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1. Introduction

Negative binomial distribution appears naturally in connection with the number of independent trials necessary to obtain
r occurrences of an event that has the same probability p of occurring in each trial. It is well known that negative binomial
distribution does not belong to any of maximum domains of attraction of extreme value distributions. But if there is n
possible outcomes of each trial and the probability p of occurring of each outcome in every trial is equal to 1/n, then the
number of trials needed to obtain all outcomes at least r times is the maximum of n dependent random variables with
the same negative binomial distribution which limiting distribution is the Gumbel double exponential distribution. This
problem and some of its variations have been considered by many authors and different methods were employed. See, for
example, Erdés and Rényi [2], Baum and Bilingsley [1], Holst [6-8], Johnson and Kotz [10], Flato [4], Mladenovi¢ [13-15].
All employed methods are based significantly on the fact that the parameter r of the corresponding negative binomial
distribution is an integer. Some approaches involved in consideration independent random variables with the same negative
binomial distribution also.

It is well known that the negative binomial distribution can be defined for any positive r, not necessarily being an
integer. For the genesis of the negative binomial distribution, historical remarks, some properties and applications see
Johnson and Kotz [9] and Feller [3]. In this paper we shall determine the limiting distribution of the random variable
M} = max{X},,..., X3} as n — oo, where X*,, ..., X} are independent random variables with the common negative bi-
nomial distribution with parameters r > 0 and p = 1/n. Corresponding normalizing constants for the maximum M, and the
rate of convergence are also determined. This will give a new insight to different rates of convergence in the cases r =1 and
r # 1. Rates of convergence in limit theorems for maxima have been studied by many authors, see Leadbetter and Rootzén
[12] and references therein.
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2. Some preliminaries and notation

Let X;‘1, X;‘z, ..., Xpn be independent random variables with the common negative binomial distribution with parameters
r>0and p € (0, 1), where r is not necessarily an integer, that is
r+k-—1
mx;zu=<‘+k )u—pﬁh k=0,1,2,..., (2.1)
where
r+k—1 rr+k
+ __fo+b (2.2)
k rork+1
and I"(r) is the Gamma function given by
o
FU%:/ﬂ‘%4dL r>0. (2.3)
0
We shall use Stirling’s formula and its consequence, see Graham et al. [5]:
ru+n—vaxx LI Y X — 00 (2.4)
B e 12x  288x2 )| ’ ‘
I'(x+t 2 —t 1
¥=Xt- 1+ +o(=)}, x— oo (t>0fixed). (2.5)
I (x) 2x X
The following property of the Gamma function will also be used:
a
rxra—xz=ryra-y, ﬁw1<x<y<§, (2.6)

I'(x)I"'(a—x)
I'(a)

b(x)=B(x,a—x) = fol t*~1(1 — t)a=*=1dt, where B(-,-) is the usual notation for the Beta function. Obviously b(x) = b(a — x)
for 0 < x < a. It is easy to check that b”(x) > 0 for 1 < x < a— 1. Hence, the function b(x) is convex on the interval (1,a—1),
decreases on (1,a/2], and the property (2.6) follows easily.

where a > 2 is a constant. In order to clarify the property (2.6), define the function b(x) = , 0 <X < a. Then,

3. Results

Theorem 3.1. Let M;; = max{Xu1, ..., X;,}, where X}, ..., Xy, are independent random variables with the common negative bi-

nomial distribution with parameters r > 0 and p = 1/n, and let up(x) =n(x+ Inn+ (r — 1) Inlnn — In I"(r)). For any x € R the
following equality then holds

. * _ X
nll>nolo P{M;; <un(x)} = exp(—e™). (3.1)
Let us denote An(r, x) = P{M;; < un(x)} — exp(—e™>). The rate of convergence of the maximum M, as n — oo, is given by:

e *exp(—e™) Inn
2 n’

An(r,x) ~ —(r — 1)2e  exp(—e ™)

An(ra X) ~ ifr: 17 (32)

Inlnn
Inn ’

ifr#1. (3.3)

Remark 3.2. For positive integers r relations (3.2) and (3.3) were proved by Mladenovi¢ [13,14] in i.i.d. settings as well as
for dependent random variables that appeared in connection with the coupon collector’s problem. The techniques employed
there used significantly the fact that r is a positive integer and combinatorial interpretation of the corresponding negative
binomial distribution, and it cannot be applied if r is not an integer.

