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Abstract
In this paper, we study a reduced gravity two and a half layer model in three-dimensional whole
space R®. Under assumption of small initial data, we establish the unique global solution by energy
method, furthermore, we obtain the time decay rates of the higher-order spatial derivatives of the
solution by the method of spectral analysis and energy estimates if the initial data belongs to Ll(R3)

additionally.
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1 Introduction

In this paper, we consider the reduced gravity two and a half layer model in the following form:

O¢hy + div(hquy) = 0,

Ot(hiuy) + div(hiuy @ ur) + (g1 + g2)h1 Vhy + goh1 Vhy = 2v1div(hiDuy),

Ogha + div(haug) = 0, (1.1)
O¢(haus) + div(haus @ ug) + gahaVhy + gohaVha = 2vadiv(heDus),

hl(JU,t) — ill > O,hQ(JJ,t) — ?12 >0 as |J§| — 00,
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where h;(x,t),u;(x,t) and v;(i = 1,2) are the upper and middle layer thickness, horizontal velocity, and
the coefficient of lateral friction, Du; := W(z = 1,2) denote the stress tensor in the upper and
middle layers, respectively. g1 and go are positive constants, h1, hodenote the background doping profile
which are known positive constants. Without loss of generality, we set 1y = vy = hy = hy = 1 in the
sequel.

We point out here that if we take hy = 0 or hy = 0, then the model (1.1) is the following viscous
compressible Navier-Stokes equations, the viscosity coefficient is taken as vh, and the pressure is P(h) =
g'n?,

Och + div(hu) = 0,
O(hu) + div(hu @ u) + ¢'hVh = 2vdiv(hDu).

As stated in [2], (1.1) is a useful model of the stratified upper ocean overlying a nearly stationary and
nearly unstratified abyss. The simplest way to simulate the ocean circulation is to assume the ocean is
homogeneous in density, and this model has no vertical structure. For some reasons, here the stratification
in the ocean is simplified as a two-layer fluid. Fluid below the main thermocline moves much slower than
that above the main thermocline. As a good approximate, one can assume that the fluid in the lower layer
is near stagnant. For more information about this model, see, for instance, [2], [9], and references cited
therein. In the present paper, we mainly consider the global existence and large time behavior of global
classical solution to the Cauchy problem of the reduced gravity two and a half layer model (1.1) with the

following initial condition:
(h1,u1, ha,u2)li=o = (h1o, w10, hoo, u20), = € R®. (1.2)

The the existence and optimal time-decay rates of the solutions have been the important problem in
the PDE theory. For the compressible Navier-Stokes system, there has been much important progress on
classical solutions; refer to [1],[11], [12], [13], [14], [15], [16], [18], [19], [21] and references therein. For
the compressible Nematic Liquid Crystal Flows, there has been some progress on long-time behavior of
solution; refer to [22],[23] and references therein. Considering the reduced gravity two and a half layer
model (1.1), Duan and Zhou [2] obtained the stability of weak solutions in two dimension periodic domain
T3. Guo, Li and Yao [4] investigated the existence of global weak solution in one-dimensional bounded
spatial domain or periodic domain. Recently, Cui, Yao and Yao [3] proved the global existence by classical
methods and got the optimal time decay rates of global smooth solutions by the detailed analysis of
the Green’s function to the linearized system and elaborate energy estimates to the nonlinear system in

three-dimensional under the condition that the HY N LY(N > 4) norm of the initial data is small.

[(h — 1,1, ha — 1,u2)(t)|| gy < C(1+18)75. (1.3)
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However, to our knowledge there are few results about the large time behavior of the reduced gravity two
and a half layer model up to now.

In this paper, we first establish the global solution by the energy method following the idea of Guo,
Wang [14] and Wang [20] under the assumption that the H® norm of the initial date is small, but the
higher order derivatives can be arbitrarily large. Then we establish the time decay rates by the method of
spectral analysis and energy estimates by assuming that the initial data belongs to L'(R?) additionally.

