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between weak flocking behavior and the flocking behavior. The advantage of this
concept is that its practical significance—the agents don’t need always keep in step

\I?{Vizgflijoggjﬁing behavior in lots of the complex systems but they still keep together. Then, we propose a
Dynamic system weak flocking model with two agents and study two different mechanisms for this
Target tracking model. Moreover, we also consider a system with N agents. Under the weak link
Biomathematics mechanism, the system with N agents can keep weak flocking.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

Clustered-Control in complex system and targets tracking have the wide application in industries and
military fields [5,1,13]. How can these be realized automatically? Inspired by the research about the behavior
of the similar biological group such as the flocking of birds migration, schools of fish and herds of wolves
[17,18,2], many mathematical models have been proposed to reveal the inner mechanism of these animals’
flocking behavior [15,6]. It is pointed out that, in 2007 Smale and Cucker introduced a classical flocking
model which is called CS model [5,3,4]. This model describes how agents interact with each other by following
the simple rule such as [5,3,4]:

dXi(t) - dVi(t) o
T =i, S5 = a > au (v, (1) — vilh), 1)
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where o denotes a positive constant, and ¢;; quantifies the pairwise influence of agent “j” on the alignment
of agent “i” as a function of their distance. The motion characters of each agent “i” is described by the
position x;(t) € R™ and the velocity v;(¢) € R™. More precisely, in the CS model, it has

(I,(8) = x (1)) () (0 = !
o 0 X0 = e

Gij(t) = g

where ¢ denotes given above or, in general, is a strictly positive decreasing function, and § stands for a

wpn
(3

parameter. This influence function possesses the symmetric property, that is, the agent and the agent

“j” have the same influence on each other (¢;; = ¢;;).
W
i

In [5,3,4], Smale and Cucker gave a classical definition of flocking in mathematics. For any agents
and “j” in the complex system. For time ¢ > 0, the positions and velocities are given as follows [5,3,4]:

sup dx (t) = [|x;(t) = xi(t)[| < oo,
>0

Jim dy () = lim []v;(t) = vi(t)|| = 0.

According to the definition of flocking given by Smale and Cucker, there are two principles: i) bounded
distance—individuals stay at bounded distance from each other; ii) alignment—they all move in the same
direction and their velocities will become the same. Based on the mathematics definition of Smale and
Cucker [5,3,4], present work can largely be categorized into ecology, robotics, control and economy and so
on [14,8,7,19]. Up to now, many studies are mainly on what models can keep the system with the flocking
behavior. For example, professor Shen proposed a hierarchical leadership flocking (HL) model [16]. Professor
Li improved the HL model. They introduced an overall leader in their model where any other agents are
led by the overall leader directly or in directly [11,12,10]. Both Shen and Li considered the free-will in
their models. While their research was based on how the system can keep flocking. Moreover, the norm
of difference between any two agents’ free-will functions were required to convergence to zero. Also, in [9],
a flocking model involving was built. However, this paper [9] only gave the condition to keep the system be
flocking. It means that the impact from the out force to the system is very weak and even will be ignored at
last. Meanwhile, in the numerical simulation experiment of the paper [9], an interesting phenomenon was
found. That is to say, even though the impact from the out force always exist, the agents in the system
can still keep together. However the paper [9] did not give the strict theoretical proof. So in this paper,
we define a weak flocking behavior. It is defined as: if the complex system has the weak flocking behavior,
it only to keep a property—the distance between any two agents has least upper bound. The research of
this paper is benefit by the free-will. Through the free-will, we can control the system keep weak flocking.
The significance of the weak flock are as follows: 1) The flock defined by the biologist does not require the
velocity all always be same; 2) In the weak flocking system, the distance between any time is bounded.
While in the real biology or the application of the flock to military, control, ecology and robotics fields, we
cannot wait for the time t — oo to realise the flock. We can realise our target easily by using weak flocking
model.

In chart 2, we propose the mathematical definition of the weak flocking behavior. Also, we build a weak
flocking model which contains two agents and strictly show that this model will be weak flocking if it satisfies
the Theorem 2.1. In chart 3, we apply the weak flocking model to military field. Such as missile tracking,
torpedo intercepting and so on. In chart 4, we extend the model (15), (16) to a complex system with N
agents. Through the Theorem 4.1, we show that the distance of any two agents will be bounded, even the
velocities always are different.
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2. Weak flocking and weak flocking models with two agents

2.1. The definition of weak flocking

W

A complex system has N agents. The position and velocity of agents “i” and “j” are defined as
(x;(t), vi(t)) and (x;(t), v;(t)). For any i € N, x,(t) € R? and v;(t) € R%. We define

dx (t) = max ||x;(t) —x;(t)],
i,7€EN
dy (t) = max [|v;(t) — v;(t)]|
i,jEN
If the positions and velocities of the agents satisfy

supdx (t) <M,
>0 (3)
lim dy (t) <M.

t—o0
Here, constants M; > 0 and Ms > 0 Then, the complex system has weak flocking behavior.

2.2. Weak flocking model with two agents

Consider a complex system with two agents. This model has two agents “1” and “2”. For any time ¢, the
position and velocity of “1” are denoted by x;1(t) € R", and vi(t) € R", satisfy

d

v,

ddt (4)
v

d—tl =abia([[x1(t) = x2(t)[) (va(t) = va(t)) + &1(2);

At any time ¢, the position of “2” is x2(t) € R"™, and the velocity of “2” are va(t) € R"™, satisfy

d

% :Vg(t),
; )

dv

d—tQ =aba ([[x2(t) = x1 (B[ (v1(t) — va(t)) + g2(t)-

Here, a(ov > 0) measures the interaction strength, bia(t) = ba1(t) = 1é(||x2(t) — x1(t)])), the influence

function ¢(r) = W, parameter 8 > 0 and g;(t), g2(t) are free-will function.

Theorem 2.1. The positions and velocities of the agents “1” and “2” are denoted by (x1,v1), (X2,V2) and
satisfy the system (3), (4). If the influence function ¢(r) satisfies fooo o(r)dr = oo, and the free-will function
satisfies || [ (g1(t) — g2(t))dt]] < oo and [} [(g1(t) — g2(t))||dt = oo, then the system (3), (4) has weak
flocking behavior.

