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0. Introduction

Let T := {z € C: |z| = 1} denote the unit circle, D := {z € C : |z| < 1} denote the unit disk and C :=
C U {oo} denote the extended complex plane. We also use D* := {z € C: |z| > 1} U {oo} for the exterior
of the unit disk and ||| for the sup norm over the set K.

First, we recall a Bernstein-type inequality proved by Borwein and Erdélyi in [2] (and in a special case,
by Li, Mohapatra and Rodriguez in [7]). We rephrase their inequality using potential theory (namely,
normal derivatives of Green’s functions) and for the necessary concepts, we refer to [12] and [11]. Then
we present one of our main tools, the “open-up” step in Proposition 5, similar step was also discussed by
Widom, see [17], pp. 205-206 and Lemma 11.1. This way we switch from polynomials and Jordan arcs
to rational functions and Jordan curves. Then we use two conformal mappings, ®; and ®, to map the

interior of the Jordan domain onto the unit disk and to map the exterior of the domain onto the exterior
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of the unit disk respectively. We transform our rational function with ®; and “construct” a similar rational
function (approximate with another, suitable rational function) so that the Borwein—Erdélyi inequality can
be applied.

Our main theorem is the following.

Theorem 1. Let K be an analytic Jordan arc, zg € K not an endpoint. Denote the two normals to K at zg
by n1 (20) and na (z0). Then for any polynomial P, of degree n we have

P o)l < (1 + 0 (1) [Pl
ma 0 (20, 00) 0 (20, 00)
. X —_— —_—
ony (ZO)QCOO\K 05 " Oy (ZO)QCOO\K 0,
where o (1) depends on zy and K only and tends to 0 as n — co.
Remark. This theorem was formulated as a conjecture in [9] on p. 225.
Theorem 1 is asymptotically sharp as the following theorem shows.

Theorem 2. Let K be a finite union of disjoint, C? smooth Jordan arcs and zy € K is a fized point which is
not an endpoint. We denote the two normals to K at zo by nq (z0) and nz (29). Then there exists a sequence
of polynomials P, with deg P,, = n — oo such that

Py (20)] = (1—0(1)) || Pullk

ma ( 0 (20, 00) 0 (z oo))
: X a_ /N ) s 7\ b M
oy (zo)gc‘x’\K 0 Ona (ZO)QCOO\K 0

1. A rational inequality on the unit circle

The following theorem was proved in [2] (see also [1], p. 324, Theorem 7.1.7), with slightly different
notations.

If f is a rational function, then deg(f) denotes the maximum of the degrees of the numerator and
denominator of f (where we assume that the numerator and the denominator have no common factors).

Theorem (Borwein—Erdélyi). Let aq,...,am € C\ {|Ju| =1} and let

o la;1* — 1 N 1 —a;[?
B (u) : Z| B (u):=

a2 .27
j:laj|>1 @ u| j: laj|<1 |a] u|

and By, (u) := max (B} (u), B,, (u)). If R is a polynomial with deg(R) < m and f(u) = R(u)/
H?ll (u—a;) is a rational function, then

|f ()| < B (w)[|fllr,  uweT.

If all the poles of f are inside or outside of D, then this result was improved in [7], Theorem 2 and
Corollary 2 on p. 525 using different approach.

We need to relax the condition on the degree of the numerator and the denominator.

If we could allow poles at infinity, then the degree of the numerator can be larger than that of the
denominator. More precisely, we can easily obtain the following
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Theorem 3. Using the notations from Borwein—Erdélyi Theorem, if R is a polynomial with deg(R) > m and
f(u) =R (u) /H;n:1 (u —aj) is a rational function, then

' ()] < max (B, (w) + deg (R) — m, By (w) [flle,  weT. 1)
Proof. Let d := deg(R) —m > 0, and let fi(7; u) = f1(u) = %, where 7 € R, 7 > 1. Then

(=A@ <|f @] < (r+1)?|fi (u)] for [u] =1, so

1
I[fillr < WHJCHT-
Since fi (u) = f' (u) (u—lr)d —d f(u) W, therefore
, , 1 1
If1 (u) | > |f" (u) |m - d”f”Tm

Using Borwein—Erdélyi Theorem for fi, |u| =1,

2 -1

1F{ (u)] < max (B; (u) + d B;, <u>) 1alle.

Letting 7 — oo and combining the last three displayed estimates, we obtain the Theorem. O

Note that if we let all the poles tend to infinity, then we get back the original Bernstein (Riesz) inequality
for polynomials on the unit disk. Let us also remark that the original proof of Borwein and Erdélyi also
proves (1), with little modifications.

The relation with Green’s functions is as follows. It is well known (see e.g. [12], p. 109) that Green’s
function of the unit disk D with pole at a € D is

and Green’s functions of the complement of the unit disk D* = {|u| > 1} U {co} with pole at a € C, |a|] > 1
and with pole at infinity are

g+ (u,0) = log and go- (u,00) = log [ul.

u—a
For the normal derivatives elementary calculations give (Ju| = 1, ny (u) = —u is the inner normal, ns (u) = u
is the outer normal)
1—a(1—t)
(o) = 1 log‘ (lit)ufc? 1—a|? @)
u,a) = lim
Ay () 72N T A t lu— a2’
1—a(1+t)u
O ) T R 3)
« (u,a) = lim =
ony (u) g 1t t—0+ t lu—al?’
0 . log | (1+1t)ul
—  _gn- =1 — . =1 4
onz (u) go- (1, 0) 1504 t )

They are also mentioned in [4], p. 1739.
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Using this notation, we can reformulate these last two theorems as follows. This is actually the result of
Borwein and Erdélyi with slightly different wording.

Theorem 4. Let f (u) = R (u) /Q (u) be an arbitrary rational function with no poles on the unit circle where
R and @ are polynomials. Denote the poles of f on Co by a1, ..., am € Coo \ {|u| = 1} where each pole is
repeated as many times as its order. Then, for u € T,

F@I<flemax | S G ), 3 G () | o)

ony ons (u
Jilaj|<1 ( Jilaj>1 (

Note that if deg (R) > deg (@), then f has a pole at oo, therefore it is repeated deg (R) — deg (Q) times
and this pole at oo is taken into account in the second term of maximum. Inequality (5) is sharp, the factor
on the right hand side cannot be replaced for smaller constant, see, e.g., [1], p. 324.

