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Abstract

The quaternion Fourier transform - a generalized form of the classical Fourier
transform - has been shown to be a powerful analyzing tool in image and signal
processing. This paper investigates the Pitt’s inequality and uncertainty princi-
ple associated with the two-sided quaternion Fourier transform. It is shown that
by applying the symmetric form f = f1 +1ifo + f3j+ 1 f4j of quaternion from
Hitzer and the novel module or LP-norm of the quaternion Fourier transform f,
then any nonzero quaternion signal and its quaternion Fourier transform can-
not both be highly concentrated. Two part results are provided, one part is the
Heisenberg-Weyl’s uncertainty principle associated with the quaternion Fourier
transform. It is formulated by using logarithmic estimates which may obtained
from a sharp of Pitt’s inequality; the other part is the uncertainty principle of
Donoho and Stark associated with the quaternion Fourier transform.
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1. Introduction

The uncertainty principle of harmonic analysis states that a non-trivial func-
tion and its Fourier transform (FT) cannot both be sharply localized. The un-
certainty principle plays an important role in signal processing [6, 7, 8, 10, 11,
17, 20, 21, 23, 27], and physics [1, 5, 14, 15, 16, 18, 19, 24, 28, 29]. In quan-
tum mechanics an uncertainty principle asserts that one cannot make certain
of the position and velocity of an electron (or any particle) at the same time.
That is, increasing the knowledge of the position decreases the knowledge of
the velocity or momentum of an electron. In quaternionic analysis some pa-
pers combine the uncertainty relations and the quaternionic Fourier transform
(QFT) [2, 12, 22, 37, 38]. Recently, the Heisenberg’s uncertainty relations were
extended to the quaternion linear canonical transform [37] - a generalized form
of the QFT.

The QFT plays a vital role in the representation of (hypercomplex) signals.
It transforms a real (or quaternionic) R signal into a quaternion-valued fre-
quency domain signal. The four components of the QFT separate four cases of
symmetry into real signals instead of only two as in the complex FT. Due to
the noncommutative property of multiplication of quaternion, there are three
different types of QFT: left-sided, right-sided and two-sided QFT. Hitzer [35]
introduced these different types of QFT and investigated their important prop-
erties. In [25] the authors used the QFT to proceed color image analysis. The
paper [4] implemented the QFT to design a color image digital watermarking
scheme. The authors in [3] applied the QFT to image pre-processing and neural
computing techniques for speech recognition.

There are different types of uncertainty relations, including entropy-based
uncertainty relations, Heisenberg’s uncertainty for time spread and frequency
spread, the uncertainty relations for time-frequency distribution and so on. In

this paper, we will mainly focus on the new inequalities for the two-sided QFT,



including the Pitt’s inequality [30] in QFT domains, the logarithmic uncertainty
relations in QFT domains, the Heisenberg-Weyl’s uncertainty relations in QFT
domains, the uncertainty relations of Donoho and Stark [32] in QFT domains
etc. To the best of our knowledge, the study of the Pitt’s inequality and its
Heisenberg-Weyl’s uncertainty relations associate with two-sided QFT has not
been carried out yet. The results in this paper are new in the literature. The
main motivation of the present study is to develop further technical applications
in the theory of partial differential equations [9]. We would like to apply these
ideas to the existence and smoothness of solutions of PDE, construction of
explicit fundamental solutions, and eigenvalues of Schrodinger operators in the
Hamiltonian quaternionic algebra. Further investigations and extensions of this
topic will be reported in a forthcoming paper.

The paper is organized as follows. Section 2 gives a brief introduction to
some general definitions and basic properties of quaternion analysis. The QFT
of R quaternionic signal in introduced and studied in Section 3. Some impor-
tant properties such as Plancherel’s and inversion theorems are obtained. The
classical Pitt’s inequality and logarithmic uncertainty principle are generalized
in the quaternion Fourier domains in Section 4. In Section 5 the uncertainty
principle of Donoho and Stark associated with two-sided quaternion Fourier

transform is provided. Finally conclusions are summarized in Section 6.

2. Preliminaries

For convenience of further discussions, we briefly review some notions and

terminology on quaternion. We write

d
Tr-u= E TiU;
i=1

for the inner product on R%, and abbreviate 22 = z - . The Euclidean norm is

defined by |z| := /z - z.

Let H denote the quaternion algebra over R, which is an associative non-



commutative four-dimensional algebra
H={¢=qg+ig+jg +kq|q,q q3,91 € R}, (1)
where the elements i, j, and k obey Hamilton’s multiplication rules:
’=j=k"=1, ij=-ji=k, jk=-kj=i, ki=-ik=j. (2
The conjugate of a quaternion ¢ is defined by
7=q —ig—jg —kaq, 3)
and the module |¢| of a quaternion ¢ is given by
lal == Vg = (¢ + 65 + a3 + )"/ (4)

In particular, when ¢ = ¢; is a real number, the module |¢| reduces to the
ordinary Euclidean module, i.e. |¢| = \/q1 - q1. Suppose that d is a positive

integer. A function f : R?* — H can be expressed as

f(xay) = fl(xay) + if2(x,y) +jf3(:v,y) + kf4(;1:,y), (5)

where x = (7,y) € R? x R?. We may represent f : R2? — H into a symmetric

form[35] as

f(z,y) = filz,y) +ifaz,y) + falo,y) i+ fa(z,9)]- (6)

If 1 <p < oo, the LP-norm of f is defined by

o= ([ 1 aa) G

thus LP(R??, H) is the Banach space of all measurable functions f that have finite
LP-norm. For p = oo, L>®(R?? H) is the collection of essentially bounded mea-

surable functions with the norm || f||oo = €ss sup yegea | f(x)|. If f € L>°(R?¢, H)

is continuous, then || f|lcc = sup,cpea |f(x)|. For p =2, we can define the inner

product

(f,9) = /RM f(z,y)g(z,y) dedy (8)
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here g(z,y) = g1(z,y) +1ig2(2,y) +jg3(z,y) + kga(z,y), turns L*(R**, H) a
Hilbert space.

