) > 0, P(x,t,¢0) >0,V 2 € Q, t > 0. Recall that the linear system

oI v . y
i dAT + B1(2)(S°(z) — 00)T + Ba(x)(S°(x) — 00)]
SO({L') + 09 ¥

(b+o)I K@) 1, x€eQ, t>1,
op 0 .
e —mP + \a)I — B3(2)(S°(x) 4+ 00) P, x€Q, t>1,
gzo, r € 00t >ty
v

admits a solution gges(Bs0)(t=11)4y) for some positive constant g. From the standard comparison principle,
we have

(I(Jf,t,d)o),P(Jj,t,(bo)) 2 5065(850)@7“)@7 Vit > tla T e Q

which in turn implies that I(x,t, ¢o) and P(x,t, ¢g) is unbounded as s(Bgo) > 0. This leads to a contradic-
tion.
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We next consider the case that limsup, , . [|®(t)(¢0) — Mi|| < F. It follows that there exists to > 0

such that SO(z) < 2, I(z,t,¢0) < 2 and P(z,t,¢9) < %, V t > to, x € Q. From the first equation of
(1.3), we get

aa—f > dAS + (1 —0p61)S, z€Q,t>ty,
0S
5 = 0, x € 09,

where 91 = max,cq K%m) + /317E:6) + 52£x))
Recall that

%:d&éwuwoal)ﬁ, T e > b,
a8

_ 0
o 0, x € 012,

admits a solution Te"(1=900)(t=12)¢ for some positive constant 7, where £ is strongly positive eigenfunction
corresponding r(1 — 0g#1). From the standard comparison principle, we have

S(@,t, ¢g) > erImf=E Yt > 4y 3 e Q.

Hence S(x,t, ¢g) is unbounded as (1 — o¢f1) > 0, which leads to a contradiction. This proves Claim 3.
Define a continuous function p : X+ — [0, 00) by

p(¢) = min{min ¢, (z), min ¢2(x)}, ¥V ¢ € XT.
z€Q z€Q

Obviously, p~1(0,00) C Xy, and p has the property that if either p(¢) = 0 with ¢ € Xg or p(¢) > 0, then

p(®(t)¢p) > 0, V¢ > 0. Thus p is a generalized distance function for the semiflow ®(¢) : Xt — X+ (see e.g.

[20]). Further, W*(M;) N Xo = 0,Vi = 1,2, where W*(M;) is the stable subset of M;, i = 1,2. It is also

confirmed that there is no cycle in My from M; | M» to M; | Ms. Hence, from [20, Theorem 3] and similar

arguments in [8, Theorem 3.4], we arrive at the conclusion that there exists a § > 0 such that

lim inf p(®4 (1)) > 6, ¥ ¥ € Xo,
which implies that
liminf S(z,t;¢) > § liminf I(x,t;¢) > 4§, and liminf P(z,t;¢) > 6,V ¢ € Xo.
t—o0 t—o0 t—o0

Therefore, ®(t) is uniformly persistent with respect to (Xg,9Xg). It follows from [11, Theorem 4.7] that
system (1.3) admits at least one steady state in X (see, e.g. the proof of [26, Theorem 2.3]), which is a
positive steady state. This completes the proof. O
4. Bifurcation analysis

Recall that system (1.3) is uniformly persistent when Ry > 1 (see Theorem 3.2), thus (1.3) admits at least

one positive steady state. In this section, we consider disease-induced mortality b as the main bifurcation
parameter to do some bifurcation analysis on steady state solutions.
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A steady state of (1.3) is a solution of the elliptic system

S+1
dsAS +r <1 — m) S — B1(x)ST — B2(x)SP =0, x€q,
di AT + B1(x)ST + B2(x)SP — (b +c)I — St o sen
I 1T 2(T Cc TK(QJ) =U, @ 5 (41)
Mz)I —mP — B3(x)(S+ )P =0, x €,
oS oI
5 =3, =0 x € 0.