Notation Throughout this paper, V! with an integer I > 0 stands for the usual any spatial derivatives
of order I. When [ < 0 or [ is not a positive integer, V! stands for Al defined by Asu = .Z ~1(|¢]*u(€)),

where 4 is the Fourier transform of « and .%# ! its inverse. We will employ the notation A < B to mean
that A < CB for a universal constant C' > 0 that only depends on the parameters coming from the
problem. For the sake of conciseness, we write ||(A, B)||x := || Al x + || Bl x-

In this subsection, we first reformulate the system (1.1). We denote n; = hy — 1,9 = ho — 1, then the

system (1.1) can be rewritten as

Ogni + divuy = fi,
atul — Aul — Vdivul S (gl + gg)an = f2,

(1.4)
Ogng + divug = f3,
Oyug — Aug — Vdivug + g2 Vng = [y,
with
(n1,u1,n2,us)|i=0 = (h1o — 1, u10, hao — 1, u20) =1 (n10, U10, M20, U20), T € R3. (1.5)
where

fl = fdiv(nlul),

foi=—uy-Vu, + div[(n1 + 1)Vuy] — Auy + div[(ny + 1)(Vuy)'] — Vdivuy — g2Vna,

ny+1 ny+1

f3 = —div(naus),

div[(ng + 1)Vus] — Aus +

. . N |
ng + 1 na +1dw[(n2 +1)(Vug)'] = Vdivug — g2V

f4 = —ug - VU2 +
Our main results are stated in the following theorem.

Theorem 1.1. Let N > 3, assume that (n1g, u10, N20, u20) € HY(R?). Then there exists a constant 5o > 0

such that if

| (710, w10, 1120, U20) || 13 < o, (1.6)

then the problem (1.1) has a unique global solution satisfying that for all t > 0,

1(n1, ur, n2, u2) (0|3 n +C/O (IV (1, n2) (T)[F—1 + [V (ur, w2) (7) |3 )dr (1.7)
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< C||(n10, w10, n20, U20) | 3y -

If further, (n1o, w10, 20, u20) € L*(R?), then

IV (n1, wr, no, u) ()| v < C(L+8)" "5, for 1=0,1,---,N —1. (1.8)
and for 2 < p < oo, there holds
IV (1, un, 2, u2) (1) 1e < C(L+ )27 3075) (1.9)

especially,

_ 341
2 .

IV (1, ur, 2, ua) ()20 < C(1+1) (1.10)

2 Energy estimates

In this subsection, we will derive the a priori nonlinear energy estimates for the system (1.7). Hence we

assume a priori that for sufficiently small § > 0,
E3(t) = l(n1, ur,mz,ua) ()] gs < 6. (2.1)
First of all, by (2.1) and Sobolev’s inequality, we obtain

<ni+1lLn+1<

DO |
| w
—
N4
o
S~—

Now, we list some inequalities, which will be used in the later.

Lemma 2.1. Let 0 < m,«a <[, then we have

IV Fllee SNV ANV SIS (2.3)
where 0 < 0 <1 and « satisfies § — % =(F - %)(1 —0)+ (£ —Lo.
Here when p = oo we require that 0 < 6 < 1.

Proof. This can be found in [[8], p. 125, Theorem]. O

Lemma 2.2. Assume that |n;|p~ <1 and p > 1. Let g(n;) be a smooth function of n; with bounded

derivatives of any order, then for any integer m > 1, we have
IVTg(ni)llee S IV nlle, 5 =1,2. (2.4)

Proof. The proof is similar to the proof of Lemma A.2 in [20] and is omitted here. O
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Lemma 2.3. Let m > 1 be an integer and define the commutator

V™, flg =V"(fg) = fV™g.

Then we have

V™, Agllie S UV FllLe [V glliee + V™ fllzes |9l e (2.5)
and for m >0
IV (Dl S fllee V™ gllzes + V™ fllzes [lgllzea- (2.6)
where p,pa, p3 € (1,00) and % = pil + piz = p%’ + p%.