The two-sided quaternion Fourier transform Fg(f) : R2 — H of a quater-
nion function f € L'(R24 H) is defined as[35]

~

Folf)u) = Fluw) = [ e j(ag)e 0 dady. (0

From (6) and the above definition, we have the following lemma:

Lemma 2.1. If f € LY(R?? H), then Fo(f) has a symmetric representation:

Fluyw) = fi(u,v) +1i fo(u,v) + f3(u,0) j + ifa(u,v)j, (10)

where

Filu,v) = Fo(fi)(u,v), 1 = 1,2,3,4.
Now we define a new module of J/”\as follows:
|F(u,0)lq = (|f1(u,v)]? + | folu, o) + | F3(u, 0) 2 + | falu,0)[H)V2 (11)

Furthermore, we define a new LP-norm of fas follows:

o~ ~ 1/p
o= ([, 1Fw ol dua) ™ (12)

It is worthwhile to observe that \ﬂ@ is not equivalent to |ﬂ, and Hf“@p
is not equivalent to ||ﬂ|p The concept HJ?HQP do depend on the expression of
the quaternion function f. In fact, it requires that every component function
fi of the quaternion function f to be real function, i = 1,2, 3,4. However, it is
useful in some environment, with the LP-norm of f, fbehaves like a quaternion

function f in the LP-space.

3. Properties of quaternion Fourier transform

Firstly, let S(R??, H) denote the Schwartz space from R?¢ into H, we list the

elementary properties of two-sided quaternion Fourier transform as follows:

Proposition 3.1. If f € L'(R?*? H), then



(i) The map f — f is real linear. That is, for a,b € R, we have af +bg —
af—&- bg.
(ii) flx+hy+1) — eQ”ih'“f(u,v)eQ”jl'”, where (h,1) € R4 x R4,
(iii) 2w h f(z 4)e2™ vl — f(u—h,v—1), where (h,1) € RY x RY,

(i) flz/\y/\) — AQdf(Au, Av),  whereX > 0.
ootB ~

(v) Wf(m,y) — (27iu)? f(u,v)(27j U)’B, whenever f € S(R?4, H).
= s gotB
(vi) (=2miz)” f(z,y)(—27jy)” — Wf(u,v), whenever f € S(R?4 H).

~

(vii) f(Ryiz, Roy) — f(Ryu, Rov), where Ry, Ra is a rotation.

(viii) f e L®[R* H), and |f]|

Qo0 < £l

(ix) fis continuous (and hence measurable) function.

Here the arrow, which we have taken, indicates the quaternion Fourier trans-

form.

Proof. The first four properties are obvious by the definition of the quaternion
Fourier transform. The properties (v) and (vi) can be verified by applying
integration by parts. Property (vii) can verified by a simple change variables
29 = Ry - x,y0 = R -y in the integral. Then, recall that |det(R;)| = 1 with
i=1,2, and Rflmo “u =z Ru, R;lyo -v = yo - Rav, because R is a rotation.

Properties (iv) and (v) in the proposition 3.1 show that, up to factors, the
quaternion Fourier transform interchanges differentiation and multiplication by
monomials. Indeed, all properties but (iv) and (v) still hold for the L*(R24, H).
However, this generalization is useful in many circumstances.

Properties (viii) is just a consequence of absolute inequality. Properties (ix)

is easy to prove. By the definition and Properties (iii),

~ ~

f(u, ’U)—f(u—h, ’U—l) _ /]RM e—271'iz~u(f($7 y)_€27riz~hf(x7 y)627rj y~l)e—2ﬂ—j y-v dCEdy



By Properties (viii) we deduce that

[ e ) - T o) e dudy| < 201
R

~

Since f is integrable, by Lebesgue dominated theorem, we can see that | f(u,v)—

f(u — h,v —1)| = 0 when (h,l) — 0. This proves Properties (ix). O

Theorem 3.1 (Riemann-Lebesgue lemma). If f € L' (R24 H), then f(u) —0

as u = (u,v) — 00.

Proof. By Lemma 2.1, we can restrict ourself to the case where f is a function

in L'(R?? R). By the Proposition 1(ii), we can rewrite

~

foo = [ e ay)e e dady
de
1 . .
= 5 [ ey - Sl by = D)e > dady,
2 R2d

where h = (1/u1,1/ug, - ,1/2uy),l = (1/v1,1/ve,- -+ ,1/v,). Thus,

Fol <5 [ 1#G)= fa = by =) dody.

Since continuous functions of compact support are dense in the integrable
functions space, let C.(R??,R) be the space of continuous functions of compact
support from R?? into R, then for any ¢ > 0, we can choose a function g €

C.(R* R) so that ||f — g|l1 < e. Now

f=m=(~9)+(9—9n)+ (gn— fn),

where fn(x) = f(x —h), and h = (h,1).
However, when u is sufficiently large, while h becomes very small, ||f, —
gnlli = ||f — glli < ¢, since g is continuous and has compact support. Clearly

we have
lg — gl = / lg(x) = g(x —h)[dx — 0
RQd

as h — 0. This proves the theorem. O



Before giving the Plancherel’s Theorem, we give the quaternion Fourier

—7mA(|z

transform of the Gaussian function e ‘2“"“‘2), which is crucial in the proof

of Plancherel’s Theorem.

Example 3.1 (Quaternion Fourier transform of a Gaussian function). For A >

0, the Gaussian function on R?% is given by
gx = exp [=mA(|2]* + |y|*)] (13)
for (z,y) € R4 x R, Then
9x = A" exp [=mATH (Jul? + [v]?)- (14)

Proof. By Proposition 3.1(iv), it suffices to consider A = 1. We deduce

~ — i . — 2 — 2 — H .
g(u) _ / e 2mix U 7|z e 7|y| e 27r.]yvd$dy
R2d
d oo ) d oo )
— H / 67271'1 Tn U o= T3, o, H / 67271'1 YnVn o= TY, dy
m=1" ~ n=1v
d d
_ H 677"“&1 H 677\'1}3L
m=1 n=1

2 2
= ol gl

Now we give the Plancherel’s Theorem.

