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1. Introduction

The zero distribution of entire functions, its sections and tails have been studied many authors, see, for
example, the remarkable survey of the topic in [21]. In this paper we investigate new necessary conditions
under which some special entire functions have only real zeros. First, we need the definition of the famous
Laguerre-Pélya class.

Definition 1. A real entire function f is said to be in the Laguerre-Pdlya class, written f € £ — P, if it can
be expressed in the form

f(z) = caem T T H <1 - 9%) e (1)

k=1
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where ¢, a, 3,2 € R, 21 # 0, a > 0, n is a nonnegative integer and Z;il x,;2 < 00. As usual, the product
on the right-hand side can be finite or empty (in the latter case the product equals 1).

This class is essential in the theory of entire functions due to the fact that the polynomials with only real
zeros converge locally uniformly to these and only these functions. The following prominent theorem states
an even stronger fact.

Theorem A. (E. Laguerre and G. Pdlya, see, for example, [4, pp. 42-46]).

(i) Let (P,)%2 1, Pn(0) =1, be a sequence of complex polynomials having only real zeros which converges
uniformly in the circle |z| < A, A > 0. Then this sequence converges locally uniformly to an entire function
from the L — P class.

(it) For any f € L — P there is a sequence of complex polynomials with only real zeros which converges
locally uniformly to f.

In our research, we also need the following important subclass of the class £ — P.

Definition 2. A real entire function f is said to be in the Laguerre-Pdlya class of type I, written f € L — PI,
if it can be expressed in the following form

f(z) = camel” ﬁ (1 + i) : (2)

X
k=1 k

where ¢ € R, 3 > 0,2, > 0, n is a nonnegative integer, and y ;- , x,;l < 00.

The famous theorem by E. Laguerre and G. Pdlya (see, for example, [18, chapter VIII, §3]) states that
the polynomials with only real nonpositive zeros converge locally uniformly to the function from the class
L — PI. The following theorem states a stronger fact.

Theorem B. (E. Laguerre and G. Pdlya, see, for example, [18, chapter VIII, §3]).

(i) Let (Py)S%1, Pn(0) =1, be a sequence of complex polynomials having only real negative zeros which
converges uniformly in the circle |z] < A, A > 0. Then this sequence converges locally uniformly to an entire
function from the class L — PI.

(it) For any f € L — PI there is a sequence of complex polynomials with only real nonpositive zeros which
converges locally uniformly to f.

For various properties and characterizations of the Laguerre-Polya class and the Laguerre-Polya class of
type I, see [23, p. 100], [24] or [20, Kapitel II].

Note that for a real entire function (not identically zero) of order less than 2 having only real zeros is
equivalent to belonging to the Laguerre-Pélya class. The situation is different when an entire function is
of order 2. For example, the function f;(z) = e~ belongs to the Laguerre-Pdélya class, but the function
fa(z) = e*” does not.

Let f(2) = Y p,arz® be an entire function with positive coefficients. We define the quotients p,, and
Gn:

Pn = pn(f) = , n>1 (3)

a2

D _
QnZQn(f):: = :nilvnzz
Pn—1 Up—20n

The following formulas can be verified by straightforward calculations.
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a a n—1
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Ay = P Re— D) (a—) , n 2 2.
42 43  ---Gn_1qn 0

Deciding whether a given entire function has only real zeros is a rather subtle problem. In 1926,
J.I. Hutchinson found the following sufficient condition for an entire function with positive coefficients
to have only real zeros.

Theorem C. (J.I. Hutchinson, [5]). Let f(2) = > peoanz®, ar, > 0 for all k. Then q,(f) > 4, for alln > 2,
if and only if the following two conditions are fulfilled:

(i) The zeros of f(z) are all real, simple and negative, and

(ii) the zeros of any polynomial Zzzm apz®, m < n, formed by taking any number of consecutive terms
of f(z), are all real and non-positive.

