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1. Introduction

We consider a robust expected utility maximization problem of the form

T
U(X) = inf { E¥u [ X 9 AS P 1.1
(X) Slelgﬂ})gp U +;t v ] +aP) g, (1.1)
where X is a random endowment, Sp, S1, ..., St the price evolution of a tradable asset, © the set of possible

trading strategies, u a random utility function, P a set of probability measures and a: P — [0, 00) a penalty
function. In the special case o =0, (1.1) reduces to

T
_ : P
UX)= 1591618?172;1@ u| X+ ;ﬁtASt ) (1.2)
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A large strand of the literature on robust utility maximization assumes that the family P is dominated?;
see e.g. [13,23,12,24,255,22,1]. In this case, one can, as in the classical expected utility framework P = {P},
apply Komlés’ theorem to construct an optimal strategy from a sequence of approximately optimal strate-
gies. The existence of optimal strategies can then be used to deduce a dual representation for U. Different
discrete-time versions of problem (1.2) under nondominated model uncertainty have been studied by [21,4,
18,2]. They all make time-consistency assumptions,® which allows them to tackle the problem step by step
backwards in time using dynamic programming arguments. In continuous time, nondominated problems of
the form (1.2) have been investigated by [15,17] in the case, where P consists of a time-consistent family of
martingale or Lévy process laws.

In this paper we study problem (1.1) without domination or time-consistency assumptions. As a conse-
quence, we cannot apply Komlos’ theorem or dynamic programming arguments. Instead, we use convex dual-
ity methods, a functional version of Choquet’s capacitability theorem [9] and medial limits. For our purposes,
a medial limit is a positive linear functional limmed: [*° — R satisfying lim inf < lim med < lim sup with the
following property: for any uniformly bounded sequence of universally measurable* functions X,, : £ — R on
a measurable space (E,F), X = limmed X,, is universally measurable and EF X = lim med EF X,, for every
probability measure P on the universal completion of F. Mokobozki proved that medial limits exist under
the usual axioms of ZFC together with the continuum hypothesis; see [16]. Later, Normann [19] showed that
it is enough to assume ZFC and Martin’s axiom. In [20] medial limits were used to establish the existence
of optimal quasi-sure superhedging strategies with respect to general sets of martingale measures.

We first derive a dual representation of U(X) for lower semicontinuous random endowments X only
from convexity and integrability assumptions. Then we show that a suitable no-arbitrage condition and the
existence of a medial limit imply that problem (1.1) admits optimal strategies. From there we can extend
the dual representation of U(X) from lower semicontinuous to measurable random endowments X.

As sample space we consider a non-empty subset  of ((0, 00) x R)T*! endowed with the Euclidean metric
and the corresponding Borel o-algebra. We suppose there is a money market account evolving according to
M;(w) = w1 and a financial asset whose price in units of M; is given by Si(w) = wy 2. X: Q@ — R is a Borel
measurable mapping describing a random endowment in units of Mp. As usual, AS; denotes the increment
St —St_1. P is assumed to be a non-empty set of Borel probability measures on Q and a: P — R, := [0, 00)
a mapping with the property infpep (P) = 0. Denote by (F;)7_, the filtration generated by (My, S;)L,.
The set © consists of all strategies (¥;)Z_; such that for each ¢, J;: Q — R is measurable with respect to
the universal completion F; ; of F;_1 and the Borel o-algebra on R. u: Q x R — R is a random utility
function, which we assume to satisfy the following conditions:

(U1) u(w,z) is increasing” and concave in
(U2) for every n € N, u: Q x [-n,00) — R is continuous and bounded
(U3) limg— oo SUPeq u(w, z)/|z| = —00.

Note that if « does not depend on w, (1.1) measures the utility of the discounted terminal wealth X +
Zthl ¥:AS;. On the other hand, if u is of the form u(w,z) = @(wkx) for a function @: R — R, then (1.1)
evaluates the undiscounted terminal wealth Mr(X + Z;‘ll 3 ASy).

2 Ie., all P € P are absolutely continuous with respect to a common probability measure P*.

3 Problem (1.2) is time-consistent if the set P is stable under concatenation of transition probabilities. Conditions for time-
consistency of problems of the form (1.1) are given in e.g. [7,8].

4 Recall that the universal completion F* of a g-algebra F is defined as the intersection of o (FUNT) over all probability measures
P on F, where NF denotes the collection of P-null sets. By saying that X: E — R is universally measurable, we mean that it is
measurable with respect to the universal completion F* of F and the Borel o-algebra on R, which is equivalent to saying that X
is measurable with respect to F* and the universal completion of the Borel o-algebra on R.

5 In the whole paper we understand the words “increasing” and “decreasing” in the weak sense. That is, u satisfies u(w, z) >
u(w,y) for all z > y.
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We suppose there exists a continuous function Z : Q — [1,00) such that Z > 1V Y/ [S;| and all
sublevel sets {w € Q: Z(w) <z}, z € Ry, are compact. Let Bz be the space of all Borel measurable
functions X : Q — R such that X/Z is bounded, Lz the set of all lower semicontinuous X € Bz and Cyz
the space of all continuous X € Byz. By Mz we denote the set of all Borel probability measures P on {2
satisfying E*Z < co. Then EF X is well-defined for all P € Mz and X € By.

To derive dual representations for U, we need P and « to satisfy the following two conditions:

(A1) P is a convex subset of Mz and a: P — R a convex mapping with o(Mz, Cz)-closed sublevel sets
P.o={PeP:al)<c}ceRy
(A2) there exists an increasing function 3: [1,00) — R such that lim, ., 8(x)/z = oo and

]P1)27f9 {EFu(-B(2)) + a(P)} > —o0.

By v we denote the convex conjugate of u, given by

v(w,y) = sup {ulw,z) — oy}, () € Qx Ry
z€eR

If w satisfies (U2), u(w,0) is bounded in w, and one has

v(w,y) = sup {u(w,z) — xy} > u(w,0).
z€Q

In particular, v is a Borel measurable function from  x R to (—oo, 00] that is bounded from below. So
for ¢ € Ry and a Borel probability measure Q on €2, one can define

DS(4@) = uf {Du(a@ | P) + a(B)}
where D, (¢Q || P) is the v-divergence between ¢Q and P, given by

P ”
D,(qQ|P) == { i“(qd(@/dﬂ”) if Q<P

otherwise.

Let Qz be the set of all probability measures P € My under which (S;)7_, is a martingale and Q the set
of all pairs (¢,Q) € Ry x Mz such that ¢ =0 or Q € Q. Our first duality result is as follows:

Theorem 1.1. Assume (U1)—(U3) and (A1)-(A2). Then

UX)= min {¢E®X +DJ(qQ)} €R forall X € L. (1.3)
(¢,.Q)€Qz

To be able to derive the existence of optimal strategies and extend the duality (1.3) to Borel measurable
random endowments X, we need the following no-arbitrage condition®:

(NA) every P € P is dominated by a P’ € P that does not admit arbitrage,

6 Obviously, (NA) is weaker than the assumption that no P € P admits arbitrage. On the other hand, it implies e.g. the robust
no-arbitrage condition NA(P) of [6], which has been used in [21,4,18,2] to derive the existence of optimal strategies. Indeed, assume
(NA) holds and there exists a strategy such that P[Z?=1 94 AS; > 0] = 1 for all P € P. Then each P € P is dominated by a P’ € P
that does not admit arbitrage. Hence, P[Z?=1 9+ ASy > 0] = ]P’/[Zz;l 9+ AS¢ > 0] = 0, showing that NA(P) holds.
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where a Borel probability measure P on € is said to admit arbitrage if there exists a strategy ¢ € © such
that P[Yr_, 9;AS; > 0] > 0 and P[/_, 9,AS, > 0] = 1.