4. Proof of Theorem 3.1

Let Fp r(x) be the distribution function of a random variable X with the negative binomial distribution with parameters
r>0 and p = 1/n. For any positive integer m the tail P{X > mj} is then given by

o0

B rr+k 11\
t et = Zm(l ) (5): (41

k=
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Lemma 4.1. Let x be a real number and r > 0. The asymptotic equality

m=n(Inn+ (r— DInlnn+x—InI'F) +o(1)), n— oo, (4.2)
is the necessary and sufficient condition for the asymptotic relation
=9} k r -
r'ao+k 1 1 e ¥
E L 1—- —) ~—, asn— oo. (4.3)
rork+1 n n n
k=m+1

Proof. (a) Let | =n[Inlnn]. We shall first prove the following statement: if (4.3) holds, then m > L.
(al) Case r > 1. Suppose that m < I. Note that the inequalities

r'(r+k) S rae+
Tk+1) 7~ ra+h

hold as consequences of (2.6) and the facts 1+I!=min{r +k,r+1,k+1,1+1} and (r+k)+ (1 +10) = (r+1) + (k+ 1). Now,
it follows that

forke{l,I+1,...,2l},

i ra+k (1 1)"1>i’: r+k) (1 1)"1
k:mHF(r)I’(k—i-l) n/ n" = royrk+1 n/ n"
20, 2 21
> (! lzngl_l +1 re+b
r n) n" p rk+1) =~ n n I'd+)
21
>L<]_1> n+l.1"(r+l)w 1 . 1 .L.qu}#’
r(r) n n ra+lh reE In?n nl r'ryln’n

and consequently (4.3) does not hold.
(a2) Case 0 <1 < 1. Suppose that m < I. In this case we shall use the inequalities
ra+k) < I'r+1+4+n)
F'k+1) " rA+1+n)

that are consequences of (2.6) and the facts r+k =min{r +k,r+1+n,k+1,1+14+n} and (r+k)+ (A +1+n) =T +I1+n)+
(k+1). It follows that

forke{l,I+1,...,1+nj},

I+n

k I4+n I4+n
Z r'r+k) (1_1> l>L<1_1) lZF(r—i—k)
~rOrk+1 n) n” L n) = rk+1)

. (l + n)l’*l
n

1 -1 1 1
“el(r)lnn n~1 er(Inn (nlnn)-1’

1 Nn+1 re+l+n 1 1
“rm n" I'(l+l4+n) TI'(r) elnn n'-1

and again (4.3) does not hold.

(b) Next, we shall prove the following statement: if (4.3) holds, then m < 2nlnn.
(b1) Case r > 1. Suppose that m > 2nInn. Since

1 ( 1)" 1 r+k
— <2, 1-=-) <=, —2
NG n e r'k+1)

we obtain that

< 2KV fork > ko,

00 k k
r k 1 1
E %(1 - —) <4 E K <1 - —)
k=m-+1 (r) ( + ) n k>2nlnn n

= 4{ > K1 (1 - %)k + > K1 (1 - %)k

2nInn<k<2nlIn(2n) 2nIn(2n)<k<2nIn(4n)

+ > krl(l—%)k-i----}

2nIn(4n)<k<2nlIn(8n)
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oo

. rmrk+1) n

k=m+

for sufficiently large n and some constant K3 > 0. Consequently (4.3) does not hold for m > 2nlnn.

2nIn(2n)
+(2nln(4n))r_1 (1 — H) (2nln2+1)+...}

_4@2n"'2nIn2 + 1)

<42n)'@2nIn2 + 1){

(In2n))"!