For some extensions of Hutchinson’s results see, for example, [3, §4].
We also use the well-known notion of a complex zero decreasing sequence. For a real polynomial P we
denote by Z.(P) the number of nonreal zeros of P counting multiplicities.

Definition 3. A sequence ()32, of real numbers is said to be a complex zero decreasing sequence (we write
(k)72 € CZDS), if

Z (Z 'Ykakzk> < Z <Z akzk> ) (5)
k=0 k=0

for any real polynomial ZZ:O apz”.
The existence of nontrivial CZDS sequences is a consequence of the following remarkable theorem proved
by Laguerre and extended by Pdlya.

Theorem D. (G. Pdlya, see [22] or [23, pp. 314-321]). Let f be an entire function from the Laguerre-Pdlya
class having only negative zeros. Then (f(k))r—q € CZDS.

As it follows from the theorem above,

2\ X 1 >
(a )k:O €CZDS, a>1, ( k!>k_0 € CZDS. (6)

The entire function g,(z) = Z;io 27 a‘j2, a > 1, a so-called partial theta-function, was investigated in

the paper [6]. Simple calculations show that ¢,(g.) = a? for all n. Since (a*’g)zo o € CZDS, for a > 1,
we conclude that for every n > 2 there exists a constant ¢, > 1 such that S,(z,g94) := Z?:o Ha=i" €
L—P & a®>c,.

The survey [26] by S.0. Warnaar contains the history of investigation of the partial theta-function and
its interesting properties.

Theorem E. (O. Katkova, T. Lobova, A. Vishnyakova, [6]). There exists a constant ¢oo (¢oo = 3.23363666. . .)
such that:

(1) ga(z) EL-P <& a2 > oo

(2) ga(2) € L —P & there exists xg € (—a3, —a) such that g,(zo) < 0;

(3) for a given n > 2 we have Sy, (2,94) € L—P < there exists x,, € (—a®, —a) such that Sy, (Tn,ga) < 0;
(4) d=co>cqg > 6> ... and lim, o0 Con = Goo;
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(5) 3=c3<c5s<er <...andlimy, oo Cont1 = Goo-

There is a series of works by V.P. Kostov dedicated to the interesting properties of zeros of the partial
theta-function and its derivative (see [8], [9], [10], [11], [12], [13], [14], [15] and [16]). For example, in [9]
V.P. Kostov studied the so called spectrum of the partial theta function, i.e. the set of values of a > 1 for
which the function g, has a multiple real zero.

Theorem F. (V.P. Kostov, [9]).

(1) The spectrum T of the partial theta-function consists of countably many values of a denoted by a; >
az > ...>ap>...>1,limj ,ca; =1.

(2) For ay, € T' the function gz, has exactly one multiple real zero which is of multiplicity 2 and is the
rightmost of its real zeros.

(3) For a € (ap+1,ax) the function g, has exactly k complex conjugate pairs of zeros (counted with multi-
plicities).

A wonderful paper [17] among the other results explains the role of the constant g in the study of the
set of entire functions with positive coefficients having all Taylor truncations with only real zeros.

Theorem G. (V.P. Kostov, B. Shapiro, [17]). Let f(z) = Y poarz® be an entire function with positive
coefficients and Sy, (z) = Y."_, a;z7 be its sections. Suppose that there exists N € N, such that for alln > N
the sections Sp(z) = Z?:o ajzl belong to the Laguerre-Pdlya class. Then liminf, oo gn(f) > qoo-

In [7], some entire functions with a convergent sequence of second quotients of coefficients are investigated.
The main question of [7] is whether a function and its Taylor sections belong to the Laguerre-Pélya class.
In [2] and [1], some important special functions with increasing sequence of second quotients of Taylor
coefficients are studied.

In the previous paper [19], we have studied the entire functions with positive Taylor coefficients such that
gn(f) are decreasing in n.