Theorem 1.2. Assume a medial limit exists, u fulfills (U1)~(U3) and (NA) holds. Then the supremum in
(1.1) 4s attained for every Borel measurable function X: Q — R such that U(X) € R. If, in addition,
(A1)-(A2) are satisfied, then

UX)= inf {¢E°X+D2(qQ)} R forall X € By. (1.4)
(¢,Q)€Qz
In the special case, where o = 0 and wu is of the form u(x) = —exp(—Ax) for a risk-aversion parameter

A > 0, the dual expression (1.4) simplifies if instead of (1.2), one considers the equivalent problem

T
. 1 P
W(X)= Sggﬁgg_XIOgE exp (—)\X — )\t_zlﬁtASt> .

Corollary 1.3. Assume a medial limit exists and P is a non-empty (Mg, Cz)-closed convex subset of Mz
satisfying (NA). If there exists an increasing function : [1,00) = R such that lim, o B(x)/x = 00 and

sup EF exp(8(2)) < oo,
PeP

then
1
W(X) = inf {JE@X + ~H(Q |7>)} €ER forall X € By,
Qe9z A

where H(Q || P) := infpep H(Q || P) is the robust version of the relative entropy

HQ|P):=

otherwise.

{EQ log(dQ/dP)  fQ< P
o0

In the following, we discuss three examples of robust utility maximization problems that are neither
dominated nor time-consistent but still fit in our framework.

Example 1.4. Our first example is of the form (1.2) for a set of probability measures P given by moment

constraints. Consider a sample space of the form Q = Qg x -+ x Qp, where Qp = {(ag, o)} for fixed
initial values ag,s9 > 0 and Q; = [a, b] X (0,00) for constants 0 < a; < by, t = 1,...,T. Note that
Z(w) = ZZ;O wi2 V (wio)”! defines a continuous function Z: Q — [1,00) with compact sublevel sets

{Z <z}, z € Ry, such that Z7 > 1 VZtT:0|St|~ Forallt =1,...,Tand i = 1,...,I, let ¢/ < 0 and
d',C}, Di > 0 be constants such that min; ¢ < —1 and max; d* > 1. Assume that the set P of all Borel
probability measures on ) satisfying the moment constraints’

EP[S¢]<C! and EF[SY]< D! forallt=1,...,Tandi=1,...,1,

is non-empty. Then P fulfills (A1) for « = 0. Moreover, if u: @ x R — R is a random utility function
satisfying (U1)—(U3) and there exists a constant

7 Alternatively, one can consider a set P of Borel probability measures satisfying moment conditions of the form IE]F[(Mt St)cl] < CZ’
and ]EP[(MtSt)dl} < Di' fort =1,...,T and ¢ = 1,...,I, where M, describes the evolution of the money market account. Then,
provided that P is non-empty, (Al) is still satisfied, and (A2) holds under the same conditions on w. A sufficient condition for
(NA) is that there exist constants e; € [a¢, b] such that (etso)cl < C'Z’ and (e;s0)? < D: forallt=1,...,Tand i =1,...,1.
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q < max |c'| A max |d'|
1<i<T 1<i<I
such that u(w,z)/(1 + |z|9) is bounded, then (A2) holds for o = 0. Finally, if s¢ < C! and sd’ < Di for all
t=1,...,Tand i =1,...,1, then P also satisfies (NA). Proofs are given in Appendix A.1l.

Example 1.5. As a second example, we consider a problem of the form (1.2) with a set P of probability
measures that are within a given Wasserstein distance of a reference measure. Let the sample space 2 be
of the same form as in Example 1.4, and consider the metric

T 1/k
d(w,w) = (Z e (|weg — wi "+ le(we2) - <P(°%,2)”)> , ww €,

t=1

where p > 0 and k > 1 are constants and the function ¢: (0,00) — R is given by

rz—1 ifx>1
90(9:):{

log(z) ifa<1.

Denote w* = ((ag, s0), (a1,1),...,(ar,1)) € Q. Then, Z(w) = so + T + !PT T~ /*d(w,w*) is a continuous
function Z: Q — [1, 00) with compact sublevel sets {Z < z}, z € Ry, such that Z > 1V Ztho |S¢|. Choose
a reference measure P* € M satisfying E¥” ZP < oo for a given exponent p > 1. Fix a constant 7 > 0, and
consider the ball

P:={Pe Mz : W,(P,P")<n}
around P* with respect to the p-Wasserstein distance W, given by

1/p

W, (P,P*) := inf / d(w,w"Pdr(w,w) ,
QxQ

where the infimum is taken over all Borel probability measures 7 on  x £ with marginals P and P*. Then
P satisfies (A1) for & = 0 as well as (NA). Moreover, if u: xR — R is a random utility function satisfying
(U1)—(U3) and there exists a constant ¢ < p such that u(w,z)/(1 + |z|?) is bounded, then also (A2) holds
for a = 0. This is proved in Appendix A.2.

Example 1.6. As our last example, we consider a problem of the form (1.1) with a Wasserstein penalty. Let
the sample space ) be of the same form as in Examples 1.4 and 1.5. Fix an exponent p > 1, and let Z, d, W),
be as in Example 1.5. For a given constant > 0 and a reference measure P* € M satisfying EF” Z? < oo,
define a(P) := nW,(P,P*)? and P := {P € Mz : o(P) < co}. Then (Al) and (NA) hold. Moreover, if
u: Q@ xR — R is a random utility function satisfying (U1)—(U3) and there exists a constant ¢ < p such that
u(z)/(1 4 |x|?) is bounded, then (A2) is fulfilled as well. Proofs are provided in Appendix A.3.

The rest of the paper is organized as follows. In Section 2 we first establish a functional version of Cho-
quet’s capacitability theorem. Then we derive dual representation results for increasing convex functionals
on different sets of real-valued functions. These results hold for general sample spaces endowed with a per-
fectly normal topology® and do not require the existence of a medial limit. In Section 3, we first prove

8 In particular, for metrizable sample spaces.
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Theorem 1.1. Then we derive some elementary properties of medial limits, before we give proofs of Theo-
rem 1.2 and Corollary 1.3. In the appendix we show that conditions (A1), (A2) and (NA) hold in the three
Examples 1.4, 1.5 and 1.6.

2. Functional version of Choquet’s capacitability theorem and dual representation of increasing convex
functionals

In this section, we first derive a functional version of Choquet’s capacitability theorem by working out
a remark at the end of his paper [9]. Then we establish a dual representation result for increasing convex
functionals defined on spaces of measurable functions.

