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1
ABSTRACT. Let ¢,(2) :== > 1_, T i=T + iy, be the nth partial sum
of the Riemann zeta function and a¢ (. := inf {2 : (,,(z) = 0}. In this paper
loglz)%é) + A, n> 2, with limsup,,_, . |A,] < log2.
2010 Mathematics Subject Classification 30AXX, 30D20.
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we prove that a¢ () = —

1 Introduction

Let
"1
Cn(z):;ﬁ7 n =2, z2 =+ 1y,

be the nth partial sum of the Riemann zeta function ((z), and ag (z) =
inf {Rz : ¢,(2) = 0}. By introducing the functions G,,(z) := (,,(—2) = > _;_, k*
and defining b, () := sup {Rz : G, (2) = 0}, n > 2, it is immediate that

a¢, (z) = —ba,(z), foralln>2. (1.1)

Our objective is to give an estimate of bg,, .y and, by using (1.1), we will then
have that of a; (.. It is evident that the numbers bg, (. are not easy to
calculate. However, the real solutions of the equations G,,_1(x) = n”, denoted
by B¢, (»), which are unique by virtue of Pélya and Szégo’s formula [4, p. 46],
are much more easy to determine. Both numbers satisfy

b, (z) < Ba,(z), foralln>2, (1.2)

as an immediate consequence of the fact that the half-plane {z :Rez > 5Gn(z)}

is a zero-free region of G, (2), for every n > 2; for details, see [2, Theorem 3.1]
and [3, Lemma 1]. Furthermore, for n prime, it is not hard to prove that
ba,(z) = B, (z)- A proof of this property can be found in [2, Theorem 4.10]
and [3, Proposition 5].

Concerning the converse of (1.2), we have the very important contribution of
Balazard and Veldsquez Castafién [1, Proposition 1, (i¢)], where it was proved
the existence of some ng such that

BGW’(Z) <ba,(z), foralln >n.

Therefore, the numbers bg,, () and B¢ (,) are equal from some positive integer
ng. Consequently, to give an estimate of a¢ () it is enough to give an estimate



of Bcn(z). In fact, this process was followed by the aforementioned authors in
[1] to prove that

lim () _ —log2 (1.3)

n—o0o n
or, equivalently, a¢ () = —nlog2 + o(n), by using the property

Ba, (-

ZGnla) _, log2, n — oo,

n
obtained by Borwein, Fee, Ferguson and van der Waall in [2, p. 25], under
the implicit assumption of the existence of limit of the sequence (%) o'
n>2
There, after the proof of Theorem 3.1, the authors proposed (stated without
proof) for B¢ () the estimate (n — 3/2)log 2.
In the present paper we have proved (Theorem 2) that

log2 . .
ag,(z) = ———7 —~ + A,, with lim sup [A,] <log2. (1.4)
log (n_) n—00

n—2

To do it we have followed the process consisting of, first, to demonstrate (The-
orem 1) that

log 2
BGn) = %8s A, with lim sup |A,| <log?2, (1.5)
) log (n—l) n—o00

n—2

second, to apply [1, Proposition 1, (ii)] to deduce that the preceding estimate
is also true for bg, () and, third, to use (1.1) to obtain (1.4). Furthermore,

. . . B
as we consider relevant the existence of limit of the sequence (G#(Z) , we
n>2

have given a proof of such a fact. Then, since lim,,_,(n + a) log (2—:%) =1,

for any a € R, our estimate (1.5) first confirms the validity of the estimate
(n — 3/2)log 2, computationally settled by Borwein et al. in [2]. Second, (1.4)
implies, in particular, (1.3) and it reveals the secret of the term o(n) in the
expression a¢ .y = —nlog2 + o(n) of Balazard and Veldsquez Castanén in [1].