2. Mapping complement of a system of arcs onto domains bounded by Jordan curves with rational
functions

Let K be a finite union of C2? smooth, disjoint Jordan arcs on the complex plane, that is,
K= U?‘):l'yj, where v; Ny, =0, j # k.

Denote the endpoints of v; by (2j-1, (25, 7 =1,..., ko.

We need the following Proposition to transfer our setting. Although we will use it for one analytic Jordan
arc, it can be useful for further researches.

After we worked out the proof, we learned that Widom developed very similar open-up Lemma in his
work, see [17], pp. 205-207. The difference is that he considers C* smooth arcs with Holder continuous k-th
derivative (see also p. 145) while we need this open-up technique for analytic arcs. Furthermore, there is a
difference regarding the number of poles. This is discussed after the proof.

Proposition 5. There exists a rational function F and a domain G C Co such that C\ G is a compact set
with kg components, 0 (Cs \ G) = OG is union of finitely many smooth Jordan curves and F is a conformal
bijection from G onto Cs \ K with F(o0) = 0.

Furthermore, if K is analytic, then OG is analytic too.

Proof. First, we show that there are polynomials R, @ such that deg (R) = ko + 1, deg (Q) = ko,

0
P =0w
and
FI(U):O@F(U)E{Cl,...,CQkO}. (6)

Obviously, F’ (u) = (R' (u) Q (u) — R (u) Q' (u)) /Q? (u) and the numerator is a polynomial of degree 2kg.
Let A (u) := H?i“l (u — ¢;). Taking reciprocal, 1/F" = Q?/A, that is, the location of the poles are known.
Our goal is to find By, 51, B2, - . ., B2k, € C such that

J=1 u—g;

du is a rational function.
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Or equivalently, Fy (u) := ST Ck)grl’“z(j:fg: Mo ) must have 0 residue everywhere, Res (Fy,u) = 0

for all u € C. Since (s are pairwise different, [ ], ; (u — (), j = 1,2,...,2ko and [, (u — (k) are linearly
independent, so we can choose $3;’s so that

Bo[J(u—o)+ > 8 T (w— o) = (u—ur)™
k

J>0  k#j

where v* will be specified later. Write A (u) = [], (v — (&) in the form A (u) = Z%O ¢ (u— u*) with

§=0
suitable ¢;’s. It is easy to see that Res(Fi,u) = 0 for all v # u*, furthermore Res (F1,u*) = cogy—1-
Comparing the coefficients of A (u), we obtain cop, = 1, cop,—1 = — (Zfiol Q) + 2kou*. Rearranging the

expression for cap,—1, u* must satisfy the following equation

2k
u = Zj:01 Cj
2ky

With this choice, there exists F' = f Fy with the desired properties.

The domain G is constructed as follows. Denote the unbounded component of F~![C,, \ K] by G. We
prove that G is a domain and its boundary consists of finitely many Jordan curves and those curves are
smooth. Locally, if z € «; for some v; and z is not endpoint of «;, then, by the construction, z is not a
critical value. In other words, for any w such that F' (u) = z, we know F’ (u) # 0 (u is not a critical place).
If z € ; is an endpoint and u, is any of its inverse image, then F” (u1) = 0 by (6) and since the degree of
R and Q are minimal, F” (u1) # 0. Therefore F (u) ~ ¢ (u — u1)? + z, and the inverse image F~! [v5] of 5
near uj is a smooth, simple arc. So each bounded component of C\ G is such a compact set that it is a
closure of a Jordan domain.

Using continuity and connectedness, Co, \ F~! [Cy \ K] has at least ko bounded components. If there
were more than kg components, then we obtain contradiction as follows. The boundary of each component
is mapped into K, so there should be more than 2k critical points, but this contradicts the minimality
of F. Denote the boundary of the components by x;, j = 1,...,ko. These ;s are smooth Jordan curves
and assume k; = k; (t), t € [0,27].

It is clear that each component has nonempty interior and contains at least one pole of F', otherwise
F maps that component onto some open, bounded, nonempty set and this set would intersect C \ K.
Therefore each component contains exactly one pole which is simple by the minimality assumption.

Now, F' = R/(Q is univalent on G because of the followings. Take smooth Jordan curves x; 5 (t), t € [0, 27]
satisfying the next properties: r;5 C G, kjs(t) — k;(t) as 6 — 0 and &} 5(t) — &} () as 6 — 0 and
Ko,s (t) := 1/d exp (it). Since deg (R) = deg (Q)+1, F (u) = ciu+co+o0 (1) as u — oo therefore F' (ko s (t)) =
oo as 6 — 0 and, by continuity, dist (F' (k;,5),y;) — 0. Since F has no critical values outside K, the F' (k; s)’s
are smooth Jordan curves. Fix b € C\ K, then there is (at least one) b’ € G with F (') = b, because F (G)
is open, F (G) C C\ K and F' (0G) = F (k1 U...UKy,) C K.If § > 0 is small enough, then b € Int F' (k¢.s)
and b € C\IntF (k;5) (j = 1,...,ko), so index (b, F (ko,5) UF (k1,5) U...UF (Kkry,s)) = 1. Therefore
index (b, ko, Uk1,6 U... UKk, 5) =1, so there is exactly one inverse image, this shows the univalence of F.

