Available online at www.sciencedirect.com e

Fournal gf

SCIENCE@DIREOT' MATHEMATICAL
ANALYSIS AND

APPLICATIONS

J. Math. Anal. Appl. 319 (2006) 278-294
www.elsevier.com/locate/jmaa

The growth of solutions of linear differential equations
with coefficients of iterated order in the unit disc *

Ting-Bin Cao *, Hong-Xun Yi

Department of Mathematics, Shandong University, Jinan, Shandong 250100, PR China
Received 25 October 2004
Available online 25 October 2005
Submitted by M. Passare

Abstract

In this paper, we give the definition of iterated order to classify functions of fast growth in the unit disc,
and investigate the growth of solutions of linear differential equations with analytic coefficients of iterated
order in the unit disc. We obtain several results concerning the iterated order of solutions.
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1. Definitions and introduction

In this paper, we assume that the reader is familiar with the fundamental results and the stan-
dard notations of the Nevanlinna value-distribution theory of meromorphic functions in the unit
disc A ={z: |z| < 1} (see [3,6]). In addition, let us recall the following definitions.

Definition A. [4] The order of meromorphic function f in A is defined by

log T'(r, f) .

o(f)= lim ; (1.1)

r—1- logﬁ
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for an analytic function f in A, we also define

o (f) = = loglog M (r, f)

(1.2)
r—1- log ﬁ

where M (r, f) is the maximum modulus function.

Remark 1.1. M. Tsuji [5, Theorem V.13] gives that if f is an analytic function in A, then

o(f)som(f)<a(f)+1. (1.3)

Observe that there exists f such that o(f) # oy (f); for example, a function g(z) =
exp{(1 —z)7%} (a > 1) satisfies 0 (g) =a — 1 and o)/ (g) = a, see [5, p. 205]. From this, we see
that o (f) = om (f) if o (f) = 0o. So it is natural to ask the following question:

Question 1. How to describe precisely the fast growth of infinite order of functions in the A?

Definition B. [4] Let f be analytic in A, and let ¢ € [0, 00). Then f is said to belong to the
weighted Hardy space H ;O provided that

sup(1 — |z1%)?| £ (2)] < o0.
zeA
We say that f is an H-function when f € H;" for some ¢.

Definition C. [2] Let f be an H-function and set
p=inflg >0: feHX?}
Then f is said to belong to the space G ,.
We need to give some definitions and discussions. Firstly, let us give two definitions about the

degree of small growth order of functions in A as polynomials on the complex plane C. There
are many types of definitions of small growth order of functions in A (i.e., see [2,7]).

Definition 1.1. Let f be a meromorphic function in A, and

T f)
N _

T

D(f)= lim

b. (1.4)
r—1~ log

If b < 0o, we say that f is of finite b degree (or is nonadmissible); if b = co, we say that f is of
infinite degree (or is admissible), both defined by characteristic function 7'(r, f).

Definition 1.2. Let f be an analytic function in A; if

Dy(f) = Tim M _ o or=o0), (1.5)

r—1- log I]Tr
then we say that f is a function of finite a degree (or of infinite degree) defined by maximum

modulus function M (r, f).

Remark 1.2. It can be deduced that the constant p in Definition C satisfies p = Dy (f) = a,
which is denoted as f € D, in [7, Definition 5].
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Now we give the definitions of iterated order and growth index to classify generally the func-
tions of fast growth in A as those in C (see [1,11]). Thus we answer Question 1 from the defini-
tions. Let us define inductively, for r € [0, 1), exp!! r = ¢ and exp!"*t!1 r = exp(exp”! r), n € N.
For all r sufficiently large in (0, 1), we define log!!! r = logr and log"*!r = log(log! r),
n € N. We also denote exp!” r = r =10g!% r, log! =17 = exp!!l  and exp!~!l r =log!" . More-
over, we denote by £ and H subsets in [0, 1) with f £ 1‘% < o0 and f J 1dTrr = 00, respectively.
They may be different in various instances.

Definition 1.3. The iterated n-order o, (f) of a meromorphic function f(z) in A is defined by

[n]
ou(f) = im & LS ey, (1.6)
r—1- 1()gE

for an analytic function f in A, we also define

— Joeln+l g
o) = Tim & ML)

: (neN), (1.7
r—1- ]()gE

Remark 1.3. (1) If n = 1, then we denote o1 (f) =: 0 (f), om,1(f) = om (f).
(2) If n = 2, then denote by o> (f) the hyperorder (see [8]).