Denote by R the extended real line [—00, oo]. For a given non-empty set FE, consider two nested subsets
HCGC R” such that H is a non-empty lattice and G contains all suprema of increasing” sequences in G

as well as all infima of arbitrary sequences in G. An H-Suslin scheme is a mapping o : J N" — H and

neN
—E
an H-Suslin function an element X € R of the form

X = sup inf o(y1,..., V),
~ENN neN

where o is an H-Suslin scheme. We denote the set of all H-Suslin functions by S(H) and all infima of
sequences in H by Hs. If ¢ : G — R is an increasing'’ mapping, we extend it to R” by setting

H(X):=inf{p(Y): X <Y, YeG}, X e R”  with the convention inf () := +oo.
The following is a functional version of Theorem 1 in [9]:
Proposition 2.1. Let ¢ : G — R be an increasing mapping with the following two properties:

(C1) lim, ¢(X,) = ¢(lim,, X,,) for every decreasing sequence (X,,) in H
(C2) limy, ¢(X,) = ¢(lim, X,,) for every increasing sequence (X,) in G.

Then, $(X) =sup{¢(Y):Y < X, Y € Hj} for all X € S(H).

Proof. Denote F' = E x R, and let A be the collection of subsets of F' of the form (J, . {2} x A, where
for each z, A, = [~00,a,) or A, = [~00,a,] for some a, € R. Then A is stable under intersections and
unions. For A € A, define X4 : E — R by Xa() := a,. Then for any family of subsets (4,) C A, one
has X 4, =infy Xa, and Xy 4, = sup, X4, . In particular, Hs := {A e A: X, € Hs} is stable under
finite unions and countable intersections. It is clear that the set function ¢ : 2 — R, given by

#(B) :=inf{d(X4): BC A, Ae A},

is increasing'! and satisfies lim, ¢(B,) = &(,, Bn) for decreasing'? sequences (B,,) in Hs. Moreover, if
(B,) is an increasing'® sequence of subsets of F' such that lim, ¢(B,) < oo, there exist A, € A and
Y, € G such that B, C A,, X4, <Y, and ¢(Y,,) < cf)(Bn) +1/n (or ¢(Y,) < —n in case gZ;(Bn) = —00).

We call a sequence (X,,) in G increasing if X, 11 > X, for all n and decreasing if X, 41 < X,, for all n.
10 That is, ¢(X) > ¢(Y) for all X,Y € G such that X > Y.
1 That is, ¢(B) > §(C) for all B, C € 2F such that B D C.
12 That is, Bny1 C B, for all n.
13 That is, Bp4+1 2 By, for all n.



758 D. Bartl et al. / J. Math. Anal. Appl. 471 (2019) 752-775

The sequences A,, = ﬂmZn A,, and Y, = inf,;, >y Y5, are increasing, and one has J,, B, € A:=J,, A, e A
as well as X4 <Y :=sup, Y, € G. So

<UB ) < ¢ (Xa) oY) = hingb(ffn) < hTILIl(g(Bn)

This shows that ¢ is an abstract capacity on (F,Hs) according to [9]. For an H-Suslin function of the form
X = sup, ey infreno (1, .-+, vm), define 6 : U, ey N" = Hs by 6 () := U,ep {2} x [-00,0(-)(z)]. Then

A= U ﬂ (Y1 -y Yn)

~yeNN neN

is a Suslin set generated by Hs satisfying X4 = X. So one obtains from Theorem 1 of [9] that

~

H(X) = p(A) =sup{d(B) : BC A, B€Hs} =sup{o(Y):Y <X, Y € Hs}. O

In the following, let E be a perfectly normal topological space'* and V: E — Ry \ {0} a continuous
function. Denote by By the set of all Borel measurable functions X: E — R such that X/V is bounded
and by Cy and Uy the subsets consisting of all continuous and upper semicontinuous functions in By,
respectively. If (X,,) is an increasing (decreasing) sequence of real-valued functions on E that converges
pointwise to a real-valued function X on FE, we write X,, 1+ X (X,, | X). Let caV be the set of all Borel
measures p on E satisfying (V, u) < 4o00. For a real-valued mapping ¢ defined on a subset of By containing
Cy, we define

be, (1) == sup {(X,p) —d(X)}, p€caf. (2.1)
XeCy

Then the following holds:

Theorem 2.2. If ¢ : Cy — R is an increasing convex functional satisfying
(R1) ¢(X,) 1 ¢(0) for every sequence (X,) in Cy such that X,, | 0,
then

o(X) = max {(X, 1) — ¢, (1)} for each X € Cy, (2.2)

HEC“V

and all sublevel sets {u € cay, : ¢ (1) < c}, ¢ € R, are o(cafy, Cy)-compact.
Moreover, every increasing convex functional ¢ : Uy — R with the property

(R2) ¢(X,) | ¢(X) for each sequence (X,,) in Cy such that X, | X for some X € Uy,

has a representation of the form

O(X) = max {(X.p) — 65, (W)}, X € Uy, (2:3)

,uEraV

and every increasing convex functional ¢ : By — R satisfying (R2) together with

4 1n particular, this covers all metric spaces.
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(R3) ¢(Xn) T &(X) for each sequence (X,,) in By such that X,, T X for some X € By,

can be written as

¢(X) = sup {(X,p) — ¢, ()}, X € By. (2.4)

+
pecay,

Proof. First, let ¢: Cy — R be an increasing convex functional satisfying (R1). It is clear from the definition
of ¢, that for fixed X € Cy,,

$(X) > (X, 1) = ¢, (n) for all p € caf. (2.5)

Moreover, it follows from the Hahn—Banach extension theorem that there exists a positive linear functional
1¥: Cy — R such that

YY) <X +Y)—¢(X) forallY € Cy.

Now, consider a sequence (X,,) of functions in Cy such that X,, | 0. Then, one has for all A € (0,1),

S(X + X)) < m(%) +(1—>\)¢(1)i”/\). (2.6)
Since y — ¢(yX) is a convex function from R to R, it is continuous. Therefore, for A close to 1, Ap(X/\) is
close to ¢(X). By (R1), one has (1 —X)¢(X,/(1—=A)) | (1 —XN)g(0). It follows that ¢(X + X,,) | ¢(X), and
consequently, ¥(X,,) | 0 for n — +00. Since on a perfectly normal space, the Borel g-algebra coincides with
the o-algebra generated by all continuous real-valued functions (see [26]), one obtains from the Daniell-Stone
theorem that there exists a u € cay, such that 1(Y) = (Y, p) for all Y € Cy. Hence,

(X+Y,u)—d(X+Y)<(X,u) —¢d(X) forall Y € Cy.

In particular, ¢g,, (1) = (X, ) — ¢(X), which together with (2.5), proves (2.2).
Next, we show that the sublevel sets

Aei={n€cal: 65, (W) <}, cER,

are o(cay;, Cy)-compact. Note that Cy equipped with the norm || X|v := sup, | X (z)/V(z)| is a Banach
space. We extend ¢¢,, to the positive cone C"*,’Jr in the topological dual Cy; of Cy using definition (2.1).
Then the set A, := {u € Cy" : o, (1) < ¢} is o(Cyr, Oy )-closed. Moreover, since ¢ is real-valued,
the increasing convex function ¢ : Ry — (—00,00], given by ¢(y) := sup,cg, {zy — ¢(xV)}, satisfies
lim, 400 ¢(y)/y = o0. As a consequence, the right-continuous inverse ¢! : R — R, has the property
lim, 100 =1 (x) /2 = 0. Since

bey (1) = sup {2V, 1) — o(xV)} = o((V, 1),

rERy

one obtains for u € 1~\c,

lulley = (Vop) < o™ Hoe, (1) < ¢ ' (e) < 0.