We can give another proof for the univalence as follows. There is a (local) branch of F~! such that
F~1[2] = z/c; +.. as z — oo, in other words, 0o is not a branch point of F~!. Furthermore, the function F'
has branch points only at ¢;’s, j = 1,...,2kg and it behaves as a square root there. Therefore every analytic
continuations along any curve in C\ K give the same function element. Now we use Lemma 2, p. 175 in [13]
with this (local) branch. Therefore we can choose a (global) regular branch of F~! such that F~! [oo] = oo.
Since this branch is regular and F is a rational function, there is no other inverse image of co by F~! in G.
By the construction of G' and applying the maximum principle, we have gc_\x (F (u),0) = g (u, 00),
u € G. Using the majorization principle (see [6], Theorem 1 on p. 624) or Theorem 4.4.1 on p. 112 from
[11], we obtain that F is conformal bijection from G onto Cu \ K.
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n{u;)
/nz(z) ‘\\
z //

N\,
Uy

n](Z)

Fig. 1. The ~, z, G1 and G5 with the normal vectors.

As for the smoothness assertion (0G analytic), this follows from standard considerations as follows.
Without loss of generality, we may assume that z =  (t) = t + cit + cot? + ..., is a convergent power series
for 0 <t <ty and z = F(u) is such that F (0) = 0, F’ (0) = 0 and F” (0) # 0. It is known, see e.g. [15],
p. 286, that the two branches of the inverse of F near z = 0 can be written as Gy (z) £+1/2G1 (2) where Gy, G1
are holomorphic functions. Denote them by Ffl and F{l. This way v, (t) := Ffl [FL (t2)] =Gy (KJ (t2)) +
t/1+ k1 (82)Gy (k (7)) is a convergent power series in ¢ € [0,#] and similarly for vo (t) = Fy ' [k (£2)]
and 71 (0) # 0. Considering v, (—t) for ¢ € [0, 1], we see that s (t) = 1 (—t), so 71 is actually a convergent
power series and it parametrizes the two joining arc. O

As for the number of poles, Widom’s open-up mapping is constructed as iterating the Joukowskii mapping
(composed with a suitable linear mapping in each step) for each arc and that open-up mapping has 2~°
different, simple poles and the location of poles also depends on the order of arcs. In contrast, our open-up
rational function has kg simple poles.

With this Proposition, we switch from polynomials on Jordan arcs to rational functions on Jordan curves
as follows. We use the following notations, assumptions.

Fix one, C? smooth Jordan arc v with endpoints ¢; and (> and let z € v, z # (1, 2 # (3. Denote the
two normal vectors of unit length at z to v by ny (2), na (2), where ny (2) = —ng (2). We may assume that
n1 and ne depend continuously on z. We use the same letter for normals in different planes and from the
context, it is always clear which arc we refer to. We use the rational mapping F' and the domain G := G
from the previous Proposition for 4. Denote the inward normal vector to OG at u € G by ns (u) and the
outward normal vector to OG at u by n (u), ng (u) = —ny (u). It is easy to see that there are two inverse
images of z: uy = uy (2), ug = ug (2) € OG (such that F' (u1) = F (u2) = z) and we can assume that uq, ug
are continuous functions of z.

By reindexing u; and us, we may assume that the normal vector ns (u1) is mapped by F to the normal
vector ng (z). This immediately implies that ny (u1), n2 (u2), 71 (u2) are mapped by F to ni (z), n1 (2),
ns (z) respectively.

Let us denote the domain C\ (G U dG) by G;. Since deg F' = 2 and F is a conformal bijection from Go
onto Cy \ v, F' is a conformal bijection from G; onto C \ . For simplicity, let us denote the inverse of
F onto Gy by F; ! and onto G by Fy .

These geometrical objects are depicted in Fig. 1 where we indicated the normal vectors ng (z) and ns (u;)
with dashed arrows (we fix the notations with their help) and we indicated the other normal vectors with
simple (not dashed) arrows (their indexings are consequence of the earlier two vectors).

Proposition 6. Using the notations above, for the Green’s functions of G = Gy and Gy and for b € Co \ K
we have

0 10}
ony (2) gow\x (#,0) = ony (uq)
(

8712 ’ZLQ)

96, (ur, F{ (0)) / [F" (uy)]

96, (uz, F5 (b)) / [F' (u2)]



880 S.1. Kalmykov, B. Nagy / J. Math. Anal. Appl. 430 (2015) 874-894

and, similarly for the other side,

0

By (2) 90K (2:0) = 5ms gy (u T (0)) /1 (o)

A9, (u1, Fy (D)) / [F" ()]
For arbitrary polynomial P, let fp (u) = f (u) := P (F (u)). Then [|P|, = [|flsc-
Proof. This immediately follows from the conformal invariance of Green’s functions

JC\K (F(u),b) = ga, (uv Ffl (b))

and

9ok (F (u),0) = ga, (u, F5 ' (b))
See e.g. [11], p. 107, Theorem 4.4.4. O

This Proposition implies that it is enough to take into account the normal derivatives at, say, u; only,
. ) -1 1o} —1
Le. g y96, (u1, F5 ' (b)) and e 96 (w1, Fy* (b)) only.

3. Conformal mappings on simply connected domains

Here GG is the bounded domain from the previous section and (G is the unbounded domain from the
previous section. Actually, G2 = Co \ (G7). As earlier, D = {v: |v| <1} and D* = {v: |v] > 1} U {oo}.
With these notations, 0G; = 0G5. Using Kellogg—Warschawski theorem (see e.g. [10], p. 49, Theorem 3.6),
if the boundary is C''® smooth, then the Riemann mappings of D, D* onto G, G respectively and their
derivatives can be extended continuously to the boundary.

Under analyticity assumption, we can compare the Riemann mappings as follows.

Proposition 7. Let ug € 0G, = 0Gy be fized. Then there exist two Riemann mappings ®1 : D — Gy,
Oy : D* — Gy such that @, (1) = up and |<I); (D|=1,j=12

If 0G1 = OG> is analytic, then there exist 0 < r;1 < 1 < ryg < oo such that ®; extends to D; =
{v: |v| <ry}, Gf == @, (Dy) and ®, : D1 — G is a conformal bijection, and similarly, ®3 extends to
Dy :={v: |[v] >r}U{c0}, GF := Oy (D) and Oy : Dy — GF is a conformal bijection.

