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1. INTRODUCTION

w xIn 1940, Ulam 11 posed the following question concerning the stability
of homomorphisms:

Ž .Let G be a group and let G be a metric group with a metric d ?, ? . Given1 2
e ) 0, does there exist a d ) 0 such that if a mapping h: G ª G satisfies the1 2

Ž Ž . Ž . Ž ..inequality d h xy , h x h y - d for all x, y g G then a homomorphism1
Ž Ž . Ž ..H: G ª G exists with d h x , H x - e for all x g G ?1 2 1

w xThe case of approximately additive mappings was solved by Hyers 2
under the assumption that G and G are Banach spaces.1 2
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Throughout this paper, we denote by X a Banach space. In 1978,
w xRassias 9 gave a generalization of the Hyers’ result in the following way:

Let V be a normed space and let f : V ª X be a mapping such that
Ž .f tx is continuous in t for each fixed x. Assume that there exist u G 0 and

p / 1 such that

5 5 5 5 p 5 5 pf x q y y f x y f y F u x q yŽ . Ž . Ž . Ž .
Ž � 4 .for all x, y g V for all x, y g V _ 0 if p - 0 . Then there exists a

unique linear mapping T : V ª X such that

2u p5 5 5 5T x y f x F xŽ . Ž . p< <2 y 2

Ž � 4 .for all x g V for all x g V _ 0 if p - 0 . However, it was shown that a
Ž w x. w xsimilar result for the case p s 1 did not hold see 10 . Gavruta 1 also˘

Žobtained a further generalization of the Hyers]Rassias theorem see also
w x.3, 5, 7 .

w x Ž .According to Theorem 6 in 8 , a mapping f : V ª X satisfying f 0 s 0
is a solution of the Jensen’s functional equation

x q y
2 f s f x q f y ,Ž . Ž .ž /2

Ž . Ž .if and only if it satisfies the additive Cauchy equation f x q y s f x q
Ž .f y .

w xIn 1988, Jung 6 proved the following theorem:

THEOREM A. Let p ) 0 be gï en with p / 1 and let d G 0 and u G 0 be
gï en. Suppose a mapping f : V ª X satisfies the inequality

x q y p p5 5 5 52 f y f x y f y F d q u x q y )Ž . Ž . Ž .Ž .ž /2

Ž . Ž .for all x, y g V. Further, assume f 0 s 0 and d s 0 in ) for the case of
p ) 1. Then there exists a unique additï e mapping F: V ª X such that

u p5 5 5 5 5 5f x y F x F d q f 0 q x for p - 1,Ž . Ž . Ž . 1yp2 y 1

or

2 py1
p5 5 5 5f x y F x F u x for p ) 1Ž . Ž . py12 y 1

for all x g V.
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He noticed that the ideas from the proof of Theorem A cannot be
Ž .applied to the proof of the stability of ) for the case p ) 0. He raised a

question whether the Hyers]Ulam]Rassias stability for the case p - 0
w xholds. In this paper, using the ideas from the papers of Hyers 2 , Hyers,

w x w x w xIsac, and Rassias 3 , Rassias 9 , and Gavruta 1 , we obtain some general-˘
ization of Theorem A.

2. STABILITY IN THE CASE p - 1

We denote by G an abelian group. Let E be a subset of G such that
� 4nx g E for any integer n and for all x g E. We assume that if x g E _ 0

Ž � 4. Ž � 4.then 2 x / 0 and 3 x / 0. We also denote by w : E _ 0 = E _ 0 ª
w .0, ` a mapping such that

`
yk k kw x , y s 3 w 3 x , 3 y - ` 1Ž . Ž .Ž .˜ Ý

ks0

� 4for all x, y g E _ 0 .

THEOREM 1. Let f : E ª X be a mapping such that

x q y
2 f y f x y f y F w x , y 2Ž . Ž . Ž . Ž .ž /2

x q y� 4for all x, y g E _ 0 with g E. Then there exists a unique mapping2

T : E ª X such that

T x q y s T x q T y for all x , y g E with x q y g E, 3Ž . Ž . Ž . Ž .

and

y15 5f x y T x y f 0 F 3 w x , yx q w yx , 3 xŽ . Ž . Ž . Ž . Ž .Ž .˜
� 4for all x g E _ 0 . 4Ž .

Ž . Ž . Ž . Ž .Proof. Let g x s f x y f 0 . Then g satisfies 2 . From this, we can
Ž .assume that f 0 s 0 without loss of generality.
� 4 Ž .Let x g E _ 0 . For y s yx, the inequality 2 implies

5 5y f x y f yx F w x , yx . 5Ž . Ž . Ž . Ž .