Theorem 3.2 (Plancherel). If f € L'(R?! R) (N L2(R2%, R), then H]?Hz =fll2-
Furthermore, if f € L*(R%4,H), then ||ﬂ|Q2 =fll2-
Proof. We first assume f € L'(R?? R)( L?(R%? R), since the function fis
bounded,
[ 1o expl-en(ul? + o) dudo (15)
is well defined. )
Notice that f(z,y)f(z, w)exp[—em(|ul? + [v]?)] is in L'(R3*24), we could

rewrite (15) as

/ (/ 6727rix-uf(x7 y)6727rjy-v dxdy> </ e?ﬂ'_jw-vf(z’ w)e27riz-u dzdw)
R2d R2d R2d

exp [—em(|ul?® + [v]?)] dudv.



Then, by applying Fubini’s theorem and Example 3.1, we will obtain

/ e~ dexpl—me (| — 2 + |y — w)]f (2, y) (2 w) dudydzdw.  (16)
RQ(},X]RQ(I,

Since the family g. is an approximation to the identity, let € — 0, then (16)
reduces t0 [5.q | f(2,y)|? dzdy. This show that (15) is uniformly in e.

On the other hand, by the monotone convergence theorem, (15) is equal
to [gea |f(u,v)[* dudv. Therefore we have showed that f € L2(R* R) and
1F1l2 = [1£1]2-

Now we have to prove that the quaternion Fourier transform is a bounded
linear operator defined on the dense subset L' () L? of L2. In fact, it is isometry.
Furthermore, there exists a unique bounded extension, Fg, of this operator to
all of L2.

In general, if f € L?(R?¢ R), there exists sequences f! in L' (R?¢ R) N L?(R2?, R)
of L2(R?? R) converging to f in the L2-norm. We may choose the sequence f!,
where f!(x) equals f(x) when |x| < [ and is zero elsewhere. Hence, flis a
Cauchy sequence in L?(R2?) that converges to some function in L?(R?? R),

which we denote it by Fo(f), or f Moreover,
[ £1l2 = Jim [[ft]l2 = lim 12 = 1112
—00 l—o0

Finally, let f € L?(R?? H), then we want to prove HfHQg = ||fll2. In fact,
since previous argument for f € L?(R2? H) gives the desired result for f; with

i =1,2,3,4. The general case, Hﬂ|Q2 = ||f]|2 follows by (7) and (12). O
Next, let’s establish the inversion formula of QFT.

Theorem 3.3 (Inversion formula). If f € L?(R?% R), then the inversion for-
mula of the quaternion Fourier transform, .7:(51, can be obtained by letting
(.7-51)(38) = Fo(—x), or simply denoted by f := ]?(fm) Moreover, by (6)
and (10), the statement that f = f(—m) still holds for all f € L*(R?? H).

Proof. For f € L?(R?? R), by Hélder’s inequality, the expression

» f(z,9)g:(u — z,v — y) dedy (17)



is well defined. Here g. is defined as Example 3.1, i.e. g.(u,v) = e~¢ exp [~me ™ (Ju|>+

|v|?)]. By applying Fubini’s theorem and Example 3.1, we could express (17) as

flz,y) (/ e2riu=a)zg (5 )™ vy dzdw) dzdy
R2d R2d

= / eZ’Ti"'ng(z,w)f(z,w)ez”j”'“’dzdw.
R2d

Since the family g. is an approximation to the identity, let ¢ — 0, then (17)
tends to f(u,v) in L2(R24). Further, g-f = fin L?(R2?) as ¢ — 0 by dominated

convergence. Thus, we will get
flu,v) = / eQ”i“‘zf(z7w)62”j U dzdw. a.e. O
R2d
Now let’s compute the quaternion Fourier transform of |x| ™.

Theorem 3.4 (Quaternion Fourier transform of |x|~%).  Suppose that [ be a

function in C.(R?*¢, H), and let 0 < a < 2d, and
Co =1 2T ()2). (18)
Then we have
ool T (0 = caaa [ x—uf Hpwpdn (19

Proof. By Theorem 3.3 together with the representations (6) and (10), it is
suffice to prove (19) for all f € C.(R?? R).

In order to show (19), we will apply the elementary formula
ol W] = / exp [—|[w[2A]A/21 @ (20)
0

To verify this by using the definition of Gamma function and a simple change
of variable.
Since |w\_“f(w) is integrable, by Fubini’s theorem and Example 3.1, and

(20), we have

callw| ™ F(w)¥ (x
= / e2rimiwn </ exp [—7|w|2AJA¥/2 L d>\> J?(w))e%rj 202 dw
R2d 0

10



/ eZﬂ'izl-wl </ 6—7r|w|2>\>\a/2—1 d)\) </ e—27‘riw1-y1f(y)€—27rng-y2 dy) 627rj12~w2 dw
R2d 0 R2d
0 R2d R2d
oo
_ / )\a/Q—I)\—d {/ e—7r)\_1|x—y\2f(y) dy} d\
0 R2d

= 02d7a/ x —y|~ 4= f(y) dy,
R2d

where x = (1, 22), ¥y = (y1,%2), and w = (wy,ws) are in R x R%. O

In [31], W.Bechner stated the following lemma, which is useful in the calcu-

lation of the convolution.
Lemma 3.1 (Beckner). For0<a<n,0<f<mn, and0<a+<mn,

(J > # |2)P ) (y) = B lalh |yati—n (21)
Ca+p3 Cn—a Cn—p

where z,y € R™ and co := 72T (/2).

Lastly, we extend Theorem 3.4 to the case LP(R??, H), which is key to prove

the logarithmic uncertainty principle.