So it follows from the Banach—Alaoglu theorem that A, is o(C%;, Cy)-compact. Now, choose a u € C‘*/’+
with ¢¢ (1) < oo and let (X,,) be a sequence in Cy such that X, | 0. Then, for every constant y > 0,

O, (1) > (yXn, 1) — ¢(yXy), and therefore,
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<Xn7/~‘> <

GXn) | G0, ()
Y )

By (R1), one obtains (X,,, u) | 0, and it follows from the Daniell-Stone theorem that y is in ca?}. This shows
that ¢, (1) = oo for all u € C"'}’Jr \ca‘t. In particular, A, is equal to A, and therefore, U(ca‘t, Cy )-compact.

Now, assume ¢: Uy — R is an increasing convex functional with the property (R2). To show that the
dual representation (2.2) extends from Cy to Uy, we use that on a perfectly normal space, every upper
semicontinuous function is the pointwise limit of a decreasing sequence of continuous functions (see [26]).
As an easy consequence, every X € Uy can be written as the pointwise limit of a decreasing sequence (X,)
in Cy. It follows from (R2) and the definition of ¢¢, = that

$(X) = lim ¢(X,,) > lim (X, 1) — 63, (1) = (X, 1) = ¢, () for all p € cay. (2.7)
On the other hand, one obtains from (2.2) that

6(X) < 6(X,)) = max {(Xo.) — 6%, (1)} for every n.

pecay,
Since

(X 1) = 0¢, (1) < (X1, 1) — o¢,, (1) < | Xallvlplley — 6, (1)
< Xallve (06, (1) — d&y, (1),

this implies that there exists a level ¢ € R such that
H(Xy) = Séaj\x {{(Xn, 1) — 06, ()} for all n.

Note that (X, 1) — g, (1) is decreasing in n as well as o(cay, Cy)-upper semicontinuous and concave in y.
So it follows from the minimax result, Theorem 2 of [10], and the monotone convergence theorem that

$(X) = inf $(X,) = inf max {{Xn, 1) = 0&, (1)}

= max inf {(Xu, ) = 9%, (1)} = max {(X, u) — 65, (W)},
which together with (2.7), proves (2.3).

The last part of Theorem 2.2 follows from Proposition 2.1. Indeed, if ¢: By — R is an increasing convex
functional satisfying (R2)—(R3), we fix a constant 7 > 0 and let G be the set of X € By satisfying | X| < r|V].
Then, ¢, G and H = Cy N G satisfy the assumptions of Proposition 2.1. Moreover, Hs = Uy N G. So it
follows from Proposition 2.1 and (2.3) that

d(X) = sup oY) = sup max {(Y,p) — ¢¢&, (1)} for all X € GNS(H).
Y<X,YeUyNG Y<X,YeUyNnG pEcal

Since for fixed p € ca‘t, the mapping X — (X, u) together with G and H also satisfies the assumptions of
Proposition 2.1, one has

o) = swp  sup  {(Yiu)—of, (W)} = sup {(X.m) -, ()} forall X € GNS(H).

p€cal, Y<X, YeUyNG pEcad

So, if we can show that G C S(H), the representation (2.4) holds for all X € By since r was arbitrary. To
prove G C S(H), we note that a function X € G can be written as
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X =sup {qV1{x>qvy = V1x<qvy}
q

where the supremum is taken over all rational numbers ¢ in [—r, r]. Since in a perfectly normal space, open
sets can be represented as countable unions of closed ones (see [26]), one obtains from Proposition 7.35
and Corollary 7.35.1 in [3] that the Suslin sets generated by the closed sets contain the Borel o-algebra.
Therefore, {X > ¢V} is of the form (U ey (N,en (71, ---: ) for a Suslin scheme & with values in the
closed subsets of E. The mapping o := gV 15 — rV15. takes values in Hg, and so,

@V 1ixsqvy =V 1{x<qvy = sup inf o(y1,...,7n)
~ENN neN

belongs to S(Hs) = S(H). Moreover, S(H) is stable under taking countable suprema. Therefore, X € S(H),
and the proof is complete. 0O

The following result gives a dual condition for (R2) which will be useful in the proof of Theorem 1.1
below.

Proposition 2.3. An increasing convex functional ¢ : Uy — R with the property (R1) satisfies (R2) if and
only if

b, (1) = ¢p, (1) == Sup {(X, ) — (X))} for all p € cay>. (2.8)

Proof. First, let us assume ¢ satisfies (R2). For a given X € Uy, there exists a sequence (X,,) in Cy such
that X,, | X (see [26]). By the monotone convergence theorem and (R2), one has

<Xn?/’6> - ¢(Xn) — <X’ :u’> - ¢(X)

This shows that ¢F, (1) = ¢f,, (1) for all p € caf.
Now, assume ¢ satisfies (R1) together with (2.8) and let (X,,) be a sequence in Cy such that X, | X € Uy.
It is immediate from the definition of ¢7; and (2.8) that

(X)) > sup {(X,p) — o7, ()} = sup {(X,p) — o5, (1)} -

;LEca$ ,uecat

On the other hand, it follows from the arguments in the proof of Theorem 2.2 that there exists a
o(cair, Cy)-compact convex subset A of caf, such that ¢(X,) = max,er((X,,p) — ¢¢, (1)) for all n.
An application of the minimax result, Theorem 2 of [10], and the monotone convergence theorem gives

lim ¢(X,,) = inf max {(X,,, 1) — ¢z, (1)}

n o pe

= max inf {(Xn, 1) = 08, (W)} = max {(X, ) —dc, (W)}

In particular, ¢(X,) | #(X). O

Remark 2.4. Assume FE is a Polish space and denote by Sy the set of all Suslin functions X: E — R
generated by Cy such that X/V is bounded. Then Sy equals the set of all upper semianalytic functions
X: E — R such that X/V is bounded (see Proposition 7.41 of [3]), and every upper semianalytic function
is measurable with respect to the universal completion of the Borel o-algebra on E (see Corollary 7.42.1
of [3]). Since every Borel measure on E has a unique extension to the universal completion of the Borel
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o-algebra, (X, pu) is well-defined for all X € Sy and p € ca; So if ¢ : Sy — R is an increasing convex
functional satisfying (R2) and ¢(X,,) T #(X) for every sequence (X,,) in Sy such that X,, T X for some
X € Sy, it follows exactly as in the proof of Theorem 2.2 that

o(X)= sup {(X,pu)— ¢, (1n)} forall X € Sy.

+
pEcay,

3. Proofs of the main results
8.1. Proof of Theorem 1.1
For the proof of Theorem 1.1 we need the following lemmas:
Lemma 3.1. If u satisfies (U2)—(U3), then SUP (4, y) 2 x[0,n] |v(w,y)| < oo for every n € N.
Proof. Fix n € N. By (U3), there exists a constant xo < 0 such that sup,, u(w,z) < (n+ 1)z for all z < z.
On the other hand, it follows from (U2) that c := sup,, sup, >, [u(w,z)| € R. Now, let z € R and y € [0, n].

Then

uww, ) —zy<(n+Dzx—a2n<0 ifz<x
u(w,z) —zy < c—xon if x > xo.