Theorem H. (T.H. Nguyen, A. Vishnyakova, [19]). Let f(z) = Y poyarz®, ar > 0 for all k, be an entire
function. Suppose that q,(f) are decreasing in n, i.e. g2 > q3 > q4 > ..., and lim ¢,(f) = b > qoo. Then
n—oo

all the zeros of f are real and negative, in other words f € L —P.

It is easy to see that, if only the estimation of g,(f) from below is given and the assumption of mono-
tonicity is omitted, then the constant 4 in g, (f) > 4 is the smallest possible to conclude that f € £ — P.
In this paper, we study the case when ¢, (f) are increasing in n and obtained the following theorem.

Theorem 1.1. Let f(z) = Y o, arz”®, ap > 0 for all k, be an entire function. Suppose that the quotients gy (f)
are increasing in n, and lim ¢,(f) = ¢ < goo- Then the function f does not belong to the Laguerre-Pdlya
n—oo

class.

The theorem above provides the following necessary condition for an entire function with positive coef-
ficients and with the increasing second quotients to belong to the Laguerre-Polya class.

Corollary 1.2. Let f(z) = >.,2, apz®, ap > 0 for all k, be an entire function such that the quotients g, (f)
are increasing in n. If f belongs to the Laguerre-Pdlya class, then lm ¢,(f) > Goo-
n—oo
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2. Proof of Theorem 1.1

Without loss of generality, we can assume that ag = a1 = 1, since we can consider a function g(x) =
ay ' flagay *x) instead of f(x), due to the fact that such rescaling of f preserves its property of having real
zeros and preserves the second quotients: g, (g) = ¢, (f) for all n. During the proof we use notation p,, and
G instead of p,(f) and ¢, (f). So, we can write

zk

f()—HHZ FT k2

=42 43 -qlch%

Let us introduce some more notations. For an entire function f, by S, (z, f) and R, (z, f) we denote the
nth partial sum and the nth remainder of the series, i.e.

ka
43

k=0 Q2 Qk 1Qk
and
> ok
Z P :
—, 42 43 -qifl%
We also consider a function
o0
(~1)a*
o(r) = f(—x) _1_93+Z k=1 k=2
=2 42 43 qk 19k

instead of f.
Since the quotients ¢, are increasing in n, and lim ¢, = ¢ < ¢, we conclude that ¢z < oo < 4. The
n—oo

following lemma shows that for go < 3 we have ¢ ¢ £ — P.

Lemma 2.1. Let p(z) = > pe ((—1)*az" be an entire function, a, > 0 for allk, ap = a1 = 1, and ¢, = gn(p)
are increasing in n, i.e. o < q3 < qu < .... Ifo € L—P, then q2(f) > 3.

Proof. Denote by 0 < z; < z5 < z3 < ... the real roots of . We observe that

0o 0o 2 2
Z 1 Z 1 Z 1 ax a2

ziZ
1<i<j<oo 7

whence ¢ > 2.
According to the Cauchy-Bunyakovsky-Schwarz inequality, we obtain

1 1 1 1 1
(— + L g+ g+ )= (F+5+-)2
21 29 23 23 22 22
By Vieta’s formulas, we have o1 := > .o, i = 3, 02 = dlcici<oo % = 2, and 03 =
D lcicj<h<oo ﬁ = ¢2. We need further the following identities: 3,2, % =0} — 205, and Y o, % =

03 — 30109 + 303. Consequently, we have

Ul(ai5 — 30109 + 303) > (of —209)?,
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or
2 2
ajaz ajas as
32 +3 2 4@—2 > 0.
0 0 0
Since ag =a; = 1 and as = +, a3 = ——, we have:
q2 4343

q3(q2 —4) +3 > 0.

