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In this paper, we consider the diffusive competition problem with a free boundary
and sign-changing intrinsic growth rate in heterogeneous time-periodic environment,
consisting of an invasive species with density u and a native species with density v.
We assume that v undergoes diffusion and growth in RV and u exists initially in a
ball By, (0), but invades into the environment with spreading front {r = h(t)}. The
effect of the dispersal rate di, the initial occupying habitat hg, the initial density
ug of invasive species u, and the parameter p (see (1.3)) on the dynamics of this
free boundary problem are studied. A spreading—vanishing dichotomy is obtained
and some sufficient conditions for the invasive species spreading and vanishing are
provided. Moreover, when spreading of u happens, some rough estimates of the
spreading speed are also given.
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1. Introduction

In this paper, we study the dynamical behavior of the solution (u(t,r),v(t,r),h(t)) (r = |z|, = € R,

N > 2) to the following reaction—diffusion problem with a free boundary in heterogeneous time-periodic

environment

* Corresponding author.

up — diAu =u(my(t,r) —bi(t,m)u—c1(t,r)v), t>0, 0<r<h(t),
ve — deAv = v (ma(t,r) — ca(t,m)u — bo(t,r)v), t>0, 0<7r<oo,
ur(t,0) = v.(¢,0) =0, u(t,r) =0, ¢t>0, h(t)<r<oo,

W (t) = —pur(t, h(t)), >0,

h(0) = ho, u(0,7) =uo(r), 0 <7 < ho,

v(0,7) = wvo(r),

(1.1)

0<r<oo,
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where Au = u,, + %ur, u(t,r) and v(t,r) represent the population densities of two competing species;

the positive constants d; and do are dispersal rates of u and v, respectively; the initial functions ug and vg
satisfy

{UO € 02([0,h0]), u{)(()) = Uo(ho) = O, () > 0 in [O,ho), (1 2)

vp € C%([0,00)) N L>®([0,00)), vh(0) =0, wvo>0 1in[0,00), and wvg #O0; '

m;(t,r), bi(t,r), c;(t,r) represent the intrinsic growth rates of species, self-limitation of species and compe-
tition between species, respectively, and b;(t, ), ¢;(¢,r) satisfy the following conditions

(i) m; € (C21NL>)([0,00) x [0,00)), bi,e; € (C2*NL>®)(]0,00) x [0,00)) for some a € (0,1)
and are T-periodic in ¢ for some T > 0;
(ii) there are positive Holder continuous and T-periodic functions b; ., b}, ¢; «, ¢f (1 =1,2)

such that b; .(t) < b;(t,7) < b (t), ;. (t) < ci(t,r) < cf(t), V€ [0,T], r € [0,00).

Ecologically, this problem describes the dynamical process of a new competitor invading into the habitat
of a native species in heterogeneous time-periodic environment. The first species u, which exists initially
on a region By, (0), stands for the species in the very early stage of its introduction, and disperses through
random diffusion over an expanding front h(t), evolving according to the free boundary condition

h/(t) = _ﬂur(tvh(t))v (13)

where p is a given positive constant. The second species (v) is native, which undergoes diffusion and growth
in the entire available habitat. The equation (1.3) is a special case of the well-known Stefan condition,
which has been used in the modeling of a number of applied problems [4,6,38]. We remark that similar free
boundary conditions to (1.3) have been used in ecological models over bounded spatial domains in several
earlier papers, for example, [30,32-34].

In the absence of a native species, namely v = 0, (1.1) reduces to the following diffusive logistic problem
with a free boundary in the heterogeneous time-periodic environment

ur — diAu = u(m(t,r) — bi(t,r)u), t>0, 0<r<h(t),
ur(t,0) =0, u(t,r) =0, t>0, h(t)<r<oo,

W(t) = — g (1, h(0)), >0,

h(0) = ho, u(0,7) =wup(r), 0<r < hg,

(1.4)

which has been studied in [10], where the authors showed the spreading—vanishing dichotomy in time-periodic
environment, and also determined the spreading speed. The diffusive logistic problem with a free boundary
in the heterogeneous time-periodic environment was also studied in [5,42]. In the special case that m; and
by are independent of time ¢, problem (1.4) was studied in [9,12,28,41,51] etc. In particular, Du and Lin [12]
are the first ones to study the spreading—vanishing dichotomy of species in the homogeneous environment
of dimension one, which has been extended in [9] to the situation of higher dimensional space in a radially
symmetric case. They showed that, if the diffusion is slow or the occupying habitat is large, the invasive
species can establish itself successfully in the underlying habitat, while the species will die out if the initial
value of the species is small. Other theoretical advances can also be seen in [2,11,14,16,25-27,37,39] and the
references therein.

Recently, Du and Lin [13] considered the following two-species model in higher dimensional domain with
radically symmetry



1596 Q.L. Chen et al. / J. Math. Anal. Appl. 433 (2016) 1594-1613

up — diAu = ula; — byu —cqv), t>0, 0<r<h(t),

vy — doAv = v(ag — bau — cov), t>0, 0<r < oo,
ur(t,0) = v.(¢,0) =0, u(t,r) =0, ¢t>0, h(t)<r<oo,
W (t) = —pur(t, h(t), t>0,

h(0) = ho, u(0,7) = up(r), 0<r < hg,

v(0,7) =vo(r), 0<r < oo,

(1.5)

where u and v represent the invasive and native species, respectively, and a;, b;, ¢; (i = 1,2) are positive
constants. They showed that a spreading—vanishing dichotomy holds when w is a superior competitor, and
the dynamical behavior of (1.5) is similar to that of (1.5) in a fixed domain when w is an inferior competitor.
Moreover, when spreading of the invasive species u happens, some estimates of the spreading speed were
also given. We remark that similar Lotka—Volterra competitive type problems with a free boundary were
introduced in [19,20,44,46,47]. Other studies of Lotka—Volterra prey—predator problems with a free boundary
can be found in [30,40,45,50].
The problem (1.1) is a variation of the following diffusive Lotka—Volterra competition problem

{ut —d1Au = u(mq(t,x) — bi(t,z)u — c1 (¢, x)v), t>0, =x€S, (1.6)

vy — doAv = v(ma(t, ) — co(t,x)u — ba(t,x)v), t>0, z€S,

which is often considered over a bounded spatial domain S = Q C RY with suitable boundary conditions
or considered over the entire space S = RY. For example, the long-time behavior of the bounded domain
problem (1.6) with no-flux boundary conditions is well known. The reader may refer to [3,8,17,21-23,31,35]
and the references therein for further details. For the entire space problem (1.6), when the functions m;,
bi, ¢; (i = 1,2) are positive constants, to describe the invasion and spreading phenomenon, there have been
many interesting studies on positive traveling waves and asymptotic spreading speed (see [18,29,48]); when
the functions my, b;, ¢; (i = 1,2) are independent of z, the authors in [1,49] studied the existence and
stability of time periodic traveling waves. As said in [13], the long-time behavior of the Cauchy problem of
(1.6) is still poorly understood. To investigate the dynamics of a new competitive species that invades the
habitat of a resident species in heterogeneous time-periodic environment (seasonal or daily variations, for
example), it is necessary to study the free boundary model (1.1).