Definition 1.4. The growth index of the iterated order of a meromorphic function f(z) in A is
defined by

0 if f is nonadmissible,
i(f)={ min{fn e N: 0,,(f) <oo} if f is admissible,
o) if o, (f) = oo foralln € N.

For an analytic function f in A, we also define

0 if f is nonadmissible,
iM(f)=1{ min{n e N: o ,(f) <oo} if f is admissible,
o0 if oy n(f) =00 foralln e N.

Remark 1.4. If 0,,(f) < oo or i (f) < n, then we say that f is of finite n-order; if o, (f) = oo or
i(f) > n, then we say that f is of infinite n-order. In particular, we say that f is of finite order if
o(f)<oocori(f)<1; fisofinfinite order if o (f) = oo ori(f) > 1.

Now we give two propositions about the above defined characteristics.

Proposition 1.1. If f and g are meromorphic functions in A, n € N, then we have

() on(f) =0n(1/f), onla- f)=0n(f) (a € C—{0});
(i) o, (f) =0, (f"):
(iii) max{o,(f + &), 0n(f - )} < max{on(f),0n(g)};
(iv) if on(f) < 0n(g), then o, (f + &) = 0u(8), on(f - &) = 0u(g).

Proof. (i) By Definition 1.3 and the First Main Theorem in A, it holds obviously.
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(i) Let ry = r 4 1 T.n=r + L o m=r 4 3(1 =) - similar discussion as to the inequality of
C.T. Chuang (see [6, Theorem 4.1] or [12]) one can see that: if f is meromorphic in A, then for

1
—7r :
l

T(r,f’)=m(r,f/)+N(r,f/)<M(r,f)+m<r, f7>+2N(r,f)

r — 17, we have

T, )< O(T(r3, f) +1log 7

On the other hand,

J”)
<2T =
(r, f)+m<r 7

Hence o0, (f) =0, (f').
Considering that

Tr,f+8) <T@ H+T(, 8, T(r,f-e) <T@ f)+T(r, g+ 0(1),

and

T(r,g)=T<r, f};g), T(r,e)=T(r.(f+8 — f).

we can obtain (iii) and (iv). O
Proposition 1.2. If f and g are analytic functions in A, n € N, then we have

() omnla- f)=oma(f) (aeC—{0));

(i) omn(f) =0omn(f);
(i) max{opy n(f +8)somn(f -8} <max{oy n(f),omn(8};

(v) ifomn(f) <omn(g), then oy n(f +g) =omn(g);

V) D(f) <Du(f);

Vi) ifi(f)=n=1,theno(f) <oy(f)<o(f)+1ifi(f)=n>1, then o, (f) =0omn(f);
(vil) i(f) =im(f).

2max{| f],g]} and

Proof. By Definition 1.3, (i) holds obviously. From |f + g| < |f]| + |g] <
f. Now

| fgl <|fllgl < max{|f], |g|}2, we can get (iii) and (iv) considering that g = (f + g) —

we prove (ii) and (v)—(vii). ‘
(ii) For |z| = r € (0, 1), take point zg = re'? satisfying | f'(z0)| = M(r, f’) and s(r) = 1 —

%(1 —r),and acircle C, ={g: |¢ — z0| =s(r) — r}. Since

/(gf(g) d¢ and max{|f|: ¢ € C,} < M(s(r), f),

— 20)?

we deduce that

f© M), ) M), )
Mo =@l <5 /(g L A T e Vg
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Hence

[n+1] [n+1]
oM, n(f ) - 1_ w < hm log M(S(r) f)

r—>1- log — r—>1- 1 log V(’)
£ l—r log{ 1—s(r) (1 + log l—s(r)

On the other hand, from the formula

= O‘M,n(f)-

Fo) = / Fiydi+ £0),
we obtain that
|f@)| < /|f/(t)|dt + £ O] < /M(r, dt+|fO)| <M, f)+]£0)]

for |z| =r.Hence M (r, f) < M(r, f') + | f(0)|, thus oar., () = oar.n(f'). Therefore (ii) holds.
(v) From Nevanlinna’s theory, we know that if f(z) is analytic at |z| =r < 1, then

T(r, f) <log" M(r, f) < (T( ). (1.8)

So D(f) < Dy (f).
(vi) From (1.8), we get that

log"1 T(r f) _log" M M f) _log" i T N}

logl —r 1Ogl —r logl —r

Thus we can see that o (f) <oy (f) <o(f)+1ifn=1,and that 0,(f) =opy ,(f) if n > 1.
(vii) From (vi) and Definition 1.4, it is obvious that i (f) =iy (f). O

Remark 1.5. (i) We have 0, (f) = oum,p(f) wheni(f) =iy (f) = p > 1, which is the same as
the result of the iterated order (see [1,11]) of an entire function in the complex plane C.