Proof. For p = py = p3 = 2, it can be proved by using Lemma 2.1. For the general cases, one may refer to

[[7], Lemma 3.1]. O

Next, we will establish the global existence of solution for the reduced gravity two and a half layer

model. For this purpose, we begin with the energy estimates including ny, w1, ns, us themselves.
Lemma 2.4. If \/E3(t) <6, then for k=0,---,N — 1, we have

d .

I o wa) [+ [ Vs Vonade) + CIVE )

S IV (i, un, o, ) | 2 (2.7)

Proof. Applying V* to (1.4), and multiplying the resulting identities by (g1 +g¢2)V*n1, VFu1, g2 VFna, VFus

respectively, summing up them and then integrating over R? by parts, we get

1d
5 gl + @) IVEnl e + [IVhuallZe + g2 VEnallZe + [VFun|7a] + V5 (ur, wa) |72 + 1V div (s, o) 72

t
/ g1 + 92 kal anl + kaz Vk’LL1 + gzka3 ang + ka4 VkUQdai (2.8)

4
- Z I
=1

We shall estimate the terms in the right hand side of (2.8). First, for the term I, employing Holder’s

inequality and Lemma 2.3, we obtain

I =— / (91 + g2)VEdiv(nyuy) - VEnyda (2.9)
R3

SUnallza IVF a2 + VR na | e lua || o) 1| VR4 | o

SOV mallLs + [V [122).
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Similarly, we can bound
Iy SO(IVF i nal|Ze + IVE  ug|[72). (2.10)

For the second and fourth terms, we have

2
o= _92/ VEVny - VEuy + VIV - Viugda + §:/ VF(—u; - Vuy) - VFu, (2.11)
R3 ° R3
Jj=1
1 : : 1 _
k L K, k l k 1
+ V*¥( T 13mj31uj) -Viu; +V (nj i 13lnj8¢uj) -Vl da.

By (1.4)1,3 and integrating by parts, we deduce from (2.9), (2.10) that

-/, VFVng - VFuy + VEVn, - VFugde (2.12)
= - VFny - VEdivuy + V¥ny - VFEdivusda
=/, V¥ng - VF(f1 — 0yna) + Vg - VP (f3 — Opno)da
= VFng - ka1 +VFkn, - kagdx - i V¥ny - VFnoda
R3 dt Jgs

S SV malfs + IV walffe) = 5 [ ¥ Vonade.
Now, we estimate the term Z?:l fR3 V¥(—u; - Vu;) - VFu;dz. If k = 0, by Holder’s inequality, we have
/Rs(uj V) - wjde < gl e [ Vg [ ellugll e S 61V 22 (2.13)
If £ > 1, by using Holder’s inequality, Lemma 2.1 and Lemma 2.3, we have
VE(uj - V) - VFudae (2.14)

R3

S (gl V5 a2+ IV w112 Vsl 20) 9 e
I = = 1— 25
S OIVE w1 gl =TIV g LTIV sl 9 gl e T IV e

< 8| VE |7

where « is defined by

1 1 a 1 k k+1 1 k

—_— == — = _— _ = 1——.

373G Y e oy T )
Since k > 1, we have o = £tL € (1 1].

For the fourth term, by using Holder’s inequality, Lemma 2.2 and Lemma 2.3, we have

1 . )
/Rg vk(n' i [Om;0u) V! de (2.15)
J
1 ; 1
S (g o9 @umgduad e + 194 (=l I3 11V e )19 e
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S Il (I9m e 199 g 2 4+ 194 g g2 Ve oo ) 1979 2
1 o 9 o 7 g 2 9 ) 2
S OV gl + 195 g 32).