Proof. The existence of ®; follows immediately from the Riemann mapping theorem by considering arbitrary
Riemann mapping and composing this mapping with a suitable rotation and hyperbolic translation toward 1
(that is, x¢ (2) = (z —t) /(1 —tz) with t € (—=1,1) and t — —1, x} (1) = 0, and t — 1, x} (1) = +00).

The existence of ®5 follows the same way, using the same family of hyperbolic translations.

The extension follows from the reflection principle for analytic curves (see e.g. [3], pp. 16-21). O

From now on, we fix such two conformal mappings and let a; := &' [F; ' [00]] and ay := &5 [o0] =
;" [Fy " [od]].

The domains of these analytic extensions are depicted in Fig. 2 where D, is the grey region on the right
and is mapped onto G; by ®; which is the grey region on the left.

Using these mappings, we have the following relations between the normal derivatives of Green’s functions
and Blaschke factors.
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Fig. 2. The two Riemann mappings and the points.

Proposition 8. The followings hold

LQG (uo -l [o0]) = Lgﬂ)(l ar) = M
onq (UQ) ! L ony (1) ’ ‘1 — al‘Q’
) . d lag)® — 1
a9 /N aF = a3 /1N * 17 = T 9>
Ong (uo)gG2 (10, £ fool) Ong (1)gD (1, a2) 11— as

and if ag = oo, then

mgcg (Uo,Ffl [o0]) = %(1)9@* (1,00) =1.
Proof. The second equalities in all three lines follow from (2), (3) and (4).

We know that ®; (1) = ug and P2 (1) = ug, moreover |®] (1)| = 1, |®5(1)| = 1 imply that n; (1) is
mapped to n; (ug) by ®;, j = 1,2 and the mappings ®;, j = 1,2 also preserve the length at 1 (there is no
magnifying factor |<I>; (1)‘_1 unlike at Proposition 6). Using the conformal mappings ®; and @5, and the
conformal invariance of Green’s functions, we obtain the first equalities in all three lines. 0O

4. Proof of Theorem 1 with rational functions
4.1. Auziliary results, some notations

Before we start the proof, let us recall three results. The first one is Gonchar—Grigorjan estimate when
we have one pole only. See [5], Theorem 2 on p. 572 (in the English translation).

Theorem. Let Dg C C be a simply connected domain and its boundary is C* smooth. Let fg : Dg — Co be
a meromorphic function on Dg such that it has only one pole. Assume that fo can be extended continuously
to the boundary D¢ of Dg. Denote fa , the principal part of fa in Dg (with fa, (00) =0) and let fa,
denote the holomorphic part of fa in Dg. Denote the order of the pole of fa by ng. Then fa = far+ fan
and there exists C1 (Dg) > 0 depending on D¢ only such that

Ifenllop, < Cr(Da) (logna +1) [ fellap, (7)
where ||.||5p,, denotes the sup morm over the boundary of Dg-.

In the main result of this paper we are interested in asymptotics as n — co. In particular, if ng > 2,
then logng + 1 < 3log (ng), so we may write logng + 1 = O (logng).
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The second result is a special case of the Bernstein-Walsh estimate, see [11], p. 156, Theorem 5.5.7 a) or
[12], p. 153.

Theorem. Let G C Co be a domain, oo € G and denote its Green’s function by gé (u, 00) with pole at
infinity. Let f : G — Co be a meromorphic function which has only one pole at infinity and we denote the
order of the pole by fi. Assume that f can be extended continuously to the boundary dG of G. Then

| ()| < || £l o exp (7 g (u, 00)) (8)
where ||.||,5 denotes the sup norm over 0G.

The third result is a special case of a general construction of fast decreasing polynomials by Totik, see
[16], Corollary 4.2 and Theorem 4.1 too on p. 2065.

Theorem. Let K C C be a compact set, & € K be a boundary point. Assume that K satisfies the touching
outer-disk-condition, that is, there exists a closed disk (with positive radius) such that its intersection with
K is {@}. Then there exist Co,C3 > 0 such that for all @i there exists a polynomial Q with the following
properties: deg (Q) < at09/10 Q(a) = 1, HQHR <landifu € K, |u—a| > a9 then |Q(u)| <
CQ exp (—Cg’fll/llo).

To apply this third theorem, we introduce several notations.
We need ¢ (v) := :l_i: = w and its inverse ¢! (w) = 2% Note that 1 (az2) = o0, 1 (1) = =2 and

R v—a wHas 1—as
let by := {=2. Obviously, ¢ (9D) = ID.
Let T'y = {w: |w| =14 61} and §; > 0 is chosen so that I'; C ¢ (D;). This §; depends on G only.

Let D3 := {w: |w — 2b1| < 1}, this disk touches the unit disk at b;. Fix 65?3), > 0, 5&2 < 1, such that

{w Slwl <1+ 5503),} C 9 (Dy). Then for every a3 € (0,55?3),}, {w: |w|=1+d23} N D3 consists of ex-
actly two points, wi = wj (d2,3) and ws = w3 (d2.3). It is easy to see that the length of the two arcs of

tﬂ dlw|l =14 55032} lying in between wj and wj are different, therefore, by reindexing them, we can assume
that the shorter arc is going from wj to wj counterclockwise. Elementary geometric considerations show
that for all w, 1 < |w| <1+ 82,3 with argw € {argwj (62,3) : j =1,2}, we have (since dz.3 < 1)

1
3V 92,3 < |w—by| < 24/023. (9)

Let

w

KE = {w: | < 1+6§?§}\D3.

Obviously, this K

w

is a compact set and satisfies the touching-outer-disk condition at b = %:Z_z of Totik’s
theorem. See Fig. 3 later.

Consider
K :=®50 1/;*1 [Kr ND*JU®y 0 Pt (K ND*]UGs.