This shows that v(w,y) = sup,ep(u(w, ) — zy) < ¢ — zon. On the other hand, v(w,y) > u(w,0) > —¢, and
the proof is complete. O

Lemma 3.2. If u satisfies (U1)—(U2), then there exists a constant ¢ € R such that

gEQY ™ < ¢E°X T —EFu(X +Y)+Efv (q%) +c

for all Borel measurable functions X,Y : Q — R, every q € Ry and every pair of Borel probability measures
P and Q on Q such that ¢dQ < dP.

Proof. Since u satisfies (U1)-(U2), ¢ :=sup(, zycaxr, {u(w,z) — u(w,0)} is finite and satisfies
E'u(X +Y) <Efu(—(X+Y)) +e

Moreover, it follows from the definition of v that

(X +Y)_q2% <—u(—(X+Y))+vo (qj%) )

Hence,

d
qE?Y ™ < qEUX T +¢EYX +Y)” < qEUXT —EFu (—(X +Y)7) +Efv <q§>

< gEUXF —EPu (X +Y)+EPy (qfl%) +ec O
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Lemma 3.3. If u satisfies (U1)—(U3), then the functional

D(X):= inf {qE®X + D (qQ)}
(¢:Q)€Qz

satisfies U(X) < D(X) < oo for all X € Bg.
Proof. By Lemma 3.1, one has D(X) < D%(0) = infpep {EFv(0) + a(P)} < oo for all X € By.

Now, consider P € P, X € Bz and ¢ € O such that Efu (X + 23:1 ﬁtASt> > —oo. It is immediate
from the definition of v that

T
Efu (X + ZﬂtASt> < EPv(0).
t=1

Moreover, for ¢ € (0,00) and Q € Qg such that ¢qQ < P and E%v(qdQ/dP) < oo, one obtains from
Lemma 3.2 that there exists a constant ¢ € R such that

T T
d
qEQ <Z ﬂtASt> < ¢qE°X*t —EPy (X + ZﬁtASt> +Efv (q%) + ¢ < 0.

t=1 t=1

T

So it follows from Theorems 1 and 2 in [14] that (Zi:l ﬂ?ASS) is a Q-martingale, and therefore,
t

EC Y27, 9,AS; = 0. By the definition of v, one has

T T

t=1 t=1

Hence,

T T d@ dQ

P < 4RO P (2 _ po P (o8
EPuy (X—s—;z?tASt) < ¢E X+t:1 9,AS,| +E v(qu) qEOX +E u(qu).
Now, first taking the infimum in
P - oy 1 e (,AQ
Efu [ X + 3 0.AS, | +a(P) < E2X + E v(qﬁ) + a(P)
t=1

over all P € P and (¢,Q) € Q such that ¢qQ < P and then the supremum over all ¥ € O, yields
UX)<DX) O

Lemma 3.4. If u satisfies (U1)—(U2), then

Dv(qQIIP)Z;gg {EPu(X) — qE9X}

forallq e Ry and P,Q € My.

Proof. First, note that if ¢ € Ry and P, Q € Mz are such that qQ is not absolutely continuous with respect
to P, there exists a Borel set A C Q such that ¢Q[A4] > 0 and P[A] = 0. Since Q is a regular measure, there
is a closed set K C A such that ¢Q[K] > 0 and P[K] = 0. For every m € N, there exists a sequence of
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bounded continuous functions X,,: 2 — R such that X, | m1g. It follows from the monotone convergence
theorem that

Efu(—X,) 4+ ¢EYX,, — Efu(—mlg) + ¢E%[mlk] = EFu(0) + ¢mQ[K],
and as a consequence,

sup {EFu(X) — ¢E®X} = 0o = D, (¢Q|| P).
XeCyz

Next, assume that gQ is absolutely continuous with respect to P. Then,

Efu(X) — ¢EX = EF {u(X) — qi%X] < EFv (ch£>

for all X € Cyz. On the other hand, there exists a sequence of simple random variables (Y},) such that

d d
EF [u(Yn) — qd%Yn] — Efy <qd%> ,

from which it follows that there exists a sequence (X,,) in Cz such that

dQ
dP

dQ

EP {u(Xn) —q Xn:| —Ef (qﬁ> = D, (qQ || P).

This completes the proof of the lemma. O

Lemma 3.5. Assume (U1)—(U3) and (A2) hold. Then, for every constant m € R, there exists a ¢ € Ry
such that

. P _ P
inf {E"u(X) +a(P)} = inf {E7u(X)+a(P)}
for all Borel measurable functions X : Q0 — R satisfying X > —mZ.
Proof. Fix m € R,. It follows from (U2)—(U3) and (A2) that

o(x) == H;I€17f> {2E u(-mZ) + a(P)}

is finite for all z € R,. So, the function ¢: R — (00, o0], given by

Y(y) = iglg{wy + ()},

is increasing and satisfies limy_, o ¥(y)/y — 00. As a consequence, the right-continuous inverse
¢ Hy) == inf{z € R: ¥(z) >y}
has the property lim,_, ¢! (y)/y = 0. Since
a(P) > ¢(x) — 2B u(—m2)

for all x € R4, one has
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a(P) > ¢ (~E u(-mZ)),
and therefore,

Efu(—-mZ) > -y~ (a(P)).

By (U1), one has for all X > —mZ,

inf {E*u(X) + a(P)} < Efu(oo) < 0o

and
EFu(X) + a(P) > EPu(—mZ) + a(P) > =~ (a(P)) + oP).
Since lim,_,o, ¢ — 1 71(c) = 0o, this shows that there exists a ¢ € R such that
inf {Efu(X P)} = inf {Efu(X P
inf {Eu(X) +a(®)} = inf {EPu(X) +a(?)}
forall X > —mZ. O

Next, note that if u satisfies (U2), then for every continuous function «: [1,00) — R,

Zy =1V (—u(—(2)))
defines a continuous function from Q to [1, c0).

Lemma 3.6. Assume (U2)—(U3) and (A1)—(A2) hold. Then, there exists a continuous increasing function
7:[0,00) = R such that lim,_, y(x)/z = 00, and for all c € Ry, P, is a (Mg ,Cz,)-compact subset of
Mz, .

Proof. By (A2), there exists an increasing function §: [1,00) — R such that lim, , 8(z)/z = oo and
infpep {E*u(—B(Z)) + a(P)} > —oo. So one can construct a continuous increasing function v: [1,00) — R
such that lim, o0 v(2)/z = limy o0 B(2)/v(z) = 00. It follows from (U3) that there exists a zp € R such
that u(—v(Z)) < —=Z on {Z > z}. This shows that Cz C Cz and Mz C Mjz. Since for given ¢ € R,
one has

nf EPu(—p(2)) + ¢ > inf {E*u(—B(2)) +a(B)} > —,

one obtains

lim sup EF[Z,1{7~.,] = 0.
F O PeP,

Moreover, it follows from (U2) that Z, is bounded on the sets {Z < z}. Hence, P. is contained in Mz_, and
since by (Al), it is o(Mz,Cz)-closed, it is also 0(Mz_,Cz )-closed. Note that P +— Z,dP transforms P.
into a subset P, of the finite Borel measures M on Q. Since the sets {Z < z} are compact, it follows from
Prokhorov’s theorem that P, is o (M, Cy)-compact, where C} are all bounded continuous functions on Q.
But this is equivalent to P, being 0(Mz,,Cz, )-compact. O
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Next, let us denote by © the set of all strategies ¥ € © such that 9 is continuous and bounded for all
t=1,...,T, and define

