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1. Introduction and background

For 1 < ¢ < p < oo and Banach spaces E, F over K = R or C, we recall that a continuous linear operator
u: F — F is absolutely (p, ¢)-summing if there is a constant C' > 0 such that
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for every n € N and z1,...,x, € E. Above, and from now on, the topological dual of E and its closed unit
ball are denoted by E* and Bpg-, respectively.

The space of absolutely (p,q)-summing linear operators from E to F' is denoted by Il, o) (E; F'). The
(p, ¢)-summing norm of u, defined as the infimum of the constants C in (1), is represented by 7p 4(u). If
p = ¢ the operator u is simply called absolutely p-summing and we write II,, (E; F') and m,(u) for the space
of absolutely p-summing operators and the p-summing norm of u, respectively. For the theory of absolutely
summing operators we refer to [5].

When only sequences (z;)7_; of fixed length n are considered, the infimum over all C' satisfying (1) is
denoted by 771(,7,1) (u) (or wl()n) (u) when p = q). Of course, 771(,7,1) (u) < 7pq(w). In [15,16] the authors investigated
in depth estimates of the type

Tp,q(u) < CW;(;T,Lq) (u),

where ¢ is a positive constant. These estimates show that the (p, ¢)-summing norm of an operator can be
sometimes well-approximated using only “few” vectors in the definition of the (p, ¢)-summing norm. The
following results of finite-dimensional nature will be crucial in this paper:

Theorem 1.1. (See Szarek [15].) There exists a universal constant C such that whenever u: E — F (E, F
are Banach spaces) is a finite rank linear operator (say rank(u) =n) and q > 2, then

mg2(u) < Cﬂéz) (w).

Theorem 1.2. (See Konig, Retherford, Tomczak-Jaegermann [9].) Let idx, denote the identity on a
n-dimensional space X,. For q > 2, we have

(2¢) " 'n7t < mya(idx,).

From now on, as usual, given z1,...,x, € E, we define

1
[(@r)k=1llwp = sup ( <p(wk)|”> :
k=1

pEBRx*

Let m € N and Ey,..., E,, be Banach spaces over K. By L (F1, ..., En,; F') we denote the Banach space
of all bounded m-linear operators from Ey X --- X E,, into F. In the case E; = --- = E,, = E, we will
simply write £ (™ E; F'), whereas £ (E; F') is the usual Banach space of all continuous linear operators from
FE to F. For the theory of multilinear operators and polynomials between Banach spaces we refer to the
excellent books of Dineen [6] and Mujica [12].

For 1 < ¢ < p < 0o, an m-linear operator T' € L(E1, ..., Ey; F) is called multiple (p, q)-summing ([11,
13]) if there is a constant C' > 0 such that

(2)

@\"
(mki )k-:l

for all positive integers n and all x,(f) € E;, with 1 <k <n and 1 <i < m. The vector space of all multiple

n % m
Z HT (x,ii),..‘,x,iz))“p §CH
=1 =1

ki,....km w.q

(p, ¢)-summing operators is denoted by H’(Z“ql)t (E1,..., Ey; F). The infimum Wz’;qj]l)t(T), taken over all possible

constants C' satisfying (2), defines a complete norm in Hz’;uql)t (E1,...,E,;F). When By =--- = E,, = E|
we write Hgﬁ“ql)t (ME;F). When ky = -+ = k,, = k, we recover the definition of the class of absolutely

(p, q)-summing m-linear operators that will be denoted by (I, o) (E1, ..., Em; F) ;7.0 ().
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For polynomials, let P(™E; F') denote the Banach space of all continuous m-homogeneous polynomials
from E into F'. We recall that given 1 < p, ¢ < oo, with p > L a polynomial P € P(™E; F) is absolutely
(p, q)-summing if there is a constant C' > 0 such that

(Z |P($k)|p> < Cll(@r)pzilly ®
=1

for all positive integers n and all z € E, with 1 < k < n. We denote by P, o) (" E; F') the Banach space
of all absolutely (p, ¢)-summing polynomials from E to F.