Similarly, we have

1 7
[T om0 e £ 8019 g s+ 95 )

(2.16)
Combining (2.8) — (2.16), we deduce (2.7) for 0 < k < N — 1, this yields the desired result O
Lemma 2.5. If \/m <, then for k=0,---,N — 1, we have
%(Hvkﬂ(m,U1,n2,u2)||%2 + /RS Vi iy - Vi ingda) + C|[ VA2 (ur, us) 12
S OIVE (ng, ug, mg, un) || 2. (2.17)

Proof. Applying V¥*1 to (1.4), and multiplying the resulting identities by (g1+g2)V*¥*in,, VT uy, goVF+ing,

V¥*+1uy respectively, summing up them and then integrating over R? by parts, we get

| =

d :
Tl + @)V mGa + gl Vs [T + IVEE (urw)[72] + [VF2 (wn, w) [ 72 + IV div(ua, o) 72

(91 + gz)vk+1f1 . Vk+1n1 + vk+1f2 . Vk+1u1d33 -+ ggkag . Vk+1n2 + Vk+1f4 . kale‘

R3
4
i=1

(2.18)

We shall estimate the terms in the right hand side of (2.18). First, for the term .J;, employing the
Leibniz formula and by Holder’s inequality, we obtain

J=— / (g1 + g2)Vk+1diU(n1u1) -V, de (2.19)
R3

- / (g1 + g2)([V*HL divui|ng + divu, V¥ ng + [VEFL w]Vng + u VIR, - VA nda
Rf_’)

SUVZur )| eIVl ze + [IVE 2 || pallnal| 2 + [V [ poe [ V¥ 00 [l 22) [ V9 0 | 2

+ (V|2 V5 | 2+ IVE | ol Vall e + [ Vuall oo V5 | 2) V5 ) e
SOUVE |22 + IV 2|1 22).

Similarly, we can bound

I3 SO(IVE na|fe + [VF 2 us22). (2.20)

For the second and fourth terms, we have

2
Jo+ s = —92/ VFHIVng - VA uy 4+ VAV, - Vi upda 4+ :/ VR (—uj - Vuy) - VR Ly, (2.21)
R3 - R3
Jj=1
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1 ; k+1, i SV l k1,
= 181nj51u§) VR 4 VR n lalnjﬁiuj) -Vl d.

+ VR

nj
By (1.4)1,3 and integrating by parts, we deduce from (2.19), (2.20) that

- / VI, - VR Ly + VEHIY, - VR Lyeda
RB

(2.22)
Vg - VE  divuy + V¥ 0y - VR divuoda
R3
= vk+1n2 . Vk+1(*f1 — 815711) -+ Vk+1n1 . VkJrl(*fg — 8tn2)dm
R3
d
/ Vit ng . VAL f 4+ Vg, VR fade — / VFHng - VEHnoda
R3 dt R3
d
S S(IVE (g, no) |22 + VR 2 (ur, u2) ||22) — E/ VEtin, -V in,de.
R3
By using Holder’s inequality, Lemma 2.1 and Lemma 2.3, we have
/ VL (uj - Vug) - VR de (2.23)
R3

S (lusll 2l VE 2l 22 + 1V g [ Vg o) V5 g e

S O(IVE g1 + 1V 201 Z2).

For the fourth term, by using Hélder’s inequality, Lemma 2.3, we have

1 , .
k+1 7 k41,1
/Ra AV (nj T 16mj81uj) -V ujda: (2.24)
1 k i k k
S (Il 19  @mgdulles + 194 Gl [Vl 1905 e ) 194+ 2

S Inllze (I e 95 g 2+ 1974 g | Ve oo ) 1979205 2

k
HIVE ) L2 V20 2 V2 2 [V 20 2
SOV g Ze + IV g 7o + [V 20125).

Similarly, we have

1 .
[T e n0ud) - T e € 819 g s 4+ [V g 3+ 94 ).
R3 J

(2.25)
Combining (2.18) — (2.25), we deduce (2.17) for 0 < k < N — 1, this yields the desired result.
O
The following lemma provides the dissipation estimate for n, no.
Lemma 2.6. If \/% <4, then for k=0, ---,N — 1, we have
% y VEuy - VR g + VEug - VEH nade 4+ || VR (0, n0) |22 (2.26)