T
U(X) :=sup inf { EFfu [ X + ZﬂtASt +a(P)y, X € By,
ﬁeéPG'P P}

as well as

Uéz(qQ) = sup {U(X)—qEQX}, for g € Ry and Q € My.
XeCyz

Then the following holds:

Lemma 3.7. If (U1)~(U3) and (A1)-(A2) hold, then U is an increasing concave mapping from By to R
satisfying

U(X,) T U(X) for every sequence (X,,) in Cyz such that X, 1 X for some X € Ly (3.1)
and
- D3 (qQ) ifq=00rQeQy
U¢ = 3.2
&2 (0Q) {oo ifq>0and Qe Mz \ Qz. (3:2)

Proof. It is straight-forward to check that U is an increasing concave mapping from By to R. To show (3.2),
we note that for given ¢ € Ry and Q € Mg,

T
Ué,(qQ) = sup sup inf {E“”u (X + ZﬁtASt> + o(P) — qE@X}

XeCy 9o FEP =1

T
= sup sup inf { EPu(X) + a(P) — ¢ROX + ¢E© 9 AS; » .
XeCz 9yedPEP { ( ) tz:;

Since EQ Zthl 9;AS; = 0 for all ¥ € © if and only if S is a Q-martingale, one has Uéz(q(@) =00 for ¢ >0
and Q € Mz \ Qz. On the other hand, if ¢ = 0 or Q € Q, then

Uéz(q@) = sup inf {E"u(X) + a(P) — qEeX}.

XeCy PEP
So, it follows from Lemma 3.4 that
ip < F —qEoX} = i . .
U¢,(qQ) < df, sup {E"u(X) + a(P) — gE*X} = inf {D,(qQ|P) + a(P)} (3.3)

By Lemma 3.6, there exists a continuous increasing function «: [1,00) — R such that lim,_, . y(z)/z = oo,
and for all c € Ry, P, is a 0(Myz ,Cz )-compact subset of Mz . For a given constant m € R, denote

Cp={XeCz:X>-mZ} and DJ'(qQ|P):= sup {E'u(X)-qE%X}.
Xely

By Lemma 3.5, there exists an a € Ry such that

sup inf {EPu(X) + a(P) — ¢gE2X) = sup inf {EFfu(X) + a(P) — qE2X .
XE%LPEP{ (X) +a(P) —q }XGCRZ”]PGPa{ (X) +a(P) —q }
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So, since E¥u(X) + a(P) — ¢E%X is concave in X € C as well as convex and o(Mz_,Cz )-lower semicon-
tinuous in P € P,, it follows from the minimax result, Theorem 2 of [10], that

sup inf {EPu(X) + a(P) — ¢ECX )} = inf su Efu(X) + a(P) — qE2X
s it {EPu(X) +a(®) —gEOX) = int s (EU(X) +o(P) — gE°X)

Now, note that

—o0o < inf u(w,0) < D™(qQ|P) < sup  u(w,z)+qmE2Z < oo forall P e P.
wen (w,z)EQXR

Moreover, D7 (qQ || P) + a(P) is increasing in m € Ry as well as convex and o(Mz_,Cz. )-lower semicon-
tinuous in P € P. So, if there exists a b € Ry such that

sup inf {D'(¢Q||P) + a(P)} = Sup Ank D) (qQIIP) +a(P)}, (3-4)

meR L

another application of Theorem 2 in [10] yields

sup D;g;{DZ”(QQ [P) +a(P)} = (nf  sup {Dy(qQ || P) + a(P) }

mERy b meR

> inf {D.(¢Q||P) +a(P)}

On the other hand, if (3.4) does not hold for any b € Ry, there exists a sequence (b,) in Ry such that
b,, — oo and

sup JPI’I€17f> {D'(qQ||P) + a(P)} > lim { inf u(w,0) + bn} = oo.

mE]R+ n—oo | weN
This shows that

U = sup sup inf {Efu(X) + a(P) — ¢E2X} > inf {D, P) + a(P)},
&) = s sup inf (E"u(X) +o(P) ~ EOX) 2 fof (D.(aQ1P) +a(P))

which, together with (3.3), implies (3.2).
Next, consider a sequence (X,,) in Cz such that X,, T X for some X € Cy. Since X; € Cyz, one has

X1 > —mZ for some m € R;. So, by Lemma 3.5, there exists a ¢ € R4 such that

inf {Efu(X,, P)} = inf {EPu(X, P for all n.

]Plélp{ u(X,) + a(P)} lPlenPC{ u(X,)+aP)} foralln
Using Theorem 2 of [10] once more, we obtain

SI:Lp H%I€17f3 {E*u(X,) +a(P)} = Pier%c sgp {E*u(X,) + a(P)} > %2;: {E*u(X) + a(P)},

which by monotonicity, gives

sgp]};}%f) {Epu(Xn) +a(P)} = H%g) {E]Pu(X) +a(P)}. (3.5)

Since, for a given strategy 9 € ©, Zthl 9:AS; belongs to Cyz, we get from (3.5) that
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T T
sup inf EFu (Xn + ZﬁtASt> = inf E"u (X +> ﬁtASt> :

t=1 t=1

which, due to U(X) = SUPycg infpep EPu (X + Zthl 19,:AS,:), implies that U satisfies (3.1) for X € C. In

particular, ¢(X) = —U(—X) is an increasing convex mapping from Bz to R satisfying condition (R1) of
Theorem 2.2. Moreover,

96, (0Q) = U5, (4Q) < 67, (aQ) = U7, (¢Q) = sup inf {E*u(X) + o(P) - ¢E°X}
XeLy eP

< inf {Du(qQ||P) + a(P)} = U¢, (aQ)

for all (¢,Q) € Q. So it follows from Proposition 2.3 that ¢ satisfies condition (R2) of Theorem 2.2, which
means that U satisfies (3.1). O

Now, we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. It follows from Lemma 3.7 and Theorem 2.2 that

U(X)= min {qEQX + D (qQ)} forall X € Ly.
(,Q)€Qz

Since, by Lemma 3.3,

UX)<UX)< inf {¢E®X +D2(qQ)} forall X € Ly,
(¢:Q)€Qz

this proves the theorem. 0O
8.2. Medial limits

To prove Theorem 1.2 and Corollary 1.3, we need the concept of a medial limit, which for our purposes,
is a positive linear functional, limmed: [*° — R, satisfying lim inf < lim med < lim sup such that for any
uniformly bounded sequence X,,: M — R of universally measurable functions on a measurable space (M, F),
X = limmed,, X,, is universally measurable and EF X = lim med,, EF X,, for every probability measure P on
the universal completion F* of F. It was originally shown by Mokobozki that medial limits exist under the
usual ZFC axioms and the continuum hypothesis; see [16]. Later, Normann [19] showed that it is enough to

=N
assume ZFC and Martin’s axiom. If a medial limit exists, we extend it to R by setting

lim med z,, := sup inf limmed (—m) V (z, A k). (3.6)
n keN mEN n

Lemma 3.8. Assume a medial limit exists. Then the following hold:

(i) The set L of sequences (x,,) in RY satisfying lim med,, |z,,| < oo is a linear space.

(ii) limmed: £ — R is a positive linear functional.

(iii) ¢(lim med,, ;) < limmed,, ¢(x,) for every convex function ¢: R — R and (x,) € L.

(iv) limmed,, X,, is universally measurable for every sequence of universally measurable functions X,,: @ —
R.