Ž .Replacing x by yx and y by 3 x, the inequality 2 implies

5 52 f x y f yx y f 3 x F w yx , 3 x . 6Ž . Ž . Ž . Ž . Ž .
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Ž . Ž .From 5 and 6 , we get

5 y1 5 y1f x y 3 f 3 x F 3 w x , yx q w yx , 3 x . 7Ž . Ž . Ž . Ž . Ž .Ž .

Applying an induction argument to n we obtain

5 yn n 53 f 3 x y f xŽ . Ž .
ny1

yky1 k k k kF 3 w 3 x , 3 yx q w 3 yx , 3 3 x . 8Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ý
ks0

� yn Ž n .4We claim that the sequence 3 f 3 x is a Cauchy sequence. Indeed,
for n ) m, we have

5 yn n ym m 53 f 3 x y 3 f 3 xŽ . Ž .
ny1

yky1 kq1 yk k5 5F 3 f 3 x y 3 f 3 xŽ . Ž .Ý
ksm

ny1
yky1 k k k kF 3 w 3 x , 3 yx q w 3 yx , 3 3 x .Ž . Ž . Ž .Ž . Ž .Ž .Ý

ksm

Ž .From 1 , it follows that

ny1
yky1 k k k klim 3 w 3 x , 3 yx q w 3 yx , 3 3 x s 0.Ž . Ž . Ž .Ž . Ž .Ž .Ý

mª` ksm

� yn Ž n .4Because X is a Banach space, it follows that the sequence 3 f 3 x
converges. Define

T x s lim 3yn f 3n xŽ . Ž .
nª`

Ž .for all x in E. Taking the limit in 8 as n ª `, we obtain

5 5 y1 � 4T x y f x F 3 w x , yx q w yx , 3 x for all x g E _ 0 .Ž . Ž . Ž . Ž .Ž .˜ ˜
49Ž .

Ž .This computes the proof of the inequality 4 . From the definition of T , we
get

3nT x s T 3n x and T 0 s 0. 9Ž . Ž . Ž . Ž .
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Ž . Ž .By 9 and 49 ,

5 52T 2 x y 4T xŽ . Ž .
5 5s 2T 2 x y T 3 x y T xŽ . Ž . Ž .

yn 5 n n n 5s 3 2T 3 ? 2 x y T 3 ? 3 x y T 3 xŽ . Ž . Ž .
yn 5 n n 5 5 n n 5F 3 2T 3 ? 2 x y 2 f 3 ? 2 x q T 3 ? 3 x y f 3 ? 3 xŽ . Ž . Ž . Ž .Ž .

yn 5 n n 5q 3 T 3 x y f 3 xŽ . Ž .
n3 3 x q xŽ .yn n nq 3 2 f y f 3 ? 3 x y f 3 xŽ . Ž .ž /2

F 2 ? 3yny1 w 3n2 x , 3n y2 x q w 3n y2 x , 3nq12 xŽ . Ž .Ž .˜ ˜ Ž .Ž .
q 3yny1 w 3nq1 x , y3nq1 x q w 3nq1 yx , 3nq2 xŽ . Ž .˜ ˜ Ž .Ž .
q 3yny1 w 3n x , 3n yx q w 3n yx , 3nq1 xŽ . Ž .Ž .˜ ˜ Ž .Ž .
q 3ynw 3n x , 3nq1 xŽ .

� 4 Ž .for all x g E _ 0 . From this and 9 , we obtain

2T x s T 2 x for all x g E. 10Ž . Ž . Ž .

Ž . Ž . Ž .From 1 , 2 , and 9

x q y
2T y T x y T yŽ . Ž .ž /2

n n3 x q 3 y
yn n ns lim 3 2 f y f 3 x y f 3 yŽ . Ž .ž /2nª`

F lim 3ynw 3n x , 3n y s 0 11Ž . Ž .
nª`

x q y� 4 Ž . Ž .for all x, y g E _ 0 with g E. From 9 ] 11 ,2

T x q y s 2y1 T 2 x q T 2 y q T x q T yŽ . Ž . Ž . Ž . Ž .Ž .
for all x , y g E with x q y g E.

Ž .Hence T : E ª X is a mapping satisfying 3 .



LEE AND JUN310

Ž . Ž .If F: E ª X is an another mapping satisfying 3 and 4 , then it follows
Ž . Ž .from 3 and 4 that

5 5T x y F xŽ . Ž .
5 yn n yn n 5s 3 T 3 x y 3 F 3 xŽ . Ž .
5 yn n yn n 5 5 yn nF 3 T 3 x y 3 f 3 x y f 0 q 3 f 3 xŽ . Ž . Ž . Ž .

yn n 5q f 0 y 3 F 3 xŽ . Ž .
F 2 ? 3yny1 w 3n x , y3n x q w y3n x , 3 ? 3n x .Ž . Ž .Ž .˜ ˜

Thus we conclude that

T x s F xŽ . Ž .

for all x in E, which proves the uniqueness of T.