SIVF ur, wa) 72 + (IVF72 (ur, ua) 7.
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Proof. Applying V¥ to (1.4); and (1.4)4, multiplying V*+1n;, V¥+1n, respectively, summing up and in-

tegrating by part, we get

(g1 + gg)||Vk+1n1H%2 + ggHVangH%z < - / VFOuy - VT ing + VEOuy - VE  node (2.27)
R3

+ OV 2 | 2 [V |2 + CIVF 20| 12|V s | 2

+ [ VFfo Vg VEf VM g da,
R3

For the first integration in the right-hand side of (2.27), by (1.4)1 2 and integrating by parts, we deduce
from (2.9), (2.10) that

— Vkﬁtul . Vk+1n1 + VkatUQ . VkJrlngdl‘

”S
=— % . VFuy - VF g + VFuy - V- node + . VFuy - VEH o, + VFus - VEH Oinada (2.28)
=— % 5 VFEuy - VF g 4+ VFus - VFFHnode + /R3 VEdivug - Vk(fl — divuy) + V¢ divus - Vk(fg — divug)dx
== g LV O VR P gde [V )+ O () 22V )

=— % g VEuy - VR g 4 VEug - VR node 4 || VR (ug, u0) |22 + CO||VEF (0, n2) |12

For the last integration in the right-hand side of (2.27), by using Holder’s inequality , Lemma 2.3 and
together with (2.24), (2.25), we obtain

kag . Vk“nl =+ ka4 . Vangdm

R3
2
=—gs | VFVny V" ny + V*Vn, - VM node + Z VF(—u; - Vuy) - VFHn; (2.29)
R ; R3
Jj=1
1 ) ) 1 ‘
k [3 k+1,_1 k 1 k41 i
+V (nj+1<9mj8mj)-v n;+V (nj+1alnjaiuj)'v nide

< %(IIV'““MIIQH + VM na||22) + (I g 17 + 1V a1 22)
+ Ol o IV gl 2 + [V 0| 6l Vg || £0) [ VE g 2

< %(Ilv“lnlllifz IV na||22) + CO(IVE 1 Fe + V5 a1 72).

Combining (2.27) — (2.29), by Cauchy’s inequality, since § is small, we then obtain (2.26).

Next, we will combine all the energy estimates that we have derived to prove (1.7) of Theorem 1.1.

Proof. We first close the energy estimates at each [-th level in our weaker sense. Let N >3 and 0 <[ <

m — 1 with 1 < m < N. Summing up the estimates (2.7) of Lemma 2.4 for from k = [ to m — 1, since
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VE3 < 4 is small, we obtain

d

= > <||Vk(n1,u1,n2,uQ)||2Lz+/ anl-angdx)—i—C Y IR u) 3
1<k<m—1 R? I+1<k<m

SO Z IV (n1,u1, 2, ug)||7-. (2.30)
I+1<k<m

Let k =m — 1 in the estimates (2.17) of Lemma 2.5 , we have
d m 2 m m m—+1 2
gt (197 G o)t [ 9™V ad) + CIV ™ ()
S OlIV™ (n1, u, na, un) |70 (2.31)

Adding the inequality (2.31) with (2.30), we get

d
G2 (9 e+ [ Vo Vi) 0 S [Vl
t R3
I<k<m 1+1<k<m+1
S 026 E ||Vk(n17U1,NQ,UQ)H%2. (232)

I+1<k<m
Summing up the estimates (2.26) of Lemma 2.6 for from k£ =1 to m — 1, we have

d
— Z / (Vk’lu . V’”lnl + kaQ . Vk+1n2)dx + C3 Z ||V'I€(’I’L17 n2)||%2 (233)
R3

I<k<m-—1 I+1<k<m

< Y IV
IH1<k<m+1
Multiplying (2.33) by Qgg‘s, adding it with (2.32), since § > 0 is small, we deduce that there exists a

constant C5 > 0 such that for 0 <1 <m —1

d
— E IV (1, w1, o, uz) |22 —|—/ VFny - VFnyde
dt{ 1<k<m ( R3 )

