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1. INTRODUCTION

In 1940, Ulam [11] posed the following question concerning the stability
of homomaorphisms:

Let G, be a group and let G, be a metric group with a metric d(-, -). Given
€ > 0, does there exist a 6 > 0 such that if a mapping #: G; — G, satisfies the
inequality d(h(xy), h(x)h(y)) < & for all x, y € G, then a homomorphism
H: G, — G, exists with d(h(x), H(x)) < € for all x € G;?

The case of approximately additive mappings was solved by Hyers [2]
under the assumption that G, and G, are Banach spaces.
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Throughout this paper, we denote by X a Banach space. In 1978,
Rassias [9] gave a generalization of the Hyers’ result in the following way:

Let IV be a normed space and let f: IV — X be a mapping such that
f(xx) is continuous in ¢ for each fixed x. Assume that there exist # > 0 and
p # 1 such that

1f(x +y) = f(x) = fD)IE < oClxl” + NIyll”)

for all x, y eV (for all x, y € V\ {0} if p <0). Then there exists a
unique linear mapping 7 V' — X such that

20
IT(x) —f(x)ll < MIIXIIP

for all x € I (for all x € '\ {0} if p < 0). However, it was shown that a
similar result for the case p = 1 did not hold (see [10]). Gavruta [1] also
obtained a further generalization of the Hyers—Rassias theorem (see also
[3, 5, 7D.

According to Theorem 6 in [8], a mapping f: V' — X satisfying f(0) =0
is a solution of the Jensen’s functional equation

21257 ) = 50 + 50,

if and only if it satisfies the additive Cauchy equation f(x +y) = f(x) +

).
In 1988, Jung [6] proved the following theorem:

THEOREM A.  Let p > 0 be given withp + 1 and let 6 > 0 and 6 > 0 be
given. Suppose a mapping f: V — X satisfies the inequality

HZf(%) - f(x) —f(y)H <8+ 0(lxI” + lIyll”) (%)

forall x, y € V. Further, assume f(0) = 0 and 6 = 0 in () for the case of
p > 1. Then there exists a unique additive mapping F: V — X such that

0
If(x) —F(x)||<6+||f(0)||+ ||x||p forp < 1,
or

lf(x) — F(x)ll < mellxllp forp>1

forallx € V.
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He noticed that the ideas from the proof of Theorem A cannot be
applied to the proof of the stability of («) for the case p > 0. He raised a
guestion whether the Hyers—Ulam—Rassias stability for the case p <0
holds. In this paper, using the ideas from the papers of Hyers [2], Hyers,
Isac, and Rassias [3], Rassias [9], and Gavruta [1], we obtain some general-
ization of Theorem A.

2. STABILITY IN THE CASE p <1

We denote by G an abelian group. Let E be a subset of G such that
nx € E for any integer n and for all x € E. We assume that if x € E \ {0}
then 2x # 0 and 3x # 0. We also denote by ¢: (E\ {0}) X (E\ {0}) —
[0, ») a mapping such that

B(x.y) = kf 3-kp(3¢x, 3y) < o (1)
=0

for all x, y € E\ {0}.
THEOREM 1. Let f: E — X be a mapping such that

ler(552) - 10 =500 = o) @

for all x, y € E\ {0} with 5> € E. Then there exists a unique mapping
T: E — X such that

T(x+y)=T(x)+T(y) forallx,y € Ewithx+y€e€E, (3)
and

(%) = T(x) = F(O)]l < 371(B(x, —x) + B(—x,3x))
forallx € EN\ {0}. (4)

Proof. Let g(x) = f(x) — f(0). Then g satisfies (2). From this, we can
assume that f(0) = 0 without loss of generality.
Let x € E\ {0}. For y = —x, the inequality (2) implies

= f(x) =f(=0)ll < o(x, —x). (5)
Replacing x by —x and y by 3x, the inequality (2) implies

12f(x) = f(=x) = fBx)ll < ¢(—x,3x). (6)
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From (5) and (6), we get
I£(x) =371 f(3x)l < 37*(@(x, —x) + ¢(—x,3x)). (7)
Applying an induction argument to » we obtain
IB="f(3"x) — f(x)ll

< T A el@n 3 (—0) + (), F @) (@)

We claim that the sequence {37"f(3"x)} is a Cauchy sequence. Indeed,
for n > m, we have

IB7"f(3"x) — 37"f(3"x)ll

IA

n—1
Y IBTFTI(3 ) — 37Ef(3 )
k=m

IA

n—1

Y 3*k*1(go(3kx,3k(—x)) + go(3k(—x),3k(3x))).
k=m

From (1), it follows that

lim i 371 o(3kx,3%(—x)) + ¢(3(—x),3%(3x))) = 0.