2nlnn
< 4{ (2nIn@2n))"" (1 - E) 2nln2+1)

(In(4n))"1

e2lnn

(In@m)™!

(In(4n))1

n3/2

{ niz2

1 2nIn(2n)
+ (2n 1n(2n))r_ (1 - H) @nIn2+1) +-- }

.
_ 4Kien)

n3/2

- 42n)12nln2+1)

1(2n1n2+1)< 1

23/2

k 2nlnn
> Lm(l—l) <4{(2nlnn)r’1<1—%> (2nIn2 + 1)

(In@2n))"!

(Zn)l/z .23/2

1
+m+)<

for sufficiently large n and some constants K1 > 0 and K, > 0. Consequently (4.3) does not hold for m > 2nlnn.
(b2) Case 0 < < 1. Suppose that m > 2nlnn. Using similar arguments as in the case (b1) we obtain that

(4n)1/2 . 43/2

~

372

K3n"

\11377

{ (Inn)r1

n1/2

(2n)1/2 .23/2

(4n)1/2 . 43/2

(c) We shall use the following notation: 1—%:q,r—1:s,m+l:p, k—1=i, k+1=j,s—[s]l=r—[r1=9,

I=n[Inlnn] and

[e e}

I'(s+k+ gk
lp(p,s)=z (5+ + )q

Fs+1)rk+1)"

k=p

Relation (4.3) can be equivalently rewritten as follows:

w(p,s)~ne *, asn— oo.

Since 1 —q =1, we obtain for r > 1,

s+ DI'k+1)

v
(’;’S) =W (p,s) —q¥(p.s)
_ Fe+p+De® i I'(s+k+1)q* _ir(s+k+1>qk“
Fs+Dr(p+n " | 47, Te+Drk+1) &
_ T'(s+p+1)gP N ir(s+i+2)q"+1 >
T Is+DI(p+1) S s+ DIiE+2)
_ I'(s+p+1gP +§: T (s +k+ gkt <s+k+1_
T IG+DI(p+1) kzpr(s+1)1“(k+1) k+1
_ FG+p+e® i r(s+jg’
Fs+Dr(p+1) A= rsrGg+1’

and consequently

Z I'(s+k+ 1)gkt!
k=p

)

s+ DI k+1)

|

|

(44)
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W(p.s) = ng?r's+p+1)
p.5)= T's+Dr(p+1)
ngPt'ris+p+1)

Y(p+1l,s—1)= F&OI(p+2) +n¥(p+2,5s—2),

+n¥(p+1,s—1),

ngPtS-1r(s+p+1)
FQ+MI'(p+IsD)

(p+s1-1.1+9)= +n¥ (p +[s]. 9).

291

Multiplying previous equations by 1, n, ..., n!sI=1 respectively, and summing them we obtain the following statement: for

r > 1 the relation (4.3) is equivalent to the following two relations:
(n—l)m+1r(r+m+1){ 1 N n—1 - (n— =2
romyrm+2) rec—-0nIrm+3) re+9)Irm+[r)

+n N (m ], 9) ~n"le ™, n— oo,

Y(p,s)= oo

rc+m+1) wG-DIc+m+1) m=D"N2re+m+1)
rrm+2  re—-nHrm+3 TR+ m+r)
anr]*ll]/(m +1[r], ®) nm+rflefx
(n_l)m+l N(n_l)m+l’

Note also the following: if 1 <r < 2, then the left-hand side of Eq. (4.6) reduces to the last addend only.

n— oQ.

(d) Next, we shall prove that the left-hand side of Eq. (4.6) is asymptotically equivalent to the adden
proof will be given separately in the cases r > 2 and r € [1, 2). We suppose that n[Inlnn] <m < 2nlnn.