2050
2 > /(v’“ul-v’“+1n1+vku2.vk+1n2)dm} (2.34)
Cg R3
1<k<m—1
+05{ SVl ||vk<u1,u2>|%2}so.
I+1<k<m I+1<k<m+1

Next, we define £™(t) to be C5 ' times the expression under the time derivative in (2.34). Observe that
since § is small, £ (t) is equivalent to [[V'(rn1, u1, n2, us)(t)||%.._., that is, there exists a constant Cs > 0

such that for 0 <l <m -1
Co IV (1w, iz, wa) ()31 < E7 (1) < Col| V! (1, w1, mz, u2) (8) [ - (2.35)
Then we may write (2.34) as that for 0 <! <m —1

d m
80+ OV (a, m2) [ + IV (g, u2) [ ) <0, (2.36)

10
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Taking [ = 0 and m = 3 in (2.36), and then integrating directly in time, we get
(1, ur, o, uz) (6) | Fs S &6 (1) S E5(0) S [l(m10, w0, n2o0, uzo) [ - (2.37)

By a standard continuity argument, this closes the a priori estimates (2.1) if at the initial time we
assume that ||(n10,u10,n20,u20)|\§{3 < §p is sufficiently small. This in turn allows us to take I = 0 and

m = N in (2.36), and then integrate it directly in time to obtain
t
(1, ur, mz, uz) (8) |3 + C/ IV (21, m2) (7) [y + |V (w2 ) (7) [ d < (10, w0, 20, wz0) || -
0

This proved (1.7). O

3 Convergence rate of the solution

The aim of this section is to establish the decay rates of the solution stated in Theorem 1.1 under additional
assumptions that the initial data belong to L'. Firstly, we derive the decay rates for the linearized reduced
gravity two and a half layer equations. Then, we establish the decay rates for the flows (1.1) by the method
of spectral analysis and energy estimates. The Cauchy problem to the linearized two and a half layer system
is as follows:

oy + divuy = 0,

Opuy — Auy — Vdivug + (g1 + g2)Vng + g2Vng = 0,

(3.1)
O¢ng + divug = 0,
Ors — Aus — Vdivug + g2Vns + goVny, = 0.
Initial data of the system is given as
(n1,u1,m9,u2)|i=0 = (n10, u10, 20, U0), = € R, (32)
Then the solution operator S(z,t) to the model (1.1) satisfies
08— A(Vy)S =0,
(3.3)
S(.’L’,O) = (5(.’1))ng8.
where d(z) is the Dirac function. Taking the Fourier transform, we have
0,8 — A(€)S =0,
& ©) (3.4)
S(&,0) = Isxs.
where
0 —i&’ 0 0
—(91+ g2)i€  —|€PI3x3 —E®E —gaif 0
A(§) = (3-5)
0 0 0 —ig!
—921§ 0 —g2i§  —|€[*Isx3 —€® &

8x8

11
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The characteristic polynomial of A(€) is (A+]€]%)*[(A2+2]€]2X)2 + (A2 +2[€]2 M) (g1 +2g2) [€]2 + g1 921€]4],

which implies the eigenvalues are

Mo (&) = —[¢1* (quadruple), Ay (€) = —|€|* + iby

Ao (&) = —[€]* — by, A3(€) = — €7 + iba, Aa(§) = —[&[* — iba,

where

bi(§) = %\/2(91 +2g2 + /97 +4g3)[€]* — 4[¢*,
ba(§) = %\/2(91 +2g2 — /97 + 4g3)I[* — 4[|

Asin [3], [5], [6], [10], we can compute the exact expression of the Fourier transform S(&, t) of the system

(3.4). Making use of the semigroup theory for evolutional equation, the solutions U = (ny, uy, na,us)" of

the linear Cauchy problem (3.1) — (3.2) can be expressed as
U(t) = S(t) = Up. (3.6)
Next, we give the following inequality, which can be found in [3].