This is a compact set and also satisfies the touching-outer-disk condition at ug = ®5 (1) of Totik’s theorem.
Obviously, G2 C K, G1 C K}, up € K and if w € K}, then ®; o)~ ! (w) € K} and &3 097! (w) € K}
too. Now applying Totik’s theorem, there exists a fast decreasing polynomial for K at ug of degree at most
ny which we denote by @ = @ (n1;u). More precisely, @ has the following properties: @ (ug) =1, |Q (u)| < 1

onu e K, deg@Q < n}og/llo < np and if |u — ug| > nl_g/lo, u € K, then
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|Q (u)| < Cyexp (—an}/m) . (10)
Let ny := |/n], ng = Ln?’/ﬂ, 021 :=1/n and 0z 3 := n=2/3,
4.2. Proof

In this subsection, we let f (u) := P, (F (u)) where P, is a fixed polynomial of degree n and F' is the
open-up rational function (see Proposition 5) for K (from Theorem 1).

Actually, we use only the following facts. f is a rational function such that it has one pole in GGy and one
in G. We know that the poles of f are oo = F; ! [oo] and F; * [00], and the order of the pole in Gy is n.

It is easy to decompose f into sum of rational functions, that is,

f=f+f

where f; is a rational function with pole in Gy, f1 (00) = 0 and f is a polynomial (rational function with
pole at 00). This decomposition is unique. We use the Gonchar-Grigorjan estimate (7) for fo on G, so we
have

I£2lloc, < C1 (GY) (logn + 1) [|flloc, - (11)

Obviously, we have

Ifilog, < (1+C1(GY) (logn + 1)) [Ifllse, - (12)

Consider

p1(v) = f1 (D1 (v)) .

This is a meromorphic function in D;. We may assume that 7 has only one pole in Dy otherwise we can
decrease 15 > 1 so that the pole in Gs is not in &, (D) = Gf. We know that

H‘Plnam = Hfl”ac;2 (13)

and |y (1)] = |1 (uo)l-
We decompose “the essential part of” ¢; as follows

Qo P11 =1, + ¥1e (14)

where @1, is a rational function, @1, (c0) = 0 and @1, is holomorphic in . We use the Gonchar—Grigorjan
estimate (7) again for @1 on D, this way the following sup norm estimate holds

[¢1ellop < C1 (D) (logn + 1) [Q © @1 - 1]lyp < C1 (D) (logn +1) [|o1lop (15)

where C (D) is a constant independent of ¢ .

As a remark, let us note that we may write logn + 1 < O (logn) for simplicity since we are interested in
asymptotics as n — oo in the main theorem. Otherwise, if n = 0 or n = 1, then P, is a constant or linear
polynomial and the error term o(1) in the main theorem (Theorem 1) can be sufficiently large (depending
on K and zg) for these two particular values of n. In this manner, we write (logn + 1) in general, but we
simplify it to O(logn) frequently.
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Furthermore, we can estimate 1. (v) on v € Dy \ D as follows

[p1e (0)] = [(Q - f1) © @1 (v) — @17 (V)| S [(Q - f1) 0 @1 (V)] + [eo1r (V)] (16)
We also need to estimate @ outside D (and K) as follows. Using deg Q < niog/uo < n; and Bernstein—

Walsh estimate (8), we can write for v € D \ D

|Q (@1 (v))] < 1-exp (n1ga, (P1 (v),00)).
Since the set @1 (D7 \ D) is bounded,
Cs :=sup{gg, (P1 (v),00): v &€ D \D} < 0.

Therefore, for all v € D; \ D,

Q- f1) o @1 (0)] <™ | fillyg, -

This way we can continue (16) and we use v = ®; (v) here and that o1, is a rational function with no
poles outside D and the maximum principle for @1,

<@ | fi (W + llerrllap < €™ lfillag, + leillop + lerelon

and here we used that f; has no pole in G5 and the maximum principle. We can estimate these three sup
norms with the help of (12) and (13), (12) and (15), (13), (12). Hence we have for v € D; \ D

[pre (v)] < (€7 + 1+ C1 (D) (logn + 1)) (1+C1 (GT) (logn + 1)) || fllac,
=0

(1og (n) %™ [ fllo, - (17)

Approximate and interpolate @1, as follows with rational function which has only one pole, namely at
ag = @5 [00]. Consider ¢y, 01~ (w) on 9 (D1). Using the properties of ¢, we have

le1ellop = Hﬁole °© w_IHaD

and 1. 09! is a holomorphic function in v (D;). We interpolate and use integral estimates for the error,
see e.g. [11], p. 170, proof of Theorem 6.3.1 or [14], p. 11. Therefore, let

qn (w) == w™ (w — b1)2
where N =n+ [/n] + [n3/4]| =n(1+0(1)). We define the approximating polynomial

_ 1 ooy (W) gy (w) — gn (W)
- 2mi an (w) w—w
ry

dw.

piN (w) :

It is well known that p; y does not depend on I'y. Since b; is a double pole of gy, therefore p; x and p’LN
coincide there with ¢1. 0 1p~! and (p1c 0 1) respectively.
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The error of the approximating polynomial p; x to @1 09~ ! is

oo (w) iy () = 5 [
ry

1 1 (w) 1 0P (W)
“omi ) w—w N qn (w)
I

pre 0yt (W) gy (w) -
w—w qn (w)

dw, (18)

here w € D can be arbitrary. It is easy to see that for w € D, |gn (w)| < 4 and

1/ 1
2 w—w
I'y

Therefore, using (17), we can estimate the error (of approximation of p; n to @1, 0 9™') as follows

‘|dw§ 1+51.
01

) 41+ s !
’(Ple O’(/) 1 (w) — P1,N (w)’ < %O (IOg (Tl) 606 ) Hf”BGz W

4 (1 + 51> 1o} (log (n) eCGnl)

= f
(5:1)) (1+51)N || ||8G2

which tends to 0 as n — oo, because ny = [/n] and

606n1
1

Considering p;,y o %, it is a rational function with pole at ay only, the order of its pole at ay is at most NV
and we know that

le1e =p1n 0 Pllgp =0 (1) [ flloc, (19)

where o (1) is independent of P,, and f and depends only on G5 and tends to 0 as n — oo, furthermore

Pl (1) = (P o) (1). (20)

Now we interpolate and approximate f; o ®;. As earlier, we do not need the full information of this
function, it is enough to deal with fs o ®; locally around 1 and preserve the sup norm. Therefore we “chop
off” “the unnecessary parts of fo o ®1” with the fast decreasing polynomial Q.