THEOREM 2. Let V be a ¨ector space and let E be a subset of V satisfying
the following conditions:

Ž . < <i r x g E for all x g E and r G 1,
Ž .ii if x is a nonzero element of V, then there exists n g N such that

n x g E,
Ž .iii 0 g E.

Let f : E ª X be a mapping such that

x q y
2 f y f x y f y F w x , yŽ . Ž . Ž .ž /2

x q y� 4for all x, y g E _ 0 with g E. Then there exists a unique additï e2

mapping T : V ª X such that

5 5 y1f x y T x y f 0 F 3 w x , yx q w yx , 3 xŽ . Ž . Ž . Ž . Ž .Ž .˜ ˜
� 4for all x g E _ 0 .

Ž . Ž .Proof. By the conditions i and iii , we get a unique mapping T 9:
Ž . Ž .E ª X satisfying 3 and 4 in Theorem 1. If x g V, there exists a n g Nx

Ž .such that n x g E by the condition ii . We can define a mapping T :x
V ª X by

T 9 x for x g E,Ž .
T x sŽ . y1½ n T 9 n x for x f E.Ž .x x
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Ž .If x, y g V, we can choose a n g N such that nx, ny, and n x q y g E
Ž . Ž .by the conditions i and ii . From this, we get

5 5T x q y y T x y T yŽ . Ž . Ž .
y1 5 5s n T 9 n x q y y T 9 nx y T 9 ny s 0.Ž . Ž . Ž .Ž .

This completes the proof.

Applying Theorem 2, we obtain Corollary 3.

� 5 5 4COROLLARY 3. Let V be a normal space and let E s x g V : x ) a
� 4j 0 for a fixes a G 0. Let f : E ª X be a mapping such that

x q y
2 f y f x y f y F w x , yŽ . Ž . Ž .ž /2

x q y� 4for all x, y g E _ 0 with g E. Then there exists a unique additï e2

mapping T : V ª X such that

5 5 y1f x y T x y f 0 F 3 w x , yx q w yx , 3 xŽ . Ž . Ž . Ž . Ž .Ž .˜ ˜
� 4for all x g E _ 0 .

w xThe following corollary is a generalization of Theorem 1 in 4 .

COROLLARY 4. Let V be a normed space. For a fixed a with 0 F a - 3,
Ž . qlet c : a, ` ª R be a function such that

Ž . Ž . Ž . Ž .i c ts F c t c s for all t, s ) a and
Ž . Ž .ii c 3 r3 - 1.

Let f : V ª X be a mapping such that

x q y
5 5 5 52 f y f x y f y F c x q c yŽ . Ž . Ž . Ž .ž /2

5 5 5 5for all x , y with x , y ) a.

Then there exists a unique additï e mapping T : V ª X such that

5 5 5 53c x q c 3 xŽ . Ž .
5 5f x y T x y f 0 FŽ . Ž . Ž .

3 y c 3Ž .
5 5for all x g V with x ) a.
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� 5 5 4 � 4 Ž . Ž5 5.Proof. Let E s x g V : x ) a j 0 and let w x, y s c x q
Ž5 5. � 4c y for all x, y g _ 0 . Then we get

`
yn n nw x , y s 3 w 3 x , 3 yŽ . Ž .˜ Ý

ns0

`
n

5 5 5 5F c 3 r3 c x q c yŽ . Ž . Ž .Ž . Ž .Ý
ns0

5 5 5 5c x q c yŽ . Ž .
s - `

1 y c 3 r3Ž .

Ž . Ž .from i and ii . Applying Corollary 3, there exists a unique additive
mapping T : V ª X such that

5 5 5 53c x q c 3 xŽ . Ž .
5 5f x y T x y f 0 FŽ . Ž . Ž .

3 y c 3Ž .

5 5for all x g V with x ) a.

The following corollary is a generalization of Theorem A.

COROLLARY 5. Let V be a normed space. Let p - 1 and 0 F a - 3. Let
f : V ª X be a mapping such that

x q y p p5 5 5 52 f y f x y f y F x q yŽ . Ž .ž /2

5 5 5 5for all x , y g V with x , y ) a.

Then there exists a unique additï e mapping T : V ª X such that

3 q 3 p
p5 5 5 5 5 5f x y T x y f 0 F x for all x g V with x ) a.Ž . Ž . Ž . p3 y 3

Ž . q Ž . pProof. Define c : a, ` ª R by c t s t and apply Corollary 4.