Corollary 3.1. If0 < a < d and f € LP(R2 R) with p = 2d/(d + a), then f
exists. Moreover, let

9(%) := eaa—alx[* 72 x f(x), (22)
where c,, is defined as in Theorem 8.4, that is co := 1~ */?T(/2). Then g is an
L?(R%? R) function, and hence has a quaternion Fourier transform §. In fact,

o~

g(w) = ca|w|*f(w), (23)

and an application of Plancherel’s Theorem will lead to

C2a /Rw |W|_2a|}‘\(w)‘2 dw = cgd_ga/ F)F(3)|x -y dxdy. (24)

RQdXRZd
Furthermore, for f € LP(R2d7H)7

4

oo [ W )P = czaa [ ST RGO -y dxdy.
R2d R2d xR2d 75
(25)

11



Remark 3.1. Let us recall the properties that we have been proved so far,
fe'®RR) = Fo(f) € L*®R* H) with | Fo(f)llg.ec < £l
fe PRR) = Fo(f) € LX(R*,H) with |[Fo(f)le:z = I fll2-

By the Riesz’s interpolation theorem, we obtain

1 Fllger < 1flp- (26)

holds for 1 < p < 2 with 1/p+ 1/p" = 1. That means, f does exist in the

LP-norm sense, and fe L* whenever felLpr.

Proof of Corollary 3.1. As in Theorem 3.4, we assume that f is a real
function. Since C.(R?¢,R) is dense in LP(R2¢ R), we may find a sequence
f! of functions in C.(R?4,R) such that |f! — f||, — 0 as | — oo. Setting
‘0472(1

g = Cad_alX # f and g = coq ofx|* 2% % fI. By Fubini’s theorem and

Lemma 3.1, we have

[ a0l ax
RQd
/de (/RM Cod—alX — y|°‘72df(y) dy) (/de Cod—a|X — z|°"2df(z) dz) dx

= a0 ( / |x—y|a*2d|x—z|“*2ddx) dydz
R2d x R2d R2d
C2d—2a a—
o e / F®)ly — 22*% f (2) dyda.
]dex]de

C2a

By Hardy-Littlewood-Sobelev inequality (see [34]), g and g' are in L?(R?? R).

Since f! — f in LP(R?%,R), we have that f! — f in L (R?¢,R) by the
Remark in Corollary 3.1. An application of Hardy-Littlewood-Sobelev inequal-
ity, we have that ¢' — ¢ in L?(R?? R), and hence gAl — g in L*(R** R) by
Plancherel’s theorem.

From Theorem 3.4, we can see
gH(w) = ca|w|™ fi(w).

To show that

G(w) = calw|~* fl(w).

12



We pass to a subsequence so that g}\l — g and j/’\l — ]?pointwise a.e. By the

completeness of LP space. This implies

~

g(w) = lim CalW| T Fi(W) = colw|F(W). ae. O
— 00

4. Pitt’s inequality and the uncertainty principle

The uncertainty principle is a description of feature of a function and its
quaternion Fourier transform. Beckner [30] has showed that sharp Pitt’s inequal-
ity yields a short proof of logarithmic uncertainty estimate, and Heisenberg-
Weyl’s inequality follows by using logarithmic uncertainty inequality in the real
number field. In [30], with aid of rearrangement and symmetrization, Beckner
have proved a sharp Pitt’s inequality by applying the sharp L' Young’s in-
equality for convolution on Ry . Here, as in [31], base on Young’s inequality for
convolution on Ry x $2?~1 we will give a different proof of the Pitt’s inequality

about quaternion Fourier transform.

Theorem 4.1 (Pitt’s inequality). For f € S(R?4 H),

/ €1~ F(©)P, de < Ca / x| (012 dx, (27)
]RQd, R2d

o) (4]

In particular, for f € S(R?,R), and 0 < o < 2d,

/ €12 F(©)]? d < C. / x| (0 dx. (28)
R2d R2d

Proof. We first prove the inequality (28). To this end, we assume that f €
S(R?? R), by consider the function

F(x) = x| f(x),

then by Corollary 3.1, we can see the left side of (28) is

[erifepde = === [ ook vl () axdy
R2d R2d x R2d

Ca
_ F F
_ C2d—a / (X)2 |X _ y‘a—2d (Y)Z dxdy,
Ca R2d xR2d |X‘a/ ‘Y|a/

13



and the right side of (28) becomes

[ ererax= [ ireoPax
R2d R2d

Then (28) is equivalent to prove that

/ f‘{j‘)2|x_y\a—2d /) dxdy‘SCa o ULCSIRCINCY)
R R2d

2d wR2d |X ‘y|(’/2 C2d—«

Here, for the sake of convenience we shall use f instead of F. Without loss of

generality, we may assume that f is nonnegative. By setting
t=[x[, x=t§
s=lyl, y=sn,
h(t€) = t'f(t€),

—(d=a/4)
1
U’(t’ﬁn):taﬂ(t"‘;—%"’l) ) £7n652d_1'

Then (29) has a equivalent formulation as a convolution estimate on the product

manifold R, x $24~1:

95 hll 2wy xcs2a-1) < W@l y xs2a-1) [l L2y x 5201y (30)

Now we observe

dt
118 = [ 150Pax= [ GRS = Al s (1)
2 +>< 2d—1

and

dr
hlf7 =y = h|? de ="
”1/} * HLz(RJrXSM Y /]1§+><S2d1 W} ¥ ‘ € r

/ ( / B(ECHA(5.C - €) d<%> x (32)
Ry x§2d—1 Ry x§2d-1

r ds dr
) (/thszdl h(s n)w(;,n -£) dns) ol.';“7

d d
/ / h(tC)h(Sn)K(t&C-€,n'£)dc7tdnfs,
Ry xS2d-1 JR, x52d-1 S

where the kernel is

K¢ en &= [ w(coutn o

R+X52d—1

14



By Lemma 3.1, we can calculate K (¢,s,¢-&€,m-&).