2 The numbers S (.

By defining
Ba,(» =sup{r ER:Gp1(x) > 0"}, Gu(z) :=(,(-2), n>2,

since the equation G,_i(x) = n*, by virtue of Pdlya and Szégo’s formula
[4, p. 46], has only one real solution, it follows that 8, (. is such a solution.
Hence, for every n > 2, one has

Gn-1(z) >n®, fz<Bg,
Gn-1(z) =n", ifx=p3g ) (2.1)
anl(l') < n”ﬂ if > /BGH(Z)



Lemma 1 (ﬁGn(Z)) - is an unbounded strictly increasing sequence of positive
n

terms, except 5G2(z) = 0. Furthermore,
ba, (z) < ﬁGn(Z) <n-—2, foralln>2,

where the first inequality becomes an equality for all prime numbers and in the
second the equality is only attained for n =2, 3.

Proof. For n = 2, by defining the function G;(x) as identically equal to 1, it
is immediate that f,,) = 0, so suppose n > 2. From (2.1), it trivially follows
that 8¢, (») > 1, for alln > 2. Now, again by (2.1), let us consider the equalities

Ga(Ba,.y() = (n+ 1)@ and Go_1(Bg, () = nen. By dividing by

(n+ 1)BGn+1<Z> and n?en) | respectively, we have

1 \Pons1» 2 \Penii n \PGni1®
=+ +... =1
<n+1> <n+1) +<n+1)
1\ Pon= 2\ Penc) n—1\"en
(-) +<—) +...+( ) 1
n n mn

By subtracting we get
2 \Penue 1\ Pen
() -()

1 \Poni1®
()
n+1
[/ n \Penn®  /p—1\Pone] .
(F) () e

and

+...+

which means that, for some k, with 2 < k < n,

[/ k \Poun® 1\ Pen]
() () T e
n+1 n

B B
k Gry1(2) k—1\"cn
< , 2.2
(n + 1> < n ) (2:2)

which is equivalent to saying that

n+1 BG, i) n Ban(2)
> | — .
() )

By taking the logarithm,

n+1 n
Baii(z)108 (T) > Ba, (- log (m) ; (2.3)

That is,




and, since 5 > "T“ > 1, we obtain

> 1.

PGz > log (ﬁ)
Ba, ) log (%)

This proves that the sequence (BG (z)> is strictly increasing.
" n>2

By supposing that (BGH(Z)) is bounded, there exists a positive integer

n>2
M such that
Ba () <M, foralln>2,

which means, from (2.1), that G,,_; (M) < n™ or, equivalently,
Gn-1(M)

v <1, foralln>2. (2.4)

However, it is well known that G,,—1 (M) = 14+2M 4. . .4+ (n—1)M is a polynomial
in n of degree M + 1 with a positive leader coefficient. Therefore, by taking
the limit in (2.4) when n tends to oo, we are led to a contradiction because the
left-hand side of (2.4) tends to oo whereas its right-hand side is equal to 1. In

consequence, the sequence (6G, (z)) is unbounded.
" n>2
A proof of the fact that bg, ;) < ﬁGn(Z)7 for all n > 2, and that the

equality is attained for n prime can be found in [2, Theorem 3.1 and 4.10] and
[3, Lemma 1 and Proposition 5]. Then it only remains to demonstrate that

Ba,(z) Sn—2, foralln>2, (2.5)

where the equality it reached only for n = 2, 3. To do it, we firstly see, after
an easy computation, that the first values of 8¢ (. are Bg,;) =0, By = 1
Baa(» = 1.7 and B, () &~ 2.4. Then (2.5) follows for 2 <n < 5. Hence, assume
n > 5. Second, we observe, because (2.1), that the inequality (2.5) is equivalent
to

Gno1(n—2)<n" 2 foralln>2. (2.6)

We proceed to give a proof of (2.5) by induction. Hence, we assume (2.5) is true
for a fixed n > 5 and we must prove