We have the following description about the growth of Green’s function.

Lemma 9. There exists Cy > 0 depending on 65?3)), that is, depending on Go only and is independent of P,,n
and f such that for all 1 <|w| <1+ 5;2 we have

(1/)0@2_1 o Py oz/fl)/(w)
oy od; oyl (w) =G

and

9G, (®10v™ ! (w),00) < Cy (jw| —1). (21)
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Furthermore, there exists Cs > 0 which depends on Go and independent of P,,n and f such that for all
1<K < 1—|—5§?§ we have

(Yody od 0y ()
Yodytodoy=1(¢)

<14 Cs5¢—by]

and

96, (210w (¢),00) < (I¢] = 1) (1+ C51¢ = bal).- (22)

Proof. For simplicity, let ¢* := arg ¢ where arg( = ¢/ |¢|, if ¢ # 0 and arg0 = 0.
We can express Green’s function in the following ways for u € Ga,

96, (u,00) = log ‘w0<1>2_1 (u)‘
and for w € D*
9G. (<I>1 oy 1 (w),oo) = 10g|1/10<1>gl o®yorpt (w)| .

The first displayed inequality in the Lemma comes from continuity considerations and the conformal
bijection properties. Integrating this inequality along radial rays, we obtain (21). If we are close to 1, then
more is true:

‘(¢O<I>;1 o Py ow_l)l(bl)‘ =1.

Using continuity, we see that there exists C5 > 0 such that for all ¢, 1 < || <1+ 5&?3),, we have

<1+Cs5|¢C—b1].

(Yody ' od 0y ()
PYody !t ody ol (C)

In particular, for all  from the segment [*, (], n € [¢*, (],

Pyl o®, 01
‘(wo 2 o 1Ow )(Tl) §1+C5|77—b1|

Yo @yt o®y oy (n)

and |n — by| < |¢ — by|. Therefore, integrating with respect to n along [¢*, (], we obtain

Yo®ytod o t) ()
bodylod op1(n)

¢
9c, (<I>10¢1(C)700)—§R/( dn
A

§ /
</ (Yo o®iop) (n)
= —1 1

S eeTee e )

=([¢-DA+CsC=b]). O

¢
Idnlé/1+05\c—b1|\dn|
C*

Now we give the approximating polynomial as follows

1 (Q- fa) o 1oy (w) gn (w) — g (w)
Pa. () = 2mi qn (w) w—w
r

dw
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* 2,4\
*
Ky W)

Fig. 3. K and the arcs that make up I's.

where I" can be arbitrary with D C IntT" and T’ C ¢ (D;). We remark that we use the same interpolating
points, but we need a different I' for the error estimate.

Now we construct I' = T’y for the estimate and investigate the error. We use d21 = 1/n, da3 =
n=2/% and ny = [n3/4J. We give four Jordan arcs that will make up I's. Let I's3 be the (shorter,

. . 145
circular) arc between wj (d23) and wj (d2,3), I'21 be the longer circular arc between wj (d2,3) 1162’;
14021 ’

and w3 (d2,3) Troryr L22 1= {w: 14021 < |w| <1+4ds3, argw = arg (wj (d2,3))} and similarly 'y 4 :=
{w: 14021 < |w| <1+ds3, argw = arg (w; (62,3))} be the two segments connecting I's; and I's 3. Fi-
nally let I'> be the union of I'p 1, I's 2, I's 3 and I'y 4. Fig. 3 depicts these arcs and K defined above.

We estimate the error of pa v to (Q - f2) 0o &1 0 1~! on each integral separately:

Q- fa) o 1oyt (w) = pa,n (w) = %/ e Z;(I)—l;¢7 “ (le EZ;dw
P

1
= - + + + .
i / / / /
I'21 T2z T23 T2y

For the first term, we use Bernstein—Walsh estimate (8) for the polynomial fo on G5 and the fast decreasing
polynomial @ as follows. If w € 'y 1, then with (21), gg, (<I)1 oyt (w), oo) < C4b2,1 = Cy/n, therefore

|f2 (210971 (w))] < I f2lloe, exp <n%) < |1flloc, Cr (GT) (logn + 1) ¢
= O (log (n)) [Iflsc,

where we used (11). Now we use the fast decreasing property of @ as follows. We know that I's; C K
(it n > 1/65??))) and with the elementary geometric considerations (9) we have ,/633/2 > nfg/ 10
which is equivalent to n=1/3/2 > n=920 (this is true if n is large). It is also important that
sup{ (@1 0971) (w)’ D wE Y (D1)} < oo and K} C 1 (D;) therefore the growth order of the distances is

preserved by ®; o1 ~!. Hence the fast decreasing polynomial Q is small, see (10), and we can write

Q- f2) (P10 Pt (w))| <0 (%) I flloc,

and integrating along I's 1, we can write for w € D
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1 / (Q'f2)0@10¢71(W)QN(w)d

271 w—w an (w)
Ta

1 1 log (n) 1
< — (0] 4—F— |dw

2 20 (1+621) log (n) n?log (n)
<= 0 0| — "\
T (14 0o, 1) (52 1 <exp (03n1/220) I7llac exp (C3n1/220) 1£lloc,

here we used 02,1 = 1/n.