Proof. For x;(t) € R™ and v;(t) € R, let x;(t) = (x}(t), z3(t),--- , (1)), v;(t) = (vj(t),v3(t), - , 07 (t))
(J=12).

dx;(t) daj dzj i 2 n
dt - ( dt ’ dt ’ dt) - (Uj(t>7vj (t)v »’Uj (t))v
dv; (t)

3 =aba([x2(t) = x1 (B)[) (03 (8) = v} (1), 02() = v} (), 0] (8) = v} (1))
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+(g;(1), (1), gn (1))
First we want to proof
Jim [[vi (1) — va(t)] < oc.

Let ¥(t) = v (t) — va(t), D' (t) = v (t) — vi(t). Using the reduction to absurdity to prove that ||vy(t) —va(t)]|
is bounded.

It supposes that tlim [lv1(t) — va(¢)|| = o0 or tlim sup ||vi(t) — va(t)] = oc.
— 00 — 00
Obviously ¥(t) is continue, for tlim [v1(t) — va(t)| = oo, at least there exists one v'(t) satisfies one of
— 00

the two following conditions:

z).tli>rrolov (t) = oo, (6)
zz).tlgglov (t) = —o0. (7)
As tlim sup ||vy(t) — va(t)|| = oo, it is easy to deduce that there at least exists a velocity satisfying v°(t)
—o0
. —q . —q _ : —1 —
uz).tliglov (t) # oo,tll)rgov () # oo,tllglo sup [7°(t)] = oo. (8)

It supposes that i). tlim v'(t) = oo is right. Then it can find a time ¢; and a constant K, such that for
— 00

any time t > t;, we have ¥(t) > K > 0. From the formula (4.3) and (4.4) known, for ¢ > t;, it can deduce

that T'(t) = zt(t) — x5(t) is increasing and Jim 7'(t) = oo. Furthermore Jim |x1(t) — x2(t)|| = oo. For
— 00 — 0
formula
d_; —i i i
30 (1) = —2abiz(flx2(t) = x1 (D) )7"(E) + 91(2) — 93(2) 9)

the integral of this formula on [¢,?) is

t
1

O =) = =20 [ e e+ 616 o

ty

As tlim llx2(t) — x1(¢)]|> — oo there are two conditions:
—00

. . .. . 1 .
1). It exists a time to > 0, when ¢t € (to,00), ||x2(t) — x1(¢)||? is increasing. So OO
monotonous. Using mean value theorem of integrals, it exists a £ € (t1,¢), such as

t

1

tl/ 01 () — @ Ee. &
I e O e
T ) — ()P~ L+ Tcalt) — xa (B]E)P
zh(§) — 23(8) xh(t1) =4 (t1)

(T lxa(tr) =xa(E)I)7 (14 [Ix2(t2) —xa(t2)]2)7

From the above analysis, it can easily deduce that for any £ € (¢1,¢),
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L O-a©  a©-a©
(L4 [lx2(t) = x2(®))2)F (L4 [[x2(ta) = xa(t2)[)? ~ 7
is right. And T +||:2é((tt)):i1(2)\l2) 7 satisfies one the following two conditions:

y(t) — i (t)

lim = 00,
t=o0 (14 [Jx2(t) — x1(2)[1?)7
or
h(t) — i (t)
0 < lim 2 < o0.
t=o0 (14 [|Jx2(t) — x1(2)[1*)7
So there exists a constant My, such that
/ 1
My < lim 7' (s)ds.
B e PO RO DR
1

As lim | f:l (g4 (s) — g4(s))ds| < M < oo, one of the following conditions must correct:
00

t t
1 ) . )
—2a li 7'(s)d li 1(s) — g4 ds = —
CUL ) T el @y T, [ 6] ah(s))ds = mec
t1 tl
or
t 1 t
0< 2ahm 7'(s)ds + lim L(s) — gh(s))ds < oo.
J Tl —xpp 1Tl 01 = ()
1 1

While tlim 7'(t) = oo, it emerges a contradiction, so the condition i) is false.
— 00
2). There exists a time ¢y > 0, when t € (tg,00), [[x2(t) — x1(¢)||* dose not have monotonous, but

tlim | x2(t) — x1(t)||> — oo. For any enough big time t,, > to, there exist tg < t; <t < --- < t,, such that
—00

when t € (t;_1,t;)(i = 1,2, ,n), ||[x2(t) — x1(¢)]|? has monotonous, then it exists & € (t;_1,t;), such as:

tn

1
(14 lIx2(s) = xa(s)]?)”

= 2 / (ES e E TR

=1, o

7'(s)ds

_ { wh(ti) — i (i) B zh (&) — 21(&)
A Ut xe(t) —xa (@) [2)7 (1 + [x2(t:) — xa(8:)]2)”
. h (&) — 21(&) N 2y (ti—1) — @i (ti-1) )
(T4 IIx2(ti-1) = x1(ti—) 2P (1 + lIx2(ti-1) — x1(ti-1)[1?)?
_ xlz(t ) — 551( x2 (&) — 951(51)
T ot — =GP+ 2=

(14 [ea(te) = xa (t:)[12)7

ah (&) — 21(&) h(to) — 2 (to)

- (1 + lx2(ti-1) — Xl(tz‘fl)HQ)B} (1 [xa(to) — x1(t0) 2P
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There is a time t;_1, when t € (tx_1,tx), the function ||xa(t) — x1(¢)||? is decreasing. Also we can find a

time tgx41 > i, such that

1 1
(U Trealte) — ()PP (L [xa(ts) — 1 () [2)P |
1 1
(It 2(tirn) —xa ()PP (1 [xaltn) — xa(t0)]2)7 .

