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1. Introduction

In 1950, Turdn [22] proved the inequality

0< Pro1(®)Pnp1(®) — Pp(0)? (=1<x<1, n=1,2,...),

where P, denotes the Legendre polynomial of degree n. This inequality has attracted much attention, so that numerous
inequalities of the same type were published for other special functions. In 1986, Csordas, Norfolk and Varga [7] proved
a Turan-type inequality, which is a necessary condition for the validity of the famous Riemann hypothesis. Inequalities of
Turdn-type are studied in various fields, like, for example, complex analysis, number theory, combinatorics, and theory of
mean-values. Also, they have applications in statistics and control theory. We refer to [6,8,9,11,13-19,21] and the references
given therein.

In this paper we are concerned with a Turan-type inequality for Euler’'s gamma function

F(x):/e‘ttx_ldt (x> 0).
0

There exist many inequalities for this important function and its relatives (see [12,20]), but inequalities involving higher
order derivatives of the I'-function are difficult to find in the literature. It is known that the Cauchy-Schwarz inequality can
be applied to obtain estimates for special functions; see, for example, [10] and [14]. We find for odd integers n > 1 and real
numbers x > 0:
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oo 2
r™ (X)2 _ (/[e—ttx—l log(t)n—l]l/z[e—ttx—l log(t)n+l]1/2 dt)
0

oo
e~ Vlog(t)™ 1 dt / e~ og()" 1 dt = TV (x)yr ™+ (x).
0

<

0\8

(As usual, I© =T.) Thus we have

0< T D™D x) — ™ (x)% = Ap(x).

(In what follows we maintain this notation.) Is it possible to replace the lower bound 0 by a positive constant? It is our aim
to give an affirmative answer to this question. More precisely we determine the largest real number «, which is independent
of n and x, such that we have

a<An(x) (x>0, n=1,3,5,...). (11)

In the next section we collect some lemmas. They play an important role in the proof of our main result, given in
Section 3. The numerical and algebraic computations have been carried out by ‘MAPLE V, Release 5.1.’

2. Lemmas

The first five lemmas provide properties of the psi function,  =T"'/T, and its derivatives. We denote by xo = 1.461...
the only positive zero of .

Lemma 1.

(i) 4 is strictly increasing on (0, 00).
(ii) ' and "’ are positive and strictly decreasing on (0, 00).
(iii) " is negative and strictly increasing on (0, 00).
Lemma 1 follows from the integral formula
o0
tn
v @ x) = (—=1)"! /e—”fl—wdt x>0, n=1,2,..), (21)
0

see, for instance, [1, p. 260].

Lemma 2.

(i) The function x — xyr(x) is strictly decreasing on (0, ro] and strictly increasing on [rg, 00), where rg = 0.216.....
(ii) The functions x — x2v/(x) and x — —x3v" (x) are strictly increasing on (0, 0o).

A proof for part (i) can be found in [3]. Part (ii) is a special case of a more general monotonicity theorem, which is
proved in [4].

Lemma 3. For all x > 0 we have
0 <y @y (0 — v (0% (2.2)

An application of (2.1) and of the Cauchy-Schwarz inequality leads to (2.2). See [5] and [14] for corresponding inequalities
involving higher derivatives.

Lemma 4. For all integers n > 0 and x > 0 we have

n!

YO+ D)=y "+ )" o5
X

This recurrence formula is given in [1, p. 260].
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Lemma 5. For all x > 0 we have

log(x) — % < ¥ (x) <log(x), (2.3)
1 , 1 2 .

—<y/'® and —= — = <y" (). (2.4)
X x2 X3

Proof. A proof for (2.3) can be found in [2]. Using the integral representations (2.1) and

-1
o

o0
fe_"tt”_1dt x>0, n=1,2,..)
0

as well as

ef—1-2>0 (z#0)

we obtain for x > 0:

oo

1 —t_1
Ip’(x)——=/e—xf67+tdt>o
b% 1—et
0
and
o0
1 2 tet—1—t
V' + =+ =/e’("“”¥ dt > 0.
X X 1—et

0

This proves (2.4). O
The next three lemmas present properties of A;.
Lemma 6. Let n > 1 be an odd integer. Then, A, is convex on (0, c0).

