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1. Introduction

Given a measurable function p(-) : R" — [1, 00), hereafter referred to simply as an exponent, we define the variable
Lebesgue space LP*) to be the set of measurable functions on R" such that for some A > 0,

op(y () = p(f/2) = / If () /A[P® dx < oo.
]Rn
This is a Banach space (see [1-4]) when equipped with the norm

Ifllpy = inf{A > 0 p(f/2) < 1}.

The variable Lebesgue spaces are a special case of the Musielak-Orlicz spaces [5] and generalize the classical Lebesgue
spaces: when p(x) = pg is constant, [P®) = [Po,

Variable Lebesgue spaces were first studied by Orlicz [6] in 1931, but in the past two decades there has been a great deal
of interest in them, particularly for their applications to partial differential equations with non-standard growth conditions
and to modeling electrorheological fluids. See [7,8] for the history and references.

Much attention has been focused on finding conditions on the exponent function p(-) so that the Hardy-Littlewood
maximal operator is bounded on [P, Recall that given a locally integrable function f on R", the maximal function Mf is
defined on R" by

1
MF(x) = sup / FO)ldy = sup ][ F )l dy.
Q>3x |Q| Q Q3xJQ
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where the supremum is taken over all cubes Q containing x whose sides are parallel to the coordinate axes. The following
result first proved by the authors and their collaborators (see [9-11]) is nearly optimal. Hereafter, given a set E, let

p-(E) = essinfp(x),  p.(E) = esssupp(x).
Xe.

xeE
IfE = R", for brevity we will write simply p_ and p..

Theorem 1.1. Given p(-) : R" — [1, 00), suppose that 1 < p_ < p; < oo and that p(-) satisfies the local log-Holder
continuity condition

LHo : p() —pW)| < —————, xyeR", [x—y|l <1/2, (1.1)
—log|x —y|
and is log-Hélder continuous at infinity: there exists pso, 1 < Poo < 00, such that
C
LHy : |p(x) — <—— Xx€eR" 1.2
0o 1 P(X) — Pl = log(e - [X]) (1.2)

Then the Hardy-Littlewood maximal operator satisfies the weak-type inequality
1t X xermmr o>y lpey < Cllf llpy, £ > 0.

If p_ > 1, then it is bounded on LP®):
IMFllpcy < ClIf llpe-

Theorem 1.1 was first proved by Diening [12] assuming that p(-) is constant outside of a large ball. It was proved
independently by Nekvinda [13] (see also [9]) with (1.2) replaced by a somewhat more general condition. The log-Holder
continuity conditions are not necessary; see Lerner [14]. However, if they are relaxed it is possible to construct counter-
examples: see [11,15].

In this paper we generalize Theorem 1.1 to variable Lebesgue spaces with weights. For classical Lebesgue spaces the
following result is due to Muckenhoupt [16] (see also [17,18]). Hereafter, we use the notation f;, f (x) dx = [Q|~" [, f(x) dx.

Theorem 1.2. Given p, 1 < p < o0, and a locally integrable function w such that 0 < w(x) < oo almost everywhere, the
following are equivalent:

(a) w € Ap: for every cube Q

p—1
][ w(x) dx <][ wx) dx) <K < oo, (1.3)
Q Q

if p>1,and

][ w(x)dx < Kw(y),
Q

foralmosteveryy e Qif p=1.
(b) The maximal operator is weak (p, p): for every t > 0,

w({x e R" : Mf(x) > t}) < t%/ If (%) |Pw(x) dx. (1.4)
Rﬂ

(c) If p > 1, the maximal operator is strong (p, p):

/ Mf(x)pw(x)dxfcf If ) [Pw(x) dx. (1.5)
R" R"

Remark 1.3. In the definition of A,, the smallest constant K is referred to as the A, constant of w.

There are two possible ways to generalize Theorem 1.2 to variable Lebesgue spaces. One way is to treat w dx as a measure,
and define the weighted variable Lebesgue space I (w) with respect to this measure. This approach is in one respect a
natural generalization of Theorem 1.2 and was adopted by Diening and Hésto [19]. They proved thatif 1 < p_ < p, < oo
and p(-) is log-Hélder continuous locally and at infinity, then the maximal operator is bounded on I (w) if and only if

1QI P~ Qw@)llw " xq ly¢)pe) <K < o0.
Here, p’(-) is the conjugate exponent, defined pointwise by
1 N 1 ]
px) P
where we let p’(x) = oo if p(x) = 1. The second norm is defined as before even if p’(-) /p(-) is less than 1.
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We take a different approach: we recast the inequalities so that the weight w acts as a multiplier. More precisely, in
inequalities (1.4) and (1.5) we replace the weight w by w? and rewrite the integrals in terms of P norms to get

lt X xermmrosaywllp < Clfwllp,
I(MPwllp, < Clifwllp.
Similarly, with w replaced by w?, the A, condition can be rewritten as

lwxalllw™ X lly <KIQI. (1.6)

While this is not the standard way to write either the A, condition or weighted norm inequalities for the maximal operator,
it is the natural way to write the off-diagonal weighted inequalities for fractional integrals (see, for example, Muckenhoupt
and Wheeden [20]) and has also been used in the study of two-weight norm inequalities (see [21]).

Definition 1.4. Given an exponent function p(-) : R" — [1, o) and a weight w-that is, a locally integrable function such
that 0 < w(x) < oo a.e.—we say that w € A, if there exists a constant K such that for every cube Q,

lwxallpo lw™" xellye) < KIQI-
Our main result is the following weighted norm inequality.