<| -

I). For t € (tg,tk+1), we consider this condition: when ¢ € (tx, tx+1), [|x2(t)—x1()||? is increasing. There exist
time t¢ and t,,, such that x5 (t) — 2% () is increasing for ¢t € (to,t,). For & € (tp—1,tx) and Exr1 € (Xk, Xps1),
obviously & < &k41, furthermore,

b (&) — 21 (6x) B b (&) — 21 (6k)
(L fIx2(te) = x1(te)11?)? (14 [Ix2(te-1) — %1 (tr—-1)?)?
ad(Ev1) — 21 (Epr1) ) (€kt1) — 21 (Epr1)

<_

(1 + Ix2(trr1) = xa(tes)12)P (14 lIxa(te) — xa(tx)[?)7

II). For the interval ¢t € (t,tgy1), consider when ¢ € (tg,txr1), [|[x2(t) — x1(¢)||* is not monotonous. ¢ €
(tk,tk+1) can be divided finite intervals, such that ||x2(t) — x1(¢)||? is monotonous on every interval. Similar
to the above discussion can get

b (&) — 21(8r) 3 b (&) — 21 (&)
(T4 fIxa(tr) = x1(t)[12)? (1 + [Ix2(te—1) — x1(tx—1)|[?)?
- b (1) =1 (k1) @b (Er1) — 21 (Ert1)
(L4 fIxa(trt1) —xa(ter)12)P (1 + [Ix2(te) — xa(t)]12)7
In conclusion,
-~ 2y (&) — 21(&) 2y (&) — 21(&)
¢:0,1Z,... o (I lxe(t) = xa(@)]?)° T U et —xa ()PP "

similar with the discussion from 1), it can easily get the contradiction, so i) is false.
ii). tlim (vi(t) — vi(t)) = —oco. From similar analysis with i), it also gets the contradiction, so ii) is false.
— 00
iii). lim (vi(t) —vi(t)) # oo, lim (vi(t) — vi(t)) # —oco and lim sup |vi(t) — vi(t)| = oco. Now can find a
t—o0 t—oo t—o0 )
time to, such that the function V(¢) is increasing on (to,t3), and |0*(t3)| > |[v'(t2)| + 2M.
It constructors a function

then,

V(1) =20 (t)0" (1) — 20(t) (g1 (1) — 95(t))
= — 207" (1) (baa(t) + b (1)) + 20° (1) (g (1) — gi(t)) — 207 () (g} (t) — gh (1))
= — b ()T (1)
<0.
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As V'(t) < 0, then

07t =2 [T(5)(01() - gh(o))ds <0 (1) ~ 2 [ T (s)(a1(5) ~ g,
0 0
that is,
7%t <0 (12) 2 [ 7)1 (5) ~ gis))ds.

Using mean value theorem of integrals, there is a constant £ € (t9,t3), such as

Into the formula (4.2.13),

3
WWQﬁﬁwwnw%@ﬂﬁ@—%@Mww%@ﬂﬁ@—%@mw

13 t1
As | [ (g1 (5) — g5(s))ds| < M, so,
T (ts) <T' (ta) + 2MT (t3) + 2MT (),
furthermore,

(@ (t3) — M)? < (T'(t2) + M)?.

(11)

From the condition iii), it is easy to know (v'(t3) — M)? > (v'(t2) + M)?, it emerges a contradiction, so iii)

is false.

From the discussion above, it can deduce that for all ¢ > 0, the formula |[v(¢) — vi(t)|| < oo is right. So

for any v'(t), (here i € N), it has [|[o°(¢)| < oo. Then it can deduce |[o(t)|| < co.
Following it needs to proof that for all ¢ > 0, the formula [|x; () — x2(t)|| < oo is right.

For: $9°(t) = —2abia(||x2(t) —x1()]|)0" (t) + g4 (t) — g5 (t). Using integration by parts, there is a constant

c,

t
Ti(t) = e Jo bu(l\Xl(S)—xQ(S)H)dS(/(ea Jo biz(lxa () =x2()IDds (g (p) — gi (B)))dh 4 C)
0

For the formula ||x1(t) — x2(¢)||, has:
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i). For any time t > 0, ||x1(t) — x2(¢)|| < d* < oo, it has tblg x1(t) — xo(t)|)ds > d*t, as
)- 1 y [I%1(2) @l 0

Jim fy bra(flxa(8) = x2(2)][)ds = oo.
if). If tlim [[x1(t) — x2(t)|| = oo, for [} bi2(s)ds = oo, it has tlim fot bi2(]|x1(s) — x2(s)])ds = .

So lim Ce— Jo brz(llx1(s)=x2(s)Dds — (3. Clonsider
t—o0

t
f(t) —e I b12(\|x1(s)—xz(s)\|)ds(/ oo foh bia(|lx1(s)—x2(s)||)ds (gzl(h) _ g%(h))dh)
0

:fot e bra(llxi(s)=x2(s)Dds (gi (b)) — gi(h))dh
e Ji rz(llxa(s)=x2(s) ) ds '

Using L’Hospital’s rule,

a [T bia(||x1(s)—x2(s)|)ds ) — gl (t
i (0 1 “(g}(t) ~ g3(1)
t—o0 =0 by (||lx1(t) — x2(8)||)e® Jo brz2(llx1(s)=x2(s))ds
R R O
t=00 bra([[x1(t) — x2(t)]])

If 75lim Ix1(t) — x2(¢t)|| = oo, then it has
—00

. —a [ bra(llx1(s)—x2(s)Ddsy _ 7 i _
75li>1r1<;10(f(t) +Ce %o ) = lim v*(¢) = oo,

t—o0

from the formula above tlggo I¥(t)]| = oc.

While tlggo I¥(t)|] < oo, it emerges a contradiction. So it must have a constant d, for any time ¢ > 0, it
has ||x1(t) — x2(t)|| < d < 0.