Of course, when (2) or (3) is not valid, this means that such a constant C' does not exist. However it is not
obvious at a first glance that there exists a constant C,, depending on n satisfying (2) or (3), since at least
formally it could happen that varying the vectors x1, ..., z, the constant could tend to infinity. But it is not
difficult to prove that this is not the case and when (2) or (3) fails there will exist a constant C,, that makes
the inequality true. We shall also observe that in all cases a constant C,, = C1n® can be found for a certain
s depending on p,q,m. Note that the number s plays the role of a kind of index of (non) summability:
when s = 0 the operator is multiple (p, ¢)-summing and when s cannot be chosen to be zero, the map is
not multiple (p, ¢)-summing and the “optimal” value of s can be naturally identified as an index of (non)
summability. In this case, as the “optimal” value of s grows, we can say how far is the map to be multiple
(p, q)-summing. We shall adopt a slightly different approach. Instead of defining the index of summability s
as we have just remarked we shall define the index of summability of a pair (Ey X --- x E,,, F) as follows.
The following definition is inspired by the paper [1], where a kind of index of summability was investigated
for Hardy-Littlewood type inequalities. Another recent reference in this line of classical inequalities is the
very interesting and deep paper [7] of Galicer, Mansilla and Muro.

Definition 1.3. The multilinear m-index of (p,q)-summability of a pair (Fy X -+ X Eyp,, F') is defined as

ng;z)mult (Bv, .o By F) = inf sy p g,

where s, 5 o > 0 satisfies the following:
There is a constant C' > 0 (not depending on n) satisfying

m

i HT (1‘1(611)771'5;:'))"1) S C?’Lsmﬂf’ﬂ H

ki, km=1 =1

for every T € L(E1,...,Eny; F) and all positive integers n and xfj) cFE;,,withl<k;<nandl<i<m.

When Fy =--- = E,, = E, we write ng;ﬁ"“” (FE; F) instead of ng;})m“lt (E,...,E;F).

Similarly the polynomial m-index of (p, q)-summability of a pair of Banach spaces (E, F) is defined as

—pol .
W(T;;O (E,F) =inf sy pq,

where s,, p 4 > 0 satisfies the following:
There is a constant C' > 0 (not depending on n) satisfying

p

S UIP@)I”) < Ot
j=1

m
(@) |
w,q

for every P € P(™E; F), all positive integers n and all z; € E, with 1 < j <n.
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When m = 1, we have HZ’;%; (*E;F) = Pgpg (*E; F) =1, ) (E; F) and in this case we will simply
write 1,,q) (£; F).

This paper is divided in four sections. In the second section we show that there always exist finite upper
estimates for the index of summability. In Sections 3 and 4 the main results are proved, presenting upper
and lower estimates for the index of summability in several special cases.

2. Basic results

One of the cornerstones of the theory of absolutely p-summing linear operators is the Dvoretzky—Rogers
Theorem. A weak version of this theorem asserts that if p > 1 and F is a Banach space, then the identity
operator on F, denoted by idg, is absolutely p-summing if and only if F is finite dimensional. The main
goal of this section is to certify that the index of summability is always finite. The next result provides the
2-summing norm of the identity operator when E is finite dimensional and will be very important for us:

Theorem 2.1. (See Pietsch [1/].) If E is a Banach space and dim E = n, then ms(idg) = \/n.

We highlight the following corollary of the above theorem for future reference. Note that below we
extrapolate the notion of absolutely p-summing operators to p > 0.

Corollary 2.2. Let 0 < p < co. If E is a normed space and dim E = n, then
max{l l}
mp(idg) <n P2, (4)

Proof. Let 0 < p < 2 and r > 0 be such that ]% = % + % Thus, given z1,...,z, € E and using Holder’s
Inequality we obtain

n P n 2 n T
. . 2
Y llide(@)l” | < | D lide)l*] - { D1
j=1 j=1 j=1
. 1
S ﬂg(ZdE) ||(xj)?:1||w,2 nr
Theorem 2.1 |
— 7’L2+7' (Ij)?:1||w,p ’

Therefore

=

mp(idg) < nv.