Theorem 1.5. Let p(-) : R" — [1,00).If 1 < p_ < p; < oo and p(-) satisfies the LHy and LH,, conditions (1.1) and (1.2),
then given any w € Ay(,,

(M) wllpey < Clifwllpe)-
If p_ > 1, then

It X ixerr:mr o=ty Wllpy < CNfwllpe-

Conversely, given a weight w and an exponent function p(-) such that the maximal operator satisfies the strong or weak-type
inequality, then w € Ap.).

Remark 1.6. While this paper was in preparation, the strong-type inequality Theorem 1.5 when p_ > 1 was proved using
a very different approach by the first author, Diening, and Hdsto [22]. That proof, while straightforward, depends heavily on
the sophisticated machinery developed by Diening [23] (see also [2]) to give the necessary and sufficient condition for the
boundedness of the maximal operator. Our approach here has two advantages: it is direct, and it makes clear the connection
between the Ap.) condition and the classical Muckenhoupt A, condition.

Remark 1.7. Separately, Diening and Hastd [ 19] proved whenp_ > 1that the A, condition is necessary for the strong-type
inequality.

Remark 1.8. Particular results of this type for power weights (and generalizations of power weights) have been proved by
Kokilashvili et al. [24-28] and Khabazi [29]. Other authors have also considered weighted norm inequalities for the maximal
operator on variable Lebesgue spaces. See, for instance, [30-33].

In Theorem 1.5 the necessity of the A,y condition is proved without using any continuity assumptions on the exponent
function p(-). Given that the classical A, condition is necessary and sufficient for the maximal operator to be bounded on
weighted Lebesgue spaces, it was extremely tempting to conjecture that the Ay, condition, without additional continuity
assumptions on p(-), is sufficient for the maximal operator to be bounded on variable Lebesgue spaces. However, even when
w = 1 this is false; a counter-example is due independently to Diening [34] and Kopaliani [35].

There is a connection between the variable A, condition and the classical A, condition: if w € A, then wP®) € Ax—
see Section 3—and this plays a critical role in our proofs. Earlier, Lerner [36] showed that there is a connection between the
classical A, condition and the boundedness of the maximal operator on [P (£2) for bounded £2. A deeper understanding of
the inter-relationship between weights and variable Lebesgue spaces remains to be elucidated.

Recently, there has been a great deal of interest in the sharp constant (in terms of the constant in the A, condition) in
weighted norm inequalities for various operators: see, for example, [37] and the references it contains. The sharp constant
for the maximal operator in Theorem 1.2 is due to Buckley [38]; also see Lerner [39]. An open (and difficult) question is to
determine the corresponding results in the variable Lebesgue spaces. For a discussion of a related problem, see [19].

Organization
The remainder of this paper is organized as follows. In Section 2 we gather together some basic results about variable

Lebesgue spaces. In Section 3 we prove some basic properties of the Aj(., condition. Finally, in Sections 4 and 5 we prove
Theorem 1.5.
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Throughout this paper all notation is standard or will be defined as needed. In order to emphasize that we are dealing
with variable exponents, we will always write p(-) instead of p to denote an exponent function. Unless otherwise specified,
C and c will denote positive constants which will depend only on the dimension n, any underlying sets (such as a fixed cube
Q), and the exponent p(-). If we write A & B, then we mean that there exist positive constants ¢ and C such thatcA < B < CA.
By cubes we will always mean cubes whose sides are parallel to the coordinate axes. Given a cube Q and r > 0, let rQ denote
the cube with the same center as Q and such that £(rQ) = r¢(Q). A weight w will always be assumed to be locally integrable
and positive almost everywhere.

2. Variable Lebesgue spaces

In this section we gather some basic results on variable Lebesgue spaces. Unless otherwise noted, proofs of these results
can be found in [1-4].

Lemma 2.1. Givenp(-) : R" — [1, co) such that p; < oo, then |[f||p) < Cy if and only if

[ e ac<c.
Rn
Moreover, if either constant equals 1 we can take the other equal to 1 as well.

Lemma 2.2. Let p(-) : R" — [1, 0o) be such that p, < oc. Then given any set §2,
. 2 (2
@) if If x2lhe < 1 If x50 D < o F@PD dx < |If xe 5.

. _ (2 2
) if If xelpe) = 1 I xe 00 ® < o F@PD dx < I xe 5.
In particular, if |Ifllpe) <1,

A

\

/ IF G IPY dx < [If llpc-
Rl‘l

Lemma 2.3. If p. < ocoand ||f [lp) = 1, then

IF ) PX dx = 1.
Rn

Lemma 2.4. If p, < oo, bounded functions of compact support are dense in LP®),

When the exponent p(-) equals +00 on a set of positive measure, we modify the definition of the norm as follows. Let
2 = {x € R" : p(x) = 00}, and redefine the modular p by

o(f) = / IF COIP™ dx + |If [l (2.0 -
RN\ 200

With this definition || - || () is still a norm and [P®) a Banach space. Moreover, we have the following generalization of Hélder's
inequality and an equivalent expression for the norm.

Lemma 2.5 (Holder’s Inequality). Given an exponent p(-), there exists a constant C such that

/ IF (g dx < Clif llpe) lIglp -
Rn

Lemma 2.6. Given an exponent p(-) and f € IPO, there exists g € o, llgllpyy < 1, such that
Ifllpe) =~ / f)g () dx.
]RT[

The next two lemmas were proved in [9, Lemmas 2.7, 2.8] for Lebesgue measure. The exact same proofs work in general
for non-negative measures w. They are central to applying the LH,, condition.

Lemma 2.7. Given a set G and two exponent s(-) and r(-) such that
Co

Isy) —r@)| < m,
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and given a non-negative measure [, then for every t > 1 there exists a constant C = C(t, Cy) such that for all functions f with

fol=1

/lf()’)ls(” duy) < C/If(y)lr(y) d//«(y)+/ du(). (2.1)
G G G

1
(e +yD™©
Lemma 2.8. Given a set G and two exponent s(-) and r(-) such that
Co
0=<r@ —s =

~ loge+ 1y’

and given a non-negative measure (, then for every t > 1 there exists a constant C = C(t, Cy) such that for all functions f,
inequality (2.1) holds.