In conclusion, we prove that this system (3), (4) has a weak flocking behavior. O

In this chart, we consider a system with two agents and analyze the weak behavior. First, we give the
concept of weak flocking behavior and construct a model (4), (5), and study their weak flocking behavior
in mathematics. In Theorem 2.1, it gives a condition (free-will) to keep the system with a weak flocking
behavior. Although here it only gives a special system with two agents, it could still have wide applications.
For example, in China’s regional economics, the position x;(t) (i = 1, 2) represents the region’s economy, the
velocity v;(t) (i = 1,2) represents the regional economic growth, free-will stands for the local government’s
economic policy. Here the two regions represent Guizhou province and Guangdong province. In three decades
of reform and opening up, the economic development of Guangdong province is very fast, while the economic
development in Guizhou is relatively slow. On national level, it will introduce some global economic policy
to promote economic development of Guizhou province. So that it can realize the common development
of regional economy in this two province. While every province has its own situation and characteristics,
these may become some factors which could promote and restrict the development of the economy. These
factors are not affected by national policy and economic factors of other provinces. So these factors can
be consider as free-will in the model. From the study on the system (4), (5), it could realize the common
development of the two provinces’ economy by adjust the free-will. For example, there are lots of high quality
pollution-free fruits and vegetables in Guizhou. But Due to the traffic inconvenience products are unsalable.
We could improve the traffic conditions in Guizhou and process the fruits and vegetables to extend their
sales cycle. Doing these will promote the economic development of Guizhou province. Also this model can
apply on military field, such as submarines and missile tracking and interception. Taking missile tracking
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agent2”

100

velocity(v y)
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o
o
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Fig. 1. Agent “1” and “2” form a system with weak flocking behavior. Parameter o = 0.5, 8 = 1/3. (For interpretation of the colors

in the figure(s), the reader is referred to the web version of this article.)

for example, the tracking signal will be affected by weather geography enemy deliberately to the factors
of jamming signal. From the study of this model, it could make the intervention to the missile (adjust the
free-will function) to track the enemy missile.

2.3. Ezample

In a two-dimensional plane system, there are two agents in a system. The position and velocity of agent
“1” are denoted by (x1(t),v1(t)). Its free-will function is g (t) = (sint,sint), then,

2l v
12)
dv (t) —a 1 (valt) — vi(8)) + (cost, — sint): (
At (1 () — x2(0)]2)F 1 , —sint);

The position and velocity of agent “2” are denoted by (x2(t),va(t)). Its free-will function is go(t) =
(cost,sint). Then,

dXth(t) :Vg(t)7

13)
) : (6) = va(t)) + sint, cos |
A () (@) TR

Here 8 =1, and || [~ (g1(t) — g2(t))dt|| < oo, it takes notice of [ [g1(t) — g2(t)[|dt = oo.

Through Fig. 1, it can notice that when the system (12), (13) satisfies the Theorem 2.1. The agents
“1” and “2” will form a weak flocking system, which can indicate that the condition shown in theorem is
reasonable. Considering the requirement of free-will in Theorem 2.1, || [ (g1 (t) —g2(t))dt|| < oo, it indicates
that the function tlgglo llg1(t) — g2(t)|| # 0. This proper brings great convenience in practical application.

Next it is another system with agents “1” and “2”, the free-will of these two agents satisfy || [;° (g1 (t) —
g2(t))dt|| = oo. the position and velocity of agent “1” denoted by (x1(t),v1(t)), satisfy

dX(;t(t) :Vl(t)7
dvi(t) 1 , )+ (1 sint) (14)
& T al) —x@pp 20 T )+ —sin ),

the position and velocity of agent “2” denoted by (x2(t), va(t)), satisfy
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The positions of the two agents The velocity of the two agents

7 ——agent"1" 14000
——agent "2"

Position Xy
Velocity v
(2
o
o
o
RN

0
14000
12000
10000
8000

6000
Position x 4000

Fig. 2. Agent “1” and “2” form a system with weak flocking behavior. Parameter o = 0.5, 3 = 1/3.

det(t) — (t),
dva(t) 1 | (15)
at T el @y ) T v im0

Here 8 = %, and || [, (g1(t) —g2(t))dt|| = oo, not satisfy Theorem 2.1, notice that [, ||g:(t) —g2(t)||dt =
00.

In system (14), (15), the free-will function requirements is loosed which means this system does not
satisfy Theorem 2.1. Through Fig. 2, it is easy to deduce that the distance between the two agents is not
bounded, and the weak flock won’t occur. The results of numerical simulation from Fig. 1 and Fig. 2 shows
that the condition of the free-will is very sharp. For the free-will does not satisfy the Theorem 2.1, the
system will lose the weak flocking behavior.

3. Intelligent weak cluster complex system control application in missile tracking and defense

In Modern Warfare, missile is more and more obvious in the war. It is important to track and intercept
enemy missiles and submarines. When the enemy missile or submarines are found, how to realise track and
intercept them effectively and whether it could depict this process through rational mathematical models?
It is a very interesting problem.

When we track the enemy missile in a war, its flight trajectory is without our interference before the
tracking behavior is noticed. And after our tracking behavior is discovered, the enemy missile will make
motor to get rid of the track. While how can we realise this tracking or automatic tracking? In current
situation, the velocity of these two missiles cannot keep consistent. So the model given before cannot reflect
it well. In this chart, it builds a model with weak flocking behavior which can fit the situation above.
Although we cannot realise that the velocity of our missile match with the velocity of the enemy, we can
control the free-will to realise tracking.

3.1. Missile tracking model

This model make up of a own missile “¢” and an enemy missile “p”. At time ¢, the position and velocity
of “q” denote by (x4(t), v4(t)), the position and velocity of “p” are (x,(t), v,(t)).
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For “p”, (x,(t), v, (1)) satisty

dxgt(t) =Vp(t), 1)
dvclllt(t) _gp(t>7
For “q” are (x4(t), v4(t)) satisfy
dx (%) —v
dt - Q(t)’ (17>
dv,(t)

S0 —abyp(1%p(t) = %4 (B (V1) = V(1) + ()

The influence function b, (||x,(t) — x4(t)]]) = (Hpr(t)l_xq(t)HQ)ﬁ, parameters a > 0, § > 0.

The motion trail of “g” is control by the enemy command center. Even though the enemy finds that its
missile “q” is tracked “p”. The enemy command will send the motor command to “¢” in order to avoid being
tracked. In math model, the motor of “g” reflects on the accelerated velocity g,(t). Own missile’s task is
to track “P”. But how to keep finish the track and intercept is very important. In this chart it builds the
system (15), (16). The following Theorem 3.1 will give a method how to realise it in mathematical.