Motivated by the works [28,41,51], we will divide the environment into two different circumstances: strong
heterogeneous environment and weak heterogeneous environment, where if m;(¢,r) satisfies the following
assumptions

(H,) my(t,r) € C*([0,T] x [0,00)) N L>([0,T] x [0,00)), i = 1,2,

and maq(t,-) changes sign in (0,hg), ma(¢,-) changes sign in (0, 00),
then it is called strong heterogeneous environment for population, and if m;(¢,r) satisfies
(Hy) my(t,r) € CH([0,T] x [0,00)), and 0 < m; < my(t,r) < m; < oo for (t,r) € [0,T] x [0,00), i = 1,2,

with m, and m; being positive constants, then it is called weak heterogeneous environment for population.

The aim of this paper is to study the dynamics of problem (1.1) in the strong and weak heterogeneous
time-periodic environment. We employ di, ho, ¢ and ug(r) as variable parameters to study problem (1.1)
when m;(t,r) (i = 1,2) satisfy conditions (H1)—-(H3). We derive a spreading—vanishing dichotomy and some
sufficient conditions to ensure that spreading and vanishing occur, which yield sharp criteria governing
spreading and vanishing both in the strong and weak heterogeneous time-periodic environment. These results
give the following biological explanations: slow diffusion, large occupying habitat and big initial density of
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invasive species u are benefit for the invasive species to survive in the new environment. Moreover, the
estimate of the asymptotic spreading speed is given. Unlike the non-periodic case, the principle eigenvalue
of time-periodic eigenvalue problem (see (3.1) later) is not monotone with respect to dispersal rate (see
Theorem 2.2 in [24]), so we only consider two particular cases for d;: slow diffusion and fast diffusion
(see Corollary 3.1 later).

After this work was completed, we found the preprint by Wang [43]. There, two types of diffusive com-
petition model with a free boundary in heterogeneous time-periodic environment of dimension one are
considered (see (1.2) and (1.3) in [43]). The author obtained the spreading-vanishing dichotomy and sharp
criteria for spreading and vanishing by selecting ho and p as variable parameters. When N =1, b;(¢,r) =1
and ¢;(t,r) = const. (i = 1,2), our model (1.1) becomes into (1.3) in [43] with a; = 0 and ; = —1. Except
the difference between equations we dealing with, we also consider the effect of the dispersal rate d; and
the initial data ug on spreading and vanishing under suitable assumptions.

The rest of our paper is arranged as follows. In Section 2, we exhibit some fundamental results, including
the global existence and uniqueness of the solution of problem (1.1) and the comparison principle in the
moving domain; An eigenvalue problem under some suitable assumptions is given in Section 3; In Section 4,
we investigate the dynamics of problem (1.1) in heterogeneous environment. Section 5 is devoted to studying
the asymptotic spreading speed of the free boundary when spreading of the invasive species u occurs.

2. Preliminaries

In this section, we give some fundamental results on solutions of problem (1.1) under (H1).

Lemma 2.1. For any given (ug,vo) satisfying (1.2), problem (1.1) admits a unique solution (u,v,h) defined
for allt > 0 and

(u,v,h) € C(Ha)/Q’H“’(D) X C’(HO‘)/Q’H@(D‘X’) X CH“/Q([O,OO)).
Moreover,

Hu||c’(1+a)/2,1+a(D) + ||UHC(1+0¢)/2,1+0¢(D00) + ||h||C1+o¢/2([O’T]) <,

where D = {(t,7) € R?2 : t € [0,00), 7 € [0,h(t))}, D= = {(t,r) € R? : t € [0,00), r € [0,00)}, C only

depend on ho, a, ||u0||C’2([0,h0]); ||UO||02([0,00))-

Proof. The proof is a simple modification of those of Theorems 2.1, 2.4 and 2.5 in [13]. So we briefly describe
the main steps.

Step 1. The local existence and uniqueness of positive solution of (1.1).

The essential idea of this proof is to construct a contraction mapping, and the desired result would then
follow from the contraction mapping theorem. This step can be obtained by exactly the same argument
used in the proof of Theorem 2.1 in [13].

Step 2. The local solution can be extended to all ¢ > 0.

To show this conclusion, we need the following estimates: if (u,v,h) is a solution of (1.1) defined for
t € (0,Tp) for some Ty, then there exist constants C7, Cy and C3 independent of T, such that

0<u(t,r) <Cy, forte(0,Tp), 0<r<h(t),
0<w(t,r) <Cs forte (0,Tp), 0<r < oo,

0<W(t)<C5, forte(0,Tp). (2.1)
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Now we prove (2.1). Applying the strong maximum principle, we immediately obtain that w(¢,r) > 0,
ur(t,h(t)) < 0 for (t,7) € (0,Tp) x [0,h(t)) and v(t,r) > 0 for (¢,r) € (0,Ty) x [0,00). Using the
Stefan condition (1.3), we have h/(t) > 0 for ¢t € (0,Tp). Since b;(t,r) (i = 1,2) satisfy (H1), then
mingg, 7yx [0,00) bi (%, r) > 0. Using the maximum principle again, we can obtain C; and Cs, more precisely,

1] 2o ([0,77x [0,00))
mino 770,00 b1(t, )

u(t,r) < Cy := max{ 7||U0Loo([0’h0])} , forte(0,Tp) and r € [0,h(t))

and

lma2|| o< (0,77 % [0,00))

min, 7)x[0,00) b2(t,7)’

v(t,x) < Cq:= max{ |UO||L00([O’OO))} , forte(0,Tp) and r €[0,00).

To get C'5. We define
Q= {(t,r): 0 <t < Ty, h(t) — M~' <r < h(t)},
and construct an auxiliary function
a(t,r) = C12M (h(t) —r) — M?*(h(t) —r)?].

We will choose M > hio so that @(t,r) > u(t,r) holds over Q.
Direct calculations yield that, for (¢,7) € Qu,

Uy — dy A= (2MC () + 20BN A (h(t) — 7)) 4 2d,Cy M2
> 2d1C1 M? > u(my — byu — c1v),

(t,h(t) = M) = Cy > u(t, h(t) — M~1),

i(t, h(t)) = 0 = u(t, h(t)),

I

provided M? > Hml”'“mé[;’lﬂxm’w”. On the other hand, we calculate

u,(0,7) = —2C1 M[1 — M (ho —7)] < —C1M, for r € [ho — (2M) ™!, hy].