(d1) Case r > 2. Using (2.5) we obtain that F;i’(‘;)ﬂ) <2n? for sufficiently large n, say n > ng. Now, we obtain

oo o0

'@ +k+ 1)g 2 5 i

7 )= < > (k+1)7q"

(m+1r1.9) r@+1)rk+1) T'@®+1) (k+17q
k=m-+r] k=m-+[r]

o0 oo

2 (k + 1)g* (k+ gk
) <4 )

aTTUIETY i S 7T
r®+1 Pl k+1) Pl (m+1[r])

(=™ m+ i +n _ca-pmm’
= <
(m+[rh'="-n n

for some C > 0 and n > ng. For the last addend on the left-hand side of (4.6) we obtain the following bound:

’

n™" =y m4 ], 9) ™I —1)™m?  Cnl—2m?
(n—1)m+1 = (n — 1)m+1pm+1 T n-=1

Since
rr+m+1) m! nl=2m? 1
~ and ——— =o(m"™"), asn— oo,
rcyrm+2 I n
it follows that
n™I Y 1, 9) _ (Crm )
(n—1)m+1 T \rmrm+2)
For v € {1,2,...,[r] — 2} the following relations hold:

), asn— oo.

-1 Ir+m+1) {r(r+m+1)]‘1
F(r—vrm+2+v) | C@mOm+2)
rm  @-1)"Irm+2 '@ n

TTr—v) Tm+2+v) F(r_v)'wzo(l), asn — oo.

It follows from (4.8) and (4.9) that the left-hand side of (4.6) is asymptotically equivalent to Latmtl) g >0,

T (m+2)
(d2) Case r € [1, 2). Eq. (4.6) can be rewritten as follows

nmym+1,r—1) npmt-lex
(n_1)m+1 N(n_l)m+1’ = 00.

d Lrtm+1)
rnrm+2)-

(4.5)

(4.6)

The

(4.7)

(4.8)

(4.9)
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The next goal is to prove the following relation:

rc+m+1) n"¥m+1,r—1)

, asn— oo,
rmyrm+2) (n — 1)m+1
or, equivalently,

r 1 m = I(r+kg
r+m+1) n Z (r+kq , asn— oo. (4.10)
rm+2) (n — 1)m+1 r'k+1)

k=m+1
Using (2.5) we obtain that

r'r+k) _ v

L =k+D 14+ — ), h <

e~ &+D ( gt WherelvisQ

for some constant Q and sufficiently large k, say k > ko. For m > kg we obtain

o0 k 0 >
Z ra+kq* Z k+1) gk + Z (k+1)"2yq*

k=m+1 F(k+1) k= k=m+1
S k
_ (k+1)q 1
<Y = Y 7 < Y
k=m+1 k=m+1 (k+1) (m+1) k=m+1
1 nmqurl
— n(m-+1 m+1 n2 m+2\ Nnmr—] m+1.
7(m+1)2—f{ (m+1)g"*! 4 n*q"*?} FEIvE q

On the other hand we obtain

Z (l<+1)r 1 k (m+2)r 1 Z q _(m+2)r 1q Nnmrflqurl.
k=m+1 k=m+1 —4

All asymptotic relations hold as n — oo. It follows that

o0 m+1
r—1_k r—1_m+1 _ r—1 n-1
Z k+1D'"'qg- ~nm' " 'q =nm T
k=m+1
Consequently
nm &, I'(r+kqg nm nm i —1)m™ L Fr4+m4+1)
) ~ . gt TCEMED
n— l)m“ — rk+1) (n— 1mtl1 nm+1 I'(m+2)
Hence, for r > 1 relation (4.3) is equivalent to the following one
rr+m+1 pmr—le—x
( ) asn — oo. (411)

rrm+2 - nme’
(e) Let 0 <r < 1. Relation (4.3) can be rewritten equivalently as follows

i I(r+k)q*

e *n™ '@, asn— oo.
rk+1)

k=m+1
Note that

rae+k  re+k o rr—r 1
Fkih - krd Mt o) ko

The asymptotic behavior of the sum ) ;2 ., % ~ 3 mi1 K~ 1gk can be determined as follows:

i e k i m+1
kq 1 mnq

B B B AL
2—r 2—r 2-1°

k=m+1 k=m+1 k (m+1) k=m+1 (m+1)
Sl L o ,qu o qk
K 1q“= >m+1) —.
2 K= 3, Sz mt ) g

k=m-+1 k=m+1 k=m+1
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Let U= 2 4 % Then the following relations hold as n — oco:

qm+1 qm+2 qm+3 qm+1 1 m+2 m+3
U—qU= + + o< —t—— + +oe
1 m+1 {(m+1)(m+2) (m+2)(m+3) } m+1 (m—i—l)z(q d )
gt q"2n gt