(v) EFlimmed, X, < limmed, E¥X,, for each probability measure P on F* and every sequence of univer-

sally measurable functions X, : Q — R such that X,, > ¢ for all n and a constant c € R.
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Proof. (i) and (ii) are simple consequences of (3.6). To show (iii), we note that by the Fenchel-Moreaux
theorem, ¢ can be written as p(x) = SUp,er TY — P° (y) for the convex conjugate ¢* of ¢. Moreover, since
lim inf < limmed < lim sup, one has lim med, (z,) = ¢ for constant sequences x,, = c. So, since lim med is
linear on £, one obtains

¢(lim med z,,) = sup (lim med z,,y — ¢*(y)) < limmed (supz,y — ¢*(y)) = lim med ¢(zy,).
n yE]R n n yeR n

(iv) follows from (3.6) since lim med,, X, is universally measurable for any uniformly bounded sequence
of universally measurable functions X,,: Q2 — R.
(v) For every k € N,

EF lim med(X,, A k) = limmed E¥ (X, A k) < limmed E¥ X,

n

and therefore, by (3.6) and the monotone convergence theorem, EP lim med,, X,, < limmed,, EFX,,. O
3.8. Proofs of Theorem 1.2 and Corollary 1.5

Lemma 3.9. Assume a medial limit exists, u fulfills (U1)—(U3) and P satisfies (NA). Let X,,: Q@ — R be a
sequence of Borel measurable functions decreasing pointwise to a Borel measurable function X : Q — R such
that U(X) € R. Then U(X,,) decreases to U(X), and there exists a strategy ¥* € © such that

T
_ P "
U(X) = inf {E u (X + ;ﬁt ASt> + a(IP’)} .
Proof. Since U is bounded from above, there exists for each n, a 9™ € © such that
d 1

. P n > -

IPI)IEI;; {E u <Xn + ;ﬁt A5t> +a(P)} >U(X,) -
Denote A := {w € Q : limmed,, (¥} (w))* = oo} and define

y lim med,, 97 (w) ifw ¢ A UA,
9 (w) := _
0 otherwise.

We want to show that

P [limmed |9 AS,| < 00| =1 forallt=1,...,T and P € P, (3.7)
To do that, we note that by (NA), every P € P is dominated by a P’ € P that does not admit arbitrage. By
the fundamental theorem of asset pricing, there exists a martingale measure Q equivalent to P’ such that

EQX; < oo and dQ/dP’ is bounded.'” If we can show that

limmed |97 ASy| < oo Q-almost surely (3.8)

15 To see this, note that dP/dP’ = (1/1 + Xi)/E¥ (1/1 + X{) defines a measure P equivalent to P’ such that IEDE)XlJr < oo. P still

does not admit arbitrage. Therefore, there exists a martingale measure Q with bounded density d@/dﬂi’; see e.g. Theorem 5.17 in
(11]. Q is equivalent to P’ such that IE@X?' < oo and dQ/dP’ is bounded.
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forallt =1,...,T, (3.7) follows since Q dominates P. To prove (3.8), we set 9 = 0 and use an induction
argument. Fix ¢t > 1, and assume that (3.8) holds for all s <t — 1.
Since

T
EF u (Xn + Zﬁ?ASt> +a(P) > U(X,) > UX) €R,

t=1

one obtains from Lemmas 3.1 and 3.2 that there exist constants c,c¢’ € R such that

T - T
n ! n / dQ
(; A A5t> <EUX; —EFu (Xn +Y 0 ASt> +EP v (qw> +c

t=1

/ d
< EQX + a(P) —U(X)+E%( dg) +e=¢
for all . So it follows from Theorems 1 and 2 in [14] that 3'_, 97AS, is a Q-martingale. Consequently,
(Zi:l 192ASS) Cisa Q-submartingale, and therefore,

t - T -
E? (Zﬂ?ASs> <E® <Zﬁ§ASS> <c.

s=1 s=1

Now, we obtain from part (v) of Lemma 3.8 that lim med, (Zizl ﬁ;LASS) is Q-almost surely finite. But
since

(97 ASy)~ (Z D7AS, ) <§t: ﬁ?ASS> 7 :

we get from the induction hypothesis that limmed, (97)T(AS;)F is Q-almost surely finite. Since
lim med,, (97) T (AS;)™ = oo on A N {AS; < 0}, one has Q[A;f N {AS; < 0}] = 0. By the martingale prop-
erty, this implies Q[A;" N {AS; # 0}] = 0. The same argument applied to A; gives Q[4; N{AS; # 0}] = 0.
It follows that lim med,, [9}AS;| < oo Q-almost surely, which implies (3.7).

As a result, one has limmed, Y ,_, 97AS; = 321 97 AS, P-almost surely for all P € P. Since u is
increasing, concave and bounded from above, an application of (iii) and (v) of Lemma 3.8 to —u gives

T
P *
U(X) > inf {IE u (X + ;ﬁtASt> + a(IP’)}
T
P n
> Eigf {E hmmedu (Xn + Zﬁt A5t> + a(IE”)}
X+ Zﬁ"ASt> —l—a(IP’)}

> lim med 1nf { (Xn + Zﬂ"ASt> + a(P)} = i%f U(X,).

> inf {hmmedE u
PeP

By monotonicity, U(X,,) | U(X) and U(X) = infeep {E?u (X + X, 97AS,) +a(P)}. O
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Proof of Theorem 1.2. Assume a medial limit exists, u satisfies (U1)—(U3) and P fulfills (NA). Then an
application of Lemma 3.9 with X,, = X yields that the supremum in (1.1) is attained for every Borel
measurable function X : Q — R satisfying U(X) € R.

If in addition, (A1)—(A2) hold, we know from the proof of Theorem 1.1 that ¢(X) = —U(—X) is an
increasing convex mapping from Bz to R satisfying condition (R2) of Theorem 2.2 and

Dv(QQaP) ifq:()OI'@E QZ

¢E‘Z(QQ):UE‘Z(QQ):{OO ifg>0and Qe Mz \ Q.

Moreover, by Lemma 3.9, ¢ fulfills (R3). Hence, it follows from Theorem 2.2 that

UX)=—-¢(—X) = inf EQX + U = inf EQX + U
(X) =—o(—X) ol {q & (qQ)} (Q’Q)ng{q &, (qQ)}

forall X € Bzy. O

Proof of Corollary 1.3. Note that

1
W(X) =~ log(~U(X))
for
T
U(X) = sup inf EFfu | X + Y AS, and wu(x) = —exp(—A\z). 3.9
(X) sup fnf, < tz:; t t) () p(—Az) (3.9)

Clearly, u satisfies (U1)—(U3), and under the assumptions of the corollary, P together with the trivial
function o = 0 fulfill (A1)—(A2). Therefore, it follows from Theorem 1.2 that the supremum in (3.9) is
attained for all X € By. In particular, U(X) € (—00,0), and therefore, W(X) € R for all X € By.
Furthermore,

_ o =Y y_
o(y) = sup fu(w) —ay} = { (log § ~1),
from which it follows that
, _q 9 (100 1
inf D,y(¢Q|P) = THQ[P)+ 5 (log 5 —1).

