Doctopic: Partial Differential Equations YJMAA:123645

J. Math. Anal. Appl. ese (seee) eseeee

Contents lists available at ScienceDirect

MATHEMATICAL

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

The heat flow on metric random walk spaces

José M. Mazo6n *, Marcos Solera, Julian Toledo

Departamento de Andlisis Matemdtico, Univ. Valencia, Dr. Moliner 50, 46100 Burjassot, Spain

ARTICLE INFO ABSTRACT
Article history: In this paper we study the Heat Flow on Metric Random Walk Spaces, which unifies
Received 2 June 2019 into a broad framework the heat flow on locally finite weighted connected graphs, the

Available online xxxx

' heat flow determined by finite Markov chains and some nonlocal evolution problems.
Submitted by E. Saksman

We give different characterizations of the ergodicity and prove that a metric random
walk space with positive Ollivier-Ricci curvature is ergodic. Furthermore, we prove a

gaeﬁgf;d;alks Cheeger inequality and, as a consequence, we show that a Poincaré inequality}holds
Nonlocal operators if, and only if, an isoperimetric inequality holds. We also study the Bakry-Emery
Cheeger inequality curvature-dimension condition and its relation with functional inequalities like the
Ollivier-Ricci curvature Poincaré inequality and the transport-information inequalities.

Bakry-Emery curvature-dimension © 2019 Elsevier Inc. All rights reserved.
condition

Transport inequalities

Contents
1. Introduction and preliminaries . . . . . . . . . . e 2
1.1.  Metric random walk SPaces . . . . . . .. .. 4
1.2.  Ollivier-Ricci curvature . . . . ... .. 8
2. The heat flow on metric random walk spaces . . . . ... ... ... 10
2.1. The heat flow. . . . .. . 10
2.2.  Infinite speed of propagation and ergodicity . . . . ... ... L L 18
3. Functional inequalities . . . . . . . . . e e 30
3.1.  Spectral gap and Poincaré inequality . . ... .. . . 31
3.2.  Isoperimetric inequality . . . . . . . . . 35
3.3.  Cheeger inequality . ... ... . . . . . 36
3.4.  Spectral gap and curvature . ... .. ... 40
3.5. Transport inequalities . . . . . . . . . . 45
Acknowledgment . . . ... 51
References . . . . . . e 52

* Corresponding author.
E-mail addresses: mazon@uv.es (J.M. Mazé6n), marcos.solera@uv.es (M. Solera), toledojj@uv.es (J. Toledo).

https://doi.org/10.1016/j.jmaa.2019.123645
0022-247X/© 2019 Elsevier Inc. All rights reserved.

Please cite this article in press as: J.M. Mazén et al., The heat flow on metric random walk spaces, J. Math. Anal. Appl.
(2019), https://doi.org/10.1016/j.jmaa.2019.123645



https://doi.org/10.1016/j.jmaa.2019.123645
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:mazon@uv.es
mailto:marcos.solera@uv.es
mailto:toledojj@uv.es
https://doi.org/10.1016/j.jmaa.2019.123645

Doctopic: Partial Differential Equations YJMAA:123645

2 J.M. Mazén et al. / J. Math. Anal. Appl. ess (sees) seesee

1. Introduction and preliminaries

A metric random walk space is a metric space (X, d) together with a family m = (m;).ecx of probability
measures that encode the jumps of a Markov chain. Given an initial mass distribution p on X, the measure
W *x m given by

wxm(A):= /mz(A)du(gc)7 for all Borel sets A C X,
X

describes the new mass distribution after a jump. Associated with m, the Laplace operator A,, is defined
as

Anf(z) = / (F(y) — F(2))dma(y).

X

Assuming that there exists an invariant and reversible measure v for the random walk, the operator —A,,
generates in L?(X,v) a Markovian semigroup (e*2m);>o (Theorem 2.1) called the heat flow on the metric
random walk space, which unifies into a broad framework the heat flow on graphs, the heat flow determined
by finite Markov chains and also some nonlocal heat flows.

It is of great importance in many applications to understand the behaviour of the semigroup (e!4m)

t>0 as
t — 00. In this regard, we introduce a new concept, called random walk connectedness or m-connectedness
of the metric random walk space, which is related to the geometry of the metric random walk space. We
then prove that it is equivalent to the infinite speed of propagation of the heat flow (Theorem 2.9) and also
to the ergodicity of the Laplacian (Theorem 2.19), that in this context means that the only solutions of the
equation A,, f = 0 are the constant functions, recall further that this is, in turn, equivalent to the ergodicity
of the measure v (see also Theorem 2.21). Moreover, we relate it with geometric properties of the metric
random walk space (Theorem 2.24).