Therefore, by choosing

1 [llmallre(o,m)x[0,00) 4lluollcr((o,no))

M = —
maxy g0 2, : 30, :

we will have ,.(0,7) < u,(0,r) for r € [hg — (2M )1, hg]. Since @(0, ho) = ug(ho) = 0, the above inequality
implies

w(0,7) > ug(r), forr € [hg — (2M)~1, hy).
Moreover, for r € [hg — M~ hg — (2M)~1], we have
3
< -=-C1.
141

_ 3 _
u(0,7) > 101,1&0(7“) < uolleronep M ™"

Therefore, ug(r) < (0, r) for r € [hg — (2M) ™1, ho].
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Applying the maximum principle to @ — u over Qp; gives that u(t,r) < u(t,r) for (t,r) € Qus, which
indicates that

—OMCy = @ (t, h(1) < up(t, (1)),  h'(t) = —pun(t, h(t)) < Cy == 2MCyp for t € (0,Tp).

The rest of the proof is the same as in [13].
Step 3. The solution of (1.1) exists and is unique for all ¢ > 0.
This conclusion can be proved by exactly the same argument used in the proof of Theorem 2.4 in [13]. O

In what follows, we discuss the comparison principle for (1.1). The proof is similar to that of Lemma 2.6
in [13], so we omit the details.

Lemma 2.2 (The comparison principle). Suppose that Ty € (0,00), h,h € C1([0,Tpy)), u € C(D_}O)OCLQ(D}O)
with Dy, :={(t,r) € R? : t € (0,Tp], r € (0,h(t))}, u € C(DF) N CH2(D3) with D = {(t,r) e R* : t €

(0, To], 7 € (0,h(t))}, v,5 € (L N C)((0, Tp] x [0,00)) N CH2((0,Tp) x [0,00)) and

iy — diAu > a(my(t,r) — bi(t,r)u —ci(t,r)v), 0<t<Ty, 0<r<h(t),
u, — diAu < u(my(x) —bi(t,m)u —c1(t,r)v), 0<t<Ty, 0<r<h(t),
vy — da AT > v(ma(t,r) — ca(t, r)u — bo(t,7)v), 0<t<Ty, 0<7r <00,
v, — daAv < v(mao(t,r) — ca(t,r)u — ba(t,r)v), 0<t<Tp 0<r<oo,
U (t,0) = 0,.(t,0) =0, a(t,r) =0, 0<t<Ty, h(t)<r<oo,

u,(t,0) =2v,(¢,0) =0, wu(t,r)=0, 0<t<Ty, &l <r<oo,

W (t) < —pu, (L R()), R(8) > —pi (L A1), 0<t<T,

1(0) < ho < h(0),

w(0,7) <ug(r) <u(0,r), 0<r<hg,

v(0,7) <wo(r) <wv(0,7r), 0<r<oo

3. Some eigenvalue problems

In this section, we mainly study an eigenvalue problem and analyze the property of its principle eigenvalue.
These results play an important role in later sections.
Consider the following eigenvalue problem

pr — dAp =m(t, |z])p + Ap, in [0,7] x Bg,
=0, onl0,7] X 9Bg, (3.1)
©(0,z) = o(T,x) in Bg.

It is well known [3,23] that (3.1) possesses a unique principal eigenvalue A\; = A1(d, m, R,T), which corre-
sponds to a positive eigenfunction ¢ € C12([0,T] x Br). Moreover, ¢(t,z) is radially symmetric in z for
all ¢.

In what follows, we present some further properties of Ay = A1(d, m, R, T). We now discuss the dependence
of A1 on d for fixed R.
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Lemma 3.1. (See [5].) Let m(t,|z|) be functions satisfying (H1). Then

(i) M\i(,m, R, T) = —maxg,_ %fOT m(t,|z|)dt as d — 0;
(ii) Ai(,m, R, T) = 400 as d — +o0.

Corollary 3.1. (See [5].) (i) If maxp, %fOTm(t, |z|)dt > 0, then there exists a constant dx = d.(m,R,T) €
(0, 400) such that A1 (d,m, R,T) <0 for0 < d < d,; (ii) There exists a constant d* = d*(m, R,T) € (0, 400)
such that \(d,m, R, T) >0 for d > d*.

We assume

(H2) 0 < mu(t) ;= liminfm(t, |x|) < m*(¢) := limsup m(t, |z|) < oo,

where m..(t),m*(t) € C% (][0, T]) are positive T-periodic functions. Clearly, this condition allows m(t, |z|) to
change sign in a bounded domain with respect to z.

Lemma 3.2. (See [5].) Let m(t,|z|) be functions satisfying (H1). Then

(i) A (d,m,-,T) is a strictly decreasing continuous function in (0,400) for fized d,m,T, and \1(d,-, R, T)
is a strictly decreasing continuous function in the sense that A1 (d, k1(t,7), R, T) < M (d, k2(t,7), R, T) if
the two T-periodic continuous functions k1 (t,r) and ko(t,r) satisfy ki(t,r) >, % ka(t,r) on [0,T] X Bg;

(ii) A\ (d,m,R,T) = +o0 as R — 0;

(iii) limp—oo A1(d, m, R, T) < 0 under the assumption (H2).

Corollary 3.2. (See [5].) There exists a threshold h* = h*(d,m,T) € (0, 00| such that A\ (d, m,R,T) <0 for
R>h* and M\ (d,m,R,T) >0 for 0 < R < h*. Moreover, h* € (0,00) if the assumption (H2) holds. If we
replace R in (3.1) by h(t), then it follows from the strict increasing monotony of h(t) and Lemma 3.2 that
A1(d,m, h(t),T) is a strictly monotone decreasing function of t.

4. Strong and weak heterogeneous time-periodic environments

In this section, we will give the dynamics of problem (1.1) with m;(¢,|z|) (¢ = 1,2) satisfying (H1) and
(H2). The condition (H2) means that we only consider (1.1) in some cases of strong and weak heterogeneous
time-periodic environments, where the growth rates of species satisfy some positivity conditions at infinity.
To get an entire analysis, we need to add the following assumption:

(H3) my(t) — 5 (@)V*(t) >0,

where V,(t), V*(t) are the unique positive solutions of the T-periodic ordinary differential problems

{ VI(t) = V(ma«(t) = b3(t)V), (4.1)
V(0) = V(T),
and
{ VI(t) = V(m3(t) = ba()V), (42)
V(0) = V(T),
respectively.

Throughout this section, (H1)-(H3) are assumed to hold even if they are not explicitly mentioned.
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4.1. Spreading—vanishing dichotomy

In this subsection, we prove the spreading—vanishing dichotomy. In view of (2.1), we see that the free
boundary h(t) is a strictly increasing function with respect to time ¢. Thus, heo := lim;_, oo h(t) is well
defined. We first prove that if the habitat of the invasive species is limited in the long run, then the invasive
species u vanishes.

Lemma 4.1. If hoo < 00, then limsup, ., [|u(t,-)|lc(o,nw)) = 0 and limg o v(t + KT, 7) = V(t,7) uniformly

in any bounded subset of [0,T] x [0,00), where V (¢, |x|) is the unique positive solution of

{ Vi — do AV =V (ma(t,|z]) — ba(t, |2])V), (t,x) €[0,T] x RY, (4.3)
V{0, |z]) = V(T |z]).