(i) We have D(f) < Dy (f) if f is an analytic function in A. However it is not true that
“Dy(f) < oo if and only if D(f) < 00” (see [7, Proposition 1]). For example, for the analytic
function f(z) = e8®@ = 1/(0=2) in A, one can get that Dy (f) = oo and D(f) < 0.

2. Results of differential equations

Considering the growth of order of solutions of linear differential equations
O+ a1 @f 0+ ag) f =0, (+)

where the coefficients a;(z) (j =0, ..., k — 1) are analytic functions in A, there exist few results
(see [4,8,9]) of precise estimation of the order of solutions of (x) because the Wiman—Valiron
theory, which plays a very important role in the proof of estimations of order of solutions of
equations on the whole complex plane, does not hold in A.

Theorem A. [4] Let ay(z), ..., ax—1(z) be the sequence of coefficients of (x) analytic in A. Let
aj(z) be the last coefficient not being an H-function while the coefficients aj1(z), ..., ax—1(2)
are H-functions. Then (x) possesses at most j linearly independent analytic solutions of finite
order of growth in A.
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Theorem B. [9] Let ap(2), ..., ax—1(z) be the coefficients of (x) analytic in A satisfying that
either o (aj) <o(ao) (j=1,...,k—1) or ap is admissible, and aj (j =1, ...,k — 1) are non-
admissible. Then every solution f 0 is of infinite order.

Theorem C. [8] Consider equation

"+ a1 f +aox) f =0, ()

where the coefficients a;(z) (i =0, 1) with oy7(a1) < op(ag) are analytic functions in A. Then
every non-trivial solution f satisfies

— loglog T'(r,

fm TN o .

1—r

r—>1- log
Thus it is a natural question as follows:

Question 2. Can we get the result

— loglog T (r, f)
lim —

< om(ao)
r—>1- log S

in Theorem C?

In 2004, Z.-X. Chen and K.H. Shon [7] obtained some results of the small growth of solutions
of () and (%*) in A wheni(a;) =0 (j =0,1,...,k — 1). Thus there exists a natural question
as follows:

Question 3. How about the iterated order of the fast growth of solutions of () or (%) in A?

Let us consider homogeneous linear differential equations of the form

LN =P+ A"+ + 4@ f=0 *keN), 2.1)
where the coefficients A;(z) (j =0,...,k — 1) are analytic functions in A, and at least one of
them not constant. We exclude the case A; = constant (j =0, ..., k — 1) because it is very well

known. One knows that each solution of Eq. (2.1) is analytic in A. In what follows, we use the
following notations.

Notation 2.1.
5 =supli(f): L(f) =0},
Vn = SUP{Un(f)Z L(f)= 0},
¥ = sup{onn(f): L(f) =0},
p=max{i(Aj): j=0,....k—1}.
Notation 2.2. If 0 < p < oo, then mark

a:max{o,,(Aj): j:O,...,k—l},

othmax{aM,p(Aj): j=0,...,k— 1}.
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Remark 2.1. By Proposition 1.2(vii), we see that
8 =sup{in(f): L(f)=0},
p=max{iy(Aj): j=0,....k—1}.

Remark 2.2. By Proposition 1.2(vi), we see that ys = yup,5 if 6 > 1, and that y; <ym1 <y1+1
if§=1.

Remark 2.3. By Proposition 1.2(vi), we see that aps > «. In particular, oy =« if p > 1.
Now we give our main results as follows.
Theorem 2.1. For Eq. (2.1), the following conditions are satisfied:

D s<1+p;
(ii)) f0<p<oo,thend=1+panday = YM,p+1 =Vp+1 2
(iii) if p=0and max{Dy(A;): j=0,....,k =1} =m, then y; <yy, <1 +m.

Corollary 2.1. For Eq. (2.1), if 1 < p <oo, then § =1+ p and oy = ym, p+1 = Vp+1 =Q.

Theorem 2.2. I[f0 < p < o0 and j =max{n: i(A,) =p,n=1,...,k — 1}, then Eq. (2.1) pos-
sesses at most j linearly independent solutions f with i(f) < p.

If the last coefficient Ag(z) in Eq. (2.1) is the dominant coefficient, we know more about the
iterated order of the growth of the solutions.

Theorem 2.3. Let 0 < p < 00 and i(Ag) = p. If max{i(A;): j=1,....k =1} < p or

max{oy,p(Aj): j=1,....k=1} <oum, p(Ag), theni(f) = p+1and oy p+1(f) =op1(f) =
oM, p(Ag) = o,(Ag) hold for all solutions f # 0 of Eq. (2.1).