Bai(z) Sn—1L (2.7)
We firstly claim that

2(n—1)""2<n"2 foralln>5, (2.8)

n—2
which is equivalent to saying that 2 < (%) , for all n > 5. Indeed, for

n = 6, by direct computation, one has 2 < (2)4, so (2.8) follows for n = 6. Now,

n—2
we are going to prove that the sequence ((%) ) is strictly increasing,
n>6



which means that (2.8) will be proved for any n > 5. It is immediate that

n—2
(("’11) ) is strictly increasing if and only if
n>6

n—2 log(n+1)—logn
n—1 " logn—log(n—1)"

(2.9)

To show (2.9), we define the functions f(z) := log(x + 1) and ¢(z) := logz,
z > 0. By applying Cauchy’s mean value theorem, there exists some x with
n —1 < a < n such that

log(n+1) —logn  f(n)—f(n—-1) f'(x) x

logn —log(n—1) g(n)—gn—-1) ¢(x) =x+1

hen 2 1 1) —1 2
- og(n +1) — logn ifandonlyif—n* <=

n—1 " logn—log(n—1) n—1 x+1

where the last inequality is true if and only if n —2 < . Therefore, (2.9) follows
because z is so that n — 1 < z < n. Consequently, (2.8) is true. Now, from the
hypothesis of induction for a fixed n > 5, one has B¢, .y < Bg, ) +1<n—1
Then, from (2.1), it follows that Gy, _1(n — 1) < n"~!. Since (2.8) is true for all
n > 5, we have 2n"~! < (n +1)"~'. Therefore,

Go(n—1)=Gp1(n—1)+n"t<2n" ' < (n+1)" 1,

which means, by (2.1), that B¢, ,, () <n—1. That is, (2.7) is true. Finally, by
using the principle of induction, (2.5) follows and then the proof is completed.
]

Corollary 1 The sequence (iczﬁ) is strictly increasing and upper bounded
n>2

by 1. Then (%) 3 has limit and it is log 2.
n>2

Proof. From Lemma 1, 8¢, () <n — 2 for all n > 2. Then, % <=2 o,
for all n > 2. That is, (%) is upper bounded by 1. On the other
n>2
hand, since 8g,,) = 0, Bg,;) = 1, the inequality % < [3027111(” trivially
follows for n = 2, so assume that n > 2. The above inequality is equivalent to
BG7L+1(Z) > n+1
n

BGn(x)
for any n > 2 there exists some k, with 2 < k£ < n, such that

. Then, in order to prove it, we firstly observe that, from (2.3),

BG(2) - log (ﬁ) ~ logn —log(k—1)

Ban  log (%) log(n+1) —logk’

By considering the functions f(z) :=log(z + 1) and g(z) := logz, = > 0, used
to prove (2.9), and applying Cauchy’s mean value theorem, there exists some x,



with £ — 1 < & < n, such that

logn —log(k —1) ¢'(z) x+1

log(n +1) —logk  f'(x) x

Then, since x < n, one has mTH > ”TH, so from the two previous relations it

B % . .
follows that —=n+1=) ~ ntl = Therefore, the sequence (M) is strictly
B (=) n " In>2

increasing and, in consequence, as we have just proved that it is bounded, there
excists @ := lim 00 2922 with 0 < a < 1. By (2.1), Gpo1(Bg, ) = nfon().