Proof. Since my satisfies the assumption (H2), Theorem 1.3 in [36] is available, and then the existence and
uniqueness of V(¢,|z|) can be established.

We now argue indirectly, that is, we assume that limsup,_, . |u(t,-)||c(jo,n¢))) = 6 > 0. Then there exists
a sequence (t,,7,) € [0,00) x [0, h(t,)] with ¢, — oo as n — oo such that u(t,,r,) > 3§ for all n € N.
Since 0 < 7, < hoo < 00, there exists a subsequence of {r,}, denoted by itself, and r¢ € [0, hso], such that
T — 1o as n — 00. We claim that ro < heo. If this is not true, then r, — h(t,) — 0 as n — oo. According
to Lemma 2.1 and the above assumption, we have

]

’ W(tn, rn) — w(ty, h(ty))
2(ry, —

rn — h(t,)

w(tn, rn)
rn — h(ty)

- ‘UT(tnvfn” é Ca

h(tn»' :

where 7, € (rn, h(t,)). It is a contradiction since r, — h(t,) — 0. Without loss of generality, we assume
T — 79 € [0, hoo — 0] as m — oo for some o > 0.
Define

Un(t,r) =u(t +tn,r) and v,(t,r) =v(t+t,,r) for (t,r) € Dy,

with Dy, == {(t,r) € R?: t € (—t,,0), r € [0, h(t +t,)]}.

Letting t,, = t,+nT with ¢,, € [0,T) and 7 € N, passing to a subsequence if necessary, we may assume that
tn — to as m — 00. Since hy < 00, we have lim;_, oo 1/ (t,) = 0. It follows from Lemma 2.1 that {(un,v,)}
is bounded, by the parabolic regularity, we have, up to a subsequence if necessary, (un,v,) — (4,0) as
n — oo, with (u,v) satisfying

uy — diAu = a(my (t 4+ to,r) — b1 (t + to,7)u — c1(t + to,7)0), t€ (—00,00), 0<7r < ho,
vy — do AU = v(ma(t + to,r) — ca(t + to, r)u — ba(t + to,7)v), t € (—00,00), 0<7r <00,
w(t,hoo) =0, t€ (—00,00).

Since u(0,79) = limy o0 Un (0, 7,) = im0 u(tn, rn) > g, by the maximum principle, we have @ > 0 in
(—00,00) X (0, hoo). Thus, we can apply the Hopf boundary lemma to conclude that g := @,(0, ho) < 0,
which implies that w,(tn,, h(tn,)) = Optn, (0, h(t,,)) < % < 0 for all large 4, and hence h'(t,,) > —p% >0
for all large 4. Since h/(t) — 0 as t — oo under the condition h., < oo, this is a contradiction.

Next we prove that lim, o v(t + nT,r) = V(¢,r) uniformly in any bounded subset of [0, 7] x [0, 00). In
what follows, we use a squeezing argument developed in [15] to prove our result. The proof can be done by
modifying the arguments of [9,15,28]. Due to both time-periodic and sign-changing are considered here, we

provide the details of proof for the reader’s convenience.
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Since lim; o0 [[u(t, -)||c(jo,nt)) = 0 for t > 0 and u(t,r) = 0 for r > h(t), then for any small € > 0, there
exists Ty > 0 such that 0 < co(t, 7)u(t, ) < |le2 o= ([o,7]x[0,00))u(t, ) < € for any ¢t > T and 7 € [0, 00). For
any L > 0, we consider the following problem

2z — doAz = z(ma(t,r) —e — ba(t,r)z), (t,7) €[0,T] x [0, L],
2r(¢,0) =0, z(t,L) =0, (4.4)
z(0,r) = 2(T,r).

Since ma(t,r) satisfies the condition (H2), we have ¥4, = {R > 0 : Ai(de,m2,R,T) = 0} # 0 by
Corollary 3.2. Thus, we may assume Lo € Xg4,, and then Ai(da,m2,L,T) < 0 for any L > Lg. Since
A1(da, k(t,r), R,T) is a strictly decreasing continuous function in k(¢,r), then A\ (dz,me —e,L,T) < 0 for
small e. Therefore, for any L > Lo, (4.4) has a unique positive solution (see [3,23]), denoted by 25.

We next consider the following boundary blow-up problem

wy — doAw = w(ma(t + t*, |z| + r*) — ba(t + t*, |z| + r*)w), (¢,x) €[0,T] x By,
w(t+t*, L+1r") = o0, (4.5)
wt*,r+r*) =wlt*+T,r+r*),
where r* is a constant satisfying r* > L. It follows from Lemma 3.1 in [36] that (4.5) has a unique positive
solution wr, (¢t + t*,r + r*) := wi (¢,r) for any L > 1.
Now we choose a decreasing sequence {e,} and an increasing sequence {L,} such that e, > 0, L,, > Lg
for all n and ¢, — 0, L, — o0 as n — oo. Clearly, both zi’; and wy, converge to V(t,r) as n — oo, and

for each n, there exists T,, > Ty such that h(t) > L,, for t > T,,. Since L,, > Lo, from [3,23] we know that
the following problem

Zy — do AZ = Z(ma(t,r) —en — ba(t,7)2), t>Tn, 0<r <Ly,
Z.(t,0) = Z(t,L,) =0, t>1T,,
Z(Tn,r) =v(Ty,r), 0<7r< Ly,

admits a unique positive solution Z, (¢, r) satisfying
Zn(t + kT, r) — 27" (t,r) uniformly for (¢,7) € [0,T] x [0, L,] as k — oo.
Moreover, it follows from the comparison principle that
Zn(t,r) <w(t,r) fort>T, andrel0,L,]
Hence
likrggolfv(t +kT,r) > 27" (t,r) uniformly for (¢,r) € [0,T] x [0, L,].
By letting n — oo in the above inequality, we attain
likrggfv(t +kT,r) > V(t,r) locally uniformly for (¢,7) € [0,7] x [0, c0). (4.6)
Similarly one can prove

limsupv(t + kT, r) < wpg, uniformly for (¢,7) € [0,T] x [0, L,],

k—oc0
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which implies (by sending n — o)

limsupov(t + kT,r) < V(t,r) locally uniformly for (¢,r) € [0,T] x [0, c0). (4.7

k—o0

The desired result would then follow directly (4.6) and (4.7). O

Lemma 4.2. If ho, = 0o, then U(t,r) < liminfy,_, o u(t4+kT, ) < limsupy_, . u(t-+kT,7) < U(t,r) uniformly
in any compact subset of [0,T] x [0,00), where U(t,|xz|) is the unique positive solution of