Theorem 2.4. Let 0 < p < 00 and i(Ag) = p. If max{i(A;): j=1,....,k — 1} < p or
max{op(Aj): j=1,....,k = 1} <0,(Ag), then i(f) =p + 1 and o,(Ap) < opm,p1(f) =
op+1(f) S apy hold for all solutions f #0 of Eq. (2.1).

Corollary 2.2. Let 1 < p <oocandi(Ag) =p. If A; (i =0,1,...,k — 1) satisfy the conditions
of Theorem 2.3 or Theorem 2.4, then i(f) = p + 1 and oy, p1(f) = 0ps1(f) = 0p(Ap) =
oM, p(Aop) = a =ay hold for all solutions f # 0 of Eq. (2.1).

Considering the second order equation
"+ AR f 4+ Aoz) f =0, (2.2)

we have the following results.
Theorem 2.5. For Eq. (2.2), § = 1+ p. In addition,

O yn+lzymazn=28 2 ifp=o0;
) yi+12yma1 =2 =DA) -2 if p=0.
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Corollary 2.3. For Eq. (2.2), ifoo > p > 1, then § =1+ p and opyy = Ym, pr1 = Vpt1 = Q.
3. Lemmas for the proofs of theorems

Lemma 3.1. [4] Let f be a meromorphic function in the unit disc and let k € N. Then
f(k)
m(r, T) =S(r, f), 3.

where S(r, f) = O(log™ T (r, f)) + O(log({-)), r ¢ E, where E C [0, 1) with [, {£ < co. If
f is of finite order of growth, then

*) 1
m|r, f— =0|logl — ) ).
f 1—r
Lemma 3.2. [1] Assume that G =1 x J C C is an open rectangle and |A;(z)| < b; (j =
0,...,k—1) forall z € G. Define

M= %[1 +max{2bg+ by + -+ b—1, L+ by, 14+ b3, ..., 1+ bra}].
Let zo be a point in G and f be a solution of equation
LN =P+ A1@ P+ + 4@ f =0 (keN),
where the coefficients Aj(z) (j =0, ...,k — 1) are analytic functions on G. Let
lr@l={l7@F + 15/ @F +-+ s P},
and h(z) = exp{M - (|Rez —Rezg| + |Imz — Imzgp|)}. Then

| fGo)| - (h(z))_1 < f@| <) feo| - he) (3.2)
for every z € G.

Lemma 3.3. Let E be a subset of [0, 1) with fE IdTrr <oo. If F,G:(0,1) — R are functions
satisfying

(i) F is nondecreasing and G is positive,
(i) lim,_, - G(s(r))/G(r) = 1 for all functions s:(0,1) — R such that 0 < s(r) —r < ¢
(r>0).

Then

— F@) {— F(rn)
lim =supy lim :
r—>1- G(r) n—00 G(ry)

r1<-~-<rn<-~-,r,,—>landrngéE(n:l,Z,...)}.
3.3)

Proof. We have
— F() — F(r)
1 =supi lim

n=00 G(ry)

{Vn}?lil € D}a

mm
r—1- G(r)
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where D = {{r,};2,: r1 <ry <---,r, = 17}. Take {r,}72, € D such that lim,_, o0 F(r)/

G(rp) = l'?nrél— F(r)/G(r). One can find a sequence {rn}C>O | and an integer ng with 51 < s <

<SSy <--, 8, ¢ E foreveryn,and 0 < s, — 1, < ¢ (n > ng), because fE ﬁ < 00. Then
{sn}o, € D and limy, 00 G(5,)/ G (ry) = 1, 50

— F(rp) _— F(rn) -— F(Sn) — F(r)

lim = lim —— < lim —— < lim ,

=00 G(ry) 1= Glsp) 1= Glsn) ~r—1- G(r)

and then (3.3) holds. O

Lemma 3.4. Let f be an analytic function in A for which: either (1) iy (f) =b (0 < b < o0)
and oy p(f) =0, or (i) iy (f) =b=0and Dy (f) = o. Then there exists a set H C [0, 1)
with fH ldTrr =09, forr € H, given ¢ > 0, we have

M(r, f)>exp“°]{<1 ! ) ) } (3.4)
—-r

Proof. Set =0 — ¢, T =0 — £/2; then there exists {r,} C [0, 1) satisfying (1 —r,) /2 > nP
and log[b] M(r, f) =2 (1 —r,)~". Hence for all n € N, we have

n B
log[b]M(r, > ( ) .