The final lemma is due to Diening [12] and is a crucial tool for applying the LHy condition. His result is for balls instead
of cubes, but the proof is essentially the same, changing only the dependence of the constant on the dimension n.

Lemma 2.9. Given an exponent p(-), the following are equivalent:

(a) p(-) satisfies the LHy condition (1.1);
(b) There exists a constant C such that for every cube Q,

Q- @—P+@ < .

3. The variable A, condition

In this section we prove some basic properties of the weights in A,.,. We begin with some equivalent definitions of A;
for a proof of this well-known result, see [17,18].

Lemma 3.1. Given a weight W, the following are equivalent:

(@ W eAx = U1 Ap
(b) There exist constants 0 < «, 8 < 1 such that given any cube Q and measurable set E C Q, if |E| > «|Q]|, then W(E) >
BW(Q);

(c) There exist constants § > 0 and C; > 1 such that given any cube Q and any measurable set E C Q,
s
W(E E
MO (LY,
w(Q) Q|
(d) There exist constants € > 0 and C; > 1 such that given any cube Q and measurable set E C Q,
E W(E) \*
B ( (E) ) _
Q] w(Q)
Weights in Ap.) satisfy an A..-type condition in terms of the variable Lebesgue space norm.

Lemma 3.2. Given an exponent p(-), if w € Ap.), then there exists a constant C depending on p(-) and w such that given any
cube Q and measurable set E C Q,

E .
L _ o dwelb
Q1 = Twxallpo

Proof. Fix Q and E C Q; then by Hélder’s inequality (Lemma 2.5) and the A, condition,
£l = [ wooxeweo xo de
]Rn
< Cllwxelpolw™ Xl < Clwxello lwxell,hlQl. O
The Ap(.) condition and log-Hélder continuity together imply that a weighted version of Lemma 2.9 holds.

Lemma 3.3. Given an exponent p(-) such that (1.1) and (1.2) hold, if w € Ap.), then there exists a constant Cy depending on
p(-) and w such that for all cubes Q,

lwxe b, @@ < G. (3.1)

Proof. Fix Q. Clearly it suffices to assume that ||wxq|l) < 1. Let Qo = Q(0, 1). The proof of (3.1) depends on the relative
size of Q and Qg and their distance from one another. We will consider the case |Q| < |Qo|; the case when |Q| > |Qp] is
proved in the same way, exchanging the roles of Q and Q.
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Suppose dist(Q, Qo) < £(Qo). Then Q C 5Qo, and so by Holder’s inequality (Lemma 2.5) and the A, condition,
Q| = / wEwE) " dx < Cllwxgllpollw™ xallye
Q

< 05" wxallpe) 15Qol 1w ™ x50 ) < Cllwixa llpe llw xsgyllyc)-
If we rearrange terms and raise both sides to the power p, (Q) — p_(Q), by Lemma 2.9 we have that
-(Q@-r+@Q —(Q)— Q Q - —p—
lwx I ¥ @ < ClQP- @7+ @ flwysgy 15 Y P Y < €1+ wxsgyll)P -

The right-hand side is a constant independent of Q and so we get (3.1).
Now suppose that dist(Q, Qy) > £(Qp). Then there exists a cube Q such that Q, Q C Q and Z(Q) dist(Q, Q) ~
dist(Q, 0) = dg. If argue as we did above, with 5Q, replaced by Q we get that

Q1 = CIQllwxa o llwxg 15 < Cl@Twxa llpo lwxg -
We could continue the above argument and get (3.1) provided that

|Q|P+(Q)*D—(Q) <C. (3.2)
To see that this is the case: by the LH, condition, p(-) is continuous, so p_(Q) = p(x;) and p+(Q) = p(x,) where x4, x, € Q.

(More precisely, they may be in the closure of Q, but this makes no difference.) Since |x;|, |x2| & dg, by the LH,, condition,

p+(Q) = p-(Q) < [p(x2) — Pool + [P(X1) — Pool < log(e + dg)’

If we combine this with the fact that |Q| < C(e + dg)",weget(3.2). O

Lemma 3.4. Given an exponent p(-) such that (1.1) and (1.2) hold, if w € Ap(.), then W(-) = w(HPO € As.

Proof. Fix a cube Q and let E C Q be a measurable set. We will show that there exists a constant C (independent of E and
Q) such that

L o(20)",
Rl = \W(Q) ’

it will then follow at once from Lemma 3.1 that W € A,
We consider three cases. If ||w xq llp) < 1, then by Lemmas 3.2 and 2.2 (applied twice) and Lemma 3.3,

ET _ c lwxellpe)
- — 1—p—
W) \ P P-(Q)/p+(@—1 W(E) \ P
<C ”wXQ”pQ) <C .
w(Q) w(Q)

If lwxellpey < 1 < lwxollp), then again by Lemmas 3.2 and 2.2 we get that

E —c (W(E) )1/P+(Q) - <W(E) )1/P+
el = \w(@) RN 4(0)) '