n

Then, dividing by nPen=) | we have

1\ Pen= 2\ Banc) n—1\2ene
<—) +(—) +...—|—< ) =1, for every n > 2,
n n n

or equivalently

ny Zon ) gy nlese PP
= AT el

Since lim,, s ("%)n = e/, by taking the limit in the above expression and

Ben (=)
n

+

noting that a := lim ,,_,

, we obtain

l=e%+e 24, .,

where the series is convergent because 0 < e < 1. As its sum is ea+1’ it must

satisfy 1 = ﬁ, which implies that a = log2. This proves the corollary. =

Lemma 2 For everyn > 2, define m,, := [5071(2)} +1, where [Bcn(z)} denotes

the integer part of B, (»)- Thenmn, +1> Bg . (2)-

Proof. We firstly note that in spite of the sequence (BGW(Z)> - is strictly
increasing, by virtue of Lemma 1, it could be [ﬁcn(z)} = [ﬁGn_H(z)} for some
n. In this case the lemma trivially follows, so from now on we assume that
[ﬁGn(Z)} < |:/6Gn+1(z)i|' As we have just seen in the proof of the preceding
lemma, the first few values of B¢, (.) are Bg, ;) = 0, Ba,z) = L Ba, ) = 1.7
and 5G5(z) ~ 2.4. Then the lemma is true for 2 < n < 5. Hence, assume n > 5.
Since by the definition of integer part is BGH(Z) < my, in particular, one has
BGn(z) < mn + 1. Then, by (2.1), Gp1(m, +1) < n™»+1 The proof will be
completed if we can prove that

2n™n < (n+1)™ 1 for all n > 5. (2.10)
If this were true, then we will have

Gn(my +1) = Gpy(my, + 1) + 0™ < (n+ 1)™



and, by (2.1), it implies that m,, + 1 > B, ,1(z)- To prove inequality (2.10),
we observe that it is of type (2.8), so we will show it of a similar form. Indeed,
for n =6, Bgy(») &~ 3.1, then mg = 4. Now, a simple computation shows that

2 < (%)5, so (2.10) follows for n = 6. Then, by proving that the sequence

()

is strictly increasing, it will eventually demonstrate (2.10). Hence, we are going

to show +1 “

1 My 2 Mp41

(n+ > < (n—l— > , foralln>5. (2.11)
n n+1

m>6

Indeed, as it has been done in (2.9), by taking the logarithm and applying
Cauchy’s mean value theorem to the functions f(x) := log(z + 1) and g(z) :=
logz, © > 0, on the interval [n,n + 1], there exists  with n < 2 < n + 1 such
that (2.11) is equivalent to prove that

my, + 1 - T
Mpp1+1  x+1°

But this inequality is true by noting that n < z and m,, <n — 2 for all n > 5,
by virtue of Lemma 1. Now the proof is completed. =

Corollary 2 For all n > 2, one has B¢, .,y — Ba, () < 2-

Proof. By the definition of integer part we have
[ﬁcn(z)} < B,z < [ﬁcn(z)} +1i=my.
By applying the above lemma, m; +1> B¢ . (.). Then we get
BGnii(z) =Ban(z <mnt1- [56‘"(2)} =2
so the corollary follows. m

Lemma 3 liminf, (5Gn+1(z) — 5Gn(z)) >log?2 .

Proof. In Lemma 1 we have proved, see (2.2) and (2.3), that given n > 2, there
exists some k, with 2 < k < n, such that

n+1 n
Bé,ii(z) log (—k > > B, (- log <_k — 1) .

”T‘HW and substituting in the preceding inequality

By writing 1

n
—1

one has

41 +1 k
Fomioton (") > e s () +108 (i ) |



That is, for every integer n > 2, there exists k = k,, (k depends on n), with
2 < k,, < n, such that

log (—"k” )
(n+1)(kn—1)
B ~Pane > Pane— 7 N
log (—”k" )
_ Beue 08 \Td D)
t ()

Now, we claim that the sequence (ky),,~, is unbounded. Indeed, if (k,),,~, Were
bounded, then clearly

(2.12)

nky
_ log ((n+1>(kn—1>>
lim n——————"———"% = o0,

= +1
T ()

which is impossible by noting that, on one hand, ,BG”+1(Z) — ﬁcn(z) is upper

bounded, by virtue of Corollary 2, and, on the other hand, lim,, . % =

log 2, from Corollary 1. Thus, the claim follows. We write

nky,
log (70&1)(1%71))
AN DY

n+1
log (Tn )
(kn—1)(n+1)

n_ nt+l-k, 1 ntli—Fkn

n+l k,—1

= ” log | 14+ —~—+
o (1+ 52182) =)

(kp—1)(n+1)