Since we have the conditions that go < 4 and ¢ < g3, we conclude that

QQ(qQ — 4) + 3 Z 0.
Therefore, we get that ¢go > 3. O

Further, we assume that 3 < ¢ < ¢oo-
In order to prove Theorem 1.1, we need some more Lemmas.

k., .k

Lemma 2.2. Let p(z) =1 —a+ ) 1o, qk,l(# be an entire function. Suppose that qo > 2, qi are
2

k—2 2
a5 2 ai_iak
increasing in k, i.e. g2 < q3 < q4..., and lim g, = ¢ < goo. Then for any x € [0, q2] we have p(x) > 0, i.e.
n—oo

there are no real roots of ¢ in the segment [0, gz].

Proof. For z € [0, 1] we have
2 3 4
© Be BBu
whence

p(r) >0 forall z€]0,1]. (7)

Suppose that = € (1, gz]. Then we obtain

2 I3 .Tk
1<Z‘Z—>2—>"~> R 5 > ... (8)
q2 43493 95 q3 .- Qp_1qk

For an arbitrary m € N we have

o(x) = Somy1(, ) + Ramya(z, @),

where
2m—+1 k k
(=1%x
Somt1(z,0) i =1—z+ — ,
e ,;2 5l
and
= (D¢t

RQM+2(CC790) = Z k—1 k—2 :
k=2mi2 92 43 AR
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By (8) and the Leibniz criterion for alternating series, we obtain Rap,42(z, @) > 0 for all x € (1, ¢], or
o(xz) > Somyi(x,p) forall z € (1,q2],m € N. (9)

It remains to prove that there exists m € N such that So,,+1(z, ) > 0 for all z € (1, ¢2]. We have

2 3 4
x x x
Samialang) = (1= 0)+ (2 = 2 )4 (e (10)
e G ¢3a3 439304
.73‘5 ) N x2m 2m+1
43934345 GG B atom BTG Btamir )
Under our assumptions, g are increasing in k, and lim ¢, = ¢. We prove that for any fixed k = 1,2,...,m
n— oo

and z € (1, g2] the following inequality holds:

22k 2 2k+1
2k—1 2k—2 ok, 2k—1 2 Z
qs q3 Ceee Q2K 457493 - Qo d2k+1
22k 22k+1
2k=1.c2k=2. .o 2k.2k=1. 2.0

For z € (1,¢2) and k = 1,2,...,m, we define the following function

22k 22k+1
F(Q2aQ33~'~aq2k»QZk+1) = — — .
R g T Rgorn
We can observe that
aF(q27 q3,---,492k, q2k+1) _ (2k - 1) 2k Qkx2k+1 <0
0q2 qqugk 2 gk q%kﬂqgk*l e Q3L2k 1

1
o 1— —) .
T < ( % Q243 - - - G2k92k+1

Thus, under our assumptions, the function F(gs,qs, .- ., g2k, gak+1) is decreasing in ¢o. Since g3 < g3,

F(q2,q3,q4, - - Q21> 2k41) = F(q3,03, Q45 - - - Q215 Q2i41) =

22k 2 2k+1
qé’“ S(ﬁk ? - Q2K qé‘,’“ 1q§’“ 2 ~q2k+1.
Further we have
OF (3,43, Q45 - - - Q2ks Q2k+1) _ (4k — 3)x? (4k — 1)22F+1 <0
9g3 q§’“ G a G qarn
o< Fk3n
A — 11894 - k1
Hence, under our assumptions, F(gs, qs, g4, - - - , 2k, g2k+1) is decreasing in g3, and since g3 < g4 we obtain

F(q3,q3,q4 - - - @21, Q2k+1) = F(qa, Q4,494,955 - - - 5 G2ks Q284 1)-
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Analogously, by the same computations, we obtain the following chain of inequalities

F(QQa 43,94, - - -, q2k, QQk-i-l) > F(Q3, 43,494, - - -, 42k, Q2k+1) >
>

F(ga,q4,94,95, -, G2k @2+1) > -+ > F(qar+1, 92641, - - - s @2k+1, G2k+1)-

Further, we have

OF (q2k+15G2k+15 - - - @241, G2k+41) (2k2 — k)a?*  (2k? + k)a?F !