Lemma 3.1. Let k > 0 be an integer and, then for any t > 0, the solution U(t) of system (3.1) — (3.2)
satisfies

E
2

IV¥U@®) |2 € CL+8) 12 (|Uollp + [VFUo |l 12). (3.7)

Now, we turn to establish the time decay rates for the reduced gravity two and a half layer equations

(1.4) — (1.5).

Lemma 3.2. Under the assumptions of Theorem 1.1, the global solution (ny,u1,ng,us) of problem (1.4)
satisfies

3+21

IV (1, 1, 72, 02) (8) [ grv—1 < C(L+ 1)~ for 1=0,1. (3.8)

Proof. Adding ||V!(n1,u1,n2,u2)(t)[|2. to both sides of (2.36) gives
d
&) + CEM () < IV (1, ur,ma, u2) ()72 (3.9)

Taking [ = 1 and m = N in (3.9), we get

4

SEV () + CEN () < |V, w1, mz, u2) (1) 3 (3.10)

It follows from Gronwall inequality and Lemma 3.1 that

t
&N (1) §5fv(0)efct+/ e~ DV (n1, ur, i, u2) (7) | 72dr. (3.11)
0

12
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In order to derive the time decay rate for £/ (t), we need to control the term ||V (n1,u1,n2,u2)(t)|[2,. In

fact, by Duhamel principle, we know

U(t)zs(t)*Uo-i-/ St —7)* (f1, f2 + 92Vna, f3, fa + g2Vnq)'dr.
0

(3.12)

For the nonlinear terms of the model (1.4), employing the Hélder’s inequality and Lemma 2.3, we get

[ fillr S 0lIV( )

[f3llzr < 6V (2, u2)l[r2, fa+ g2Vrulz S 6] Vuz|ze,

[fillz S 0V (na, w12, [If2 + 92Vnallre < 0[V (1, ur)l|re,
[fsllze S 6lIV(na, u2)llrz, [[fs+ g2Vnallre < 6[V(n2,uz)lz2

IV fillz S OV (na, w2z, (IV(f2 + g2Vna)llze SOV (1, ur)| mn,
IV fsllee S OlIVA(nu,un)llpz, [[V(fa+ g2Vna)llrz S 0V (n2, u2)| s

22, [[f2 +92Vnallor S 6l[Vurl Lz,

Together with (2.13) — (2.14) and Lemma 3.1,, we have

IV (n1, w1, m,u0) 72 < (14+8)72 + c/ota +t =) 3 (|(frs f2 + 92V, fa, 1+ 02V 3
+ IV (f1, f2 + 92Vn2, fs, fa+ g2 V1) ||72 ) dr
<C(1 +t)7% + C/Ot o1+t — 7')*%||V(n1,u1,n2,uQ)||fqldT
< C(L+1)7% + CoM(1) /Ot(l tt—7)"3(147)"2dr
<C(L+1t)"2 +COM(t)(1+1)"3
< C(1L+1)"3(1+5M(1).

where M (t) = sup (1+¢)2EN ()
0<r<t
Inserting (3.14) into (3.11), it follows

EN@) < EN(0)e Ct 4+ /t e~ CU=T) (14 7)73 (1 4+ 6M(7))dr
0
<EN(0)e t + C(1+5M(1)) /t e C (147 3dr
0
<Nt + C(1+ME)(1+1)3
< C(L+ME)(1+1t)3.

where we have used the fact:

¢
/ e_c(t_T)(l + T)_%dT
0
t

t
= /2 eiC(th)(l + T)fng + / eiC(th)(l + T)ing
0 3
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t t
t 2 t
<e T (1+7)*%d7+(1+§)*%/ e C-"gr
0
<C(+1)73.

Noticing the definition of M(t)), we get
M(t) < C(1+6M(1)).
which implies
M(t) < C. (3.16)

since ¢ > 0 is sufficiently small.