In 1969 Jeff Cheeger [16] proved his famous inequality

TM < Al(AM)7
where A\;(Ays) is the first non-trivial eigenvalue of the Laplace Beltrami operator Ay; on L?(M,vol) of a

compact manifold M and the Cheeger constant hj,s is defined as

Area(05)
min(vol(S), vol(M \ S))’

hy; = inf

where the infimum runs over all S C M with sufficiently smooth boundary. This inequality can be traced
back to the paper by Polya and Szego [46]. The first Cheeger estimates on graphs are due to Dodziuk [20]
and Alon and Milmann [1]. Since then, these estimates have been improved and various variants have been
proved. For locally finite weighted connected graphs, the following relation between the Cheeger constant
and the first positive eigenvalue A1(G) of the graph Laplacian has been proved in [18] (see also [9])

h2

- < M(G) < 2hg,
where hg is the Cheeger constant for graphs. For a general metric random walk space [ X, d, m] we define
the Cheeger constant h,,(X) and we obtain the Cheeger inequality (Theorem 3.12)

h2
Tm < gap(_Am) < 2hyp,
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where gap(—A,,) is the spectral gap of the Laplace operator. As a consequence, we show that a Poincaré
inequality holds if, and only if, an isoperimetric inequality holds.

An important tool in the study of the speed of convergence of the heat flow to the equilibrium is the
Poincaré inequality (see [7]). In the case of Riemannian manifolds and Markov diffusion semigroups, a usual
condition required to obtain this functional inequality is the positivity of the corresponding Ricci curvature
of the underlying space (see [7], [54]). In [6], Bakry and Emery found a way to define the lower Ricci curvature
bound through the heat flow. Moreover, Renesse and Sturm [48] proved that, on a Riemannian manifold M,
the Ricci curvature is bounded from below by some constant K € R if, and only if, the Boltzmann-Shannon
entropy is K-convex along geodesics in the 2-Wasserstein space of probability measures on M. This was
the key observation, used simultaneously by Lott and Villani [33] and Sturm [50], to give a notion of a
lower Ricci curvature bound in the general context of length metric measure spaces. In these spaces, the
relation between the Bakry-Emery curvature-dimension condition and the notion of the Ricci curvature
bound introduced by Lott-Villani-Sturm, was done by Ambrosio, Gigli and Savaré in [3], where they proved
that these two notions of Ricci curvature coincide under certain assumptions on the metric measure space.

When the space under consideration is discrete, for instance, in the case of a graph, the previous concept
of a Ricci curvature bound is not as clearly applicable as in the continuous setting. Indeed, the definition
by Lott-Sturm-Villani does not apply if the 2-Wasserstein space over the metric measure space does not
contain geodesics. Unfortunately, this is the case if the underlying space is discrete. Recently, Erbas and
Maas [22], in the framework of Markov chains on discrete spaces, in order to circumvent the nonexistence
of 2-Wasserstein geodesics, replace the 2-Wasserstein metric by a different metric, which was introduced
by Maas in [34]. Here, we do not consider this notion of Ricci curvature bound which, in the framework of
metric random walk spaces, will be the object of the forthcoming paper [39]. Instead, we will use two other
concepts of a Ricci curvature bound, the one based in the Bakry-Emery curvature-dimension condition and
the one introduced by Y. Ollivier in [42]. We refer to [41] and the references therein for the vibrant research
field of discrete curvature.

The use of the Bakry-Emery curvature-dimension condition to obtain a possible definition of a Ricci
curvature bound in Markov chains was first considered in 1998 by Schmuckenschlager [49]. Moreover, in 2010,
Lin and Yau [32] used this concept for graphs. Subsequently, this concept of curvature in the discrete
setting has been frequently used (see [30] and the references therein). Note that, to deal with the Bakry-
Emery curvature-dimension condition, one needs a Carré du champ T'. In the framework of Markov diffusion
semigroups in order to get good inequalities from this curvature-dimension condition it is essential that the
generator A of the semigroup satisfies the chain rule formula

A(R(f)) = @' (HAf) + " (HT(S),

which characterizes diffusion operators in the continuous setting (see [7]). Unfortunately, this chain rule does
not hold in the discrete setting and this is one of the main difficulties when working with this curvature-
dimension condition in metric random walk spaces.

In Riemannian geometry, positive Ricci curvature is characterized by the fact that “small balls are closer,
in the 1-Wasserstein distance, than their centers are” (see [48]). In the framework of metric random walk
spaces, inspired by this, Y. Ollivier [42] introduced the concept of coarse Ricci curvature, substituting the
balls by the measures m,. Moreover, he proved that positive coarse Ricci curvature implies positivity of the
spectral gap. In Section 3 we give conditions on the Laplace operator A,, which ensure the positivity of the
spectral gap and we relate bounds on the spectral gap with bounds on the Bakry-Emery curvature-dimension
condition.