{Ut—dlAU— U(ml(t7|x|)_bl(t7 |I’|)U—Cl(t,|$|)V(t, |1’|))7 (t,l’) € [OaT] XRNa (4 8)
U(0, |z]) = U(T, |=)),
and U(t, |z|) is the unique positive solution of
{ U — i AU = U(ma(t, |2]) = ba(t, [2)0),  (t,2) € [0.T) x R, (49)
(0, |z|) = U(T, |z,
where V (t,|z|) satisfies (4.3).
Proof. By Theorem 1.4 in [36], we have
0 < Vi(t) <liminf V(¢,7) <limsup V(¢,r) < V*(¢), (4.10)
r—0o0 r—00
where V,(t) and V*(t) are defined in (4.1) and (4.2).
Moreover, since (H3) holds, then we know that
0 <mi.(t) = OV () < liminf(ma(t, [o]) = ext, [#)V (2, |2])
< limsup(ma(t, |2]) = er(t, [2)V (L, [2])) <mi(t) — e (OVi(d). (4.11)

|| =00

Therefore, Theorem 1.3 in [36] is available, and then the existence and uniqueness of U(¢,|z|) can be
established.
Define

o(t,r) = (1+ He EHV(t,r), (4.12)
where V satisfies (4.3) and K, H are positive constants to be determined later. Direct calculations yield

Uy — do AT — B(my(t,r) — ba(t,7)0) = He KW (t,7)[-K + (1 + He Kby (t, r)V (t,7)]
> He KV (t,r)[- K + ba(t, 1)V (t,7)]

and v(0,7) = (14+ H)V(0,r). Since the positive time-periodic functions bs(¢,r) and V (¢, r) satisfy (H1) and
(4.10) for any t € [0, T, then we have ming 77x[0,00) b2(t,7) > 0 and minjy 77x[0,00) V (¢,7) > 0, and thus we
can choose

1 . . llvoll o= ([0,00))
- bo(t, V(t,r), 1+H= — 2l 4.13
2 [o,TrJril[rol,oo) 2(t,) [07Tr]ril[%,oo> (&) - max{mln[o,oo) V(0,7) (4.13)
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such that
Uy — do AT — B(my(t,r) — ba(t,7)0) > He KV (t,7) [~ K + by(t, )V (t, )] > 0

and v(0,7) = (1+H)V(0,7) > [[vo|| £ ([0,00)) = vo(r). By the comparison principle, we have v(t,r) < v(t,7).
Since hoo = oo and limy e 0(t + ET,7) = limp_oo(1 + He KEHRINYV (¢ 4 kT, 7) = limp_so0(1 +
He  KEHED) V(¢ 1) = V(t,r) uniformly in [0,T] x [0,00), then for any given 0 < ¢ < 1 and L > 1,
there exists k. € N such that h(t+kT) > L and v(t + kT, r) < v(t+ kT, r) < V(t,r) +¢ for any k > k. and
(t,r) € 10,7 x [0, L].
Let u5 (t,7) be the unique solution of

u, — diAu=u(mi(t,r) —cr1(t,m)(V(t,7r) +¢) = bi(t,m)u), t>kT, 0<r<L,
ur(t70) =0= u(t7 L)7 > kETv
w(keT,r) =u(kT,r), 0<r<L.

The comparison principle implies u(t + kT, r) > u5 (t + kT, r) for k > k. and (¢t,7) € [0,T] x [0, L]. Since
L > 1, we can deduce that uj (t+kT,r) — Ui (t,r) as k — oo, where U§ (¢, ) is the unique positive periodic
solution of

u, — diAu = ulmi(t,r) — c1(t,7)(V(t,7) + ) = bi(t,m)u), t€[0,T7], 0<r<L,
u,(t,0) =0=u(t,L), t€][0,T],
w(0,7) =u(T,r), 0<r<L.

Hence, liminfy,_, o u(t + kT,7) > U (t,r) uniformly in [0,7] x [0, L]. Similar as before, we know that
limy, oo Us(t,7) = US(t, r) uniformly in any compact subset of [0, T] x [0, 00), where U¢(¢,r) is the unique
positive solution of

{gt —diAu =u(my(t,r) —c1(t,r)(V(t,r) + ) = bi(t,r)u), (t,7)€[0,T] x (0,0),
u(0,7) = u(T,r).

Letting € — 0, it follows that lim infy_, o u(t + kT, 7) > U(t,r) uniformly in any compact subset of [0, 7] x
[0,00), where U(t,r) satisfies (4.8).
On the other hand, since v(¢,7) is positive by (2.1), we know that u(t,r) satisfies

up — diAu < w(ma(t,r) —bi(t,r)u), t>0, 0<r<h(t),
ur(t,0) =0, u(t,r) =0, t>0, h(t)<r<oo,

W(t) = —pun(t, A(1)), £ >0,

h(0) = hg, uw(0,7) =wup(r), 0<r < hg.

Now we consider the following problem

U — diAw=a(my(t,r) —bi(t,r)a), t>0, 0<r<h(t),
ur(t,0) =0, u(t,r) =0, t>0, h(t)<r<oo,
R(t) = —pun(t, h(t)), t>0,

h(O) = hOa ’U’(Oar) = uO(T)7 0 S r S h0~

(4.14)

It follows from the comparison principle that

0 <wu(t,r) <a(t,r) and h(t) <h(t) for t>0, 0<r<h(t). (4.15)
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Since oo = 00, then we have ho, = co. By Lemma 4.2 in [5], we have limy_, o @(t+kT, ) = U (t,r) uniformly
in any compact subset of [0,7] x [0, 00), where ﬁ(t, r) is defined in (4.9). Thus, iminfy o v(t + kT, 2) <

A~

U(t,z) uniformly in any compact subset of [0, T] x [0, 00), which completes the proof of Lemma 4.2. O
The following result gives a sufficient condition for spreading and an estimate of ho, when ho, < 0.

Lemma 4.3. If hoo < 00, then hoo < h*(d1,m1 — 1V, T), where V(t,|x|) is the unique positive solution of
(4.3).

Proof. By Corollary 3.2, we know that under the assumption (H3) there exists h* = h*(dy,m1— 1V, T) > 0
such that )\1(d1, h*, mi — Clv, T) =0.

We assume heo > h*(dy,m1 —c1V, T) to get a contradiction. Note that h*(dy, k, T) is a strictly decreasing
continuous function in k(¢,|z|), and due to Lemma 4.1, it is easy to see that for any given 0 < ¢ < 1 there
exists k. € N such that for k > k.

h(t + kT) > max {ho, h*(dl, mi — Cl(V + 6), T)}
and vt +kT,r) <V(t,r)+e, (t,r)€[0,T] %[0, hso].

Set L = h(t + kT), then L > h*(dy,m1 — c1(V +¢),T). Let u(t,r) be the unique positive solution of the
following initial boundary value problem with fixed boundary

u, — diAu = u(mq(t,r) — e (t, r)(V(E,r) +¢) —bi(t,r)u), t>kT, 0<r <L,
w,.(t,0)=0=uw(t,L), t>kT,
w(kT,r) =u(k:T,r), 0<r<L.

By the comparison principle
u(t + kT, r) > u(t + kT,r), forany k> k., (t,r) €[0,T] x [0, L].