For the case p > 2 we use Inclusion Theorem for absolutely p-summing operators (see [5, Theorem 2.8])
to obtain

mp(idg) < mo(idg) =n?. O
Remark 2.3. Clearly, if X is a subspace of an n-dimensional normed space F, then
o (idx) < (dim X)"x{3 3} < pma{3 3},

Although multiple (p, q)-summing operators are defined for p,q > 1, the next result is also valid for
p,q > 0.
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Proposition 2.4. Let 0 < p < oo and E1,...,E,,, F be Banach spaces. Then

m—mult m
n Ei,....,E; F)< — for0<p<2;
(pp) ( 1 ) D
g (B B F) < forp> 2,
(pm) ) I my —_ 2 -
Proof. Let T € L(E,,..., En; F), @) € E; and X, = span {xgi%.. (”} C E; with k; = 1,...,n and

i=1,...,m. Then

1
1 m)\ ||? - 1
S el ) s (S )
k‘1:1

)(zu )

=) (Z Jiax, (=)
k=1

Since idx, is absolutely p-summing, for each i =1,..., m, we have
5 . ())<=t s pEC oy
el YEBx:
By the Hahn-Banach Theorem, for each ¢ € X} there is an extension ¢ € E} such that |[1|| = H@H
Thus

1
p)’“

< mylidy,) sup (Z’@( vl )

$EBps

(i)>n
(mk ki=1]|,,

(35 s GO) <t (351562

wEBE;‘

= Wp(idxi)

and hence

Wp(idxm)

P
HT (o] < Il iax,)

() e

kiyeooskm= w,p

By the previous corollary, we have:
1) If 0 < p <2, then

s =

> )] S ) 1T

ki, km=1 i=1

=Tl % ]

i=1

@\"
(mki )k:-:l

w,p

w,p
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and

p (B By F)

IN
SIE

2) If p > 2, then, analogously,

O

m—mult . m
n(p,p) (Elu"'uEm7F)§5

The next result shows that the above estimates can not be improved, keeping its universality

Corollary 2.5. 7/, , ;”“lt (€2;5c0) = .

Proof. Let ¢ be a positive real number such that for each T € L£(™{3; o) there is a constant C' > 0 such
that

ORI G “Z))H

for all positive integers n and all .’E,(;i) € Uy, with 1 < k; < n.
Now, let T' € L(™{3;¢o) be defined by

T(x(l),...,x(m)) = ( ﬁ) . xgj:))n

(zl(c?)kvzl

ki,.eskm w,2

Of course ||T']| = 1 and

Nf=

n

2
Z HT(ej17'~~7ejm)|| =n

Jis--sdm=1

w3

Since H(eji)?i:lum2 = 1, the latter condition together with (5) implies

ns < Cn!

and thus ¢t > 3. The converse inequality is given by the previous proposition and the proof is done.

If ¢ < p it is plain that

m—mult . m—mult .
Np,q) (E17-~~7Em7F)§77<p,p) (E17-~-7Em»F)~

The next results provide better estimates for ¢ > 2.

Proposition 2.6. Let 1 < g <p < oo and E1,...,E,,, F be Banach spaces. Then

S

HEZ;T““(El,...,Em;F) — for1<q<2;

3

m—mu mq
Wy (Br o B F) < 0 for g 22
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Proof. Note that

B =
|

S () <im (z o0

ki,....km=

for every x,(;) EFR;, 1<k <n, 1<t<m.

N (3 e T)
(%) (1)

Let X, := span {xli N } C E; with i =1,...,m. Since X is a finite dimensional Banach space it

follows that idx, is absolutely g-summing. So, by [8, Corollary 16.3.1] we have
Tp,q(idx,) < Wq(idXi)% (6)
Thus, for each ¢ = 1,...,m, we obtain

1
p\” (6)
) < mpqidx,) || (@r)i =1l 4 < Talidx, )7 ([ (@x)i =11l

- 4
(e

and, for ¢ > 2, we have

» a
) < ()" l@edimally g = o )il

Therefore

ot (B B F) < —.

(p,q)

Analogously, when 1 < ¢ < 2 we conclude that

P% m
|7 (s =1 T

ki,.. ykm_l i=1

(.’Eg?) ki=1

w,q
and

W (B B F) <

(p,q) =

=2

It is well-known that the notion of multiple (p;¢)-summing operators has no sense when p < ¢. But,
curiously, in our context it makes sense to extrapolate the definition. As a matter of fact, it is interesting to
investigate the case 0 < p < ¢ since, in this case, for any pairs of Banach spaces, the index of summability
is not trivially estimated.