—
m k=m

Because X is a Banach space, it follows that the sequence {37"f(3"x)}
converges. Define

T(x) = lim 37"f(3"x)
for all x in E. Taking the limit in (8) as n — o, we obtain

IT(x) —f(x)l <37 *(&(x, —x) + $(—x,3x)) forall x € E\ {0}.
(4')
This computes the proof of the inequality (4). From the definition of T, we

get

3"T(x) = T(3"x) and T(0) = 0. (9)
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By (9) and (4"),

2T (2x) — 4T (x)ll
=2T(2x) — T(3x) — T(x)ll
=37"[_T(3"-2x) — T(3"-3x) — T(3"x)ll
<37(IRT(3"-2x) — 2f(3"-2x)Il + [IT(3" - 3x) — f(3" - 3x)Il)
+ 37"IT(3"x) — f(3"x)ll

3"(3x +x
2| 22 sw 3 - sa)

<2-3771(§(3"2x,3"(—2x)) + §(3"(—2x),3"12x))
+ 377171('(:5(‘?,11+1xl _3n+1x) + 'gb'(gnJrl( _x)’3n+2x))

+ 3*”*1(5(3”)6,3”(—)6)) + 5(3”(—)(),3"”)5))
+ 37"%(3"x,3" " x)

+ 37"

for all x € E\ {0}. From this and (9), we obtain
2T(x) = T(2x) forall x € E. (10)
From (), (2), and (9)

Jor(Z7) -7 - 70|

lim 37"

n— o

31y + 3ty
Zf(T) —f(3"x) —f(3"Y)H

lim 3 "p(3"x,3"y) = 0 (11)
n— o

IA

for all x, y € E\ {0} with ~;* € E. From (9)—(11),

T(x+y)=2"YT(2x) + T(2y)) + T(x) + T(y)
forall x,y € E with x +y € E.

Hence T: E — X is a mapping satisfying (3).
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If F: E - X is an another mapping satisfying (3) and (4), then it follows
from (3) and (4) that
I7(x) = F(x)l
= [37"T(3"x) — 37 "F(3"x)|
<IB™"T(3"x) — 37"f(3"x) — f(O)Il + [IB7"f(3"x)
+ f(0) — 37"F(3"x)ll
<2-37""4P(3"x, —3"x) + 5(—3"x,3-3")).

Thus we conclude that
T(x) = F(x)

for all x in E, which proves the uniqueness of 7.

THEOREM 2. Let V be a vector space and let E be a subset of V satisfying
the following conditions:
() rxeEforallx € Eand|r| = 1,

(i) if x is a nonzero element of V, then there exists n € N such that
nx ek,

(i) 0€E.
Let f: E — X be a mapping such that

s3] 10 =100 < o)

for all x, y € E\{0} with *;> € E. Then there exists a unique additive
mapping T: V — X such that

1£(x) = T(x) = FO)ll < 31(F(x, —x) + F(—x,3x)
forallx € E\ {0}.

Proof. By the conditions (i) and (iii), we get a unique mapping T':
E — X satisfying (3) and (4) in Theorem 1. If x € V, there existsa n, € N
such that n,x € E by the condition (ii). We can define a mapping 7"
V- X by

T'(x) forx € E,

T(x) =
(x) n;'T'(n,x) forx &E.
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If x, y €V, we can choose a n € N such that nx, ny, and n(x +y) € E
by the conditions (i) and (ii). From this, we get

IT(x+y) —T(x)— Tyl
=n YT (n(x+y)) — T'(nx) — T'(ny)ll = 0.

This completes the proof.
Applying Theorem 2, we obtain Corollary 3.

COROLLARY 3. Let V be a normal space and let E = {x € V :||x|| > a}
U {0} for a fixes a = 0. Let f: E — X be a mapping such that

s3] =10 =100 = o)

for all x, y € EX{0} with *5~€ E. Then there exists a unique additive
mapping T: V — X such that

I£(x) = T(x) = FO)ll £ 31(B(x, —x) + F(—x,3x)
forallx € E\ {0}.

The following corollary is a generalization of Theorem 1 in [4].

COROLLARY 4. Let V be a normed space. For a fixed a with 0 < a < 3,
let 2 (a,©) > R" be a function such that

D) ¢s) < Pp(O)Y(s) forallt, s > a and

(i) ¢@®/3 <1
Let f: V — X be a mapping such that

(52 ) =50 = 1| = waiaty + wiioy

forall x, y with ||xl, llyll > a.
Then there exists a unique additive mapping T: V — X such that

3y (llxl) + w(113xIl)
3-¥(3)
for all x € V with || x|| > a.