Since A1 (dy, L,my —c1(V +¢€),T) < A (d1, h*(d1,m1 —c1(V +¢),T),m1 —c1(V +¢),T) = 0, we know that
u(t + kT,r) — u*(t,r) as k — oo uniformly for r € [0, L], where u*(¢,) is the unique positive solution of

{ut —diAu =u(my(t,r) —c1(t,r)(V (¢, 7) +€) = bi(t,r)u), (¢,7) € [0,T] x [0, L],
Q(O’ 7’) = @(Ta T)'

Hence, liminfy oo u(t + kT, 7) > limg oo u(t + kT, 7) = u*(¢t,r) > 0 in [0,T] x [0, L]. This contradicts to
Lemma 4.1. O

According to Lemma 4.3, we directly have the following Corollary 4.1.
Corollary 4.1. If hg > h*(d1,m1 — 1V, T), then ho = 0.
Combining Lemmas 4.1-4.3, we have the following spreading—vanishing dichotomy theorem.

Theorem 4.1. Let (u(t,r),v(t,r), h(t)) be any solution of (1.1). Then, the following alternative holds:

Either (i) spreading: hoo = 00 and U(t,r) < liminfj_,o u(t+ kT, r) < limsup,,_, _ u(t+kT,r) < U(t,r)
uniformly in any compact subset of [0,T] x [0,00);

or (ii) vanishing: hoo < h*(d1,m1—c1V,T), limsup,_, . |[u(t, -)||c(jo,ne))) = 0 and limg o0 v(t+kT, 1) =
V(t,r) uniformly in any bounded subset of [0, T] x [0, 00).
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Remark 4.1. If we add the assumption mq . — ¢5(¢)U*(¢t) > 0 in (H3), where U*(¢) is the unique positive
solution of

{U’(t) =U(mi(t) — b1 (t)U),

then, using similar arguments as in Theorem 3.2 and Theorem 5.2 of [43], we have, if spreading occurs,

Ui(t,r) < likm infu(t+ kT,r) <limsupu(t+ kT,r) < U*(¢t,r),
—0o0

k—o0
Vi(t,r) < liminfo(t + kT, r) < limsupv(t + kT, r) < V*(¢,7)
k—o0 k— o0
uniformly in any bounded subset of [0,T] x [0,00), where (U*,V,) and (U, V*) are positive T-periodic
solutions of

U — diAU = U(my (¢, 1) = bi(t,7)U — e1(¢,7)V), in [0,T] x (0, 00),
Vi — do AV =V (ma(t,r) — ca(t,r)U — ba(t,r)V), in [0,T] x (0, 00),
Uu,r)=0(T,r), V(0,r) =V (T,r), in [0,00).

Here the existence of (U*, V) and (U, V*) can be obtained similarly to the proof of Theorem 2.1 in [43].

4.2. Sharp criteria for spreading and vanishing

In this subsection, we will establish sharp criteria by selecting dy, ho, 1 and ug(r) as varying parameters
to distinguish the spreading—vanishing dichotomy for the invasive species u. The following Theorem 4.2
shows that the invader cannot establish itself and the native species always survives the invasion if
A1(dy1,mq, ho,T) > 0 and the initial density uo(r) is small.

Theorem 4.2. If Ay (d1, m1, ho, T) > 0 and [[uol|c(jo,hy)) @5 small, then hoo < 00, lim_o0 [|u(t, )|l (0,n))) = 0
and limy_, oo v(t+ kT, ) = V(t,7) uniformly in any bounded subset of [0,T] x [0, 00), where V (¢, |z]) satisfies
(4.3).

Proof. In (4.15), we have known that u(¢,r) < a(t,r) and h(t) < h(t) for t > 0 and 0 < r < h(t). According
to Lemma 5.4 in [5], we have that limy e [|0(t, )¢,y = O
limyg o0 [[u(t, -)[lc(jo,ne))) = 0 and h(t) < oo for ¢ > 0.

On the other hand, we can use the same way as the proof of Lemma 4.1 to deduce that limg_,. v(¢t +

and he < oo for t > 0, which implies

kT, r) = V(t,r) uniformly in any bounded subset of [0, 7] x [0, 00) under the above assumptions. O

Actually, due to Lemma 5.5 in [5], we can prove a more general result by using the same arguments as
Theorem 4.2.

Theorem 4.3. If A1(d1, m1,ho,T) > 0, then there exists po > 0 depending on ug such that when 0 < p < g,
we have hoo < 00, limy o0 [[u(t, *)||c(jo,n())) = 0, and limy o0 v(t+kT, 1) = V (t,7) uniformly in any bounded
subset of [0,T] x [0,00), where V (t,|x|) is the unique positive solution of (4.3).

Corollary 4.2. Assume one of the following assumptions holds:

(i) The diffusion dy is fast, i.e. dy > d*(my,ho,T);
(ii) The initially occupying habitat hg satisfies hg < h*(ma, ho, T).
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Then A1 (d1,m1,ho, T) > 0, and hence we can establish the corresponding vanishing results for cases (i) and
(i) from Theorems 4.2 and 4.5.

Next, we show that the invasive species can spread successfully if A;(di,m; — 1V, ho,T) < 0.

Theorem 4.4. If Ay (d1,m1 — 1V, ho, T) < 0, then hoo = 00, which implies spreading of the invasive species
happens, where V (t,|xz|) is the unique positive solution of (4.3).

Proof. First, we prove the case A\1(dy,my — 1V, ho,T) < 0.

Recall that, in the proof of Lemma 4.2, we have limy_, o, 0(t + kT, 1) = V (¢, ) uniformly in [0, 7] X [0, 00).
Then for any given 0 < ¢ < 1, there exists k. € N with k. > 1 such that v(t + kT, r) < 0(t + kT,r) <
V(t,r) + ¢ for any k > k. and (¢,7) € [0,T] x [0, 00).

Let 1 be the corresponding eigenfunction of problem (3.1) with Ay = A (dy1,m1 — 1V, ho, T).

Now we set

{egpl(t,r), for t> kT, re|0,h(k.T)],
u(t,r) =

0, for t>kT, r>h(kT).

Choose € > 0 so small that
AL +ebipr +eecr <0 and  epy (kT r) <u(k.T,r) fort>k.T, re[0,h(k.T)].

Then direct calculation yields

u; — diAu —u(my(t,r) — bi(t, r)u — er (¢, r)(V(E,r) + )
< (M1 +ebipr +eccr)epr <0, t> kT, 0<r <h(kT),
w, (£,0) =0 = u,(t,0), t> k.T,
w(t,r) =0<u(t,r), t>kT, r>h(kT),
0=hy < —pu,(t ho), t>kT,
w(keT,r) = epr(keTyr) <u(kT,r), 0<r<h(kT).