1—r
Set H =J Hy, Hy = [ra,

] if r € H, then

n p 1 B
[b]
1og M(rf) log" ' M (@ry, f) = (1—r> ><l—r>

and

1—ry/n

dr dr
/ > / =logn - o0 (n— 00).

1—r 1—r
H n

Thus the lemma holds. O

Lemma 3.5. [2] Let f be a meromorphic function in A. Let a € (1,00) and B € (1,00) be
constants, and k, j be integers satisfying k > j > 0. Assume that ) = 0. Let {a,,} denote
the sequence of all the zeros and poles of f) listed according to multiplicities and ordered by
increasing moduli, and let n ;(r) denote the counting function of the points {a,}.

Then the following two statements holds:

(a) If {a} is a finite sequence, then there exist constants R € (0, 1) and C € (0, 00), such that
for all 7 satisfying R < |z|] < 1, we have (withr = |z|)
FO@| _ [TA=BA =), ) —log(l =]
0@ (1—r)? '
) If {am} is an infinite sequence, then there exists an infinite sequence of discs D; = {z:
lz—ci|<R}CA—-{0}(=1,2,...), such that

Zl lci

i=1

(3.5)
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and there exist constants R € (0, 1) and C € (0, 00), such that for all z satisfying z ¢ | J;o,
and R < |z| < 1, we have (with r = |z|)

0@ T(1—B(—r), f) —log(1 —r) k=
where
nj(I1—-pg0~-r)) 1 \“
W(r) = . (logl_r> log"nj(1—p1—r).

(¢) There exists a set E' C [0, 27) which has linear measure zero, and a constant C > 0 such
that if 0 € [0,27) — E’, then there is a constant R = R(9) € [0, 1) such that for all 7 satisfy-
ing argz =0 and R < |z| < 1, we have that (3.5) or (3.6) holds, depending on whether {a,,}
is a finite or infinite sequence, respectively.

Lemma 3.6. 2] Let f be a meromorphic function in A of finite order o. Let ¢ > 0 be a constant,
and k and j be integers satisfying k > j > 0. Assume that 9 % 0. Then the following two
statements holds:

(a) There exists a set E C [0, 1) with fE ldTrr < 00 such that for all 7 € A satisfying |z| ¢ E, we
have

f(k) (2)

Ff9(z)

(b) There exists a set E' C [0, 2m) which has linear measure zero, such that if 6 € [0,2m) — E’,

then there is a constant R = R(0) € [0, 1) such that for all z satisfying argz =6 and R <
|z| <1, we have that (3.7) holds.

1
= (1— |Z|)(k—j)(a+2+e) :

3.7)

4. Proof of Theorem 2.1

(i) Let f be a solution of (2.1). Set

M(r)=max{|f(@@)|: lzl=r}. M;(r)=max{|A;@)|: |zI=r};

N(r)=supf{|f(2)|: lzl€G,} and N;(r)=sup{|A;(2)|: |z| € G,},
where G, = (—r,r) X (—r,r) C A, j=0,...,k— 1. Itis obvious that one can replace M (r) by
N(r),and M;(r) by N;(r) in the respective expressions of iterated n-order.

If p = o0, then (i) is trivial. Otherwise, there exist real numbers 1 > rg > 0, dp, ..., dr—1 >0
such that N;(r) < exp[f’]{(ﬁ)d!'} (j=0,...,k—1), when 1 > r > ro. Apply Lemma 3.2 for
zo and G, to obtain

|f@| <[ f@] <[ FO] -exp{2r +2rNo(r) + -+ 2r N1 ()},

ifze G, andr > rg,because M < 14+ No(r)+-- -+ Nix—1(r).If d € (1+max{dy, ..., dr—1}, 00),
one can find 1 > r| > ro with

1 d
2r +2rNo(r) + -+ 4+ 2r Ne_1 (r) <explpl{<1 ) }
—r

when 1 >r > ri.If s € (d, 00), then there is 1 > rp > r{ such that

”f(O)HGXp{Zr-l—ZrNO(r)+...+2rNk_l(r)}<exp[p+l]{< 1 )}

1—r
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when 1 > r > rp. Thus

1 s logl?+21 v
N() < exp[p+” { (IT) } and ogil(r) <s asymptotically.
r log 1=

Hence oy, p11(f) <ocoandipy(f) <1+ p.Sod <1+ p.
(ii) Set 0 < p < co. From the definition of ayy, it is clear that, for any &€ > 0, one has N (r) <

exp[”]{(llTr)“M”} for r > rg. But it is easily derived that there is 1 > r; > rg > 0 with

oy +2e
Hf(O) H exp{2r +2rNo(r) + -+ 2rNk_1(r)} < exp[p+1] { <1;) }
—-r

when 1 > r > ri. Hence N(r) < exp[p“‘l]{(%)‘w +2ey asymptotically. Hence

loglP+21 nr
gil(r) <apy +2¢ asymptotically,
log 1
and oy p+1(f) <ay +2¢ foreach e > 0, i.e., opy, p+1(f) <ay and ypir1=ym p+1 < aum.
On the other hand, let f1, ..., fx be a solution base of Eq. (2.1). From the above discussion,
we know that i (f;) <8 < p+ 1. Then
os(fj)<oo (j=1,...,k). 4.1