“mr1 mri)? =g Hom)

It follows that

m+1 n m+1 0 mn m+1
U_qUN , ~ q s Z r_]qkwq—.
m+1 m+ 1 (m+1)2-"
k=m+1

Hence, for 0 < r < 1 relation (4.3) is equivalent to the relation

mnqm-H
(m + ])Zfr
It is easy to check that (4.12) is equivalent to (4.11). Hence, relation (4.3) is equivalent to (4.12) for all r > 0.

~e ™), asn— oo. (4.12)

(f) Relation (4.12) can be rewritten equivalently as follows

() () e
— n —e “I'(r), asn— oo, (4.13)

n n

1
(r— 1)ln% +Inn —mln(l + n—l> —InI"(r)—x, asn— oo. (4.14)

Using conclusions from points (a) and (b) we get that 11?1_711 — 1 as n — oo. It follows from (4.14) that

Inm—Inn Inn m 1
r-1)———+———In(1+——) >0, asn— oo,
Inn Inn Inn n—1
m
nlnn

Consequently (4.14) can be rewritten equivalently as follows

— 0, and m~nlnn, asn— oo.

m m 1 1
(r—l)(ln—+lnlnn> +lnn——+m{— —1n<1+—>} —InI"(r)—x, asn— oo,
ninn n n n—1

m
(r—l)lnlnn+lnn—g:lnF(r)—)H—o(l), asn — oo,
m:n(lnn+(r—l)lnlnn+x—lnF(r)+0(1)), asn — oo,
and the proof of Lemma 4.1 is completed. O
Lemma4.2. Let uy(x) =n(Inn+ (r—1)Inlnn+x—InI"(r)), m = [up(x)], rp = up(x) —m € [0, 1) and t,r =n{1 — Fpr(up(x))} =

n{1 — Fp r(m)}.
Ifr € (0, 00) \ {1}, then the following asymptotic relation holds:

Ly (r—1)2Inlnn Inlnn
Thr=¢ 1+ +o0 , N — o0. (4.15)
’ Inn Inn

Proof. Case r > 2. Note that the following relations hold:

m+1
<] _ l) _ pln(nntG=1)InInntx—In @)=+ 1} In(1= 1) _  dnn+r—DIninntx—InF) -+ 11— 1= 55 +0( )
n

:e—lnn—(r—1)1nlnn—x+ln1“(r)—‘;‘—n"+o(“‘T”) _ r(re™ 1— ln_n To ln_n 7 (416)
n(lnn)™1 2n n

r—1
(m:k) = (Inn+ (= Inlnn+o(nlnm)"™"

(r—12Inlnn . Inlnn
Inn Inn

= (Inn)™! {1 + ) } where k = const., (417)
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B m 9 —x
s () (1) () ()
nv n\n n n\n/ n(lnn)r-1 2n n
Cr(rye ™
nZ(lnn)rfﬁfl ’

Using (4.16)-(4.18) and expression for ¥ (p, s) from (4.5), we obtain
_W¥(p,s) (- D™ +m4+1) {l m-DIrrrm+2)

n— oo.

BT =1 T gm0 () C(m + 2) I'r— DI m+3)
(n—1?Irm+2) (n—l)[”—zr(r)r<m+2)} w(m+[r], 9)
I(r—2)(m+4) FQ+9)C(m+[r) n?

N rm+2\"! n r—12—(r—-1) 1
:(17) ( n ) m){” 20m+2) +°<5>}
X{1+ ' (r) +O< 1 >}+W(m+[r],ﬁ)

I'r—1lnn Inn n?