By the comparison principle, we have
u(t,r) > u(t,r) for (¢, r) € [kT,00) x [0, h(k.T)].
It follows that

litlgiogf lu(t, Mleqonw) = tei[%,fT] ep1(t,0) > 0.
According to Lemma 4.1, we see that hy, = 0o. Hence, by Lemma 4.2, spreading happens.
While for A;(dy,m1 — 1V, ho, T) = 0, using the monotonically of h(t) (see Lemma 2.1), we can select
t* > 0 such that h(t*) > hg. It follows from Corollary 3.2 that Aj(dy,m1 — 1V, h(t*),T) < A1(d1,mq —
1V, ho,T) = 0. Therefore, after replacing hy with h(t*), the same method employed above can obtain the
desired result again. O

Corollary 4.3. (1) If maxp, fOT(m1 — a1 V)dt > 0, then di.(m1 — 1V, ho, T) exists such that hoo = 00 for
d1 S d*(ml — cﬂ/, ho,T).

(2) hoo = 00 for hg > h*(d1,m1 — 1V, T). The existence of h*(dy,m1 —c1V,T) is obtained by combining
the fact
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0 <myu(t) —ci(OVT(t) < ﬁ;rfl_gg’ (ma(t, |2]) — er(t, [V (¢, |21))

< Himsup (s (6 ) = (0, [e)V (& ) < 3 6) = 1. (V- (1)

and (iii) n Lemma 5.2.

Remark 4.2. The condition maxp, fOT(ml — ¢1V)dt > 0 in Corollary 4.3(1) means that some ro € By,
exists such that fOT my(t,ro)dt is large enough. Corollary 4.3(1) suggests that if the mean growth rate of
u over [0,T] is large in a site of initial habitat, then spreading occurs, which coincides with the biological
phenomenon.

Next, we give a sufficient condition for the spreading of u provided the principle eigenvalue A1 (dy, m; —
1V, ho,T) > 0, where V(¢,r) is the unique positive solution of (4.3).

Theorem 4.5. hoo = 00 if |[uollc(jo,ne)) is sufficiently large or if > p°, where p° depends on ug, vo
and hyg.

Proof. Recall that in (4.11) we have

0 <mya(t) — (V™ () < 1‘5&125 (ma(t, [x]) = co(t, |2V (&, []))

< limsup (my (¢, [2]) — (¢, [2))V (L, [2])) < mi(t) — e (E)Vlt).

|z|— 00

Thus,
Llim A1(dy,my — 1V, VL, T)<0
—00

by (iii) in Lemma 3.2. Therefore, there exists L* > 0, such that A1(dy,m1 — a1V, vVL*,T) < 0.
Next, we construct a suitable lower solution to problem (1.1). First, we consider the following eigenvalue

problem
—diorr — 3¢ ucp, 0<t<T, 0<r<l,
or(t,0) =p(t,1) =0, 0<t<T,
©(0,7) = p(T,r), 0<r<lL.

It follows from [3,23] that the above eigenvalue problem admits a unique principal eigenvalue p; with
associated T-periodic eigenfunction ¢ > 0 in (¢,7) € [0,T] x (0,1) with ||¢||ze(0,7)x[0,1) = 1. By the
moving-plane argument in [7], we have ¢, (t,7) < 0 in (¢,r) € [0,T] x (0,1]. We claim that puq > 0. In fact,
multiplying the equation of ¢ by ¢ and integrating over [0,7] x (0,1), we obtain

T 1 T T 1 . T 1
,ul//<p2drdt=/ <pt<pdrdt+d1//|<pr|2drdt— 5//<prapdrdt
00 0 00 00
|or| drdt——//g&r<p>0

O\ﬂ O~
o _
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Define

u(t,r) = grgpe&mn, €= [y b3 (s)ds, 0= T 20, 0<r<Vi+s,

where §, I, M are positive constants to be determined later. We are now in a position to show that (u, v, h)
is a lower solution of problem (1.1), where v(t,x) = (1 + He K*)V (¢,r) is defined in (4.12).

From Lemma 2.2, we have 0 < u(t,r) < Cy for t > 0,7 € [0, h(t)], which implies that the parameters
0, I and M at least need to be chosen to satisfy u(t,r) < Cy. Since my(t,r), bi(t,r), c1(t,r) and V (¢, 1)
are bounded, then there exists a positive constant @ such that mq(¢,7) — b1 (¢,r)u — c1(¢,r)v > —Q. Direct
calculations yield

u, — diAu —u(m(t,r) — by (t, r)u — c1(t,7)0)

= g ) — () W)e(€m) = O (6. )

—2
L d(t+ ) 2O + 2 DN D e

— (t+ )& m) (ma (@) — bt ) — e (2, 7)7)}
— g ) — (A Oe(m) + (€]
T (4 SR (OR (Dn(En) — QU + (e, )}

g-Gf%ﬁﬁw@mwwuwam—Qu+®wamh

for 0 <r < h(t),0<t<L*
Choosing 0 < 0 < 1, g + Q(L* + 1) < I, we obtain

M 7 (o€, m) — (€, m) — QL™ + 1)¢p(€,n)) <0,

u, — diAu —u(my(t,r) = bi(t,r)u — ¢ (t,7)v) < S

for 0 <r < h(t) and 0 <t < L*.

(i) We may choose 0 < § < h3 and select > 0 being sufficiently large such that p > u® := —%,
then we have
’ _ 1 pMepr(t, 1) *
R (t) + pu, (¢, h(t)) = SN + ()12 <0 forO<t¢t<L™ (4.16)
Moreover, we select M > 0 being sufficiently small such that
M r .
w(0,7) = W(p(& %) <up(r) in [0,V3]. (4.17)

(ii) We may select M and |lug||c(jo,ne)) being sufficiently large such that (4.16) and (4.17) hold.
Either by (i) or (ii), we have

u, — di Ay <u(mq(t,r) —bi(t,r)u —c1(t,r)v), 0<t<L* 0<r<h(t),
u,(t,0) =0, u(t,h(t)) =0, 0<t<L*

B(t) + pu, (8, b(t) <0, 0 <t < L%,

w(0,7) <ug(r), 0<r<+Vo.
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By the comparison principle, we have h(t) < h(t) in [0, L*]. Specially, we derive h(L*) > h(L*) = /L* + 0 >
VL*. Since A\i(di,m1 — e1V,V/L*,T) < 0, according to the strictly monotone decreasing of A;(dy,m; —
c1V, R, T) in R, we have h(L*) > v/L* > h*(dy, m1 — 1V, T), which implies hoo > h*(dy,m1 — 1V, T). From
Corollary 4.1, we obtain he, = 0c0. O

Corollary 4.4. For any di > 0, hoo = o0 if ||U0Hc([o,h0]) is sufficiently large or if > p°, where p° depends
on ug, vo and hg.

Similarly, due to the strict monotone decreasing of A*(dy,m1 — 1V, h(¢),T) in h(t), and Theorem 4.5,
we obtain

Corollary 4.5. If 0 < hg < h*(dy,m1—c1V,T), then hoo = 00 if |[ug||lc(jo,ne]) is sufficiently large or if 1 > p°,
where 1° depends on ug, vy and hg.

If hg is fixed, some sufficient conditions for spreading—vanishing of u depending on d; and wug(r) are
derived from Corollaries 4.2, 4.3 and 4.4.