Hence, by Lemma 3.1, for some 8 < oo,

w27 = 00 1 )+ 0(1oe =) =o(e w-a{(;)ﬂ})
7 & 2 g1 P 1—r

G=1,....k), 4.2)

wheren > 1l andr ¢ E.
We now follow closely the method by H. Wittich using the standard order reduction procedure
(see [10]); let us denote

UI(Z):i<f(z)>
dz\ fi2))’

Ar=1and vl(_l) = %, ie., (vl(_l))’ =vy. Hence
" /n
n) _ (m) (n—1-—m) _
f _Z<m>fl Ul n=0,...,k). 4.3)
m=0
Substituting (4.3) into (2.1) and using the fact that f; solves (2.1), we obtain
Ufkil) + Al,kfz(z)vl(kfz) +-+ Ao(@v =0, 4.4
where
k_j_l ] + 1 +m f(in)
Ali=A; A; S - 4.5
1,j Jj+1 + Z_: ( m ) Jj+1+m i 4.5)
m=1
for j =0, ...,k —2. The meromorphic functions
d [ fi+1 (z)) .
vl,-(z)=—<4 G=1,....,k—=1) 4.6)
! dz\ f1(2)
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form a solution base to (4.4). By (4.1) and Proposition 1.1(ii), the functions vy ; are of finite
§-order.
By (4.1), (4.5) and Proposition 1.1(ii), one can see that

1 B
m(r,Al,j)=0<exp[3—2]{(l—> }) r¢E, j=0,... k-2, 4.7
—r
implies
1 B
m(r,Ai)=0(eXp[8_2]{(l—) }) r¢ E,i=0,... k—1. 4.8)
—r

We may now proceed as above to further reduce the order of (4.4). In each reduction step, we
obtain a solution base of meromorphic function of finite §-order corresponding to (4.4), and the
reasoning corresponding to (4.7) and (4.8) remains valid. Hence, we finally obtain an equation
of type

v+ A()v=0.

Since o5(v) < 00,

v 5—2 1\’
m(r,A):m(r,——):O(exp[ ]{( ) }), ré¢E.
v 1—r

Observing the reasoning corresponding to (4.7) and (4.8) in each reduction step, we see that

B
m(r, Aj) = 0(exp[‘s_2]{<$> D ré¢E (4.9)

holds for j =0,...,k — 1. Since the coefficients A; are analytic in A, we have T'(r, A;) =

O(exp[‘s_z]{(llfr)ﬁ}) outside a possible exceptional set E. By Lemma 3.3, we have for any
c>1,

1 \* 1\Fre
T(r,Aj) = 0<exp[5—21{c< > }) = O(exp[a_zl{(—) }) (4.10)
1—r 1—r

Hence, 05-1(Aj) <00, j=0,...,k— 1. Now i(A;) <d—1forall j=0,...,k—1 and so
p<é—1.Hences=p—+ 1.

Since § = p + 1 < o0, there exists a solution f of (2.1) such that },41(f) = yp+1. Since
0p+1(f) < ypy1 for all solutions f of (2.1), we may replace § in the above reasoning with
Yp+1 + &, where € > 0. By (4.10), we get

T(rA.>:o(exp[p_Z]{( ! )D
o 1—r

forall j =0,...,k—1.Hence a < ypy1.

Thus (ii) holds from the above discussion.

(iii) Set p = 0. Similar arguments to the first half of (ii), taking into account that 2r +
2rNo(r) + -+ 2rNy_1(r) < (ﬁ)’"““ for all 1 > r > ry(e) > 0, hence (iii) holds.