By (4.1), we see that (S, I, P) is a PSS of (1.3) if and only if (S, ) is a positive solution of the problem

S+1I Mz)Ba(x)ST
dsAS—i—r(l—m)S—ﬂl(ac)Sl—m+63(x)(5+1)—O, x € Q,
Ax)Ba(x)ST S+1_
AT+ By (@)ST+ —— @G 1D (b+c)l — rml =0, z€Q, (4.2)
g—f = % =0, x € 09,
and P satisfies
Pla) - M)

m + Bs(x)(S(x) + I(x))

Hence in the sequel, we will focus on (4.2) instead of (4.1).
It is easy to see that (S°(z),0) is a semi-trivial steady state solution of (4.2), where SY(x) is described
n (2.3). Denote by b° the principle eigenvalue of the following eigenvalue problem:

BN @)S)
m+ B3(2)S%(z) K(x)

drAp + | B1(x)S° () +

81/)_
a0

S%z) —cly=by, z€Q,
(4.3)
x € 0N,

associated with positive eigenfunction 1y(z) (determined by the normalization max, g ¥o(x) = 1). Notice
that b = bY is equivalent to A\g = 1 or Ry = 1.
Define a function

Pa(x)A(x) SO (x)

Hiw) = |h@)8°@) + = st ~ ')

SY(z) —c| . (4.4)

It follows that v° = H if H(x) = H is a constant.
We next consider the case when H(z) # constant and it could change sign in 2. It is well-known from
[14, Theorem 4.2] that the following eigenvalue problem with indefinite weight:

Ap(z)+AH(x)p =0, =€,
) (4.5)
92 _ o, x € 09,
v
admits a nonzero principal eigenvalue Ag = Ag(H) if and only if H(x) charges sign in Q and [, H(z)dz # 0.
It then follows from [14, Proposition 4.4] and also in [26, Lemma 3.1], the sign of the principal eigenvalue
b° of the problem (4.3) are described by the following result.



Y. Shi et al. / J. Math. Anal. Appl. 481 (2020) 123481 19

Lemma 4.1. The following statements hold.

(i) If [ H(x)dx >0, then by > 0 for all d; > 0;
(ii) If [, H(x)dx <0, then

<0 for all dy >

0
{b >0 for all d1<A0%H).
1

Remark 4.1. Suppose that the coefficients of (4.1) are all constants. It follows that S°(z) = K and

H(m)—H{ﬁlKJr B2AK C]_(m+53K)(51K—7"_0)+52)\K.

— —7
m+ 3K m+ B3 K
Hence b° = H > 0if 1K > r +c.

We next regard b as a bifurcation parameter and investigate that a local branch (and also a global
continuum) of positive solution of (4.2) bifurcated from {(b, S°(z),0) : b > 0}. To this end, we rewrite (4.2)
by u= S and w =1 as

T Ba2(x)A(x)uw

A+ —— (K (2) — 4 — w)u — - - 0

dyAu + K(a:)( () —u—w)u — f1(z)uw ot By (@) (u T ) 0, x € Q,
dypAw + B (z)uw + o Mz)uw b+ c)w — L(u +ww=0, e (4.7

v ! m + Bs(x)(u + w) K () ’ ’

Ou(z) Ow(x)
= = Q.
£y ey 0, x el
We now give the result on the set of steady state solution of (4.2).
Theorem 4.1. Let b° be the principle eigenvalue problem (4.3). Let

Y ={(bu,w) € RT x X x X : (b,u,w) is a positive solution of (4.2)}, (4.8)

where X = {u € W2P(Q) : azgf) =0, z € 89}. The following statements hold:
(i) There is a connected component %1 of ¥ containing (b°,5°,0), and the projection projyX1 of X1 into

the b-azis satisfies (0,b"] C projyX1 C (0, M] for

A 0
M = max [ﬁl(m)SO(x) + P A@)5 (@) _ cl. (4.9)
€N m

In particular, (4.2) admits at least one positive steady state solution for 0 < b < b°.