Theorem 3.1. Let (x,(t),v,(t)) and (x4(t),v4(t)) of the solutions of system (15), (16). If the parameter
B <3, and | [;7(gp(t) — g¢(t))dt|| < M < oo, then the system (15), (16) has the weak flocking behavior.

Proof. As x,(t) € R", v,(t) € R" are n-dimension vectors. Denote x,(t) = (x}(t),z2(t), - ,x7(t)),

V() = (uh(£), 02(1), -+ (1)), then, o

dxp(t) _ %%dﬁ = (vl(t), 02
dt atdt 0 ar ) T\

dvﬁt(t) = gp(t) = (g,(8), g5(1), -+, g5 (1))

xq(t) € R™, vq(t) € R™, denote x4(t) = (z}(t),z2(t), -+ ,xl(t)) vo(t) = (vg(t), v2(t), -+ v (t)), then,

dx,(t) :<dmé dag dx?)

= (g (), v5 (1), - v (1),

dt At ar ) ar
PO by (1) — O (0h(E) — (0 02(8) ~ 03(0), - 0 (6) — 5 (4)

+ (g;(t)vgg(t)v e 79:;@))'
First it wants to prove that
[vp(t) = va(B)]| < oo.

Let V(t) = v,(t) — vq(t), 0'(t) = v}(t) — v} (t). Using the reduction to absurdity to prove ||v,(t) — vg(t)| is
bounded.

Suppose that tlim lvp(t) — vq(t)|| = o0 or tlim sup ||vp(t) — vq(t)]] = oo.
—00 —00
For the function ¥(t) is continue and tlim [vp(t) — vq(t)|| = oo, then these at least exist one component
— 00

o' (t) which satisfies one of the following two situations:
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z).tli>rrolov (t) = oo, (18)
u).tlggov (t) = —o0. (19)
For tlim sup ||vp(t) — vq(t)|| = oo, it also exist one component satisfy
—00
uz).tlgglov (t) # oo,tllglov (t) # —oo,tlggo sup [T*(t)| = oo. (20)

Suppose that i). tlim v'(t) = oo is right. Then it can find a time ¢; > 0 and K, such as for any time ¢ > t1,
— 00

it has v'(t) > K > 0. From (15), (16), when ¢ > ¢, the function Z*(t) = ! (t) — x}(t) is increasing and

tlim Z'(t) = oo. It easily deduces tlim |, () — %4(t)|| = co. Consider the formula

T (t) = —abgp(|Ixp (1) — x4 ()T (t) + g5 () — g4 (t) (21)

integer (20) on [t1,t), it has

T(t) — T :—ozt 1 7' (s)ds tis—iS S
v(1) (1) / (Ea ExpEw e O t1/<gp<> g ()ds.

For the formula lim llx4(t) — x,(t)]|> — oo, there exist two situations:
00

. . 2 .. . 1 .
1) It exist time tO. > 0, when t € (tg,00), ||x4(t) — xp'(t)|| is increasing. Then EEAOEROIBE
monotonous. By the integral mean value theorem, there exists £ € (¢1,t), such that

t

! 7' (s)ds
/ T T =@ &

AW () - ek
(L4 lIxq(t) = xp(@)12)7 (L4 lIxq(t) — xp(2)[[?)?
Tfé(f) —x;(ﬁ) xé(tl) —xé(tl)

T Teg(t) (P (U g (1) — 3 (00)[2)

For any £ € (t1,t), it has

zl(€) — 4 (€) x4 (&) — 24 (€)
T ) =3O T W a(tr) — ()P

2l (H)=1()
(T T4 (0%, (D2

and the formula G must satisfy one of the following two conditions:

lim x;(t) - xé(t)
t—oo (14 ||x,(t) — Xq(t)”Q)

g =

or

| 21 () — i (1)
0= B T e = 0T

ﬁ<oo.

So there exists a constant My, such as
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) 1
t—oo | (1+ ||Xp( )*Xq( |2 )

v'(s)ds.

As tlim | fttl (95(s) — gi(s))ds| < M < oo, then one of the following conditions satisfies:
— 00

. 1 —i . i i _
—o i e —aE ] Pt /(gp(s) ~ 94(s))ds = —o9
t1
or
/ 1
0 < —a lim T Tea(s) = xp(5)||2)f3ﬁ (s)ds + tli)lgj/(gp(S) — gg(s))ds < oo.
t1 t1

While tlim 7'(t) = oo, it emerges a contradiction, so the condition i) is false.
— 00
2). It exists a time to > 0, when t € (to,00), ||x4(t) — x,(¢)||? is not monotonous. But tlim Ixq(t) —
— 00

x,(t)|]> — oo. For any enough big time t,, > to, there exist time tg < t; < to < --+ < t,,, such that on any
interval (t;_1,t;)(i = 1,2, ,n), |x4(t) — x,(¢)||* is monotonous. Then exists & € (t;—1,t;), such as

1 7t (s)ds
I () —xg @) ()

- Z/ (EOREO e

) () -oplt) () ~ a6

= 2 O @l T @)~ PP
" g (&) — p(&) wh(tio1) — x(tio1) }

(L+ lIxq(tio1) = xp(ti-2) PP (1 + IIxq(tim1) = xp(tim1)[2)?

T

_ atn) = 2} (tn) (&) — @)
tarr b 2

(I (ta) = x 1 JIxq (t:) = xp(8:)[|2)7

(5%) (52) } B (tO) — (tO)
(14 [lxa2(tim1) = xp(ti-1)[1?)” (1+||Xq(to)—xp(to)ll )P

There exists time t,_1, when ¢t € (tx_1,x), [|X4(t) — x,(t)||* is decreasing. Furthermore it can find the first
time 41 > tg, such as

1 1
(14 lIxq (tr) = xp(t&)11%)” T [Ixq(tr—1) = %p(tr-1)[?)”
1 1
(14 [xq (trs1) — xp(teg1)[1?)” T [1xq(tk) = xp(t5)[17)”

<|-

I). For the interval (¢, tx41), we consider when t € (¢, tk11), [|xq(t)—x,(¢)||? is increasing. When t € (¢o,t,,),
it has x (t) — ), (t) is increasing. For & € (tr—1,tx) and &pi1 € (b, trg1), easily & < &gy, furthermore,
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(&) — xp,(Er) B h (&) — 3, (Ek)
(1 +[Ixq(te) = xp(te)?)7 (14 lIxq(tr—1) = xp(tx—1)I1%)”
g (k1) — 23 (Ept1) g (Erv1) — 23 (Ent1)