_n_ 1 n+l—kn
o n+1
= —5,— log (1 + (kn—l)(n+1)>

nrl—Fn
kn—1 1 n+l1—ky,
“p. log <1 + — >

nFil—Fn

(2.13)
Now, since for x > 0 is always = > log(1 + z), we have

1
log (1 + %)I  log (1 + %)

8=

> 1,



so, by using this property for z = in the last equality of (2.13), we get

kv
n+l—ky,
(kp—1)(n+1)

log (%) n < ) ntl—kn
(n+1)(kn,—1) e+l 1
n > log |14+ ————+
n—1 kn—1)(n+1
log (%:1) e e

(k1))
nky, ( 1 ) T
=——"—log |1+ +——~
_ (kn—1)(n+1)
(n+1) (kn —1) ST s
(kb —1)(n+1)

1 nfi—Fp
n+l—ky,

because % > 1 by taking into account that 2 < k,, < n. Then, from
(2.12), (2.13) and (2.14), we obtain

(kn—1)(n+1)
nFl—kn

5Gn(z) 1
5Gn+1(z) - ﬂGn(z) > T log [ 1+ Ton=1)(n¥1) . (2.15)

n+l—~ky

Since we have just proved that (ky),,- , is unbounded, it implies that (kjl
— oo and then

—1)(n+1)
+l—kn

(en=1)(n+1)
1 ntl—Fn
mlog (1 + m) =1
n+l—ky,
Therefore, by applying Corollary 1, the limit of the right-hand side of (2.15) is
log 2. Consequently,
lim inf (ﬁGnJrl(Z) — ﬂGn(z)) Z log 2.

n——>00

3 The numbers v,

We define the numbers

log 2
= _ 082 _ n > 2.

’Yn T ) el
log ()

Lemma 4 For every n > 2 one has B, ) < 7y, and the sequence (7,,), >y 18

strictly increasing. Furthermore, imy, oo (7,, — V1) = LMy 00 % =

log 2.

: . log2
Proof. Since B¢,.) = 0, Bg,) = 1 and 7, = 1, 73 := 10;%%) > 1, the first
part of the lemma trivially follows for n = 2, 3. Then we assume n > 3. By

(2.1), for any z € |:BG,,,,1(Z)7/BG,,,(Z):|7 one has

142"+ .. 4+ (n—2)"<(n—1)°, (3.1)



because B¢ (. <z, and
142 +...+(n—=2)"+(n—1)" >n", (3.2)
because = < B¢, (,)- By adding (n —1)” to (3.1), from (3.2), one deduces

Nt <1422+ +(n=-2"+(n-1)"<2(n-1".

x
That is, (ﬁ) < 2 or, equivalently, x < 1Oglz’g§ 7= v, for any z of the

n—1

interval [BGWA(Z), ﬂcn(z)]. Hence, it follows that ﬁGn(z) <7,,- Now, we define

flx) = %3;3, z > 1. This function is strictly decreasing. Then, as 1= < =1,
by taking into account the definition of v,,, one has v, = f(327) > f(2=3) =

Yp—1, which proves the first part of the lemma. To show the second part, by
using the mean value theorem applied on the function f(x), we have

n—1\ n
—f(nnfl) fgnfl) = f/(x), for some x € < Ny 1) .

n—1n-2

n—2 n—1

Then we obtain

Vo = Vo1 = —f'(x) <

- (3.3)

N z(logz)® (n—2)(n—1)

n—1 n log 2 1
n—2 n-—1

n=1"the limit in (3.3), when n — oo, exists and it is

Now, noticing "5 <z < 7=;

immediate that
lim (,Yn Y ’ynfl) = IOg 2.

n—00

Finally, according to the definition of -,,, it is clear that lim,, . 1= exists and
it is equal to log 2. Then the lemma follows. m

Lemma 5 Let v, := ; glz’g" ) and Gp(z) =142+ ...+ n%, n>2. Then,
o8\ n=1
Gy _
lim inf Cn=10n=t) 5
n—o00 nYn-1