= — + <0
2k —k+1 2k2+k+1
0qak+1 Aok 41 dok11
o< 2k% — k o
< —r .
2%2 + kQ2k+1
Thus, F(@2k+1,Q2k+1s - - - G2k+1,G2k+1) 1S decreasing in gop41, and since g are increasing in k, and
lim ¢, = ¢, we conclude that
n— oo
22k 22k+1
F(qok+1, @241, -5 Q215 Q2kt1) = Flese, ..o e0) = @R REETD)

Substituting the last inequality in (10) for every = € (1,¢2] and k =1,2,...,m, we get

T

ng+1(:c7cp)2(1—x)+(%2——3>+<x—4—:T50>+... (11)

c3 8

22m 22m+1 2m+1 (—1)kz*
+ (CWL(QWL—l) o Cm(2m+1)) = Z == = 52m+1(\/6l'7g\/6)7
k=0 V¢

where g, is the partial theta-function and Sa,,+1(y, g4) are its (2m + 1)-th section at the point y. Since, by
our assumptions, (1/¢)? < w0, using the statement (5) of Theorem E, we obtain that there exists m € N
such that Sop41(y,9e) ¢ £ — P. Let us choose and fix such m. By the statement (3) of Theorem I, we
obtain that for every x such that v/c < \/cz < (/¢)® we have Somy1(v/cx, g /z) > 0. It means that for every
z:1 <z <cwehave Symy1(ver, g, z) >0, and, using (11) and (9),

o(x) > Somy1(z,0) >0 forall ze€(1,q2) C (1,¢).

It remains to prove that ¢(g2) > 0. We have

q2 q2 q2
= (e ) s ()
(@) ( qs Bar 4G9

q2 q2
- 4.0
(qéqi’qé% qp?qi‘q?qéq?)

by our assumptions on ¢;. O

Lemma 2.3. Let P(z) =1—2z+ Za—z — ;TZ + af—;c be a polynomial, 3 < a < 4, and a < b <c. Then

: a
in |P(ae?)] > —.
oL [Plae®)] = 35
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Proof. By direct calculation, we have

|P(ae™®)|> = (1 — acosf + acos26 — %cos 30 + % cos 40)%+

(—asinf + asin 20 — %sin 360 + % sin 46)?
, a? a? a
=1+2a"+ =] + iz — 2acosf + 2a cos 20 — 26 cos 30
2 2

+ 2% cos40 — 24’ cos 0 + 2% cos 260 — 2% cos 360

2 2 2
— 9% cosh + 2% cos 260 — 2% cosf.

Set t := cosf,t € [—1,1]. Since cos 20 = 2t%> — 1, cos 30 = 4¢3 — 3t, and cos 40 = 8t* — 8¢% + 1, we get

i 16a 8a  8a? 16a  4a*  4a?
|P(ae®)|? = Et‘* + (— - —c> 3+ <4a —wL Tt E) 2+

6a 6a?> 2a% 24>
VTR L
< ot @t c b b3c>

a? a? 2a 2a2 2a?
1+2a2+ — +—— —2 _——— .
+< + 2a” + +b4c2 a+b2c b b20>

We want to show that ming<g<a, |P(ae?)? > bff;, or to prove the inequality ming<g<a, |P(ae?)? —

% > 0. Using the last expression we see that the inequality we want to get is equivalent to the following:

for all t € [—1, 1] the next inequality holds

16a , 8a a3 4 a a9 3 3a a
0 e B Lt aa(1 - — + 2 V2 91— 2 a2 2
et~ ()t Fda(l = a4 4 )t =20l = pba— gt g
a a? 2¢  2a® 24?2
—Vt+(1+2a°+ 5 —2a+ — ——— - ) >0.
Tt (1207 95 — 204 550 = 5 - 50) 2