Proposition 2.7. Let 0 < p < g < oo and Ey,...,E,,, F be Banach spaces. Then

ngq;"“lt(El,...,Em;F) %f0r0<q<2
m—mu qp —2p +2q
M) lt(Eh...,Em;F)S( 20 ) for g >2
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Proof. Note that

1
3
) (kg;l ’

NN
(i) ) < (S e
For all i =1,...,m, the Holder inequality tells us that

1 1 a=p
) = () (3m)
ki=1 km=1
n 7
< () o
ki=1

a—p 1
n ar o n?2
w,q

n
1
Z Tk
k‘izl

Hence, for ¢ > 2, we have

1
e\ @ e
> [ (e ) Lo 20

(gp—2p+2q)m i
e ||

k17 sRm=

and, for 0 < g < 2, we get

(4)
b (s)l) i (+
=|ITIn> I]

i=1

a=p 1 a=p
n ar el na n ap
w,q w,q

“H\"
(x’“ )k-:l

It is plain that the polynomial m-index of (p, ¢)-summability can be estimated using the estimates for
the multilinear m-index of (p, ¢)-summability. Below we present more accurate estimates.

(),
km km=1

ki, km=1

w,q

Proposition 2.8. Let E, I’ be Banach spaces, m be a natural number, ¢ >0 and p < L. Then

m—pol 1

M) (E;F)§5f0r0<q§2;

m—pol 1 m(q_ 2)

n(qu (E;F) < ]—)—i—TfoquZ

Proof. For any P € P (™E; F), by virtue of the Holder inequality we have
1
(Z 1P (zx ||p> <Pl <Z ||$k||mp>

<Pl (; (e 7) (Zm% )W

3
s

-
=
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m
q

n

qa—mp

=Pl (E ||ka||‘1> noar
k=1

Hence, for 0 < ¢ < 2, we have

1

n P

m  g—mp

(Z ||P($k)||p> <|Pllnan o |[(zr)iz1ll,

k=1

1

= [Pl 7 [(zr)i=1ll.q -
and

n(;;,;f"l (E;F) <

D=

For ¢ > 2 we obtain

1
n P
m  g=mp
(E IP(wk)||p> <|Plnznw (@r)i=1llu.q

k=1
mpg+2g—2pm n m
= ||P|| n 2pa ||(mk)k:1||u),q
and thus
_ 1 m(qg—2)
m—pol . -
77(177‘1) (E7 F) S p + 2q : U

3. Main results: vector-valued maps

We begin this section with a (simple) technical lemma.

Lemma 3.1. Let E be an n-dimensional Banach space. If 1 < d < s < 2, then there exists a constant K > 0
such that

2d+s(d—2) .
Kn™ 2sa < ﬂgz)(sz).

Proof. Using the Inclusion Theorem [5, Theorem 10.4] we have

W%&—mﬁ(ldm < 7galidp)

and by invoking Theorem 1.1 we know that there is a constant C' > 0 such that

1 i (n) .
1. - |
O ity 2(10E) < Wﬁ?ﬁm,z(mff)

Theorem 1.2 assures the existence of a constant A > 0 such that

—— ,
An 2d+s(d=2) < T o4 2(ZdE).
— " 3aFs(d=2)’

Therefore

2d+s(d—2) (n) 3
noozd <oy (idg),

where K = %. O
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We recall that for 2 < ¢ < oo, a Banach space F has cotype q if there is a constant C' > 0 such that no
matter how we select finitely many vectors x1,...,z, from E,

1
2 2

<Z ||$k|q> <C > rk(t)ax
k=1

where 75, denotes the k-th Rademacher function, that is, given & € Nand ¢ € [0,1], we have r(t) =
sign [sin (katﬂ . When ¢ = oo, the left hand side will be replaced by the sup norm. It is plain that if ¢; < g¢o,
then FE has cotype ¢; implies that F has cotype ¢a; thus, henceforth, we will denote inf{q : F has cotype ¢}
by cot(E).

Now we state and prove the main result of this section. The arguments are based in ideas taken from
[4,10]:

Theorem 3.2. Let E, F be infinite dimensional Banach spaces and r := cot (F).

(a) For1<g<2and0<p< we have

mr+ ’

< PN (EF).

m
9 (p,9)

we have

(b) For1<q<2and +q_p<mT+2;

mp+2 mr—l—q m—pol

2p rq 77(17 q) (E; F).
(c) For2<g<ooand0<p< — +2,wehave
m m—pol .
5 < W(pﬂ) (E7 F) .