Remark. To prove Corollary 5, it is necessary that the range of w in
Ž .Theorem 1 does not contain 0. Therefore w x, 0 cannot be used in the˜

Ž .right side of the inequality 4 .
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3. STABILITY IN THE CASE p ) 1

Ž � 4. Ž � 4. w .For the case p ) 1 let f : E _ 0 = E _ 0 ª 0, ` be a mapping
such that

`
k yk ykf̃ x , y s 3 f 3 x , 3 y - `.Ž . Ž .Ý

ks0

Then we follow a similar approach as the above arguments and obtain the
results from Theorem 6 to Corollary 9.

THEOREM 6. Let V be a ¨ector space and let E be a subset of V satisfying
the following conditions:

Ž . < <i rx g E for all x g E and r F 1,
Ž .ii if x is a nonzero element of V, there exists n g N such that

ny1 x g E.
Let f : E ª X be a mapping such that

x q y
2 f y f x y f y F f x , yŽ . Ž . Ž .ž /2

x q y� 4for all x, y g E _ 0 with g E. Then there exists a unique additï e2

mapping T : V ª X such that

˜ y1 y1 ˜ y15 5f x y T x y f 0 F f 3 x , 3 yx q f 3 yx , x 12Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
� 4for all x g E _ 0 .

Ž .Proof. We can assume that f 0 s 0 without loss of generality.
� n Ž yn .4We obtain the sequence 3 f 3 x is a Cauchy sequence. Denote

T 9 x s lim 3n 3yn xŽ . Ž .
nª`

for all x in E. We can easily show that T 9: E ª X is a unique mapping
Ž . Ž . y1satisfying 3 and 12 . If x g V, there exists a n g N such that n x g Ex x

Ž .by the condition ii . We can define a mapping T : V ª X by

n T 9 ny1 x for x f E,Ž .x xT x sŽ . ½ T 9 x for x g E.Ž .
y1Ž . y1 y1If x, y g V, we can choose a n g N such that n x q y , n x, n y g E

Ž . Ž .by the conditions i and ii . From this, we get

5 5T x q y y T x y T yŽ . Ž . Ž .
5 y1 y1 y1 5s n T 9 n x q y y T 9 n x y T 9 n y s 0.Ž . Ž . Ž .Ž .



LEE AND JUN314

� 5 5 4COROLLARY 7. Let V be a normed space and let E s x g V : x - a
for a fixed a ) 0. Let f : E ª X be a mapping such that

x q y
2 f y f x y f y F f x , yŽ . Ž . Ž .ž /2

� 4for all x, y g _ 0 . Then there exists a unique additï e mapping T : V ª X
such that

˜ y1 y1 ˜ y15 5f x y T x y f 0 F f 3 x , 3 yx q f 3 yx , xŽ . Ž . Ž . Ž . Ž .Ž . Ž .
� 4for all x g E _ 0 .

� 5 5 4COROLLARY 8. Let V be a normed space and let E s x g V : x - a
Ž . qfor a fixed x ) 3. Let a function c : 0, a ª R satisfy

Ž . Ž . Ž . Ž .i c ts G c t c s for all 0 - t, s - a and

Ž . Ž .ii c 3 r3 ) 1.
Let f : E ª X be a mapping such that

x q y
5 5 5 5 � 42 f y f x y f y F c x q c y for all x , y g E _ 0 .Ž . Ž . Ž . Ž .ž /2

Then there exists a unique additï e mapping T : V ª X such that

5 y1 5 5 53c 3 x q c xŽ .Ž .
5 5 � 4f x y T x y f 0 F for all x g E _ 0 .Ž . Ž . Ž .

1 y 3rc 3Ž .

Ž . Ž5 5. Ž5 5. � 4Proof. Let f x, y s c x q c y for all x, y g E _ 0 . We get

`
n yn ynf̃ x , y s 3 f 3 x , 3 yŽ . Ž .Ý

ns0

`
n yn yn5 5 5 5s 3 c 3 x q c 3 yŽ . Ž .Ž .Ý

ns0

`
n

5 5 5 5F 3rc 3 c x q c yŽ . Ž . Ž .Ž . Ž .Ý
ns0

5 5 5 5c x q c yŽ . Ž .
s - `,

1 y 3rc 3Ž .

Ž . Ž .from i and ii . Applying Corollary 7, the proof is completed.
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COROLLARY 9. Let V be a normed space. Let p ) 1 and a ) 3. Let
f : V ª X be a mapping such that

x q y p p5 5 5 52 f y f x y f y F x q yŽ . Ž .ž /2

5 5 5 5for all x, y with 0 - x , y - a. Then there exists a unique additï e map-
ping T : V ª X such that

3 p q 3 p5 5 5 5 5 5f x y T x y f 0 F x for all x with 0 F x - a.Ž . Ž . Ž . p3 y 3
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