Proof. We set n =2k — 1 with k > 1. Differentiation gives for x > 0:
A (0 =T D )P+ () — 1@ (x)2,

Applying the Cauchy-Schwarz inequality yields A7, ;(x)>0. O

Remark. Let n > 1 be an odd integer. Since A, is nonnegative and convex on (0, o), we conclude that the following
Schur-type functional inequality holds for all real numbers x, y, z > 0:

0< (X=X —=2)An(x) + (Y —X) (Y — 2 An(Y) + (2 = X)(Z — ¥)An(2),
see [23].
Lemma 7. For all x > 0 we have
A1 (X) < As(x).
Proof. We have
A3(x) = A1(x) = HOT (%)%,
where

HX) =y @2 (0 + 29 (039" (0 + 39’ @ + ¥/ 0v"” (0 + ¢’ 0y 0
=29 ()Y 0P (%) — ' %) — ¥ (0%

To prove that H is positive on (0, co) we distinguish four cases.

Case1l. 0 <x< 1/4.
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Applying Lemmas 1 and 3 gives

Hx) > 1(x) + ] (%),

where

10 =2y ()Y (%) -2y @y @y "® and J&) =3¢'®)° - ¥/ ®).
We have

1(x) =2y ()¢ (0K (x),

where

K =y ®? -y ().

Using Lemmas 1 and 4 leads to

“XKX) = —xy X+ D2 +20x+ 1) +x¢' x4+ 1) <2y x4+ 1) +x¢/(x + 1) < 2¢(5/4) + ‘1111/(1) =-0.04....

This proves I(x) > O.
Furthermore, Lemma 1 yields

JX)
v’ (%)
Hence, J(x) > 0.

=3y'(x)%—1>3y/(1/4)> —1=886.24....

Case 2. 1/4 < x < Xp.
Lemmas 1 and 3 give

Y ()M (x)

Hx) =3¢ (0 + 9/ 0y 0! =29 0y 0y %) — ' (x) = o

where

M) =3[9 0] + [y 0] - 2[—xp ][y 0] &

Let 1/4 <r < x<s < Xp. Applying Lemma 2 we obtain

M) =3[y O] + [sy )] = 2[-ry ][~y )] - s* =N, 5),  say.

Since the numbers
N(0.25,0.46), N(0.46,0.75), N(0.75,1.18), N(1.18,xq)

are positive, we conclude that M(x) > 0 for x € [1/4, xo]. This implies that H is positive on [1/4, xo].

Case 3. xo <x<5.
Using (2.2) leads to

H®) >y (0%Y" (0 4+ 29 (0° Y X) 439" (0% + ' 0y (0! = 20 0y 09" (1) — ¥/ ().

Let xo <1 < x<s<5. Then we get from Lemma 1:

H®) > ()29 () + 29 ()" (1) + 3¢/ (5)> + ¢/ )y () = 29 (Y ()Y (s) — ' (r) = P(r,s), say.
We have

P(x,1.8)>0 and P(1.8+k/100,1.8+ (k+1)/100) >0 fork=0,1,...,319.

This implies that H(x) > O for x € [xo, 5].

279
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Case4. x > 5.
Applying Lemmas 1, 3, 5 and log(5) — 1/5 > 1 gives

Hx) > ¢/ (v @* = 1) + 2y )y %)
1 1\ o 12
>—[(logx)— -] —1[+2logx)’(——= — = | =Q(x), say. (2.5)
o (o= 1) 1] #2100 (- )

Moreover, we have

TR N
log(x)4 ) = xlog(x) log(x)4  log(x) x+x2

(ot ) 2 (1,2 0001 (2.6)
/< _510g(5)) _log(5)4_log(5)(§+£>_ T '

From (2.5) and (2.6) we obtain H(x) >0 for x > 5. O

Lemma 8. For all x > 0 we have

A1(x) > min A(t)=0.6359.... 2.7)
15<t<2

Proof. Let X =1.8746. Then, A} (X) > 0. Applying Lemma 6 gives for x > 1.5:

AX) = A1R) + X —R)A;R) = A (R) + (1.5 — R) A} (R) = 0.63596 ...