Proof. An elementary computation gives us 2020 — 1, GZ%’S) ~ 1.018 and

372
Gé%“) ~ 1.009, then the lemma follows for n = 3, 4 and 5, so assume n > 5.

We fix an integer k£ such that 2 < k < n — 2. Then, noticing v,,_; := 1oglz)7g£1)’

n—2

we have

Gn—l(ryn—l)

nYn-1
I (1= k) 4 (00— 2) et - (n— 1) e
B n¥n—-1

e = M = M R = ) MR

V]

n—2 n—

(%)’Yn—l

(3.4)

10



Tn—1 IYn—1

By defining
+ + ZE__}___ﬁ
e 5

—1
1 2
A,k i=
(i) 05)
Yn—1
J

_("Q)TL_,Zl_kn12 <n72) ’

Jj=1

is immediate that

n—li_k Vo1t
Az =) [ g = S22 (LR L
Then, from (3.4) and (3.5), we can write
Gt () Anic+ (225" 4 (22" 48
nin—1 = ) > By 1 (3.6)

where, B, 1, for every n > 5 and k satisfying 2 < k < n — 2, is defined as

)T A )T L () 48

(ﬁ)‘Yn—]

For each fixed integer j, from the second part of Lemma 4, it is immediate that

By ) = (3.7)

. n—2 1
lim — =
n—=00 Y, 1 +1 log 2

and
o In—1t1 L\ On—1

. n—1—j . n—1—j 1
hm —_— = hm —_— = —.
n—oo n—2 n—o00 n—2 27_1

Then by taking the limit in (3.7) when n — oo, for any fixed k > 2, we have

o B pEr Tt Em T3 H142 w40 -5
n— 00 nk = 4 4

n 1 1 1
log2 2k+1 2k~
Then, noticing (3.8), from (3.6), we get

Gna(Yn-1) o f . 11 1
———————— > lim inf B, = nh_)ngo B,r=1+ @2k+1 o

(3.8)

lim inf >
n—oo nin-1 n— 00

Therefore, since k is arbitrary,

lim inf 7(;”71 (Yn-1)

n—ro0 nyn-1

>1

and consequently the lemma follows. =

11



4 The estimate of a¢ (. :=inf {Rz:(,(2) =0}

Theorem 1 Let (BG (Z)) be the sequence of the real solutions of the equa-
" n>2

tions Gp—1(x) =n", n > 2. Then

log 2
ﬂGn(z) = 7_1 + An;
log (553)
with limsup,,_, ., |A,| <log?2.
G"*l(’Yn—l)

Proof. We firstly say that for those n such that
follows. Indeed, by (2.1), Gno1On) > 1 is equivalent to saying that v,,_; <

nn—1
B, (z)- From Lemma 4, B¢ .y < 7,. Then we have v,y < B, (o) < Vn» 8O
we can write B, (o) = V1 + An, with Ay = B4 () —¥,_1. Since 0 <A, <

Yn — Vn_1, Dy virtue of the second part of Lemma 4, we get

> 1, the theorem

nin—1

hm Sup ‘An| S hm Sup (’Yn - ’Ynfl) = hm (777, y ’Ynfl) = 10g2
n— 00 n—00

n—oo
Then, noting that v,,_; = 10;&’%31 ik the theorem is proved. Therefore, from now
n—2
on, we suppose % < 1. For every integer n > 2, we define
G ,1(.27)
gTL(Q:) = nng; ’ x 2 07

which is a convex and strictly decreasing one-to-one function which maps the
interval [0,00) onto (0,n — 1], and, from (2.1), satisfies g,(8¢, (»)) = 1. Then
the inverse function of g¢,(z), denoted by h,(x), maps (0,n — 1] onto [0,00)
and shares the aforementioned properties with g,,(z). By Lemma 1, B¢ (. <
BG, () for all n > 2. Thus, let 3, be the mean point of each interval

[»30”(2)756‘”“(2)} Since hy (1) = Bg, (»), for all n > 2, and hy(z) is strictly
decreasing, there exists an e, > 0 such that 3 = hy, (1 —¢,). Now we claim
that e := inf {¢, : n > 2} is a positive number. Otherwise, there exists a sub-
sequence of (ey),,, denoted by the same form, such that ¢, — 0 and then by
continuity of every h,(z ) at x = 1 we would have

lim (B8, — B, (») = lim (hn (1 =€) = hy (1)) = 0.

n— 00 n—00
But, this is impossible because 3, — B¢ (.) = % (BGTLH(Z) — [)’Gn(z)) and, by
taking into account Lemma 3, it does not tend to 0. Hence, the claim follows.