(d) For2<gq< oo and < p<r, we have

mr+2

r—p m—pol
pr < n(p q) (E F)

Proof. Since F is infinite dimensional, from [5, Theorem 14.5] we have
cot(F) = sup{2 < s < 0o : F finitely factors the formal inclusion ¢; < ¢},

and from [5, p.304] we know that this supremum is attained. So F' finitely factors the formal inclusion
b, — Ly, that is, there exist C1, Cs > 0 such that for every n € N, there are y1,...,y, € F so that

S|

n n
C1 H(aj)?le < Zajyj <G Z la;|" (7)
i j=1 j=1
for every aq,...,a, € K.
Let n € Nand z1,...,2, € E. Consider 27, ...,2;, € Bp« such that z}(z;) = |lz;|| for every j =1,...,n.

n r
Let a1, ...,a, be scalars such that )" |a;|» =1 and define
j=1
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P,: E— F, Py E |aJ|P T}

Then for every x € E, by (7)

3=

n
r r
<Co | D laslr | ™ = Cofl2|™,

=1

n
1Pa()| = Zwm )"y < Co ZMamx

and thus
[Pl < Cs.

Note that for k= 1,...,n, from (7), we have

- Ly m
1Pl = || D lasl? @5 (z)™y5|| = Ca

1 n 1
(1l z3o0m)"_ || = rleut? i

oo
1
= C1lag|? [lz]™

Hence,

T =
3 =

n 1\P
>~ (sl a1 )

Jj=1

n
>l ™ lag]
j=1

Sl

n

o~

1\ P
(Crllasl™ las]*)

—

3

INS
o) -

[EACH]S

(£
=

Suppose that there exists ¢ > 0 and D > 0 such that

8=

SR @I | <Dat Rl [

hence
n
D
Do llzsl" el | < Pl @)l

n r
Since this last inequality holds whenever > |a;|?» =1 and p < r, we have
j=1

n ( )* n n

m r
Dl ™ =sup q | a ;™| D lay
j=1 j=1 j=1

=1
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n n
r
<sup Y ag| [lalI™ 2> a7 =1
j=1 j=1

(10) /' D oY
< (q | Pal ||(xj)f=1Hw*q)

®) / DC wom \Y
< (T2 Nl

and thus, denoting DC—C;Q := (), we obtain
G
(Z 1) ) p
i=t < plPQP
n mp — '
H(xj)j:1||w7q
Therefore
(21 s 5) )
- . < nwm Q. (11)
H(xj)jlew,q
Note that (11) is valid for any 1, ..., z,. So, for any n-dimensional subspace X of E we have
ey
<Zl lids () () )
- - <nwQ, (12)
H(wﬂj:le,q
for all z1,...,2, € X.
(a) Since
rq
0 <
<PE o +q’
we have
r *
mp (—) <q
p
and
n a
<Z |idx($j)||q>
j=1 to 1
p S anm.
H(xj)jlew,q
So

3=

7 (idx) < niQ

q

Since ¢ < 2, by [5, Theorem 2.8] we get
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Wén) (idx) < nmQm . (13)
Now Theorem 1.1 assures that there is a constant C' > 0 such that
mo(idx) < Cnli™ (idy). (14)

Using (13), (14) and Theorem 2.1 we obtain

]. 1 1
ani < n%QE
Thus
p>
iy 2 .
Therefore
m—pol . m
a) B F) 25
(b) By (12), we have
7™ (idx) <nm Q. (15)
mo()

* *
Since m:’iq <p< mi:—Z and mp (%) = TT”_p;, we have ¢ < mp (%) < 2. From Lemma 3.1, there is a

constant K > 0 such that

2q+ﬂw(%)*(q—2)
Kn G <2 (idy). (16)
mp(%) 'q
From (15) and (16) it follows that
2q+mp(§)*(qf2)
Kn 0T <phoh
Thus
t - mp +2 mr+4gq
m — 2mp mrq

and we conclude that

‘> mp+2_m7’—|—q-
2 rq

Therefore

mp+2 mr+gq
2p rq

m—pol .
Np.q) (B, F) >

(c) Since g > 2, it follows from (12) and from the canonical inclusion between the £,(X)-norms that
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(5
n A\ me(Z)”
S fidx () ) )
j=1 t 1

)il - ’

*
for all z1,...,z, € X. But mi:Z > p implies that mp (%) < 2, and thus

1
2
( |idX(ffj)||2>
j=1 t 1

<nmQ@Qm,
||(xj);'l:1||w,2

Therefore

Wén) (idx) < nm Q.