_X{ (r—1)2%Inlnn (lnlnn>}
—e 14 +o0 , N— oo.

Inn Inn

Case 1 <r < 2. Using some calculations from Lemma 4.1, relations (4.16)-(4.17) and equalities

n 1 1 1
T+ —=1+——=1+—+0(— ), n—oo,
m Inn + o(Inn) Inn Inn

L _ Y@ 1 i r(r+kg
L R >
n n=1r() Pl r'k+1)
we obtain the following relations:
1 0 Q 1 1\ T am+1)+n? —n Q
Tnr < ——— E k+ 1D g1+ = <———(1—- _ 14+ =
TS =1 () k—m+1( Rt m n1r(r) n (m+1)2-T T

(4.18)

1\™"! 1\ —1)2Inl Inl
gL 11 m+ 1+£ 1+g =e_xl+(r )nnn+0 nlnn o o
r n n m m Inn Inn

WV

1 - r—1_k Q m+2\"" n 1 m+1< Q)
Tn,r>mk:§r](k+l) q<1—E> ( = ) m(l—;) 1+E

_X{ (r—1)72%Inlnn <lnlnn>}
=e ]—‘,— +o0 . n— oo,

Inn Inn

and consequently relation (4.15) follows.
Case 0 <r < 1. Now the following relations hold:

1 - Q 1 - Q
S <97 = Klg(1+ =) < kg (1+ =
L n1r(r) kz 1 < * m) n=1rrm+ 1)2—’1 Z U

=m+1 k=m-+1

_n(m+ D™+ n?gnt2 Q) n (m+1 r-1 1\"*! n—1 Q
T Irmm+ 1) (HE)_W( n ) <1_5) <1+m+1><1+5>

_x{ (r—1)%Inlnn (lnlnn)}
e +0 , Nn— 00,

Inn Inn
1 N Q). m+1D" X gk Q
> Klgf(1- =) > —— 2 2(1-=
2 5 2 q< m) n=1rr) 2 k( m)
k=m+1 k=m+1

m+1) nqm+1< Q) n ( 1>’"”(m+1>”( Q)
2 1—-=)=——1—-- 1-—=
n~!'rerym+1 m I'(r) n n m

_X{ (r—1)2%Inlnn <1nlnn>}
=e 1+ +o0 " , N— 00,

Inn

and again relation (4.15) follows immediately. O
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Proof of Theorem 3.1. Let u,;(x) =n(x+Inn+ (r—1)Inlnn —InI"(r)). Using Lemma 4.1 we obtain that n{1 — F ;(un(x))} —
e * as n — oo. Equality (3.1) follows then from Leadbetter et al. [11], Theorem 1.5.1.

According to Remark 3.2 it remains to prove relation (3.3) for non-integer r > 0. For such values of r let T =e* and
Tn,r =n{1 — Fyr(un(x))}. Note that

An(r,x) =P{M} <up(x)} —e™ ™ e~ —e T, (4.19)

Using Leadbetter et al. [11], Theorem 2.4.2, we obtain that
—2x —X
e “*exp(—e

P{M,}k < un(x)} —e Tnr ~ % n— oo. (4.20)

It follows from (4.15) that
Inlnn Inlnn
e —e T =—(r—1)%e *exp(e™¥) +o , N— oo. (4.21)
Inn Inn

Finally, relation (3.3) is a consequence of relations (4.19)-(4.21). O

Remark 4.3. For U,(x) =n(nn+ ¢ —DInlnn+x—InI"(r) + W), and M = [Une ], To,r =n{1 — Fyr(tin(x))} one can
obtain the following asymptotic relations as n — oo:

(l B 1)’71“ (e {1 (= 12Inlnn +O<lnlnn>}
n n(lnn) 1 Inn Inn ’
Tor(un(x)) =e_"{l + O<L>}
’ Inn

and consequently P{M} <un(x)} —e " ~ O(ﬁ) as n— oQ.
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