Now, given the above ¢, for every n > 2 let us define 8, := h,, (1 —¢). Then,
since € < ¢, for all n > 2, noting that h,(z) is strictly decreasing and that 3,

is the mean point of the interval ﬂG”(Z), Ba one has

1,,+1(Z) )

Ba,z) < B, =B, <Bag,.i) (4.1)
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By using Lemma 5, and under the assumption made on %, there exists
no such that
Gn-1(V,-1)

—e<
1 ¢ nYn-1

<1, for all n > nyg.
From the definition of g, (x), the above inequalities are equivalent to write
1—e<gn(v,_1) <1, foralln>ny.
Then, as h,(x) is strictly decreasing,
hn(1—€) >, _; > h,(1), forall n > ng,

and, noticing h,(1 —€) =B . and hy(1) = B¢, (.), we get

ﬁn,e > Yn—1 > BGH(Z)’ (42)
Finally, from (4.1) and (4.2), we obtain
Banz) <Tn-1 < B, <B, <Bai(x)- (4.3)

Now consider two cases:
Case 1: 7,, < B¢, ,,(»)- Then, from (4.3) and Lemma 4, we have

BG"(Z) <Tn—1 <Vn < ﬁGn_H () < Yn+1s (44)
and, by writing
/BG7L+1(Z) =Tnt (/BGTH,](Z) =) = Vo + A,

with Ay, == B¢, . (2) = Vn, from (4.4), one has that 0 < A, <v,,.; —,. Now,
by using the second part of Lemma 4, the theorem follows.
Case 2: B, ., (z) < Vn- Then from (4.3), we get

Ban(z) < Yne1 < Banii(z) < Vo (4.5)
SO wWe can express

Barir(z) = Yn— (% - /3Gn+1(z)> =+ Ay

with An == <7n - ﬁGnJrl(z))' By (45)7 |An| =Tn — /8Gn+1(2) < Yn = Vn-1
and then in this case the theorem also follows by applying the second part of
Lemma 4. This completes the proof. m

Theorem 2 Let a¢ () := inf {Rz: (,(2) =0}. Then
log 2
A¢,(z) = —
log (Z—:;)

with limsup,, . |A,| <log?2.

YA, n>2, (4.6)

Proof. From [1, Proposition 1, (i7)], there exists ng such that

bGn(z) =sup {Rz: Gn(2) = 0} = ﬂGn(Z)’ n 2 ng.

By using (1.1), we get a¢ () = —bg, (z), for all n > 2, 50 a¢ (z) = —Bg, (») for
n > ng. Now, by applying Theorem 1, the estimate (4.6) follows. m

13



References

[1] M. Balazard and O. Veldsquez Castafién, Sur l'infimum des parties réelles
des zéros des sommes partielles de la fonction zéta de Riemann, C. R. Acad.
Sci. Paris, Ser. I 347 (2009) 343-346

[2] P. Borwein, G. Fee, R. Ferguson, and A. van der Waall, Zeros of partial
sums of the Riemann zeta-function, Exp. Math. 16 (1) (2007), 21-39.

[3] E. Dubon, G. Mora, J.M. Sepulcre, J.I. Ubeda and T. Vidal, A note on
the real projection of the zeros of partial sums of Riemann zeta function,
RACSAM, DOIT 10.1007/s13398-012-0094-2.

[4] G. Pélya and G. Szégo, Problems and theorems in analysis, Vol. II, Springer,
New York, 1976.

14