This yields

min Aq(x) > 0.63596.
1.5<x<2

Furthermore, we have

min  Aq(x) < A1(X) = 0.635994. .. < 0.635995.
1.5<x<2

Thus, min 5<x<2 A1(x) =0.6359....
Next, we show that Aq(x) > 0.639 for x € (0,1.5]U[2, o). If x € (0, 1.5], then

A1) =T )2y’ (%) >T(x0)*¥'(1.5)=0.73. ...

Let x > 2. We define

T(x)=T(x) —0.498x and x=2.09.

Since t is convex on [2,00) and t/(X) > 0, we get

T T +Xx—X)T' X >1X* + 2 —X%7T'(X) =0.0005....
Hence,
w > 0.498.
X

Using this estimate and Lemma 2(ii) we obtain

2
A1) = (@) [x*¢'(%)] > (0.498)? - 4y/(2) = 0.639.....

The proof of Lemma 8 is complete. O
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3. Main result

With the help of Lemmas 7 and 8 we are now in a position to determine the best possible constant lower bound « in
inequality (1.1).

Theorem. For all odd integers n > 1 and real numbers x > 0 we have
a <TTDEr™e -1 w?, 31
with the best possible constant

o= min ')y (x)=0.6359.... (3.2)
1.5<x<2

Proof. We have
o0 o0 o0

An(%) =/e’[t"’l log(t)™! dt/e’tt"” log(t)™dt — (/

2
e " log(t)® dt)
0 0

v/e’s’t(st)"’l[log(s)”’l log(H)"*! — log(s)" log(t)" ] dsdt
0

0\8 0\8 S

/e S=H(st)*— 1 [log(s) log(t)] [log(t)z—log(s) log(t) ] dsdt
0

I\)l»—A

/ / e~ (st)*~[log(s) log(n)]"" [log(s) — log(0)] dsd.
00

Let k > 1 be an integer. We get the integral representation

177 _
B0 = Baca (0 =5 [ [ e sty [log(s) 0g@?] " [log(s)? log(0? ~ 1][1g(s) ~ ogc®)]” dsdt.

Using the elementary inequality

XMz-1)>z-1 >0, k=1,2,..))
with z = log(s)? log(t)? gives

Agp1(X) — A1 () > A3(%) — Aq(x). (33)

From (3.3) and Lemma 7 we obtain

A2k71 (X) < A2k+] (X) (X > 0, k= 1, 2, .. ) (34)
Combining (3.4) with (2.7) yields (3.1). Moreover, we conclude that the lower bound given in (3.2) is best possible. O

Remarks. (1) In view of (3.1) it is natural to look for an upper bound for Aj(x), which is valid for all odd n > 1 and real
x > 0. We show that such a bound does not exist. Using the Leibniz rule for differentiation gives for k > 0:

k
r(k)(x) — (Xﬁll—‘(x + 1))(k) _ Z (1’?) (X—l)(v)r(kfv)(x +1).

v=0
We have

(X—l)(v) _ (—1)”v!x_”_l,
so that we obtain

k—1

K
0 ey =3 (:) (=D E V) (x4 1) + (= DRKIT (x + 1).
v=0
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This yields
lim X7 ® (x) = (= 1)kk!.
x—0

Since

X2H+2 An (X) — an(nfl)(x) . Xn+21—~(n+1)(x) _ [Xn+l F(n) (X)]z,

we get for n > 1:
lim "2 Ay (x) = (n — Dn!.
x—0

This leads to

lirr(l) Ap(x) = o0. (3.5)

(2) From (3.5) we also conclude that there is no constant upper bound for A (x), which holds for all even integers n > 2
and positive real numbers x. Does there exist a lower bound, which is independent of n and x? We have

Ar(1.13)~ —0.9, A4(1.42)~—6, Ag(1.69)~—97,  Ag(1.94)~ —2493,  A10(2.18) ~ —90701.

It is tempting to conjecture that there is no real number ¢ such that we have A,(x) > c for all even n > 2 and x > 0.
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