<7

(1 [Ixq (trr1) = xp(tes)[17)7 (14 [Ixq(tr) — xp(te) )7

|? is not monotonous. The

IT). For the interval (tx,tx+1), we consider when t € (¢, tr+1), [|xq(t) — xp(2)

interval (¢y,tr+1) can be divided into finite subintervals. Such as ||x,(t) — x,(¢)[|

is monotonous on every
subinterval. Similar discussion from I) it has

(&) — xp,(Er) B wh (&x) — 3, (Ek)
(L lIxq(te) = xp(te)I7)7 (L4 [Ixq(te-1) — %p(tr—1)[*)?
- g (Ek+1) — 23 (Ept1) g (Erv1) — 23 (Ent1)
(1 IIxq (1) = %p(ter)[2)? (14 [[xq(te) — %p(8)[12)°
Above all
xf](éi) - x;(éi) xé(fi) - xfg(ﬁi)
B e T o e ) A e o e ey

Similar analysis from 1) it is easily to get the contradiction. So i) is false.

For condition ii) tlgglo (vh(t) — vi(t)) = —oo. Similar analysis from i) it can get the contradiction. So
condition ii) is false.

For condition iii) tliglo(v;(t) —vh(t)) # oo, tliglo(v;)(t) — v} (t)) # —oo and tllglo sup |v),(t) — vi(t)] = co. Tt
can find time t9, such as function ¥(¢) is increasing on (t2,t3), and |0°(t3)| > [0"(¢t2)| + 2M.

Construct a function

7'(5)(gp(s) — g4(s))ds.

<
—
[
S~—
I
Q|

S

o

—
-
S~—

I
[\

o\#

Then it has,

V/(t) =20" ()0 (t) — 20(t) (g, (t) — g, (1)

= = 20y, (15" () + 207 (1) (g} (1) — g5 (1)) — 207 (1) (g} (1) — g}(1))

= — 2, (1)07(£)
<0.
From V'(t) < 0, it has
V(ta) <V (t3),
07 () — 2 [ 0(s)(gh(s) — gi(s))ds <v'°(t2) — 2 [ () (gl (s) — gi(s))ds.
0 0
Furthermore,
v (t3) <v”(ts) — 2 / ' (5)(gl(5) — gi.(s))ds. (22)
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From the second mean value theorem of calculus, there exists constant £ € (t2,t3), such as

7'(5) (9, (5) = gg(s))ds =7"(t3) /(92;(8) — gq(s))ds
to 3

3
+ 7 (1) / (gi(5) — i ())ds,

substitute into (21),

\m

7(ta) <0 (1) ~ 20 / 9(5) ~ G4()ds + 7'(t2) [ (gh(s) — gi(s))ds).
3

~
=

For |ftcio(g;(s) — gfl(s))ds| < M, it has

?iQ(ts) Sﬁﬂ(tz) + 2MT (t3) + 2MT (t2).
Furthermore,
(Ei(tS) - M)2 < (@i(tz) + M)Q‘. (23)

From the situation iii), it has (7¢(t3) — M)? > (¥'(t2) + M)2, it is a contradiction, so iii) is false.

To sum up all, it has prove that for all ¢ > 0, |v}(t) — vi(t)| < oo is right. So for any 7' (t), here i € N, it
has [0"(t)| < oo, furthermore ||¥(t)|| < .

Next we want to prove that ||x,(t) — x4(t)|| < oo for all ¢ > 0. Consider the following formula:

(1) = by (1) — X (NT(1) + (1) — g (). (24)

Using the part integral, there exists a constant C'.
t
T(t) = e Jo bap(lIxp(s)—xq(5) H)ds / a [g" bap(llxp(s)— xq(S)H)dS(g;(h) — g;(h)))dh +0)
0

For ||x,(t) — x4(¢)|, it has
i). For any time t > 0, if ||x,(t) — x4(t)|| < d* < oo, we have fot bpg(lIxp(t) — x4(t)]|)ds > d*t, mean
_—
thm Jo bap(1%p(t) — x4 (8)])ds = oo
ii). As [ bgp(s)ds = oo, if Jim |x,(t) — x4(t)|| = oo, then it has Jim fof bap([|xp(s) — x4(s)|)ds =
oo bde el

From the two above situations, it can deduce tlim Ce=a o ban(lxp()=xa()Dds — (. Consider
—00

t
F(#) ==l bqp(nxp<s>—xq(s>u>ds(/ ¢ I3 ban (1 () =2 DA (g () — gi ())dh)
0
. _ .
:fl’)t e Jo' bar(lxp () =x4()INds (g2 () — gl (R))dh
o0 Ja bap (31 (s)=x2(s) [ )ds ’
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Using L’Hospital’s rule, it has

fm £(8) = 1 e Jo bap(llxp(s)— *a(©)Dds (i (1) — gi(t))
et TR (1) Ne J2 boallp (5)—xqg () )ds
pa([I%p(£) — x4 (t)[)e o

(
= lim ( ) l(t)
100 bqp(l\xp(t) —xq(t)|)”

If tlim Ixp(t) — x4(t)|| = oo, then it has

lim (f(¢) + CeJo beallxp(&)=xa()IDds) = iy 4i(1) = oo.

t—o0 t—o00

By the above formula can launch tlim [[¥(¢)|| = co. While tlim [¥(#)|l < o0, it is a contradiction. So it must
—00 —00

exist a constant d, so that ||x,(t) —x4(t)|| < d < oo for any time ¢t > 0.
To sum up in conclusion, it has prove that the system has a weak flocking proper. O

The way to prove Theorem 2.1 and Theorem 3.1 are similar. While the model (3), (4) and model (15),
(16) are inherently difference. In model (3), (4) the velocities of the two agents are bounded. It can describe
the formation flight of Pterosaurs uav. When two Pterosaurs uavs finish the automatic formation, during
their flight process there are all kinds of interference from external environment. If it applies the model (3),
(4) to the formation flight of Pterosaurs uav, it can calculate what influence from external environment can
keep the Pterosaurs uavs flying together. If the external disturbance is too strong, the ground command
center only need make appropriate instructions to one of the uavs which satisfy our model requirement
| fo" (81(t) — g2(t))dt|| < oco. This will improve operational efficiency, saving the cost of resources and
improve the degree of automation.