(ii) Near b= 10", ¥ is a smooth curve

C = {(b(s)vu(s)aw(s)) 1S € (075)}7 (410)

where u(s) = S°() + sgo(-) + o(s), w(s) = sho(s) + o(s) where 1o(x) > 0 is the principle eigenvalue of
(4.3), and ¢o(x) < 0 satisfies

—du Ao () + ﬁx)u«x) —25%(x))do(z) = —g(@)o(x), =€,
(4.11)
9%o®) _ z € o0
ay ) )
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where

r 0 )50 »32( JA(x)S 0(90)
s @) S @)+ S (@)

Further, b'(0) can be calculated by

L
b(0) = —5—r, 4.12
S T EPE (412
where
B2 (z)A(z)meo () (4o (x)) 7[$0 (@) (Yo (2))* + (o (2))?] A=) B2(2)Bs () S° (=) (¥ (1))
L= fQ : [m+p83(x ())SO(:EO fQ : - K(x) : fQ 2[m+,833($)so( )]? : (413)

Proof. We then follow the procedure in [22] to consider the solution of (4.2).
Define F:Rx X x X - Y xY by

duAu + ﬁ(K(m) —u—w)u — f1(z)uw — p(u, w)
F(b,u,w) =
dwAw + 51 (z)uw + p(u, w) — (b+ c)w — ﬁ(u + w)w
where p(u,w) = % Direct calculations give
d,A
f(u,w) (ba U, w)[¢7 7/)] = < defZ >
N <sz)(K($)2uw)51($)wpu —®@m U~ b1(2)u — pu ) <¢>
Bi(@)w + pu — giyw Bi(@)u+py — (b+¢) = gy (w+2w) J\ ¥ )
where
_7 _ Pa(2)A(z)(m + B3(x)w)w , " Pa(x)A(@)(m + B3 (z)u)u
P ) = @t e PP S s @t )

We can check that

T €T 0 €T
$00) =0, pu(s0) = B

Fllrlhermor& we can Compu(e
(b’u7w) ? (b7u’w) ¢5w I

(R +pun) 8 2 (g + r(@) + D) 60 — put? )
Punt? +2 (Puw + B1(w) = 77 ) 00 + (puw — 7257 ) 42

and

]:(u,w),(u,w)(b?u7w)[¢7 w]Q = (

where
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P = Pt 0) = RN,
xT T m2 xTr)mu xTr)mw xT 27J.'IJJ
Puw = puw(u7w) — Ba2(z)A(z)( +,83[(7n)+ﬁ32tﬁiz(u))]3 +2(Bs(x)) )7
Puww = Puww (u,w) = —QA(x)ﬂ[z;EﬁzgzEi)ﬁfz)—i-é@g(x)u)u
We can check that
Bo(2)A(z)m 0 —2\(x)Ba(x)B3(x) S (2)
Puu SOaO :Oa Puw SOaO = ; Pww S ,0 = . 4.14
(50 0= o @msr @ 70 = Tt gy (@502 #19
In particular,
P (. 50.0)00] — [ A0+ T EE) =256 — (o
’ dw At — b04p + H ()¢
where H(x) is defined as in (4.4) and
0
4(x) = FryS°(@) + B1 (x) SO (z) + 2D, (4.15)

It follows that the kernel N(F(%w)(bo, 59.0)) = span (o, 1), where 1 is the positive eigenfunction of (4.3)
and ¢y satisfies (4.11). Recall that, from Lemma 2.2, S°(z) is globally asymptotically stable in C'(Q,R). Tt
follows that

—1

duA + m(K(w) —28%x))|

exists and it is a positive operator. Thus, ¢g(x) < 0 for z € Q.
Let Y = LP(Q). We next consider the range

R(F\y 0 (b°,5°,0)) = {(h1,he) € Y2 : [, hao(2)to(x)dx = 0}. (4.16)
It is easy to see that (hi, ha) € R(Fy.(0°, 5%, 0)) if and only if there exists (¢,7) € X x X such that

b = duo + i (K (@) — 25°(2))6 — ql@),
ho = du i) — b0 + H()e,

where q(z) and H (z) are defined as in (4.15) and (4.4). Hence,
Jo ha(@)o(@)dz = d [, Ap(z)tho(x)da + [o[-0"%o(z) + H(z)tbo(2)](2)dz. (4.17)
It then follows from integration by parts and the boundary condition of ¥ and 1 that
Joy A (@)oo (x)da = [, Adbo () (z)da. (4.18)