5. Proof of Theorem 2.2

By our assumptions, 6,(A ;) < oo and 0,_1(A ;) = oo. Furthermore 0,_1(A;) < 0o fori =
J+1,...,k—1.Let fi,..., fj+1 be linearly independent solutions of (2.1) such thati(f,) < p.
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Table 1

k k—1 e k—j e j—1 IEEE | 0 solutions
0] I Agk—1 - Aok—j e A Ao, j—1 - Agl Ao,0 Up, 1y Vo, j+1
v 1 s Apg—j e Ay A1,j1 e A Ao Ul Ly v, j
V| Aj1k—j - Ajonj Ajoj-1 0 Ajo11 Ajo10 Vj-1,1,Yj-1.2
vj 1 e Aj Ajj-1 e Aj Aj0 vl

Hence 0, (fy) <oo,n=1,...,j+1.1f j =k —1, then § =sup{i(f): L(f)=0} < p, contra-
dicting Theorem 2.1(ii). Hence j <k — 1.
We now apply the same order procedure as in the proof of Theorem 2.1. Let use the notation vy

instead of f and Agy, ..., Ao k-1 instead of Ao, ..., Ax—1. In the general reduction step, we
obtain an equation of type
v LA a1 @D o A 0(2)u, =0, (5.1)
where
L 1 U(m)l 1
+1+ —1,
Anj=Antjirt 30 G Ant s (5.2)
me=l1 n—1,1

and where the functions

d <vn1,j+1(z)

un.j (@) = dz Up—1,1(2)

determine a solution base of (5.1) in terms of the proceeding solution base.

We may express (2.1) and the j reduction steps by Table 1 as follows. The rows correspond
to (5.1) for vy, ..., v}, i.e., the first row corresponds to (2.1), and the column from & to 0 give
the coefficients of these equations, while the last column lists the solutions of finite p-order.

By Proposition 1.2 and (5.2), we see that in the second row corresponding to the first reduction
step, m(r, Ay ;) = O(exp[p_z](ﬁ)ﬁ), r¢ E,holds fort = j,...,k —2, while i (A ;1) = p.
Similarly, in each reduction step, Eq. (5.1) implies that m (r, A, ;) = O(expl?~2(:)8), r ¢ E,
holdsfort=j+1—n,...,k— (n+ 1), i.e., for all coefficients to the left from the boldface co-
efficient Ay, j_,, while i(A, j—,) = pforn=1,..., j. After j reduction steps, we have by (5.1)

U(k—j) U('k—j—l) ’

) v
Js1 J,1 Jj»1
Ajﬁ()z— - _Aj,k—j—li__"'_Aj,l—_-
vj,1 vj.1 vj.1

) (G=1,....k—n)

Hence, m(r, Aj o) = 0(exp[p_2](ﬁ)ﬂ), r ¢ E. Since Ajo is analytic in A, T(r,Ajo) =
m(r, Ajo) and by using Lemma 3.3 again, we obtain that o,_1(Aj o) < oo, contradicting
i(Aj o) = p. Therefore, Theorem 2.2 follows.

6. Proofs of Theorem 2.3 and 2.4
Proof of Theorem 2.3. Denote oy, ,(f) =0 and let f # 0 be a solution of Eq. (2.1), then by
(2.1), we have

f(k) f(k—l) f/
—Ag=1— 1+ A, 4+ A 6.1
0="7 1T 17 (6.1)
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). 6.2)

Hence,
k—1

Z(m I|—

m=1

f(k)
[Aol < ‘

f

Hence, by Lemma 3.5, we have

G s 2j
P <O<T(1—ﬂ<1—r>,f)log <1—r>> — ©3)
f@ (1=r)
where s, ¢ are positive constants. By Lemma 3.4, there exists a set H C (0, 1) with f I ldTrr =00,
for |z| =r € H, given o — b > 2¢ > 0, where b =max{oy ,(A;): j=1,...,k— 1}, then
1 o—&
M(r, Ag) > exp[p]{(l r) } (6.4)

Now, by (6.2)—(6.4), and

1 b+e
|A,~|<expm{<1_r> }

we have

(1—0(1))exp[[’]{<l—ir> ) }go(nl_ﬂ(l_r)’f)> , reH-E,

d—=ry
where m,n are positive constants. So, by Lemma 3.3, i(f) > p + 1, and 0,41(f) > 0. By
Theorem 2.1, we have i (f) < p+ 1, and 0,41 (f) < 0. Therefore, Theorem 2.3 follows. O

Proof of Theorem 2.4. Denote 0),(Ap) = o and set f # 0 be a solution of Eq. (2.1), then by
(6.1), we have

(J)
m(r, Ag) < Zm(r A )+Z ( >+ o). (6.5)

By Definition 1.3, we get that there exists {r,} (r;, — 17) such that
log!”! T (r},, Ao)
P S
Set [, 1= =1logs < 0. Since
1—(1=r})/(8+1)
— =log(§ + 1),
T

there exists

’ 1—7‘;1
rn€|:rn,l— 8+1i|—EC[0,1)

such that
log” 7(ra. Ag) _ log? T(rj. Ag) __ log” (1. Ao)
log - T log(L ) log 7= +log(§ + 1)
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Hence
_ log?” ' T(r,, Ag) _ . logt?1 T (r}, Ap)
lim — 2 lim : =
r—>1- logq r—1~log =+ +log(d + 1)