We estimate the third term, the integral on I's 3, as follows for w € D

1/(Q-f2)o<1>10w-1<w>qw<w)d

omi pp— o (@)™
Iz 3
L . o
< 27Tr w — w] |(Q f2) (@109 (W))| v @] |dw] . (23)

Here, |w| = 1+ d23, |w —w| > b23, [qn ()| > 035 (1 + 82.3)". Roughly speaking, f, grows and this time
Q@ grows too (the bad guys) and only |gn (w)|_1 decreases (the good guy). We estimate their growth using
Bernstein-Walsh estimate (8) for fa on Gy and Lemma 9 (and estimate (11) as well) in the following way.
Here, as earlier, w € I'z 3

|f2 (P1 097" (W) < I f2llpq, exp (nga, (P1ov ™" (w),00))
< 4 (GF) (ogn + 1) [l €5 (1 (1] — 1) (1 + C5 [ — r])
< (G+) (logn + 1 ||fH6G2 exp (’/l 2,3 1 057162 32\/52 )

=C1 (G) (logn + 1) || fllag, exp (nd2,3) *

where in the last two steps we used |w — by| < 21/32 3 from (9) and do 3 = n=2/3.
As for gy,

1 1 1 1
< — exp (— (n + n1 + ng) log (1 + 62.3))
lan (w)] 5%,3 (1+ 52,3)N 5% 3

1 63
< 52X <n523n1523n2523+(n+n1 + n2) 223>
2.3

IN

—— exp (—ndz,3 — n1d2.3 — N2d2 3) €Xp (Sn n74/3)

< exp( 7L523 —711(523 —TL252 3) 3
B 033

where we used ny = [nlﬂj, Ny = Ln3/4j and dg3 = n~%/3,
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As for @ (this time it is a bad guy), we use Bernstein-Walsh estimate (8) for @ on G; U 9dG; and that
G1 UG C K. Therefore, [|Q| 55, = 1 and we know that deg @ < niog/no < nt09/220 fence

Q (@1 097" (w)] <@Qllag, exp (m19a, (109! (w),00))
< exp (ny (Jw| = 1) (1 4+ Cs [w — by])) < exp (n109/22052,3 (1 +C52 52,3))

— exp (nlog/zzoél3 + 205n109/220n—1) < exp <n109/22052’3) 0205

Here we used again (9) and the definition of ds 3.

We multiply together all these three last displayed estimates, this way we can continue our main es-
timate (23). Note that exp (nda3) cancels, and exp (—n1d23) kills the factor exp (n109/22052’3), in more
detail:

2 1
<2 [ 500 (G1) o+ 1) [, exp (ndas)

Ta3

exp (—nda 3 — ni1da 3 — nada s :
] ( ; = , ; )63 exp (n109/22052,3) ¢2C5 | du|
2,3

2e4Cs 30 (G logn +1
= 2L g, B2 [
23

2,3

n?log (n
- exp ((nlog/zzo - m) 62,3) exp (—n262,3) < || fll5q, O < g (n) )

exp (n!/12)

where we used several estimates: length of I's 3 is at most 47, the definitions of ny, ng and d2 3 and that
n1 > nt99/220 therefore exp ((n109/220 - nl) 62,3) <1.

For I'; o and I'z 4, we apply the same estimate which we detail for I'; 5 only. We again start with the
integral for w € D

1 / (Q- fa)o®ro9p™t (w) gy (w)

d
271 w—w an (w) n
Ia o

S%/‘lﬁKQ'h) (@109 (w))

T2

| o @ 1% @4

Since w € I'y 2, we can rewrite it in the form w = (1 + ¢) wi/ |w}| where 021 < 6 < 2 3 (with wi = w] (d23)).
We use essentially the same steps to estimate f (the only one bad guy this time) and gy and @ (this time
it is a good guy). In estimating fs, the only difference is that |w| — 1 =4, so

[f2 (@1 0971 (W) <l fellog, exp (nga, (P1o¢™" (w),00))
<y (Gf) (logn +1) ||fH6G2 exp (n (Jw| — 1) (1 + Cs |w — b1]))
< &y (GY) (logn + 1) | fllpe, exp (n5 n 05n52,32@)

= C1 (GY) (logn 4 1) [| f[| 5z, exp (126) 2%,

Similarly for gy, we can write
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1 1 1 1
<= exp (— (n+n1 +ns)log (1 +9)
PRI AL P 4+
1 5%3
< 5—exp | —nd —nid —ned + (n+n1 +ny) ==
52)1 2
1
< —exp (—nd —n1d — nyd) exp (3n n_4/3)
051

o oXp (—md — 116 — nad) 3 < &P (—nd) 4
N 031 A

As for Q, we know that w is far from b; so @ is small there. More precisely, following the same argument
as for I'y 1, we know that /d33/2 > nfg/w, hence (10) holds for @ at w, that is, we can write

Q (1097 (w))] < Caexp (_cgnl/zzo) _

Putting these all together, we see that exp (nd) cancels and actually () make the integrand small. So we can
continue the estimate (24)

205 OXP (=19) 4

/—01 GJr (logn+1) I fllac, exp (nd) e 5 e
521 52,1

9 2C5+SC C G+
Oy exp <_03n1/220> |dw| _ € 201 ( 1) HfHBGg / |dw|
T

P22

logn +1 17220 n?log (n)
logn+ 1 _ < O ————4—~
o7, eXp( Csn ) < Iflloc, exp (C3nt/220)

where we used that the length of I's 5 is at most 1 (since 5£?§ <1)and dp1 =1/n.
Summarizing these estimates on I'y 1, I'2 3 and I'2 5 (and also on I' 4), we have uniformly for |w| <1,

P2, (W) = (Q - fa) 0 @10y (w)] =0 (1) I fllpe,
where o (1) tends to 0 as n — oo but it is independent of P, and fs. Obviously, ps, n 09 is a rational function

with pole at v = as only, the order of the pole at ag (of p2 o)) isdegpa vy = N =n+ni+ne = (1+0(1))n
and using the properties of w = 1 (v), we uniformly have for |v| <1

lp2,n 0¥ (v) = (Q- f2) 0 @1 (V)| =0(1) [[flloc, -
that is,
[p2,n 0t = (Q - f2) 0o Pallgp =0 (1) [[fllag, - (25)

Since by is double zero of g, p y (b1) = ((Q - f2) o @1 0 qp—l)’ (b1), and dividing both sides with (w_l)/ (b1),
we obtain

(p2v 0¥) (1) = (@ f2) 0 @1) (1) (26)
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Consider the “constructed” rational function

h(v) =1, (V) + P18 0 (v) +p2,n o (v).