Finally, suppose |[wxqllpc) = llwxellp) = 1. Let A = [lwxq llp.)- Since p(-) satisfies the LH,, condition, by Lemma 2.7 with
du = w(-)PV dx, forall t > 1,

p(x) p(x)
/ )L*Pocw(x)P(x) dx < G / (M) dx + / L dx
Q Q A Q (e + |X|)mp_

By Lemma 2.3, the first integral on the right-hand side equals 1. We claim that there exists t > 1 independent of Q such
that the second integral is less than 1. To see this, let Q; = Q (0, 2¥). Then by Lemma 2.2,

w(x)P® - / w(x)P®
Py -y
o (e + XD X < e (Qo) + Z 0\ (e + |X|)tnp,

K

IA

W) + €Y 2 W ()

k=1

| /\

e "P-W(Qy) +C Z 274" max([lwxg,llbe, lwxa,llhe,)-
k=
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By Lemma 3.2,

|Qul
lwxollpe) < C@IIwXQOIIp(.> < 2™

Combining these two estimates we have that

w(x)PW

o0
SO e < W@ + €3k 53
Rn

k=1

For t > p,/p- the sum converges, and by choosing t sufficiently large (depending only on w and p(-)) we can make the
right-hand side less than 1. This gives us the desired bound. It follows from this that

W(Q"P* < (G + D7 wxqllpe-
We now repeat the above argument, replacing Q with E and exchanging the roles of p, and p(-). By Lemma 2.3,
w((x)P®
1= / A POy(x)P® dx < ¢ / AP w ()P dx + / W — dx
E E e (e+ |x)rmP-
Arguing as before we can make the second term on the right less than 1/2; if we rearrange terms, we get that
lwxellp) < CW(E)/P>.
Therefore, by Lemma 3.2
1/poc 1/p+
Elidmmmmfc(ww» §c<W@»
Q] lwxallpe) wQ) wQ)
This completes the proof. O

As corollaries to the proof of Lemma 3.4 we get two lemmas that we will use repeatedly below.

Lemma 3.5. Given an exponent p(-) such that (1.1) and (1.2) hold, if w € Ay, Q is a cube and E C Q is such that ||w x|l
> 1, then

(e
Rl = \W(Q) '

Lemma 3.6. Given an exponent p(-) such that (1.1) and (1.2) hold, if w € Ay, and Q is a cube such that ||w xq |l¢) > 1, then
lwxqllpe) = W(Q)Pe.
The A, condition can be characterized in terms of averaging operators. Given any cube Q, define the operator Ay by

AdwszM@mw.
Q

Proposition 3.7. Given an exponent p(-) and a weight w, w € Ap,) if and only if

sup (AN wllpey = ClIFwllpey.-

Proposition 3.7 is implicit in [2]. When p(-) is constant this is a lesser known property of the Muckenhoupt A, weights;
it was first given by Jawerth [40]. For completeness we sketch the short proof.

Proof. First suppose that w € Ap(.). Then given any cube Q, by Holder’s inequality (Lemma 2.5),
(AeHwllpey = ][ [F GOl dxllwxa llpe)
Q

-1 -1
<l fwlpollw™ xellyollwxellpey < Clifwllpe-

Since the constant C is independent of Q, we have that the A, are uniformly bounded.
Now assume that the Aq are uniformly bounded. Fix a cube Q ; then by Lemma 2.6 (exchanging the roles of p(-) and p'(-))
there exists a function g with ||gw/||,) < 1 such that

IA

lwxallpey lw™" xo llpc) Cllwallp(.)/ Xo&(x) dx
RH

Clalli(Ag@)wllpe) = Clalligwlipy = ClQ.

It follows that w € Ap). O
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Finally, we note that when w = 1, the log-Holder continuity conditions LHy and LH., imply the A,y condition. This
follows from the necessity in Theorem 1.5 but it is also possible to give a direct proof. This is done, for instance, in [2]; for
the convenience of the reader we sketch the details.

Proposition 3.8. Suppose the exponent p(-) satisfies (1.1) and (1.2) and p_ > 1. Then 1 € Ap,): there exists K such that
I xallpor I xellyo < KIQI

Proof. Fix a cube Q.If |Q| < 1, then by Lemma 2.2,
IXalloy < CIQIM @, ixallyey < CIQIP+@ = clo|'~ P~ @.

Therefore,

%o llpo llxallyey < €ClQQIVP+@-1VP-@ < kq|,

where the last inequality follows from Lemma 2.9.
Now suppose that |Q| > 1. Then by an argument that is essentially the same as that in the proof of Lemma 3.4, by
Lemma 2.7 we have that

Ixallpey < KIQIMP,  lixallye) < KIQ|VP.

Multiplying the two inequalities we get the desired result. O
4. The necessity of the A, condition
In this section we show that the Ay, condition is necessary in Theorem 1.5.
Proposition 4.1. Given an exponent p(-) and a weight w, if the maximal operator satisfies the strong-type inequality ||[Mfw ||

< Cllif wllp or the weak-type inequality ||t Xpmp o>ty Wllpey < Clif wllpey, t > O, then w € Ap.).

Proof. Since the strong-type inequality implies the weak-type inequality, it will suffice to show that the latter implies the
Ap(y condition. Our proof is modeled on the proof of necessity in Theorem 1.2.
Fix a cube Q; since the weak-type inequality and the Ay, condition are both homogeneous, we may assume without loss

of generality that ||w™!xgo Iy = 1. Define the sets
Fo={xeQ:p(x) <oo}, Fyu={xeQ:p'(x) =o0},
and fix A, 1/2 < A < 1. Then by the definition of the norm,

w weo T\
1<,0p/(.)< . Q) =/F ( ; ) dx + 27w gy lloo-
0

We consider two cases. First suppose that

)\‘71 -1 1
lw™ X lloo > 7"

Fixs, s > lw™ ! xg, ||go] = ess infyer,, w(x) (where we take 1/0c = 0). Then there exists aset E C Fo, |[E| > 0, such that for
allx € E, w(x) < s.Define f = xg. Since p(x) = 10on Fy,