r r dr
/RS G5, 6 NS - €) dE

a/4 t
/ (f) <f +-—2¢-¢&
Ry x§2d—1 t t T

gl-a/2yd—a/2 / g — 1]~ g o= Camas2) 201 g,
. ]R+><5'2d—1

) —(2d—a/2)/2

a/4 —(2d—a/2)/2 d
()" (L2 o) 2
S S r r

|X|dfoz/2|y|d7a/2/ |Z _ X|7(2d7a/2)‘z o y‘7(2d7a/2) dz
R2d

2

—a Cq —

|X|d7a/2|y|d7a/2 Ca2d |: /2 :| |X _ y‘a 2d (33)
Ca C2d—a /2

Thus, from (32) and (33), we could know

C2d cap 1’ f(x) f(y)
2 _ —o o  ola—2d
I+l v = 22 (R [ et i 0 . 30

Now Young’s inequality (30) and (31) implies the best constant C,, in (29) is

2
C2d—a /2
[W} 19171 @y 5241y

To compute the integration of v, we observe from Lemma 7 that
. 1 —(d—a/4) dt
IVl L1 (ry x52a-1y = / /4 (H‘;—?ﬁ"?) dﬁ;
Ry x §2d-1
= / 112 + 1 — 2t€ - )~/ D21 gy
R+ ><S2d—1

_ / |X—£‘_(2d_a/2)|xl_d dx
R2d
Cd—a/2 Ca/2

)
Cd+a/2 C2d—a/2

where |€] = 1. Evidently,

2
om o) () ()]
Cd4a/2 4 4

Because of (7), (12) and (28), we can easily deduce (27). O

Since inequalities (28) and (27) are equations for a = 0, by differentiating
the sharp Pitt’s inequalities at o = 0, we will obtain logarithmic estimate of

uncertainty.
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Corollary 4.1 (Logarithmic uncertainty principle). For f € S(R?? H),
[ wlroRa [ miglifelae=D [ feora (@)
D= (2d/4) — In(x), o = % In (1)

In particular, for f € S(RM,R),

/ In x| () dx + / n[¢] | F(€)? dé > D / FPdx (36)
R24 R2d R2d

Remark In fact, the logarithmic uncertainty (36) implies the Heisenberg-
Weyl’s inequality. Since the logarithm is a concave function, by Jensen’s in-

equality,
1/2
n [/ 1n|x|2|f<x>|2dx} > [ k160 dx,
R2d R2d

1/2
w[ [ mieriiera > [ weliorae

With the aid of the logarithmic uncertainty principle (36), we arrive at

\ 1/2
In [ [ mixeliGorax [ e |f<s>\2ds} > D = p(2d/4) - In(m),
R2d R2d

which holds for all d € N. By utilizing the product structure, [] f(xy) with
[Ifll2 = 1, note that ¢ (2d/4) — In(2d/4) > —1/(2d/4), and let d — oo. This

implies the Heisenberg-Weyl’s uncertainty principle in one dimension:

N vz
[P 1seoR i [P 1FoRde] > -

By utilizing the product structure, [] f(zx) with || f|2 = 1 again, one obtains
the n-dimensional form for f € S(R?4 R):

(/ p<l* |f<X>l2dx> ( / I |f(s>|2de) > (jjj)

Naturally, with the representations (7) and (12), and replacing f(z1,x2) by
e~ 2mT1&s f () 19)e 2™ 72°€2 and changing variables, the corresponding n-dimensional

form for f € S(R?¢,H) is given by:

</R% |X—xo|2|f(x)\2dx> (/de € — £ |J?(£)|2Q dS) N <%>2
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We introduce the standard derivations

1/2
Apx= ( [ ol |f<x>|2dx) ,
R2d

R 1/2
ae= ([ e-aPiFoR )

| 2

and

It is easy to observe that the expectation X = [;,, X|f(x)|? dx is that choice for

for which the uncertainty A& is the smallest. Similarly, A (£ is minimized at
€= fea EIF (€)1 dE.

Now the uncertainty principle of quaternion Fourier transform becomes:

Theorem 4.2 (Heisenberg-Weyl’s uncertainty principle). If f € L?*(R*? H)
with || f||3 = 1, then
d
Arx-Ag> —. 37
A8 2 oo (37)

The Heisenberg uncertainty principle of quaternion Fourier transform can
be formulated in terms of the Hermite operator L := —A + |x|?, which acts on

Schwartz functions by the formula
L(f) == —Af + [x[*f,

here f € S(R?, H).
At first, we integrate by parts, then by the arithmetic mean-geometric mean

inequality and Theorem 4.2, we have

Wrfy = [ CAfrENTax= [ (VIR xRl d

1/2 1/2
2 ( / \v.f|2dx) ( / |x|2|f|2dx)
]RQd ]RQ(],
N 1/2 1/2
. ( / \27r£\2|f|2d£) ( / |x\2|f|2dx)
]RQd ]R2d
1/2
> ZX%XQ’JTX(/ |f|2dx)
471' R2d

= 2d)(f, f)-

Y

In the penultimate equation we have used Plancherel’s theorem.
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Now we have showed that the Heisenberg uncertainty principle implies (Lf, f) >
(2d)(f, f) for all f € S(R?? H). This usually denoted by L > (2d)I.
Next, consider the operator A; and A} defined on S(R??, H) by

_9f _of

taif and  AN(f) =

+af, i=12,--,2d.

The operator A; and A} are sometimes called the annihilation and creation
operators, respectively. By integrating by parts, for all f, g € S(R*?, H), we can
find that

(i) (Aif.g) = (f,Alg),
(ii) (Aif, Aif) = (A7 Aif, Aif) = 0,
(i) 324, ArA; = L — (2d)1,
fori=1,2,---,2d. In particular, this again show that L > (2d)I.

Now for ¢t € R, let

of
ox i

Use the fact that (377, A7, A;of. f) > 0 and 07, A¥ A f = —Af +
t2|x|2f — (2d) f, then we have

+tx;f  and A;‘yt(f)::—gg‘cf.—&-tﬂcif, 1=1,2,---,2d.

Aii(f) =

2(|xI*f, f) = t2d)(f, f) = (Af. f) > 0,

(X2 f, f) = tQ2d)(f, f) + (VL. V f) > 0.

If f # 0, then (|x|?f, f) # 0. We can choose t to be equal to %(2d)(f, H/Ux12E ),

then

P vn = (5) .