Theorem 4.6. There exist d*(my,ho,T) and di(ho,m1 — 1V, T) defined in (0,00) such that

(i) vanishing occurs if dy > d*(ma, ho, T) and initial value uo(r) is small;

(ii) spreading happens if one of the following results holds:
(a) if 0 <dy <di(m1 — 1V, ho,T) under the assumption maxp, fOT(ml —aV)dt > 0;
(b) if lluollc(jo,ne)) s sufficiently large for any dy > 0.

Similarly, if d; is fixed, some sufficient conditions for spreading—vanishing of u depending on hy and ug(r)
are obtained from Corollaries 4.2, 4.3 and 4.5.

Theorem 4.7. There exist h*(dy,m1,T) and h*(d1,m1 — 1V, T) defined in (0,00) such that

(i) vanishing occurs if hg < h*(d1,m1,T) and the initial value ug(r) is small;
(ii) spreading happens if one of the following holds:

(a) ’Lf ho 2 h*(dl,ml — clv, T),

(b) if 0 < ho < h*(d1,m1 — 1V, T) and ||uollc(jo,no)) 18 sufficiently large.

Next, if dy is fixed, the initial number ug(r) governs the spreading and vanishing of the invasive species.
Then we can derive the sharp criteria for spreading—vanishing of an invasive species u from Corollaries 4.2,
4.5 and Theorem 4.4, by the same arguments as Theorem 5.7 in [28].

Theorem 4.8. For any di > 0 and given vg, which satisfies (1.2), if ug(r) = €0(r) for some ¢ > 0 and
O(r) such that ug satisfies (1.2), then €* exists depending on 0, vo and dy such that spreading occurs if
e > €*, and vanishing happens if 0 < ¢ < £*. Moreover, €* = 0 if hg > h*(dy,m1 — a1V, T), €* > 0 if
0 < ho <h*(di,m1 —a1V,T), and * > 0 if hg < h*(d1,m1,T).

Now we can derive the sharp criteria for spreading—vanishing of an invasive species u from Corollar-
ies 4.2, 4.3, and 4.5 by choosing the expansion capability u as a parameter. The proof is similar to that of
Theorem 3.9 in [13].

Theorem 4.9. For any d; > 0 and given (ug,vo), which satisfies (1.2), p* exists depending on ug, vo, ho
and dy such that spreading occurs if p > p*, and vanishing occurs if 0 < p < p*. Moreover, u* = 0 if
hg > h*(dl,ml — Cl‘/,T), ,u* >0 sz < hg < h*(dl,ml — Cl‘/,T), and /L* >0 tho < h*(dl,ml,T),
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5. Estimates of the spreading speed

In this section, we give some rough estimates on the spreading speed of h(t) for the case that spreading
of u happens. We first consider the following problem

—dAU + K(t)U, = U(a(t) = b(t)U), (t,r) €[0,T] x (0,00),
Ut,0)=0, telo,T], (5.1)
U ,r)=U(T,r), re€(0,00),

where d > 0 is a given constant, and K, a, b are given T-periodic Holder continuous functions with a, b
positive and K nonnegative. From Propositions 2.1, 2.3 and Theorem 2.4 in [10], we have the following
Proposition 5.1.

Proposition 5.1. For any given positive T-periodic functions a,b € CVTO([O,T]) and any monnegative
continuous T-periodic function K € C’VO([O T]), problem (5. 1) admits a positive T-periodic solution
UK € C*2([0,T] x [0,00)) if and only if = fo tydt > 7z fo dt)?/(4d), and such a solution is unique
when it exists. Furthermore, UX(t,7) > 0 in [0, T] [0,00) and UK(t r) — V(t) uniformly fort € [0,T] as
r — 400, where V(t) is the unique positive solution of the problem

Y =V(a(t) - b(t)V), te][0,T], (5.2)
V(0) = V(7). '

In addition, for any given nonnegative T-periodic function K, € C2 ([0,T)), the assumption Ky <,% K
implies UX1(t,0) > UK (t,0), UK (t,r) > UK (t,r) for (t,7) € [0,T]x(0,+00). Besides, for each i > 0, there
exists a positive continuous T-periodic function Ko(t) = Ko(,u7a b)(t) > 0 such that pUKe(t,0) = Ko(t) on

[0,T]. Moreover, 0 < % fOT Ko(p, a,b)(t)dt < 24/ & fo t)dt for every u > 0.
Making use of the function Ky(u,a,b), we have the following estimate for the spreading speed of h(t).

Theorem 5.1. Assume (H1)-(H3) hold. If hoo = +00, then

KO(N? m>1ka bl,*)dt‘

t——+oo

T

1 - h(?)

T/K (ymy . — V™, b )dt<hmﬁnfT < lim sup
0

’E
=
IA
Nl ~
o\‘ﬂ

Proof. Consider the following auxiliary problem as (4.14)

— di AU = u(mq(t,7) = bi(t,r)a), t>0, 0<r<h(t),
u,(t,0) =0, a(t,r) =0, t>0, h(t)<r< oo,
W (t) = —pir(t, h(t), t>0,
w(0,r) = ug(r), 0<r < ho.

By the comparison principle, it follows that h(t) > h(t) — 400 as t — oco. By Theorem 4.4 in [10],

lim sup,_, 4 @ < %fOT Ko(p, mi, by )dt. Thus, we have

lim sup @ < lim sup —) <

< = [ Ko, m7, b .)dt.
t—-+o0 t— oo T

(
t

O\H
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Next, we prove that lim inf;_, o @ > %fOT Ko(p,my . — ciV*, by)dt.

As in the proof of Lemma 4.2, we know, for any 0 < & < 1, there exists k. > 0 such that v(¢ +
ET,r) < V(t,r) +¢ for any k > k. and (t,7) € [0,7] x [0,00). Since hy = +00, we may assume that
h(k:T) > h*(di,m1 — c1(V 4+ ¢),T). Let (u(t,r), h(t)) be the unique solution of

u, — diAu=u(my(t,r) —cr(t,r)(V(t,r) +e) —bi(t,r)u), t>kT, 0<r<h(t),
w,(t,0) =0, u(t,r) =0, t>kT, k() <r<oo,

B(t) = —pau, (6, h(t)), t> kT,

wk.T,r) =u(k.T,r) >0, h(k.T)=h(kT), 0<r<h(kT).

The comparison principle implies w(t + kT, 7) < u(t + kT, r) and h(t + kT) < h(t + kT for any k > k. and
(t,r) € [0,T)x[0,00). By Lemma 4.3, h, = oo since h(k.T) = h(k.T) > h*(d1,m1—c1(V+¢),T). Moreover,
by Theorem 1.4 in [36], we have limsup,._,  c1(t, )V (t,r) < ¢f(t)V*(t). It follows from Theorem 4.4 in [10]

that liminf; 40 @ > %fOT Ko(p,m1« — ¢;(V* + €),b3)dt, which implies £ fOT Ko(p,ma e — c5(V* +
€),by)dt < liminf; @ for any small € > 0. Let ¢ — 0 and using the continuity of Ky with respect to

its components, we immediately obtain the desired result. O
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