It can describe another military combat mode—on enemy missile torpedo or warplane intercept by using
model (15), (16). Obviously, the enemy missile torpedo and warplane will try to avoid the track and intercept,
and the accelerated velocity of the enemy missile torpedo or warplane is depended on its own control. If
we want to track with them, we should adjust the velocity to keep efficient trace and intercept. The model
(15), (16) can describe it very well. Using this model it can realise the track and intercept.

4. Intelligent weak cluster complex system with a leader

In this chapter It considers a model which its agents are not all connected. There are N + 1 agents in the
model. The leader remarks with “0”. Any other agents’s behavior has no influence on it. There N followers
in the model. The position and velocity of the leader are denoted by (x¢(t), vo(t)). The position and velocity
of the follower “i” are denoted by (x;(t),v;(t)), and its free-will function is ().

For the leader “0”, (xq(t), vo(t)) satisfy

dxo(t)

=vo(t),
) dt(t) 0 (25)
== =ho(t);
For the follower “i”(i € N), (x;(t), v;(t)) satisfy
dXi(t) —v.
dt - l(t)v (26)
dVi(t)

o i1 (P(t) = xic (BN (vima (1) = va(t)) + £i(8).
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Theorem 4.1. At time t, let the velocity and position of the leader “0” (md the follower “i” are (x0(t), vo(t))
and (x;(t), vi(t)). They satisfy system (24), (25). If the parameter B < %, and there exists a constant My >0,
M; >0 (i € N), such that the free-will functions satisfy || [, fo(t)dt|| < My < oo, || [T (f1(t) — fo(t))de| <
My < oo, and || [5°(£:(t) — £;_1(t))dt|| < M; < oo (i € N), then system (24), (25) has weak ﬂocking proper.

Proof. Using mathematical induction to prove this theorem.

First, when ¢ = 1, the system (24), (25) become into the system (15), (16). From the Theorem 3.1, it is
easy to deduce the system with weak flocking proper. So for any time ¢, it can find two constants A; > 0,
Ky > 0, such as ||x1(t) — xo(t)]| < 41 and ||vi(t) — vo(t)]| < K7. As

| I )
i [vo(®) = vo(0)]| = i | [ to(e)d] < Mo
0

So there exists a constant Ky > 0, such as ||vo(t)|| < Ko, for any time ¢. Furthermore

Vi@ < [[vo®)ll + [[vi(t) — vo (@)l
< Ko+ Kj.

To sum up, it can deduce that there exists a constant K7 = Ky + K1, such as ||v1(¢)|| < K7.
When i = 2, it wants to study ||x2(t) — x1(¢)|| and ||ve(t) — v1(t)]]. Firstly, it considers Vo; (t) = va(t) —
vy (t), for any time ¢ > 0, it has

T2 — oo ()~ O)(v2(0) vi(t) + £:(0) o
— [aro([[x1(t) = x0 (D)) (Vo(t) — v1(t)) + £1(2)].
Let hy(t) = £2(¢) — [a10(]|x1() — x0(®)]]) (Vo(t) — vi(t)) + £1(¢)], the formula (26) can be turned into
45 =—aa X - X v -V
g (V21 (1) = — can(|lx1(t) = x2()[)(va(t) = vi(?)) + ha(?) (28)

= — aag: ([[x1(t) — x2(?)[[)¥21(¢) + ha(?).

As H fO f() dtH < My and || fO f1 — f()(t))dt” < Ml, then

|| / £ (1)de]) < | / (B () — £o(0))de]| + | / fo(t)dt)

< My + M.

The same procedure may be easily adapted to obtain || fo fo(t)dt]| < Mo + My + M. From hy(t) =

fo(t) — v} (t) it can deduce
|| / ha(t)d | = / £(t) — ) (1)
0

(o}

/ a—/q@an

0
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ﬂ/@@www/%@wn
0 0

<My + M; + My + K{ + |lv1(0)]].

Let M; = MQ + M1 + Mg —|- Kf —|— ||V1(O)||7 then

oo

H/m@m<M;

0

The displacement and velocity difference of the agent “1” and “2” (Xa1(t), V21(t)) satisfy

&R (0) =¥ 1), (29)
%(Vzl(t)) = — aaz (||x1(t) — x2(?)[[)¥21(t) + ha(?). (30)

Similar analysis from Theorem 3.1, there are two constants A and Ko, for any time ¢ > 0, it can deduce
that ||§21(t)|| < AQ, ||V21(t)|| < Kos.

Suppose when N = k, system has the weak flocking behavior.

For N = k + 1, it wants to prove the system also has the weak flocking behavior.

When N = k the system has the weak flocking behavior. Denote by Xp+1x(t) = xp41(t) — xx(t),
Vit1,6(t) = Vi1 (t) — vi(t), it is easy to obtain that

%Vkﬂ,k(t) = yt1,5(Vi(t) = Ve+1(t)) — aapp—1(Vi—1(t) = vi(t)) + grr1(t) — gr (1)

For there exists two constants My > 0, K; ;1 > 0, such that ||vo(t)|| < My and ||V, ;,—1(¢)|| < K1, for
any time ¢ > 0. For any time ¢ > 0, it could easily deduce that there is a constant M;, such as ||v;(t)|| < M;.

Let M), = max k{MO7 v+, M;,—1}. Integral the formula above, then
i€1,2,-+,

Vi)l = l[vi(0) — /(aak,k—l(vk—l(S) —vi(s)) + gr(s))ds|| < M.