Assume that ||f||3 = 1, and use Plancherel’s theorem, we obtain

2
(21007 Fr = (32)

which is the Heisenberg uncertainty principle. Now we have showed that L >

(2d)I implies the Heisenberg uncertainty principle conversely.
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The heuristic assertion stated before the next section can be made precise
as follows. If f € L*(R%¢ H) with ||f||3 = 1, then we say that its position is

ep-concentrated on a ball B; centered at xq if

1/2
(/ |x—xO2|f<x>|2dx> <e, / x—xoPlf)Pdx.  (38)
B¢ R2d

If 0 < g, < 1/2, then the preponderance of its position is contained in a ball
By.
Correspondingly, its momentum is €,,-concentrated on a ball By centered at
&o if
1/2
(/B €~ £o|2|f(£)édx) < em /R €~ &P If©lpde.  (39)
5
Similarly, If 0 < &, < 1/2, then the preponderance of its momentum is con-

tained in a ball Bs.

Corollary 4.2. With the assumption (1) and (2), let r; denotes the radius of
Bj with j =1,2. Then we have

T -T2 Z % (]. — Ep)(l — Sm) (40)

Proof. By assumption (1) and the fact that |x — xo| < r; when z € By, and
13 =1,

/ I — %02 (x)[Pdx < <1—sp>-1/ I — xo[?| /()2 dx
R2d B,

(1- 5p)71r?.

IN

Similarly, we deduce that

[ e GoPIFO < (1 =) e3

Combining these inequalities and applying Theorem 4.2,

- - 24\ >
(=) etttz (3]

from which the corollary follows. 0
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5. The uncertainty principle of Donoho and Stark

The classical uncertainty principle is based on the interpretation of the stan-
dard deviation Ayx as the size of the essential support of f. Other notions of
the support lead to different versions of the uncertainty principle. As an exam-
ple we present a beautiful uncertainty principle on R?? of Donoho and Stark

[32).

Definition 5.1. A function f € L?>(R?? H) is said to be s-concentrated on a

measurable set T C R?¢, if

1/2
(/ (21, 22) ] d$1d9€2> <ellfllz- (41)

If 0 < e < 1/2, then the most of energy is concentrated on T, and T is indeed

the essential support of f. If e =0, then T is the exact support of f.

Theorem 5.1 (Uncertainty principle of Donoho and Stark). Suppose that f €
L2 (R H) with f # 0, is ep-concentrated on T C R?¢ and f is eq-concentrated
on Q CR2e, Then

IT|- 19| > (1 = er —eq)* (42)

Proof. Without loss of generality, we may assume that T and 2 have finite

measure. Let
PTf = XT* f7
and

Qaf = .7-51 xa(Fof)]l = /Qe%iz'“f(u, v)e%j YV dudw.

Both operators are orthogonal projections on L?(R?? H). With this notation,

f is ep-concentrated on 7' if and only if

Ilf — Prflla <cellfll2,

and fis eq-concentrated on 2 if and only if

If = Qa fllz = Ixe: - flla.z < allfll2-
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Since ||Qq|l2 < 1, we obtain that

[f=QaPrfll2 < |f=Qafllz+ 1Qa(f — Prf)l2
< (er +ea)llfll2
and consequently
1Qa Prfllz = | fll2 = If = QaPrfllz = (1 —er — cq) | f]l2- (43)

Next we compute the integral kernel and the L?-norm of Qq Pr.
QaPrf(z,y) = Fg' (xa(Prf)")(z,y)
_ / e27riac-u (/ 6727Tit-uXT(t7s)f(t’ 5)6727Tj 50 dtds) e27rj YU dudv.
Q R2d

Since both T and {2 have finite measure and since f € L3(T, H) C L(T, H),

this double integral converges absolutely. By Fubini’s theorem,

QaPrf(z,y) = QaoPrfi(z,y)+iQaPrfa(z,y)+ QaPrfi(z,y)j+iQaPrQaoPrfi(x,y)]

/ K(x,y;t,s)f1(t,s) dtds + i / K(x,y;t,s)fa(t,s)dtds +
R2d R2d

+ / Koyt s)fa(t,3)didsi +1 [ K(x.y:t, ) fa(t, ) deds3,
R2d de

where the kernel is

K(z,y;t,s) = xT(LS)/62”‘(‘”*”'1"><Q(:¢,y)62”i(y*‘*)'“dudv
Q

xr(t, $) T, Fg" (xa(z,y))

here Ty ) is the translation operator, i.e. T4 f(-,-) = f(- —¢,- —s). The

L?-norm of Qq Pr is given by

1002 = / / K (2,5, ) dedydsdr.
R2d JR2d

Since the translation operator T\,  is unitary, and Inversion Fourier transform

Fo ! is isometry. We have for fixed (t, s) that

/]RZd |K(x7 Y3 tv 5)‘2 dﬂ?dy XT(tv S)HT(t,e)‘FCElXQHg

xr(t, s)|xall3

XT(t75)|Q‘7
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and therefore

/RM /]RM |K (2,y;t,8)|* dedydsdt = |T| - |9|. (44)

Finally combining (43), (44), and the fact that the operator norm ||Qq Pr||
is dominated by the Hilbert Schmidt norm (see [36]), we obtain

(1—er—e)?IlfI3 < lQaPrfl3
QaPrll3 - [If113
17|12/ £13.

IN

Hence

IT|- 19 > (1 —er —eq)? O

Choose e = €q = 0 in Theorem 5.1 and observe that f is concentrated on T’
if and only if supp f C T, and fis concentrated on € if and only if supp fg Q.

Thus we have the following result.

Theorem 5.2. Suppose that f € L*(R2? H), suppf C T and supp f C Q.
Then |T|- Q] > 1.

This theorem should be contrasted with the following qualitative uncertainty

principle [33].

Theorem 5.3. Suppose that f € L* (R4 H), supp f C T and supp f C Q. If
|T| - |2 > oo, then f =0.

Note that f € LP(R?*¢, H) and |T| < oo, then we can see that f € L*(R?¢, H)
by Hélder’s inequality. On the contrary, if f € L'(R?? H), then by inversion
formula we have that | f| < [, |flq d& < [[f]l1-19] and [|f]l, < [If]l - €] [T}/,
From which we can know that f € LP(R2? H). Hence the theorem applies
equally to LP function.