This function h has a pole at a; (because of ¢; ,-) and the order of its pole at ay is at most n, and h has a
pole at az (because of p; y 0¥ and pa y 0 1) and the order of its pole at ag is at most N =n (1 +0(1)).
We use the identity

fol1=(@Q - f+(1-Q)-flod

to calculate the derivatives as follows

(1=Q)- flo@) (1) =(1-Q)f) (w) 2, (1) + (1= Q) f') (ur) - ¥ (1)

where the second term is zero because of the fast decreasing polynomial (@ (u1) = 1) and for the first term
we can apply Theorem 1.3 from [8] in the following way (|[1 — Qll5q, < 2):

(1= Q) ()] < (1+0(1))deg(Q) 2

WQGQ (uh OO)

where o0(1) depends on G5 and u; only and tends to 0 as deg@ — oo (note: deg@ < n'09/220 < \/n).
Therefore

(1= QY+ ) () 5 ()] < g, V2 1+ 0(1) 5z, (1. )

= 1l O (Vi) g s (01,26)

< 0Vl wax (55 (n.00) 58 g () 21

This way we need to consider (Q - f)o ®; only. The derivatives at 1 of the original f and h coincide, because
of (14), (20) and (26), so

W' (1) = @1, (1) + (prv o w) (1) + (p2v 09) (1) = (@ f) 0 @1)' (1). (28)

As for the sup norms, we use (14), (19), (25), so we write

[(Q- f)ods _h||8]]]):0(1>“f”8<3‘2' (29)

Now we apply the Borwein—Erdélyi inequality (5) for h as follows:

|h/ (1)| < Hh”a]D) max (Z %(DQD (la a) 72 %(1)9@* (1’ Oé)) (30)

where the summation is taken over all poles in D and in D* respectively, counting multiplicities. We will
continue this estimate later after simplifying these expressions. Using Propositions 8 and 7, we can write

0 0 9 »
Xa: oy (1) (1)ng) (1,a) < nmgm (1,a1) = nmgal (o, Fy ' [o0])

0

— /
- nanQ (ZO)gCOO\K (ZO7 OO) |F (U0>|
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where in the last step we used Proposition 7 with zp = F (up) and identifying uy = uy. Similarly, we can
simplify the second term in the maximum in (30)

o0 0
Za: MQD* (1,) = deg (pl,N +p2,N) mgm* (1,a2)

! -1
< Ny (Laa) = (Lo (D) ng s ga, (uo, Fi [<])

=(1+0(1)) né)ma(Zo)ng\K (z0,00) [ (o)l

where o (1) here does not depend on anything. Note that we “used a slightly bit more the pole at as”, but
it does not cause problem. So we can continue the main estimate (30)

< ||hll g max (n g (o, F [o]) . (1+ 0 (1)

”mgc‘z (uo, Fy ' [00]) )

_9
8n1 (UO)
< |2llgp (T +o0 (1)) n

- max (%(UO)QGI (u(th1 [oo]) ' 3 9G. (uo,Fgl [oo]) )) )

%) (uo)
Summarizing these estimates, we have for h

[ (D] < [lAllpp (1 +0(1))n

0 _ 0 _
- max (mgc:l (uo, Fy* [o0]) Bina (ug) €2 (uo, F5 " [o0]) )) :

Now we rewrite this inequality for @ - f using (28) and (29), so

(@) ()| <1Q- fllag, (L +o(1)n

2 \Uo

- max (%(uo)gc;l (uO,Ffl [oo]) , %L()QGQ (UO,Fgl [OO]) ))

0

+o(1)n|fllsq, - max (%(uo)g& (uo, Fy ' [0]) mgGQ (uo, F5 ' [00]) )) .

Now, we use the estimate [|Q - f[l5q, < [Ifll5g, and (27), so

" (@)l < [Iflag, (1 +o(1))n

- max <%(uo)gcl (uo,Ffl [oo]) , %gc? (uO,F{1 [oo}) )) . (31)

Mo (UO
In the final step, we use f = P, o F and Proposition 6, so we get the main theorem.

5. Sharpness

In this section we show that the result is asymptotically sharp, that is, we prove Theorem 2. The idea is
similar to that of [9]. Note that we assume C? smoothness only.
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ny(zy)

Zy
ny(zo)

Fig. 4. The sets K and K*.

Proof. We may assume that

L (20,00) < L (20, 00)
ony (ZO)gC(X,\K 0, = Ony (ZO)QCOO\K 05 .

Furthermore, we assume that ny (.) and ng (.) are defined on the component of K containing zo and they
are continuous there except for the endpoints.

It is easy to see that for every € > 0 there exists a compact set K* = K* (¢) such that 0K™* is finite union
of disjoint, C? smooth Jordan curves, K C K*, 25 € 9K* and the normal vector n (K*,z) to K* (pointing
outward) at zg is equal to ng (z9) and

0 0
oY <7 )
By (9) 0= \K (20,00) (1 =€) < 7 (K, 29) JC=\K (20,00)

< L (
= ong (zo)ng\K

20,00) .
These conditions, roughly speaking, require that near zo, K* is on the n; (zp)-side of K and the whole K*
shrinks to K as € — 0. Fig. 4 depicts K and the grey area is K*.

Now we apply the sharpness result of [8] (Theorem 1.4, p. 194). This gives a sequence of polynomials for
K* (¢), say P, with deg P. ,, < n such that

|P<-;A,n (ZO>‘ >n(l—o:(1))[|P:n

0
\K* A T r o IC\K* (20700)
©) On (K*, 29)7

>n(l-o.(1)(1-¢)| P, %0, 00)

n||K mgcwv{(

where o (1) depends on K* (¢) and zp and tends to 0 as deg P. ,, — o00. Since ¢ was arbitrary, we see that
(1—-0:(1)) (1 —¢) =1-0(1), that is, choosing a suitable subsequence of { P. ,,} we obtain the assertion. 0O
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