Ifwllpey = llwxellpey = w(E).
Further, for allx € Q,

MiGo = L

Q|

Fixt < |E|/|Q]|. Then by the weak-type inequality,

Cw(E) = Cllfwlipe) = tllwxpmwstllpe) = tllwxallpe-
Taking the supremum over all such t and re-arranging terms, we get that
w(E
Q S Cs.

|E|

If we now take the infimum over all such s we get

QI Mlwxqllpey <€

_ _ _ 2C
QI lwxallpey < Cllw ™ xey Il < = < 4C.
A

Since |lw™"xq lly() = 1, we get that the Ay, condition holds on Q.
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Now suppose

I\ @
f (w(x) ) dx > 1/2.
Fo A

If p’(+) is unbounded, this integral could be infinite. To avoid this complication, define
Fr={xeF:p'(x) <R}, R>1.
Then there exists R such that

I\ P ®
1/2</ (w(x) ) dx < oo.
Fg A

(The lower bound is gotten by taking R sufficiently large. The upper bound comes from the fact that by Lemma 2.1, w0 XFg
is integrable.) We claim that there exists E C Fg such that

1\ P ®)
/(w(X) ) dx ~1/2,
E A.

and indeed this integral can be made as close to 1/2 as desired. To see this, fix € > 0; then by the continuity of the integral (cf.
Rudin [41, Theorem 6.11]) we can decompose Fy into a finite number of disjoint sets such that the integral of (w(x) ! /)L)p/(")
on each set is less than €. We can take E to be the union of some collection of these sets.

Now define the function

SN\ P®
,op(.)(fw) = / (U)(X) ) dx ~ 1/2 < 1.
AN

Hence, ||fw|lp) < 1. On the other hand, for all x € Q,

A w(x)1>"'("’ A
M dx = — dx ~ ——.
f(")z]éf(") * |Q|/E< x *~ 20

A
2|

C = Clifwllpey = tllwxallpes

if we take the supremum over all such t, we get the A, condition as desired. 0O

Fixt < . Then we can argue as before using the weak-type inequality to get

5. The sufficiency of the Ay, condition

In this section we prove that the Ap.) condition is sufficient in Theorem 1.5. We will consider the proof of the strong-type
inequality in detail; the proof of the weak-type inequality is very similar but simpler at key steps, and we will sketch the
changes at the end of the section.

We begin with several lemmas. The first two give the essential properties of the Calderén-Zygmund decomposition. For
a proof see [42, Appendix A].

Lemma 5.1. Given a function f such that fQ f|dy — 0as|Q| — oo, then for each A > 0 there exists a set of pairwise
disjoint dyadic cubes {Q;} (called the Calderén-Zygmund (CZ) cubes of f at height 1) such that

2, ={xeR": Mf(x) > 4"A} C | J3Q.
J
Further, these cubes have the property that for all j,

A <][ If (x)| dx < 3”][ If (%) dx.
U] 3¢

Lemma 5.2. Given any a > 2", let {q"}, k € Z, be the CZ cubes of a function f at height a*. Then for each j and k there exists a
set aj" C Q/ such that the sets @;" are pairwise disjoint (for all j and k), and there exists a, 0 < o < 1, such that |ajk| > a|Qf|.
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The final lemma generalizes the classical inequalities for the Hardy-Littlewood maximal operator. For a proof, see
[18, p. 146].

Definition 5.3. Given a weight o and a locally integrable function f, define the maximal operator M,, by
1
Mo f(x) = sup
osx 0(Q)

where the supremum is taken over all cubes containing x.

/Qlf(J/)IGO/) dy,

Lemma 5.4. Given a weight 0 € Ay, for 1 < p < coandf € [P (o),

/ M, f (0P o (x) dx < C / FOOP o () dx.
Rn Rn

The constant depends on p, n and o.

Our proof of sufficiency is loosely adapted from the proof of Theorem 1.2 due to Christ and Fefferman [43]. Fix f; without
loss of generality we may assume that f is non-negative and ||f w||,, = 1. We want to form the Calderén-Zygmund cubes of

f in order to do so, we need to show that £, f(y)dy — 0as|Q| — co.By Lemma 3.4, W (x) = w(x)?® is in A. Therefore,
Q
given cubes Q; C Q, |Q| = r|Q4], by Lemma 3.1 we have that for some § > 0,

W(Q) > cr’W(Qy).
Therefore, it follows that W(Q) — oo as |[Q| — oc. Hence, by Hélder’s inequality (Lemma 2.5) the A, condition and
Lemma 2.2, for all cubes sufficiently large

][f(y) dy < ClifwllpolQl M lw ™ xellye) < Cllwxell,¢y < CW(Q) P+
Q

This gives us the desired limit.
Define o (x) = w(x) 7' ®. If we write f = f; + f», where f; = fXfo-1-1y and fo = f xp5-1<1), then Mf < Mfy 4+ Mf, and
fori =1, 2, by Lemma 2.2,

f PP w®P dx < [fiwllpey < Ifwllpe) = 1. (5.1)
Rn

Hence, by Lemma 2.1, to prove the desired inequality it will suffice to show that there exists a constant C depending on p(-)
and w such that

Mf(x)PPw)PPdx <C, i=1,2. (5.2)
RII

Estimate (5.2) for f;. Let a = 4" and for each k € Z let
2= {x e R": Mfi(x) > a1}
Since f € L11Oc and fo(y) dy - 0as |Q| — 00,0 < Mfi(x) < oo a.e,and R" = | J, §2k \ $2k+1 (up to a set of measure 0).
By Lemma 5.1, let {q"} be the CZ cubes of f; at height a*. Then for all k,

2 C U 3ij.
i

For each k define the sets Ef inductively: Ef = 2\ i1 N3Qf, E5 = (2 \ Qi1 N3Q0) \ Ef, Ef = (2 \ Qi1 N3Q5) \
(Ef UEL), etc. The sets Ef are pairwise disjoint for all j and k and £2; \ 211 = |J; Ef. We now estimate as follows:

/ MFi GO w(x)P® dx = 3 / M, (x)P% w (0" dx
R" T 202

IA

a?P+ / aPw w(x)p(x) dx
kY 2\t

p()
1
C — d P g
;j/%k(|3%k| /3ijf1(y) y) w(oP d

p(x)
c ij /E k ( /3 ijfl Mo o) dy) 13Qf| PP w(x)P™ dx.