With the help of (4.3), (4.18) and (4.17), we have [, ha(z)ho(z)dz = 0, which in turn implies that (4.16) is
valid. Since

Fb,(u,w) (bO’ Soa O)[¢0a 77/10] = (07 7#}0)7 (419)

and [,[—o(z)]vo(x)dz < 0. It follows that
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Fb,(u,w) (b07 SO? 0)[%#?0} ¢ R(Fu,w(bov SO’ 0))

Follow the theorem of bifurcation from a simple eigenvalue (see e.g. Crandall and Rabinowitz [23], we
can conclude that the set of positive solution to (4.2) near (b°,5°(z),0) is a curve in from (4.10), with
(u'(0),w'(0)) = (¢0, %o)-

Further, &' (0) can be calculated as follows

AL F ), (u,w) (0°,52,0) [¢0,%00] )
b/(O) = 2(L,Fy, (u,w) (09,59,0) [0, Y0])

where [ is a linear function on Y2 defined as (I, [h1, ha]) = [, ha(2)tho(x)dz. Note that the second component
of Fly,wy,(u,w) (0", 5%,0)[do, to]? takes the form

G(x) =2 (pun (S°(2), 0) = 77 ) G0(@)t0(@) + (puns (S°(2),0) = 7255 ) (o ()2,

where Py, (S°(),0) and P, (S°(x),0) are defined in (4.14). Thus

b,(O) — _jsz G(z)podx .

— L
2 [ i (@)de " [ g (x)dx’ (420)

where L is defined as in (4.13). Using the similar arguments as in [26, Theorem 3.1], we could end with the
proof. O

5. Conclusion and discussion

In this paper, we formulate and analyze a diffusive host-pathogen model with horizontal transmission
mechanism and heterogeneous coefficients. In the model, we assume that susceptible and infective hosts
may disperse at different rates, there is no diffusion term in the pathogen equation. This assumption brings
some difficulties in estimating the ultimate boundedness of the solution. We overcome this problem by using
the method of induction and continuous embedding theorem. We then consider asymptotic smoothness of
the solution semiflow by introducing the Kuratowski measure of noncompactness to identify the existence
of a connected global attractor.

We identify the threshold behavior of model in a bounded habitat of general spatial dimension, which is
determined in the sense that: If s(B) < 0, then the disease-free equilibrium (S°(x),0,0) is global attractive
(see Theorem 3.1); If s(Bgo) > 0 (or Ry > 1), then (1.3) is uniformly persistent and (1.3) admits a positive
steady state, representing the persistence of pathogen. Ry is mathematically defined as the spectral radius of
the next generation operator, then it can be calculated as in Lemma 3.3 and (3.8) (see also a homogeneous
case as in (3.9)). While we can not determine the case Ry < 1 for the extinction of the disease.

We extend the original model [26] by including one realistic complication, horizontal transmission mech-
anism and thus strengthens the original conclusion. Compared to the formula as in (2.29) and (2.30) of
[26], we can conclude that the principal eigenvalue of the associated eigenvalue problem and the long-time
behavior remain similar as those in [26]. However, by adding horizontal transmission, even a homogeneous
case as in (3.9), the basic reproduction number is larger than the case without horizontal transmission
mechanism. This may lead to over-evaluating the threshold role of the basic reproduction number. We also
explored the bifurcation analysis of steady state solutions by considering disease-induced mortality b as the
main bifurcation parameter, and such results can help us better understanding how it affects the spatial
pattern of the pathogen.

As like some recent works on asymptotical profiles of the positive steady state for large and small diffusion
rates, we refer interested readers to [2,9,10,15-18,24,26-28] and the references therein. Would considering
asymptotic profiles of the positive steady state as the dispersal rate of susceptible or infected hosts tends
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to zero may help us to understand how host’s mobility affect spatial pattern of the pathogen. On the
other hand, some recent work investigated the effect of the spatial heterogeneity of environment on basic
reproduction number and disease dynamics (see e.g. [3-5]). Would the spatial heterogeneity can enhance
the infectious risk of disease? Thus, we have to leave this interesting problem for further investigation.
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