Let y := 2t, y € [—2,2]. We rewrite the last inequality in the form

a 4 a a\ 5 4 a a 9
A (1= 1o — 4+ -4 =
vt =5 (1 50) ”( b2c+b+b20)y

b b2 b b
2 2 2
9 @ 2a  2a 2a
— — - — — 1 >0.
(1—|—2a +b2 2a+b20 b b%)_o

We note that the coefficient of y* is positive, and the coefficient of 3 is negative. It is easy to show that

the other coefficients are also sign-changing. For y?: 1 — ﬁ > 0 since b%c > 4, thus,

1+a+a 47( 4)+a+a>0
b b2 b2 b2c b b2¢ '
For y:
a a 3 3a
1 -4 —— — - —— =1 - =
oty e Ty e et
a 3a a
(g—%)+ﬁ>0
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Finally,
a2 CL2 a2 a
1426+ = —-2a—2— —2— 42— =
R e e S
2 2 a? a? a? a

since 1 —2a 4+ a? > 0; a? — 2% > 0 and ‘;—z — 25720 > 0 by our assumptions.
Consequently, the inequality we need holds for any y € [—2,0], and we have to prove it for y € [0, 2].

Multiplying our inequality by ba—c, we get
y* — (be + a)y® + (b*c + abc + a — 4)y* — (b*c + ab*c + abe + & 3be— 3a)y

2
—I-(% + 2ab’c + ac — 2b*c — 2abe — 2a + 2) =: ¥(y),

1

Let x(y) == ¥(y) — 5
for all y € [0,2]. We have

and we want to prove that ¢(y) > 0 for all y € [0, 2].
(b — a)y, whence x(y) < ¢(y) for all y € [0, 2]. It is sufficient to prove that x(y) > 0

b2
ze + 2ab%c 4 ac — 2b%c — 2abc — 2a + 2 > 0,
a

as it was previously shown. We also have x(2) = ¢(2) — 2(b— a) > 0, since

b2
w(Q):—2b0—2%+76—|—ac+2=

Now we consider the following function:
0? 0?
v(y) := az(zy) = aﬂ;(;/) =12y* — 6(bc + a)y + 2(b*c + abc + a — 4).

b‘i# > 3. Accordingly, we can observe that v(y) decreases for

The vertex point of this parabola is ¥,

y € 10,2]. We have
v(0) = 2(b*c + abc + a — 4) > 0,

and
v(2) = 2abc + 2b*c — 12bc — 10a + 40.

We want to show that v(2) is positive. We have
abc + b*c — 6bc — 5a + 20 = (20 — 5a) + (b*c — 3bc) + (abc — 3bc) =

54 —a)+be(c—3) +be(a—3) >0



T.H. Nguyen, A. Vishnyakova / J. Math. Anal. Appl. 480 (2019) 123433 11

due to our assumptions. We conclude that v(y) is nonnegative for y € [0,2], and it follows that x'(y)
increases for y € [0, 2].
We want to show that x/(y) < 0 for y € [0,2], and it is sufficient to show that x’(2) < 0. We have

b—a

X'(2) =¢'(2) — =15 — 9bc — 5a + 3b%c + 3abc — ab’c =

583 —a)+be(—=9+3b+3a—ab) =503 —a)+be(a—3)(3—-0b) <O0.

Thus, x(y) decreases, x(2) > 0, so it is positive for y € [0, 2]. Since x(y) < ¥(y), it follows that ¥ (y) is
positive for y € [0,2]. O

The function ¢ can be presented in the following form:

410('/1:) = S4(x730) + R5(377(,0),

where
2 3 4

X X s
Si(z, o) =(1—2+—— 5—+ 55—
2 B G

);

and

By Lemma 2.3 we have

Si(goe’ > = 12
o2, Sa(@e 9)l = o5 (12)
Now we need the estimation on |Rs(gz2e', )| from above.
k _k
Lemma 2.4. Let Rs(z, ) := Y o« %, gn be increasing in n, and let lim g,(f) = ¢ < ¢oo. Then
D) [*£:3 dr n— o0
max |Rs(qee®, )| < .
0<0<2n T @ -4
Proof. We have
2
|R5(q26197 90)| < h—1 k—22 = k—2 =
L ETE T d
q2 q2 q2
3 2 133 i iy v +
439495 434919596 qs ~..-Qk
. 1 1 1
< ( + +oit g+ <
Be @l 4 5 R
43 qa
q2 1 72