Let M* = Vk(O) + Mk, then

t

I [ (@anir(vica(s) = vals) + g(s))ds] < M
0

Here it is easy to know fg gi+1(s)ds for all ¢ > 0. Similar proof method from above, it is easily to know
Ixp41(t) — x5 (t)]] < o0, and ||vig41(t) — vi(t)]| < oo for all t > 0. As the number of the agents in the system
id finite. By the triangle inequality, it can deduce that for any time t > 0, the position and velocity of the
leader “0” and follower “i” (xo(t), vo(t)), (xi(t), vi(t)) satisfy

lIxo(t) — x;(t)[] < oo,
[vo(t) = vi(t)]| < oo.

Then the system (24), (25) has the weak flocking behavior. O
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In this chapter, it describes a complex system with simply connected directed graph proper. Theorem 4.1
gives the initial conditions to keep the weak flocking behavior and strictly proved this conclusion. This
model can be widely application to various domains.

4.1. Numerical simulation example

In 2-dimensional planar, consider a system (31), (32), (33), (34) with a leader and three followers. At
time ¢, let the position and velocity of leader “0” is (x¢(t), vo(t)), the position and velocity of the follower
“r=1,2,3" is (x4(t),v4(t)). The free-will function of “0” is go(t) = (cost,sint), the free-will function of

i” are g1 (t) = (sint,cost), g2(t) = (—cost,e™?) and g3(t) = (e *,sint). The position and velocity of the
leader (x¢(t),vo(t)) satisfy

dxo(t
XO( ) :Vo(t),
| dtt (31)
V((i)t( ) =(cost, sint);
The position and velocity of the follower “1” (x(¢), vy(t)) satisfy
dxq (¢
Xci( ) =Vi (t)7
t (32)
dv(t 1
vi(t) = (vo(t) — vi(t)) + (sint, cost);
dt 21+ [ (t) = xo(B)[?)3
The position and velocity of the follower “2” (x2(t), va(t)) satisfy
dxo(t
XdQ( ) :VQ(t),
t (3)
dvo(t 1
2l g C(1(8) — valt) + (~cost, )
dt 2(1 + [[x2(t) — =1 (£)]1?)
The position and velocity of the follower “3” (x3(t), v3(t)) satisfy
dxs(¢
C?t( ) :V3(t)7
dvs(t) 1 (34)

(va(t) = vs(t)) + (e”",sin(t)).

a2 xa(t) — xa(0)2)

Here || [, (gi(t) — gi—1(t))dt|| < oo, satisfy Theorem 4.1. Notice that [;*||g;(t) — gi—1(t))||dt = oo for
(i =1,2,3,4).

It is easy to verify this system satisfies the Theorem 4.1. Through Fig. 3, it can deduce that this system
has the weak flocking behavior.

Next for the system (35) (36) (37) (38), it gives another free-will function for the agents, such that
| f57 (2i(t) — gi—1(t))dt|| = oo. Through the numerical simulation results, it reveals that if the free-will
functions don’t satisfy the Theorem 4.1, the system don’t have the weak flocking behavior.

Here the free-will functions the system (35) (36) (37) (38) are changed. The free-will of the leader
“0” is ho(t) = (cost,sint), the free-will of the followers are h;(t) = (1,cost), ha(t) = (—cost ) and
h3(t) = (1,sint). Then the position and velocity of “0” (xq(t), vo(t)) satisfy

’ t1/2
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The positions of the agents The velocities of the agents

140 / ——agent"0"
——agent'1"
120 ——agent'2"
| ——agent"'3"
s 100 Ko
c >
2 & 3
2 s
c 60 =

Fig. 3. The system contains a leader “0” and three followers “i = 1,2,3” with the weak flocking behavior. Parameter o = 0.5,
B =1/3.
dXO (t)
dt :Vo(t)7
(35)
dVO (t)

=(cost,sint);

dt

The position and velocity of “1” (x;(t), v1(t)) satisfy

dxl(t) N
dt *vl(t)v (36>
dVI(t) = ! -V 1 cost);
T e R A
The position and velocity of “2” (x5(t), va(t)) satisfy
dXQ(t) .
TG .
dva(t) —a 1 Ly - L .
dt 201+ [[xa(t) — x1(t)]2 )%( 1(5) = (1)) + (= cost, 775);
The position and velocity of “3” (x3(t), vs(t)) satisfy
dxjt(t) o (38)
s = ! t) —vs(t 1,sin(t)).
de 2(1+||X3(t)—X2( )H )é( () 3( ))+< ) ())

Here || [ (£:(t)—fi—1(¢))dt|| < oo, satisfy the conditions of Theorem 4.1. Notice that [J* ||f;(t)—£;—1(t)||dt =
co. Here 8= 1, || [7¥(f1(t)—f2(t))dt|| = oo, do not satisfy Theorem 4.1 notice that [~ [|f1(t)—f2(t)||dt =

Obviously, the free-will functions do not satisfy Theorem 4.1 in this model. Through the Fig. 4, it is easy
to see the agents are getting further and further apart and the position between the agents is not bounded.
So this model does not have the weak flocking behavior.

5. Conclusions

This paper give a definition of weak flocking behavior in mathematics. One of the major contributions
for this paper is that we use the different method to strictly prove: when the agents’ velocities do not
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Fig. 4. The system has a leader “0” and three agents “i = 1, 2, 3”. Parameters o = 0.5, 8 = 1/3.

convergence the same at last, the distance of any two agents is bound at any time. In many classical paper
to analysis the flocking behavior, the condition that the agents’ velocities convergence to the same is the
necessary condition to keep distance to keep bound. While in the realize world, keeping the velocities agents
in complex system same is hard to realize. Our model has more wide applications, such as target tracking
model. Also, this model still need to be improved. Such as, we only consider the agents will be boundary,
in factory, whether we can consider that how the agents can avoid to collide to each others. In the further
work, we will continue to study these problems.

In this paper, we consider a factor called free-will that can be viewed as noise or external interference.
The weak flocking models proposed in this paper are relatively ideal models. In these models, we assume
that all variables can be measured. Nevertheless, in a real application, the velocities and positions of the
agents in the system are very complex to measure. Especially, the noise will bring uncertainty which will add
the difficulty to measure the variables such as position and velocity. In our future work, we will consider to
build the model in which the variables cannot be measured in sometimes. And we will carry out numerical
simulations and then try to conduct theoretical analysis.
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