Theorem 5.3 for the ordinary Fourier transform is due to Benedicks [33],
whose elegant proof, we reproduce for the quaternion Fourier transform below.

It relies on the following form of the Poissson summation formula.
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Lemma 5.1 (Poissson summation formula). If f € L'(R2? H), the series
P(x1,22) = Z (1 + ki, 22 + k)
(k1,k2)€Z?d
converges in L'([0,1)2¢,H), then the quaternion Fourier series of ¢ is
Z eZﬂ'i ki-z1 f(klv k2)62ﬂj ko xo ]
(k1,ko)€22?
Proof. Since ¢ converges in L'([0,1]%¢,H), we can take the quaternion Fourier

series of ¢,

/ e 2miki-ay Z flxy + k1m0 4 k) | e 2™ k222 gy day
[0,1]2¢ (k1 ,ko) €724

/ efzﬂ'kl'xlf(xl + k1,20 + k2)672” k22 qo day
(k17k2)€Z2d [071]2d

/[o 124 e 2MRLYL £y yo)e 2T k22 gy dy,
(kl,kQ)GZQd' )

/ 27 ]“”“f(yh y2)672ﬂ’j ko-ya dydys
R2d

~

= f(k17k2)-

So the quaternion Fourier series of ¢ is 37 ;)72 e2mikim (ko) foy)e?mike @z,

U
Proof of Theorem 5.3.

Proof. We may assume that |T| < 1 by replacing f(x) by f(cx) for some ¢ > 0.
We have
[0 xalrhgthydads = [ o6 ) dads = 19] < .
[0,1]2 R2

(k1,k2) €224
/ Z XT(fl:l + k17132 + k2) dIldIQ = / XT({El,IQ) dZ‘ldIQ = |T| < 1.
[0,1]24 (k1 ko)€Z2d R24

These inequalities implies, respectively, that

(i) These exists £ C [0,1]?? with |E| = 1 such that > xo(a + k) < +oo

for a := (aj,a2) € E, and hence f(a + k) # 0 for only finitely many
k:= (]{31, ]C2) ifae FE.
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(ii) There exists F C [0,1]?? with |F| > 0 such that Y xr(x + k) = 0 for
x = (x1,22) € F, and hence f(x+k)=0for kif x € F.

Given a € E, let

Pa(x) = Z

(k1 k2)€Z2d

e727rial~(x1+k1)f(xl +k1,X2 +k2)e727rjag~(xz+k2).

Since ¢a(x) € L1([0,1]2¢,H) and by Lemma 5.1, the quaternion Fourier trans-

form of ¢, is > e? ki@ f(k) ko)e2™ k272 Since a € E, @, is a trigonometric

polynomial, thus ¢, is a trigonometric polynomial by inversion formula. A

trigonometric polynomial ¢,, however, cannot vanish on a set of positive mea-

sure, unless it vanishes identically. We conclude that ¢, = 0 for almost all

a € FE, whence (Za(a+k) =0 for a € E and k € Z?>?. In other word, f: 0 a.e.,

so f=0.

O

From Theorem 5.3 we obtain a qualitative statement about the quaternion

Fourier transform: either f =0 or [supp f| - |suppﬂ = o0.

We summarize the main results in Table 1.

Table 1: The uncertainty principle.

Theorem Condition Conclusion
Pitt's inequality | f & S(R H) [ e feipae< o [ xtlseoP ix,
Co = 7 [T ((2d — @) /4) T ((2d + @) /4)].
Logarithmic | f € S(R*, H) | wlxleP dx+ [ nlel 7 ¢
uncertainty >D /Ru |f(x)|? dx,
principle D :=1(2d/4) — In(n), ¢ := % [InT(¢)].
d

Heisenberg-Weyl’s

uncertainty principle

f € L*(R*, H)
with || f]I3 = 1

. >
AfX Aff = on

Uncertainty principle

of Donoho and Stark

0# f € L*(R%, H)

is ep-concentrated,

~

f is eqg-concentrated.

110 > (1 — e — 20)?.
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6. Conclusion

Firstly, we constructed the multiple dimensional quaternion Fourier trans-
form by employing a symmetric rewriting only in terms of i and j. Secondly,
some important properties of the quaternion Fourier transform such as Plancherel’s
theorem, Inversion formula, quaternion Fourier transform of [x|~® were demon-
strated. Thirdly, the Heisenberg-Weyl’s uncertainty principle associated with
the quaternion Fourier transform was established by using logarithmic estimate
obtained from a sharp form of Pitt’s inequality. Finally the uncertainty princi-
ple of Donoho and Stark associated with the quaternion Fourier transform was
formulated by applying the concept of eg-concentrated and Hilbert-Schmidt

operator.

Acknowledgement

The author acknowledge financial support from the research acknowledges fi-
nancial support from the research grant of the University of Macau No. MYRG142
(Y3-L2)-FST11-KKI, MRG002/KKI/2013/FST, MYRG099(Y1-L2)-FST13-KKI,
MRG 012/KKI/2014/FST and the Macao Science and Technology Development
Fund FDCT/094/2011/A, FDCT/099/2012/A3.

[1] O. Aytur and H.M. Ozaktas. Non-orthogonal domains in phase space of
quantum optics and their relation to fractional Fourier transform, Opt.

Commun., 120 166-170 (1995).

[2] M. Bahri, E. Hitzer, A. Hayashi and R. Ashino. An uncertainty principle
for quaternion Fourier transform. 56, 2398-2410 (2008).

[3] E. Bayro-Corrochano, N.Trujillo, M.Naranjo, Quaternion Fourier descrip-
tors for preprocessing and recognition of spoken words using images of spa-
tiotemporal representations, Journal of Mathematical Imaging and Vision

28(2) 179-190 (2007).

25



[4] P. Bas, N.Le Bihan, J.M. Chassery, Color image watermarking using
quaternion Fourier transform in Proceedings of the TEEE International
Conference on Acoustics Speech and Signal and Signal Processing, ICASSP,
Hong-kong, 521-524 (2003).