1F(x) = T(x) = f(O)ll =
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Proof. Let E={x€V:|x|>a} u{0} and let o(x,y) = ¢(lx|) +
J(llyl) for all x, y € \{0}. Then we get

Y 37(3"x,3"y)

n=0

¥ (#(3)/3)" (bl + w(I1))

o(x,y)

IA

P (llxlly + ¢ (liyll)
1-9(3)/3

from (i) and (ii). Applying Corollary 3, there exists a unique additive
mapping 7: V' — X such that

¢ (llxll) + ¢ (13l
3-9¢(3)

1F(x) = T(x) = f(O)ll =

for all x € V" with [|x|| > a.
The following corollary is a generalization of Theorem A.

COROLLARY 5. Let V be a normed space. Letp < 1 and 0 < a < 3. Let
f-V = X be a mapping such that

x+y
(552 - 10 =500 < 1wt + 1y
forallx, y € Vwith |Ix|, Iyl > a.
Then there exists a unique additive mapping T: V — X such that

3+ 37
33— 37

lx|? forallx € Vwith x|l > a.

1F(x) = T(x) = f(O)ll <

Proof. Define ¢: (a,) - R™ by ¢(t) = ¢* and apply Corollary 4.

Remark. To prove Corollary 5, it is necessary that the range of ¢ in
Theorem 1 does not contain 0. Therefore @(x,0) cannot be used in the
right side of the inequality (4).



GENERALIZATION OF JENSEN’S EQUATION 313

3. STABILITY IN THE CASE p >1

For the case p > 1 let ¢: (E\{0}) X (E\ {0}) — [0,0) be a mapping
such that

a(x,y) = ) 3Pp(37*x,37Fy) < .
k=0
Then we follow a similar approach as the above arguments and obtain the

results from Theorem 6 to Corollary 9.

THEOREM 6. Let V be a vector space and let E be a subset of V satisfying
the following conditions:

() meEforallx eEand|rl <1,

(i) if x is a nonzero element of V, there exists n € N such that
n~x € E.
Let f: E — X be a mapping such that

(%2 ) - 10 0| < b

for all x, y € EX{0} with “53* € E. Then there exists a unique additive
mapping T: V — X such that

If(x) = T(x) = f(O)l < (37x,371(—x)) + $(37*(—x),x) (12)
for all x € E\ {0}.

Proof. We can assume that f(0) = 0 without loss of generality.
We obtain the sequence {3"f(37"x)} is a Cauchy sequence. Denote

T'(x) = lim 3"(37"x)

for all x in E. We can easily show that T': E — X is a unique mapping
satisfying (3) and (12). If x € V, there exists a n, € N such that n;'x € E
by the condition (ii). We can define a mapping 7: V' — X by

nxT’(nx_lx) forx ¢ E,

T(x) = T'(x) forx € E.

If x, y € V,wecanchoosean € Nsuchthat n *(x +y),n 'x,n 'y €E
by the conditions (i) and (ii). From this, we get

IT(x +y) —T(x) —T(y)ll
=n|T"(n"*(x+y)) = T'(n"'x) = T'(n 'y)l = 0.
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COROLLARY 7. Let V be a normed space and let E = {x € V :||x|| < a}
for a fixed a > 0. Let f: E — X be a mapping such that

(557 - 10 =500 = 6w

for all x, y € \{0}. Then there exists a unique additive mapping T: V — X
such that
If(x) = T(x) = f(O)l < (3 *x,37*(—x)) + $(37"(~x), x)
forallx € E\ {0}.
COROLLARY 8. Let V be a normed space and let E = {x € V :||x|| < a}
for a fixed x > 3. Let a function {: (0,a) - R™ satisfy
@) Ys) = Y@p(s) forall 0 <t, s <a and

(i) ¢@®)/3> 1.
Let f: E — X be a mapping such that

x+y
ler(52) =50 =1 | < st + iy foraite.y < BN (0}
Then there exists a unique additive mapping T: V — X such that

3y (1B~ xll) + w(llxl)

17 = T(x) = f(O)l = =

forallx € E\ {0}.

Proof. Let ¢(x,y) = ¢(lxI) + ¢(lylD for all x, y € E\ {0}. We get

d(x,y) = ¥ 3"¢(37"x,37"y)
n=0

i 3"yl xll) + ¢ (I3~"yl))
n=0

IA

¥ (3/0(3))"(w(llel) + w(Iv1)

P(llxll) + (vl
1-3/¢(3)

from (i) and (ii). Applying Corollary 7, the proof is completed.
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COROLLARY 9. Let V be a normed space. Let p > 1 and a > 3. Let
V — X be a mapping such that

HZf(#) ) —f(y)H <lxll” + Iyll?

for all x, y with 0 < ||x||, Iyl < a. Then there exists a unique additive map-
ping T: V — X such that

10.

11.

p

3
lf(x) = T(x) = fO)ll < - ||x||p forall x with 0 < ||x|| < a.
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