Hence, we have the following decay rates
[V (n1, u1, ng,ug) ()| -1 < C(1+1)" 5. (3.17)
On the other hand, by (2.13) — (2.14), it is easy to deduce
(1,1, m2, w2) 72 < (141)72 +O/Ot<1 +t = 1) 2 (1 fo 92V, o, fat g2V (G padr
<CA+1)"% + c/ot S(1 4t —7)"2(|V(ny, uy, ng, u)||22dr (3.18)
<c+t iy C/Ot(l - 314+ tdr
<Cl+t)7%+C t(1 tt—1) 3(147)"%dr
0

<C(+1t)7%.

where we have used the inequality [1]:

[N

t
/ (l4t—7) 147 bdr<CO+0)3
0
which together with (3.17) implies (3.8). O

Lemma 3.3. Under the assumptions of Theorem 1.1, the global solution (ny,uy,nae,us) of problem (1.4)
satisfies

3421

IV (1, w1, no, ug)(t)|| gv— < C(A+t)" "3, for 1=0,1,--- N —1. (3.19)

Proof. We are ready to prove (3.19) by induction. When [ = 0, 1, inequality (3.19) has been established
in Lemma 3.2, suppose (3.19) holds for the case { =k — 1, and k=2,3,---, N — 1, that is

142k

V574 (01, w, iz, wa) () v -rsn < C(L48)7 73

(3.20)

14
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We need show (3.19) holds for I = k. Let I = k and m = N in the estimates (2.36) , we have

d
SEN (1) + IV (1, m2) s+ 1V, 02) [ < 0. (3.21)

Adding [[V*"!(n1,n2)(t)[|2. to both sides of (3.21) gives
d
=& ) + CUVH T (1, m2) [T+ [VE (1, m) [T+ [V (i, u2) [y ) <0, (3.22)
As in [17], we define

St)={ceR®:|¢] < (—)% ).

1+¢

for a constant a that will be specified bellow. Then
IVl = [ IRt > [ (PO
R3 R3/S

a 2%k~ |2
T L e

Y

a
> 2|3 12de — / 2(k=1)|,5.124
> 157 [ e e 1+t €20 P
- 2(k=1) |5 12 ¢
= 1+t &3 (1+t)2 /R3 = lde
Thus, we have
a _ .
IVl 2 IV il — g 9" el i=1,2 (3.23)
Similarly, one has
a2
VA (ug, ug) |72 > 1—|—t||v (ur, ug)[72 — 1+t )2” )7 (3.24)

Summing up the estimates (3.24) for k from k to N, one has

IV (g, 2) B > ——[[9* (, ) 3

a p—
1+t HN=F (1+41)2 v l(ul’UQ)H%IN—w (3.25)

Substituting the inequalities (3.23), (3.25) into (3.22), applying (3.20), it follows

d Ca
E&iv(t) +1 +t(HV’“(n1,n2)(t)H%2 + IV (g, ) O Fv—rn + V™ (w1, u2) 3w+
CG;Z k—1 2 k—1 2
< (9 o ma) (s + 1947 ) )
< C(l I t)_5+2k
where we have used
1 +t||Vk+1(”17n2)(t)llimfkfl < IVF(na, na) () 3pn—r—1,

15
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for some sufficiently large time ¢ > a — 1, such that {37 < 1.

This, together with the definition of £ (¢), implies that

d Ca _ 542k
Eé’,iv(t) 1T tg,gv(t) <CO+t)" =z . (3.26)
Choosing
k+2
P e
C )
and multiplying both sides of (3.26) by (1 + ¢)**2, we get
d
L+ OF2EN ()] < C(1+ 1) 7. (3.27)
Solving the inequality direcly yields
VK (1, 11, mg, ) (8) 2w < C(L+ )77 (3.28)

Hence, we have verified that (3.8) holds on for the case [ = k, this concludes the proof of the lemma.

O

With Lemma 3.2 and Lemma 3.3 in hand, we are ready to proof Theorem 1.1:

Proof. With the help of Lemma 3.2 and Lemma 3.3, it is easy to obtain the conclusion (1.8) . As for (1.9),

by (1.8) and the Gagliardo-Nirenberg inequality,

IV F O ler < CIV' F @I 1LF @11,

the claim follows. O
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