From Theorem 1.1 it follows that

mo(idx) < Cri™ (idx).

By Theorem 2.1, we have

and we conclude that

that is

(d) Since g > 2, as in (c) it follows that

kS 1h]
N
#

n mp( = * mp(
(; Jidse(ay) " 5) )

<nwQwm,
[
for all z1,...,z, € X. Then
™y Lo
me(g)*,z(ZdX) <mmQm.
But -2

s < p implies that mp (%) > 2, and from Theorem 1.1 it follows that

me(ﬂ)* 2(idx) S C’]T(n)

) mp

(z) 2l

By Theorem 1.2, there is a constant A > 0 such that

715
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and thus

Finally, we obtain

and

m—pol B F >’I’—p.
Mp.q) (B F) > or

Remark 3.3. In the above result, there is a kind of continuity. In fact, when p =

g from (a) we have

m —pol
5§77( ) (E; F).

On the other hand, considering p = -1 it follows from (b) that

Now, when p = mr+2, by (c¢) we have

Given € > 0 and taking p, = + € it follows by (d) that

mr+2

T — Pe m—pol
PeT < n(Ps,Q) (E F) (18)

Again, there is a continuity between the lower estimates (17) and (18), because letting € tend to zero, we
have

2
Pe — T and
r

The same behavior happens when g = 2.

The next two results provide optimality of 772; qf °l(E; F) in some cases:
—pol
Corollary 3.4. If 5=~ 2m+1 <p< m+17 then n(r;l])oo (013 05) = % — TH

Proof. Considering ¢ =1 and r = 2 in the previous theorem (item (b)) we have

1 m+1
n(p 1) (€17€2) > ; Ty (19)
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Let us show that (19) is sharp. From [2] we know that every continuous m-homogeneous polynomial from

/1 to 5 is absolutely (—2-,1)-summing. Since 5T +1 <p< let w > 0 be such that

m—+1’ m+1’
1 1 1
- =— + —.
p m—+1 w

Given P € P ("™{y;45), from the Holder’s inequality we have

m+1
2

n % n
1 _2 1_m+1 n
(Z IIP(xk)Ilp> <nw (Z ||P($k)||’"“) <Dnv™ 2 |[(zk))=
k=1 k=1

Corollary 3.5. Let K be a compact Hausdorff space and F be an infinite dimensional Banach space, with
cot(F) =r. If 2

r+2

Np2) (C(K); F) =

D=
S| =

Proof. By the previous theorem (item (d)), if ¢ = 2 and cot(F) = r we have

7](p,2)(C(K>7F) 2 (20)

*@I»—*
1|>—t

Let us show that (20) is sharp. From [5, Theorem 11.14] we know that every continuous linear operator
from C(K) to F, with cot(F) = r, is absolutely (r, 2)-summing.

Let r%:2 < p < rand let w > 0 be such that

+

|
S
g~

p
Given T € L (C(K); F'), from the Holder’s inequality we have

1
-

1
(Z T (x IIp) <nw (Z 1T (@)l ) < D

(fck)ZﬂIIw,w

i.e.,

Np2) (C(K); F) <

D=
S|

4. Main results: real-valued maps

The following result complements the results of the previous section (its proof is inspired in techniques
found in [3]); now we consider the case in which m is even and F = R.

Theorem 4.1. Let m be an even positive integer and E be an infinite dimensional real Banach space.