1 O

33" =733 2"
q34; 1—m 439y — 43
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Let us check that q;2](214 > ngg—z—q’g" which is equivalent to g4 < g3qi — 1. The last inequality obviously
holds under our assumptions. Therefore, according to Rouché’s theorem, the functions Sy(z, ) and ¢(z)
have the same number of zeros inside the circle {z : |z| < g2} counting multiplicities.

It remains to prove that S4(z, ) has zeros in the circle {z : |z| < ¢2}. To do this we need the notion of
apolar polynomials and the famous theorem by J.H. Grace.
Definition 4. (See, for example [25, Chapter 2, $ 3, p. 59]). Two complex polynomials P(z) = >, _ () arz"
and Q(z) = Y1 _, (7)brz" of degree n are called apolar if

Zn:(—l)'“ (Z) arbn_ = 0. (13)

k=0

The following famous theorem due to J.H. Grace states that the complex zeros of two apolar polynomials
cannot be separated by a straight line or by a circumference.

Theorem 1. (J.H. Grace, see for example [25, Chapter 2, § 3, Problem 145]). Suppose P and Q are two
apolar polynomials of degree n > 1. If all zeros of P lie in a circular region C, then @ has at least one zero
in C. (A circular region is a closed or open half-plane, disk or exterior of a disk).

Lemma 2.5. Let S4(z,0) =1— 2+ qizz2 - qgﬁz?’ + ng1§q4 2% be a polynomial and qz > 3. Then Sy(z, ) has

at least one root in the circle {z : |z| < ¢a}.

Proof. We have

s = (o) (1) 02+ G (o) cgm
Qz) = (;) boz? + (3) by + (j) P

Then the condition for Si(z, ¢) and Q(z) to be apolar is the following
4 4 1 4\ 1
- —— )b —by = 0.
(o)~ ) (2) e G

We have 1+b3+2—§ = 0. Further, we choose b3 = q22_6, and, by the apolarity condition, by = —¢o(1+ Q22_6).

4 1
3 4
) (4> 439304

Let

So, we have

Q(z) = —6go (1+—q226> z2+4<Q226> 242t

=% (—3g2(g2 — 4) + 2(g2 — 6)z + 22) .

As we can see, the zeros of Q are z1 = 0,20 = 0,23 = ¢2,24 = —3(g2 — 4). To show that z4 lies in the
circle of radius gz, we solve the inequality | — 3(¢g2 —4)| < g2. Hence, we obtain that if g2 > 3, then all zeros
of @ are in the circle {z : |z| < g2}. Since all the zeros of @ are in the circle {z : |z| < g2}, we obtain by the
Grace theorem that Sy(z, ) has at least one zero in the circle {z : |z] < ¢2}. O
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Thus, S4(z, ) has at least one zero in the circle {z : |z| < ¢2}, and, by Lemma 2.3 applying to the
Sa(z,¢), Sa(z, ) does not have zeros on {z : |z| = ¢2}. So, the polynomial S4(z, ) has at least one zero in
the open circle {z : |z| < ¢2}. By Rouché’s theorem, the functions S4(z, ¢) and ¢(z) have the same number
of zeros inside the circle {z : |z| < g2}, whence ¢ has at least one zero in the open circle {z : |z| < ¢2}. If
© is in the Laguerre-Pdlya class, this zero must be real, and, since coefficients of ¢ are sign-changing, this
zero belongs to (0, ¢z2). But, by Lemma 2.2 we have ¢(z) > 0 for all « € [0, g2]. This contradiction shows
that ¢ ¢ £ —P.

Theorem 1.1 is proved.
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