IA
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Since fijo ™! > 1orfio~! = 0,by (5.1),
f )o@ YO Do) dy < / (W) m) Vo) dy = / AOPO WP dy < 1.

Therefore, we can first raise fio ! to the power p(y)/p— (3@- ) and then decrease the exponent of the whole integral to
p-(3Q) to get

p(x)
Z/ / fimo ) o) dy 13Qf1 7P w ()P dx
y JEF \/3¢}

P32

=2 ( / (FWe) O CDe ) dY> / QTP w P dx. (53)
ki \/3¢ &

If we multiply and divide by 0(3ij) and then apply Holder's inequality, we get

-3¢
1 B ok o » X
= Z (O’(3ij) /;ij(fl(y)a(y) 1PW/P-GQD 5 (4 dy) /E}(O-(:;Q])p (3QJ)|Q}<| PO ()X dx

kj

p—
=> (cf(;oj,) /3 0 Moo (y) dy) fE 03 DI I w (" dx (5.4)
d ]

k.j
Assume for the moment that
k p—(309 kj=p(x) p(x) < k
/EfU(BQj ) 71Qf w(x)P* dx < Co(3Q). (5.5)
By Lemma 3.4 applied to w™! e Ap(y, 0 € Ay, so by Lemmas 3.1and 5.2,
0 (3Q)) =< Co(Q) < Co (). (5.6)
Therefore, (5.4) is bounded by

p—
; —1yp()/p- Ak
> (erj,() /@kmmow POPs@mdy) 0@

k.j

IA

> f@j Mo ((fro™ PP 0P o () d
=~ Ja

IA

C f M, ((fio )PPy (0P~ o (x) dx;
Rn

by Lemma 5.4 and (5.1),

IA

C / [P0 (x) PYo (x) dx
Rn

= ¢ [ 5w b
]R'ﬂ
C.

IA

We will now show that (5.5) holds for all j and k. If p(-) = p is constant, then this reduces to the A, condition (1.6). We
will show that given our hypotheses it is implied by the A, condition. For brevity, let Q = 3Qj-". Since w € Ap.), we have
that

e w™"xq llyy wxallpey < 1.

SO
/ ™ 12011 w ()" dx < C. (5.7)

The left-hand side of (5.5) is dominated by

0@\ @ P—(@=PX) - 1 PG | =PX) D)
”w X ” ”w XQHP() ”w XQ”p’(~)|Q| w(x) dX,
Qllp’'()
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so by (5.7) it will suffice to show that

p—(Q)
(%) < Co(Q) (5.8)
lw=xolly
and
||w71XQ ||Z7(()Q)_p(x) S C. (5.9)

We first show (5.9); we may assume that ||w ™" Xallpry < 1since otherwise the inequality is trivial with C = 1. Let (p’) ;. be
the supremum of p’(-) and (p’)_ be the infimum. By the definition of p’(-),

B _ P ®+Q)
PO =@ = 1T @ 1
_ 0@ -P® 0+ Q- 0)-©@
P — 1E)+@Q) — 1] — () -1
Therefore, by Lemma 3.3 (applied to w™! € Ay () we have that (5.9) holds.
We now prove (5.8). If [w ™' xqllyr() > 1, then by Lemma 2.2,

p-(Q)

( o(Q) ) < (U (Q)lfl/(p’u(Q))p*(Q) — 5(0).
lw="xallpe)

If ||w*1XQ llyy < 1, then by Lemma 2.2 (applied twice) and Lemma 3.3,

p-(Q
O(Q) < ||w—] ”(P/)—(Q)—l p-(Q
o "xallyo = xelro

(5.10)

IA

()

1, s @-1\P- @
c (I xall gy @)

1, - @-1+0)+@-0)-@ )P~ Y
(clw"xallf ’ )

IA

pe)

ere@-1\"" @
CloQ) ®+@

p_(Q)—1 p-Q)
clo@Q) @

= Co(Q).
This completes the proof of (5.5) and so the proof of (5.2) for f;.
Estimate (5.2) for f,. This argument is considerably more technical. We begin with a geometric observation. Since by
Lemma 3.4, 0 and W = w(-)"") are in Ao, by the properties of A,, weights given in Lemma 3.1, we can find a cube

2"
p={Jn
i=1
that is the union of 2" dyadic cubes adjacent to the origin and such that for each i, |P;| > C,W(P;) > C,and o (P;) > C,
where C > 1is chosen so that if Q is any cube adjacent to one of the P; and the same size, then W(Q), o(Q) > 1. Below we

will make repeated use of the fact that W, o € A, without further reference.
We now decompose the integral of Mf, as we did above for Mf; to get, with the same notation as before,

p(x)
1
C d pPX) g4
Z/E;!< <|3ij| /;ijfz(y) J/) U)(X) X

kj

(z+x+x)
(kpeF (ke (kjeH

=Ch+L+1),

IA

IA

/ Mf, (X)P(X)w(X)P(X) dx
Rn

where
F ={(k.j): Q C P},
g = {(k.j) : Q ¢ P. dist(0, 3Q) = 0},

7 = {(k.j) : Q* ¢ P, dist(0, 3Q) > 0}.
We estimate each sum in turn, which is also in order of increasing difficulty.
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Estimate of 1. As before, let Qj" be the pairwise disjoint sets associated with the cubes Qj" (by Lemma 5.2). If (k, j) € F,
then 301-" C 3P. Therefore, since f,o~! < 1, by inequalities (5.5) and (5.6),

p(x)
Z / <][ a(y) dy) w(x)PX dx
. Ej!‘ 3@"