So, by Theorem 1.2,

1 1
W(X)=—=log(—U(X))=—=log ( — inf E%X + inf D, P
(%) = 3 or(-U(0) =~ tox (= it (a5 + ot D, (0@ |P)) )

:filog(f inf (q( int (IEQXJr%H(QHP)))+%(log§fl))).

qeER QeQz

Solving for the minimizing ¢ gives W (X) = infgeo, {E®X + tH(Q|P)}. O
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Appendix A
A.1. Properties of Fxample 1.

Clearly, P is a convex subset of Mz. So to prove that it satisfies (A1) for « = 0, it is enough to show
that it is 0(Mz, Cz)-closed. To do that, let (P,,) be a sequence in P converging in o(Mz,Cz) to a Borel
probability measure P. Then,

EF[S¢ Am] =UmE™[S¢ Am] < C! and EF[SY Am]=1lmE™[SE Am] < Di
n n
forallt=1,...,7,i=1,...,1 and m € N, from which it follows by monotone convergence that
EF[S¢] < Ci and EF[S¥] < Di for all t and i.

Hence, P is 0(Myz, Cz)-closed.
Moreover, if u:  x R — R is a random utility function satisfying (U1)—(U3) and there exists a constant

= YA d’
¢<p:= max [c] A max |4

such that u(w,z)/(1 + |z|9) is bounded, then (A2) holds for o = 0 and §(x) = xP/9.

Now, let us assume that sgi < C} and ng, < D: for all t and i. To show that P satisfies (NA), we
assume for notational simplicity that 7' = 2 and a; = by = 1 for ¢t = 1,2. Then 2 can be identified with
(0,00) x (0,00). The general case follows from similar arguments. Choose a P € P and disintegrate it as
P =P; ® K, where Py is the first marginal distribution (corresponding to the distribution of S7) and K
is a transition probability kernel (corresponding to the conditional distribution of Sy given S7). For every
e € (0,1), denote by P§ and K¢ the measure and kernel given by

d(1-e)s0 + O(1+e)s0
2

5(1—5)95 + 5(1+E)Qf

Ps =
! 2

and K :=
Then, the measure
P? = (eP1 4+ (1 - e)P]) ® (eK + (1 —€)K*)

dominates P and does not admit arbitrage. It remains to show that P° belongs to P for some ¢ > 0. First,
note that for m = ¢’ or d’,

(1_5)m+(1+8)mm m

EF S = eEFS™ + (1 —¢) 5 syt — sgb ase — 0.

This shows that the moment conditions for S; under P° are satisfied as soon as € > 0 is sufficiently small.
Moreover, for m = ¢! or d’, one has

EF S5 = 2EF ST 4 e(1 — e)EN®K S 4 e(1 — o)ERI®K S 4 (1 — £)?ER®K g, (A1)

The term EFi®K° S converges to s for ¢ — 0. So if we can show that the other expectations in (A.1)
are bounded in ¢, it follows that Sy satisfies the moment constraints for € > 0 small enough. The first
expectation EF S is independent of ¢ and finite since P belongs to P. The second expectation satisfies

EF1(1 —)mSP + EF1(1 + &)™ S

]EIP1®KE Sm —
2 2

— ERS <Ci for e — 0.
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Finally, note that one can change K on a P;-zero set and still have P = P; ® K. Therefore, one can assume
that K(14.,)s, = ds, for a sequence of positive numbers (e,) converging to 0. Then JEPin@KS’;” = s3". Hence,
the moment conditions for Sy under P hold too for &, close enough to 0, showing that P fulfills (NA).

A.2. Properties of Example 1.5

Obviously, W (-,P*)P, and consequently also P, are convex. Moreover, by Kantorovich duality (see e.g.
Theorem 5.10 in [27]), one has

Wy (P, P*)P = sup (E°f +Eg),
feCy(Q),geCy(Q), f+g<dr

from which it is easy to see that P is 0(Mz, Pz)-closed. This shows that (A1) holds for a = 0.
Next, note that Z(w) = so + T 4 e?TT'=/*d(w,w*) defines a continuous function Z: Q — [1,00) with
compact sublevel sets {Z < z}, z € Ry, such that

T T T
Zw) 2 so+T+ Y |p(wi2) —p(wiy)| =1V (so + 2%2) =1V I8
t=1 t=0

t=1

Since there exists a constant ¢ € Ry such that Z(w)? < ¢(14 d(w,w*)?), W, satisfies the triangle inequality
(see e.g. Chapter 6 of [27]) and EFd(-,w*)P = W,(P,§,+)?, one has

EPZP < (1 + Wp(P,8,-)P) < 2P~ e(1 + Wy (R, P*)P + W, (P*, 5, )P) < 2P~ Le(1 + W, (P, P*)P + EF ZP)
for all P € M. In particular, if u(w,z)/(1 + |x|?) is bounded for a constant ¢ < p, then
Efu(—B(Z)) > —c (1 + W, (P, P*)?)
for B(z) = xP/9, a new constant ¢ € Ry and all P € P, showing that (A2) holds for a = 0.
To prove that P satisfies (NA), we again assume 7' = 2 and a; = by = 1 for ¢t = 1,2. The general case
follows analogously. Choose a P € P and disintegrate it as P = P; ® K. Similarly, write P* = P; ® K*, and

define for A € (0,1),

S(1=2)z T 01402
2

d(1=n)s0 T 0(140)s0
2

P} = A +(1=NP; and K :=\ + (1= NK:.

Then the measure P* := P} ® K* does not admit arbitrage. Moreover, there exists a A € (0,1) such that
EP* d(-,w*)P < oo and W,(P*,P*) < 1/2. Now choose a measure P; equivalent to P; and a transition prob-
ability kernel K such that for all z > 0, K, is equivalent to K, and the three expectations EP1®K d(-, w*)P,
EP®K* 4(.. w*)P and EF1®K d(-,w*)P are finite. For each £ € (0, 1), the measure

Pe? = (eP) + (1 — &)P}) ® (eK 4 (1 — ) K™)

does not admit arbitrage and P < P; ® K < P=*. Since W,(-,P*)? is convex, W, (P>}, P*)? is dominated
by

2W,(Py @ K, P*)P + (1 — &)W, (P1 @ K P*)P + (1 — £)eW, (P} @ K, P*)P 4 (1 — £)2W, (P}, P*)P.

Due to EF"d(-,w*)P < oo, one obtains from the triangle inequality that
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- - ok 1 : 1
Wy(By @ K, P) < Wy (By © K, 800) + Wy (0, P) = (BORa(,wrp) 7 4 (B d(w)) T < o,

and similarly, W, (P; ® K*,P*) < oo as well as W, (P} ® K, P*) < co. This shows that W, (P=*, P*) < 7 for
€ > 0 small enough, proving that P satisfies (NA).

A.3. Properties of Example 1.6

It is easy to see that P and a are convex. Moreover, it follows from the arguments in Appendix A.2 that
all sublevel sets P, ¢ € Ry, are (Mg, Cz)-closed, and for each ¢ > 0, P, satisfies (NA). So (A1) holds and
P fulfills (NA). Finally, if u(w, z)/(1+|z|?) is bounded for a constant ¢ < p, one obtains as in Appendix A.2
that

Efu(-B3(Z)) > —c (1 + Wiptq)2(P, P*)(p+q)/2) > _c (1 + W, (P, P*)(p+q)/2> (A.2)
for f(x) = x(P+9)/24 4 constant ¢ € R, and all P € P. This shows that

inf {EFu(=5(2)) + niW (PP} > —ox,

and (A2) holds.
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