(a) If1<q<2and0<p< -, then

< 77’rn—pol (E, R) )

m
9 (p,9)
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()If1<q<2andm+q_p§ , then
mp+2 m+gq <nmpol(E R).
2p q (p,q)
(c) If2<q<ooand0<p<m+2,then
m m-pol
9 < Np.q) (B;R).
(d) If2<q<ooandm+2<p<1, then
lfp m-pol
— Spa (BR).
p
Proof. Let n € Nand 71,...,2, € E. Consider z7,...,7; € Bpg- such that x}(z;) = |lz;] for every
j=1,...,n. Let a,...,a, be real numbers such that > |aj|% =1 and define
j=1

P,:E—R, Py(z)= Z \ajﬁ x;(z)™, for every z € E.
=1
Since m is even, it follows that P, (z) > 0, for every = € E. Hence
| P, ()] Z|aj|1’x >|ak|P:r ()™, foreveryz € Eand k=1,...,n
and
n 1 m
|P,(x1)] = Pp(axx) = Z ™ > Japl? 2k (z)™ = |ag]? |op|™, fork=1,...,n.  (21)

Furthermore, for every = € F, we have

n n
1 1
o)=Y ajl» ai@)™ < [ Y agle | =™ = Jl2)™,
Jj=1 j=1
and thus

[Pl < 1. (22)

Therefore,

o=

1
P n

n

1\P
Sollesl™ lagl | = {3 (sl lagl7)
j=1

j=1

S Pty

j=1
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Suppose that there exists ¢ > 0 and D > 0 such that

p

DIP @) ) < DIPalnt [[(z)i]l,
j=1

(22)

22
< Dn' )iz, -
Hence

1
P

Sl el | < Dat[|()p (23)
j=1

n 1
and since this last inequality holds whenever " |a;|*» =1 and p < 1, we have
j=1

1-p

n n n 1
mp 1
> a7 =sup{ > aj a7 > las|r =1
j=1 j=1 j=1

n n .
<sup $ Y ag| [l ™ 2> Jas|r =1
j=1 j=1

(23) : n m \P
< (Dt f|e)3=],)
Therefore
1-p
n mp \ P
<Zl [l ”’)
J= 1 t
< Dwmnm, (24)
)5l ,
See that (24) is valid for any z1,...,z,. So, for any n-dimensional subspace X of E we have
1-p
<Zl ||idx(wj)|ﬁ>
)= —~ S D%n%’ (25)
H(wj)j:le,q
for all z1,...,z, € X.
Now we prove each item separately.
(a) Since
q
O0<p< ——,
p= q
we have
mp
— <
1—-p~— 1

and thus
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(; ||z'dx<xj>||q> q

@)l q

i

<D

So
(”)(zdx) < D

Since 1 < ¢ <2 by [5, Theorem 2.8] we have

7" (idx ) < Dwnom, (26)
and from Theorem 1.1 we conclude that
ma(idx) < Cri™ (idx). (27)
By Theorem 2.1 we know that
ma(idx) = n?
and thus, from (26) and (27), it follows that
1 1 1 t
—nz < Dwmnpm
ant < n
Hence
t>
- 2 )
ie.,
-pol m
o) (BiR) 2 5
(b) By (25), we have
) ,(idx) < nmDwm. (28)
1—p>
Since W <p < 55 we have ¢ < m” < 2. From (28) and Lemma 3.1, there is a constant K > 0 such
that
29+ 122 (a-2)
Kn 2%" <mmDm
Thus
t S mp + 2 _m+tq
m — 2mp mq

and we conclude that
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that is,

(c) Since g > 2, we have

m-pol .
Moy (EiR) 2

M=

mp—|—2_m+q
2p q

1—p

||idx<xj>|%>

- 1 t
< Dmnm,
@5l
for all z1,...,z, € X. But miw > p implies that % < 2; hence
1
n 2 2
(Zl l[idx (2;)l )
= < Dwnw,

and thus

From Theorem 1.1 we have

and from Theorem 2.1, we have

So, we conclude that

and

(d) Since ¢ > 2, we obtain

for all x1,...,2, € X.
So

@5,

B

7" (idx) < Dwn

3+

mo(idx) < Cri™ (idx)

n ' mp mp
2. l[idx ()|
= < D%n%

(CAFRY I

721
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But mi_ﬂ < p implies that % > 2, and from Theorem 1.1

W%’Q(idx) < ng 2(idx).

T—p>

By Theorem 1.2, there is a constant A > 0 such that
1-p .
Anmp Sﬂ'%g(ZdX),

thus

we conclude that

SO

- 1-p
Mgy (BiR) = —=. 0

Remark 4.2. (i) As in the previous theorem, in this result we have a clear “continuity” in our estimates.

(ii) We stress that Theorem 4.1 cannot be compared with Theorem 3.2, since Theorem 3.2 is valid only
when F' is infinite dimensional.
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