L <
(kj)eF
< Z / O.(3ij)l7(X)—p,(3Qj")o,(3%I<)P—(3ij)|3Q1c|—p(x)w(x)p(x) dx
kper VK
< Z (1+U(3qfl<))p+(3Qj")fp7(3Qj")/ 0.(3ij)[’—(3ij)|3%k|—p(x)w(x)p(x) dx
(k.j)eF E]!‘
< C(1+ o (3P))P+7P- Z 0(3le<)
(k.jyeF
< CA+o@P)+ P Y 0@
(k.jyeF

< C(1+ 0 (3P))P+7P-g(3P).
The last term is a constant depending only on w and p(-) as required.
Estimate of I. Since the cubes Q" are dyadic, either dist(Q, 0) = 0 or dist(Q, 0) > £(Q/). Hence, if (k,j) € §, then
we must have that for some i, P; C 3Qj". In particular, we have that W(BQj-"), U(BQj-k) > 1. Hence, by Lemmas 3.5 and 3.6
(applied to w™! € Ay())

13Q417" < CIP| "o (P) P>0 (3Q) P < Cllw™ R (5.11)

ey

The final constant C depends on o and P;, and so on w and p(-). Hence, by Holder’s inequality (Lemma 2.5),

][ fdy < Cllw’lxmjklI;})/ S0 dy
3Qj ?,Qj

IA

—1 -1 —1
C”w X3Qj’<”p/(A)”wa”p()”w X3Qj"”p’(»)§c~

Therefore, by Lemma 2.7 we can estimate as follows:

pX)
L=cC Z/ (Cl fz(y)dy) w(x)P® dx
k 3Q

(kjeg 7E
Poo w(x)P®
<G>y f hydy) wPPdx+ Y / e @
(kDeg 3Qf (peg JEe (€t IxD)

Arguing exactly as in the proof of Lemma 3.4, inequality (3.3), since the sets Ej" are disjoint we can choose t > 1 (depending
only on p(-) and w) so that

w(x)PW w(x)PW
o Jo e 1 on (e + XD

Therefore, to complete the estimate of I, we only have to show that the first sum is bounded by a constant. But we have that

Poo
> / ( fz(J/)dy> w(x)P™ dx
kpeg VB \3af

Poo k Poo
_ 1 - oG%) K
=2 <0<3@k> /Bijfz(y)a(y) a(y)dy) ( 0 ) W(E.

(k.j)e§

Again by Lemma 3.6 and by the A,.) condition,

|3le<| )poo e |3ij|Poo

U(3Qj )Poo—1 — O(BQJ )Poo/Poo <Cllw™ X3Qk||p() <C ( o
”wX?,ij”p(-) W(3Qj )
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Therefore, if we apply this estimate, by Lemmas 5.4 and 2.7 and inequality (5.6),

00 0_(3ij) Poo ;
d — W (E
(,%(a(zoj)/ L@om o) y) ( 30| ) (EP)

Poo
/ W) a(y)dy) 0 (3QHW(3QH W (EN

<

C(I;g (0(3Q)
Poo
1 _ ~
<c > <<f<30b/3 ALY 1a(y)dy> o Q")

(k.j)eg

/ M, (o “H ()P0 (x) dx

(k1)69

SC/ M, (o~ (x)P>0 (x) dx

Rn

<c f (00~ (0)P>0 (x) dx
Rn

B . o(x)
ct/anz(x)a ") >a(x>dx+/Rn T

P o™
G /R”fz(x)w(x) dx + o e ) dx. (5.13)

By inequality (5.1), the first term is bounded by a constant; using an argument identical to that used to prove (5.12), replacing
wP®) by o, we can find t so that the second term is bounded by 1. This completes the estimate of L.
Estimate of Is.1f (k, j) € J¢, because the cubes Q/ are dyadic, since 3Q" is not adjacent to the origin, dist(3Q/", 0) > £(Q/").

Therefore, |x| is essentially constant on 3@": more precisely, there exists a constant R > 1 independent of (k, j) such that

sup |x| <R mf |x|. (5.14)
X€307 X€3Q

To estimate I; we actually need to divide J¢ into two subsets:
Hy={kj)eH:03Q) <1}, H={kjeH:c(3Q")>1)

We will estimate the sum in I3 by first summing over #¢; and then over #¢,.
For the first estimate, we want to apply Lemma 2.8 to replace p(-) by p+ (3Qj"). Since p(-) is continuous (as a consequence

of the LH, condition) there exists x; € 3Q such that p(x;) = p(3Q). (More precisely, x,. is in the closure of 3Q/", but this

has no effect since we may replace all the cubes by their closures.) Hence, by the LH., condition and (5.14), for all x € 3Qj-",
Coo - C

~ log(e + [x+1) log(e + 1)) ~ log(e + [x])’

Therefore, we can estimate as follows: by Lemma 2.8 and (5.12),

p(x)
> f ( ) dy) w0 dx
kpeser VB \3Qf

p+( QJ ) w(x)p<")
p(x) 7
=G (,”)Xe:]ﬁ /k ( 3%r<f2(y) dy) W dx + Z (e + |x|)mr- dx

k
(kpese VE

P+ (3Q) — P®)| < [P(X4) — Poc| + [PX) — Poo| <

p+3Q")
<G Yy, / ( fz(y)dy) w(x)P® dx + 1.
ket 3Qf

To estimate the sum, by Lemma 2.9 we have that

P+ (309 p+(3Qf)
/ (3 kfz(y)dy) wEPPdx < C Y / <0(3Q,)/ LWaoy)” Gw)dy)