[5] L. Cohen. The uncertainty principles of windowed wave functions, Opt.

Commun., 179 221-229 (2000).

[6] Z.X. Da. Modern signal processing. Tsinghua University Press, Beijing, 2nd
edn, p. 362, 2002.

[7] A. Dembo and T.M. Cover. Information theoretic inequalities. IEEE Trans.
Inform. Theory, 37(6), 1501-1508 (1991).

[8] P. Dang, G.T.Deng, T. Qian. A sharper uncertainty principle. J. Functional
Anal., vol.265, 2239-2266 (2013).

[9] Charles L. Fefferman. The uncertainty principle. Bulletin (New Series) of

the American mathematical Society, Volume 9, Number 2, September 1983.

[10] G. Hardy, J.E. Littlewood and G. Polya. Inequalities. Press of University
of Cambridge, 2nd edn, 1951.

[11] H. Heinig and M. Smith. Eztensions of the Heisenberg- Weyl inequality. Int.
J. Math. Math. Sci., 9, 185-192 (1986).

[12] E. Hitzer. Directional uncertainty principle for quaternion Fourier trans-

form. Advances in Applied Clifford Algebras, 20, 271-284 (2010).

[13] E. Hitzer and B.Mawardi, Clifford Fourier transform on multivector fields
and uncertainty principles for dimensions n = 2(mod 4) and n = 3(mod 4)
Advances in Applied Clifford Algebras, doi:10.1007/s00006-008-0098-3, On-
line First, 25 May (2008).

[14] B.B. Iwo. Entropic uncertainty relations in quantum mechanics in Accardi
L, Von Waldenfels W.(EDS) Quantum probability and applications I, Lec-
ture Notes in Mathematics 1136,(Springer, Berlin)90 (1985).

26



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

B.B. Iwo. Formulation of the uncertainty relations in terms of the Rényi

entropies, Phys. Rev. A, 74 052101 (2006).

B.B. Iwo. Rényi entropy and the uncertainty relations in Adenier G., Fuchs
C.A., Yu A. (EDS.) Foundations of probability and physics, Khrennikov,
Aip Conf. Proc. 889, (American Institute of Physics, Melville) 52-62 (2007).

P.J. Loughlin and L. Cohen. The uncertainty principle: global, local, or
both?. IEEE Trans. Signal Porcess., 52(5), 1218-1227 (2004).

H. Maassen and J.B.M. Uffink. Generalized entropic uncertainty relations,

Phys. Rev. Lett. 60(12) 1103-1106 (1988).

H. Maassen. A discrete entropic uncertainty relation, Quantum prob-
ability and applications, Lecture Notes in Mathematics (Springer,

Berlin/Heidelberg) 263-266 (1990).

D. Mustard. Uncertainty principle invariant under fractional Fourier trans-

form. J. Austral. Math. Soc. Ser. B, 33, 180-191 (1991).

V. Majernik, M. Eva and S. Shpyrko. Uncertainty relations expressed by
Shannon-like entropies. CEJP, 3, 393-420 (2003).

K.E. Nicewarner and A. C. Sanderson. A General Representation for Ori-
entational Uncertainty Using Random Unit Quaternions. In Proc. IEEE

International Conference on Robotics and Automation, 1161-1168 (1994).

H.M. Ozaktas and O. Aytur. Fractional Fourier domains. Signal Process.,
46, 119-124 (1995).
1089-1101 (2010).

A. Rényi. On measures of information and entropy, Proc Fouth Berkeley

Symp. on Mathematics, Statistics and Probability, 547 (1960).

S.J. Sangwine, T.A.Ell, Hypercomplex Fourier transgorms of color images,

IEEE Transactions on Image Processing 16(1), 22-35, (2007).

27



[26] K.K. Sharma and S.D. Joshi. Uncertainty principles for real signals in lin-
ear canonical transform domains. IEEE Trans. Signal Processing, Vol. 56,

No. 7, 2677-2683 (2008).

[27] S. Shinde and M.G. Vikram. An uncertainty principle for real signals in the
fractional Fourier transform domain. IEEE Trans. Signal Process. 49(11),

2545-2548, (2001).

[28] A. Stern. Uncertainty principles in linear canonical transform domains and
some of their implications in optics, J. Opt. Soc. AM. A, 25(3) 647-652
(2008).

[29] K. Wédkiewicz. Operational approach to phase-space measurements in

quantum mechanics, Phys. Rev. Lett., 52(13) 1064-1067 (1984).

[30] W. Beckner, Pitt’s inequality and the uncertainty principle, Proc. Amer.
Math. Soc. 123 (1995), 1897-1905.

[31] W. Beckner, Pitt’s inequality with sharp convolution estimates, Proc. Amer.

Math. Soc. 136 (2008), 1871-1885.

[32] D. L. Donoho and P. B. Stark, Uncertainty principles and signal recovery,
SIAM J. Appl. Math., 49(3) (1989), 906-931.

[33] G. B. Folland and A. Sitaram, The uncertainty principle: a mathematical
survey, J. Fourier Anal. Appl. 3 (1997), 207-238.

[34] E. Lieb and M. Loss, Analysis, 2nd edition, American Mathematical Soci-
ety, Rhode Island, 2001.

[35] E. Hitzer, Quaternion Fourier transform on quaternion fields and general-

izations, Advances in Applied Clifford Algebras 17 (3) (2007) 497-517.

[36] K. Grochenig. Foundations of time-frequency analysis. Birkhduser Boston

Inc., Boston, MA, 2001.

28



ACCEPTED MANUSCRIPT

[37] K. I Kou, J. Ou and J. Morais, On uncertainty principle for quaternionic
linear canonical transform, Abstract and Applied Analysis, Vol. 2013, Ar-
ticle ID 725952, 14 pages, doi:10.1155/2013/725952, (2013).

[38] B. Mawardi, E. Hitzer, A. Hayashi, R. Ashino, An uncertainty principle for
quaternion Fourier transform, Comput. Math. Appl. 56 (9) (2008) 2411-
2417.

29