Therefore
log!?! T (r,y, Ao)

m —————— =0

r—1- log

1
1—r,
By the conditions of the theorem, for any given ¢ (0 < 2¢ < o —b), where b = max{o,(A;): j =
1,...,k— 1}, we have

1 o—¢&
T (rp, Ag) > exp?~ 1! { <ﬁ> } (6.6)
—In
1 b+€
T(rn,Aj)gexp[P”{(l_r ) } (6.7)
n
By Lemma 3.1,

Yk 1
m<rn,7> =0<log(1 — T(r, f))). (6.8)

Hence we get from (6.5)—(6.8) that i (f) > p+ 1 and 0 = 0,(Ag) < 0p41(f). By Theorem 2.1,
we know that i (f) < p+ 1 and ay = op11(f). Therefore, Theorem 2.4 follows. O

7. Proof of Theorem 2.5

By Theorem 2.1, § < 1 + p. Set fi, f> to be a fundamental system of solutions of Eq. (2.2),
then the Wronskian W = f| f; — f{ f2 is analytic in A, and 0, (W) < max{o,(f1),0,(f2)} by
Proposition 1.1. Then

W/ " / " / /
A1(z) =——- and Ao(z)=—f——A1L=—f—,-£—A1L. (7.1)
w f f r f
Furthermore, y, = max{o, (f1), 0, (f2)} (because f = afi + bf>, where f is a solution of (2.2),
a,b e C). By (7.1), we obtain

Al = W 7.2

m(r3 1)_m<r7 W)v ( . )
=n( ) +2n(n %)

m(r, Ap) =m r,7 +2m r,7 +m(r, A1) +log2. (7.3)

If 5§ =0, then i(f) = 0 for all solutions f, that is, every solution is a nonadmissible. But it is
well known that this is possible only if L(f) = f” and this case is excluded. Then § =1 + p is
trivial if p = 0.

Let p > 0. By contradiction, let us assume that 0 <6 < 1+ p, then § < p and i(f) < p.
Hence, 0, (fj) <00 (j =1,2).So 6,(W) < 0o0. Then by Lemma 3.1 and (7.2), we get

T, A) =m(r, Ay) =m<r, %) = O(log(iT(r, W))) (r¢E). (7.4)
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Since log!”! T (r, W) = O(log 11Tr)7

1 1
logl? 1@, A)) = 0<log<1—T(i’, W))) = 0<10g 1
— _

By using Lemma 3.3 with F(r) = log[p_l] T(r,A1) and G(r) = log ﬁ, we conclude that
o0p—1(A1) < oo if p > 1, and Ay is a nonadmissible if p = 1. But again from Lemma 3.1, by
(7.3), we have

) r ¢ E). (7.5)
"

T (r, Ag) =m(r, Ag)

= O(log(LT(r, f))) + 0(10g<LT(7, f/)>>
1—r 1—r
+ 0(10g<—1 T(r, Al))) + 0(10g<—1 >> (r¢ E). (7.6)
1—r 1—r

Since Up(f’) =0, (f) by Proposition 1.1, we derive as above that o, _1(Ag) < o0 if p > 0, or
Ag is nonadmissible if p > 1. Thus p = max{i (Ao), (A1)} < p — 1, this is a contradiction. Thus
s=14p.

(i) If p =0, assume that y; < ¢, where t = W, then D(Ag) > 8,0(f") =0 (f) <d and
o (W) < d for some d € (0, t). Thus from (7.3) and Lemma 3.6, we get

1 2w
d9+—/10g+
b4
0

(re'?)
W( 19)

T (r, Ag) = m(r, Ao)
1 2
= —/10 +
21
0
2
+ ! /1
— o)
2
0

1 o(f)+2+e
<4log+{(1 ) }~|—10g2.
—r

"

i9)
f(rei?)

i9)

do +log?2

By Lemma 3.3 agam we have D(Ag) < 4d + 8 <4t + 8 = D(Ap), a contradiction. Thus y; +
1Zym1 2y 2 (0 8,if p=0.

) If p=0, assume that y1 < s, where s = D(A1) —2 > 0, then by similar arguments as in (i),
from (7.2) and Lemma 3.6, we have a contradiction. Thus y1 +1 > yy1 = y1 = D(Ap) — 2, if
p=0.
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