(k.j)ed, (k.j)eFt,

x U(3Qj )P+(3%- )|3Qj |7p(x)w(X)P(X) dx;
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since f,6~! < 1, by Lemma 2.7 we have that

Poo
p+(3Qf9 —p(x) ()
< C(k;ﬂ]/ <0(3Qj)/ Lo o) dy) o (3Q") 13Q) W w (x)P® dx

p(x)
/ 7y st B ax

(’<J)€ ¥
=L+
To estimate J, we use (5.14) (since Ef C 3Q/"), the fact that o'(3Q) < 1,(5.5) and (5.6) to get

k
I = sup(e + |x|)~"P- / 0(3ij)p_<3Qj)|3ij|—l7(x)w(x)p(x) dx
(kj)eH, er!‘ E}‘
<cC Z sup(e + |x|)‘"'"‘o(301 )

(k.j)eF XGE

K iret: éjk (e + |x|)tp—

<G
the last inequality follows as it did above at the end of the estimate for L.
To estimate J; we again use the fact that 0(3ij) < 1and (5.5) to get

Poo
h= ) <a(3q> f hWo )" a(y)dy> / (3% 30 P w (™ dx
E

(k.j)yedty

Poo
1 i k
76e) ’ o) 5.15
e (o(BQf) /mjkfz““@ v Y) o(3Q) 515

The final sum is bounded by a constant. We can show this arguing exactly as we did in the estimate for I,: use (5.6) to replace
0(3()7.") with o (Qj-") and then argue as we did from (5.13). This completes the bound for the sum over #.
Finally, we estimate the sum over #,. By Holder’s inequality (Lemma 2.5),

/ L) dy < C”wa”p(-)”w_ngij”p’(-) < C||w_]X3Q,k”p/(<)-
3ij J

Therefore, by Lemma 2.7,

p(x) p(x)
/( fz(y)dy> wEWdx < C Y /(cllw X3QJI<IIP()/ fz(y)dy>
(kj)eHty (kiyesty VEf

_ p(x)
flw™! X3k I
— w(x)P® dx
1304

/(nw xmknp()/ fz(y>dy>
(k])€7€2

- )
I agi ey \ ™
X\ —— w(x)P™ dx

I /\

13Qf
_ %)
I gkl 7w xyp®
> [ (e o
W5, et 13Q/ (e + |x|)mP-
= K; +K;.

To estimate K>, note that since 0(3@‘) > 1, by (5.6), a(@") > ¢ > 0, where € does not depend on (k, j). Therefore, by
(5.7) and (5.14) we have that

_ (x)
lw™ xagellyor \”
K < Z sup(e+|x|) ntp— /: (J w(x)P® dx
3Qj(

k
(k.j)eFty XEQ |3Qj |
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IA

c >y sup (e + X)) "P-o (Q)

(ke xeQf
X
gr (€ + [x])"P-
<G

the final bound is gotten as in the estimate of J, above.
To estimate K4, we use Lemma 3.6 to get

™ Kaqilly (50 B = Co(3Q) P/t = Co (3.

Therefore, by (5.7) and (5.6) we have that

Poo K
_ O—(BQJ )Poo

ki = / f Ly | Il gl " i w
(kj)XE:J{‘Z (O’(BQj ) ) 3Q ) |3(%l<|p(x)

(X)P® dx

Poo
<C d 3 NP 130 kP pX g
) <k,>zem<a<ae;‘>/ R y) “(Q”/ ™ gt ey 3G w0

Poo
C(“Z <0(3Qj‘)/ fz(V)dJ’> o (@M.
DEH

We can estimate the final term as we did in the estimate for J;, inequality (5.15). This completes the bound for the sum over
J5, and so gives us the desired estimate for I3. This completes the estimate for f, and so the proof of the sufficiency of the

Ap(.) condition for the strong-type inequality.

The weak-type inequality

The proof of the weak-type inequality is very similar to the proof of the strong-type inequality. In the proof of the latter
we use that p_ > 1 only to apply the strong-type norm inequality for M,,. We can readily modify the proof to avoid this.

Define f; and f, as before. Then for all t,

XER":Mf(X) >t} C{x e R": Mfi(x) > t/2} U {x € R" : ML (X) > t/2}.

Therefore, it will suffice to prove that f; and f, each satisfy the weak-type inequality.
We first consider f;. Fix t > 0 and form the CZ cubes {Q;} of f at height t/4". Then

{xeR": Mfi(x) >t} C U3Qj’
J

and by Lemma 5.1 we have that

p(x)
/ £P%) X xeo:Mry 00~ )W (X)PX dx < C Z/ ( ) d)’> w(x)"™ dx.
B 7 S \Jg

We can then modify the integral of f; as in (5.3) (here using p_ = 1) and then use inequality (5.5) (again withp_ =
fact that o € A, and the fact that the cubes Q; are disjoint to get that

1), the

p(x)
1
d PR g C / 7/ —1\p®) d
Eji/wj(qul()’) J’) wE)P¥ dx < ,Z " <U(Qj) Qj(fl(y)a(y) Yo (y) y>

x 0 (3Q)13Q;| PP w(x)PY dx
1 —1\p(y) )
< 12_(0(@)[,1.“‘@)"“ )P o(y)dy)o(3Q)

<c / AOPPwr)P? dy
Rn

<C.

The estimates for f,, though longer, can be adapted in exactly the same way to complete the proof of the weak-type

inequality.
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