Following the papers by Marton and Talagrand ([36], [52]) about transport inequalities that relate Wasser-
stein distances with entropy and information, this research topic has had a great development (see the survey
[26]). One of the keystones of this theory was the discovery in 1986 by Marton [35] of the link between trans-
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port inequalities and the concentration of measure. Concentration of measure inequalities can be obtained
by means of other functional inequalities such as isoperimetric and logarithmic Sobolev inequalities, see
the textbook by Ledoux [31] for an excellent account on the subject. We show that under the positivity
of the Bakry-Emery curvature-dimension condition or the Ollivier-Ricci curvature a transport-information
inequality holds (Theorems 3.22 and 3.28). Moreover, we prove that if a transport-information inequality
holds then a transport-entropy inequality is also satisfied (Theorem 3.25) and that, in general, the converse
implication does not hold.

1.1. Metric random walk spaces
Let (X, d) be a Polish metric space equipped with its Borel o-algebra.

Definition 1.1. A random walk m on X is a family of probability measures m, on X, x € X, satisfying the
following two technical conditions:

(i) the measures m, depend measurably on the point x € X, i.e., for any Borel subset A of X and any
Borel subset B of R, the set {z € X : my;(A) € B} is Borel,

(ii) each measure m, has finite first moment, i.e. for some (hence any) z € X, and for any z € X one has
Jx d(z,y)dma(y) < 400 (see [42]).

A metric random walk space [X,d, m] is a Polish metric space (X, d) equipped with a random walk m.

Let [X,d, m] be a metric random walk space. A Radon measure v on X is énvariant for the random walk
m = (my) if

dv(z) = /du(y)dmy(:c),

that is, for any v-measurable set A, it holds that A is mg-measurable for v-almost all x € X, x — m,(A)
is v-measurable and

v(A) = /mI(A)dV(w).
X

Hence, for any f € L'(X,v), it holds that f € L'(X,m,) for v-ae. z € X, x — /f(y)dmx(y) is v-
X

measurable and

[t@avia) = [ { [ twdmaty) | dvie)

X X X

Note that, following the notation in the introduction, v is invariant if v« m = v.
The measure v is said to be reversible if, moreover, the detailed balance condition

dmy(y)dv () = dmy(z)dv(y) (1.1)

holds. Under suitable assumptions on the metric random walk space [X,d, m], such an invariant and re-
versible measure v exists and is unique, as we will see below. Note that the reversibility condition implies
the invariance condition.
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We will assume that the measure space (X, v) is o-finite.

ample 1.2.

Let (RY,d, £N), with d the Euclidean distance and £V the Lebesgue measure. Let J : RN — [0, +o0]
be a measurable, nonnegative and radially symmetric function verifying fR v J(2)dz =1.In (RN d, L)
we have the following random walk,

ml(A) = /J([L’ —y)dLN(y)  for every Borel set A C RY and x € RY.
A

Applying Fubini’s Theorem it is easy to see that the Lebesgue measure £V is an invariant and reversible
measure for this random walk.
Let K : X x X — R be a Markov kernel on a countable space X, i.e.,

K<$ay)20 vxvyeXa ZK(x,y)zl Vr € X.
yeX

Then, for

my (A) =) K(z,y),

yeA

[X,d, m*] is a metric random walk space for any metric d on X. For irreducible and positive recurrent
Markov chains (see for example [28]) there exists a unique stationary probability measure (also called
steady state) on X, that is, a measure 7w on X satisfying

Z m(x)=1 and =w(y)= Z m(z)K(z,y) Yy € X.

reX zeX

This stationary probability measure 7 is said to be reversible for K if the following detailed balance
equation

K(z,y)m(z) = K(y, z)7(y)

holds for z,y € X. By Tonelli’s Theorem for series, this balance condition is equivalent to the one given
n (1.1) for v = m:

dm’S (y)dr(x) = dm!S (x)dx(y).

A weighted discrete graph G = (V(G), E(G)) is a graph with vertex set V(G) and edge set E(G) such
that to each edge (z,y) € E(G) (we will write z ~ y if (z,y) € E(G)) we assign a positive weight
Wey = Wyz. We consider that wgy, = 0 if (z,y) ¢ E(G). We say that a vertex € V(G) is simple if it
has no loops, so that w,, = 0. A graph is said to be simple if all the vertices are simple.

A finite sequence {xy}}_, of vertices on a graph is called a path if xy ~ x4 for all k =0,1,...,n — 1.
The length of a path is defined as the number, n, of edges in the path.

A graph G = (V(Q), E(G)) is called connected if, for any two vertices x,y € V, there is a path connecting
x and y, that is, a sequence of vertices {zy}p_, such that xo = z and z,, = y. If G = (V(G), E(Q)) is
connected then define the graph distance dg(z, y) between any two distinct vertices x, y as the minimum
of the lengths of the paths connecting x and y.
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For each = € V(G) we define

dy == Z Wy

y~zx

When w,,, = 1 for every z, y € V(G), d, coincides with the degree of the vertex x in the graph, that
is, the number of edges containing x. A graph G = (V(G), E(Q)) is called locally finite if each vertex
belongs to a finite number of edges.

For each z € V(G) we define the following probability measure

m& = i wayéy.

Y~z

If G = (V(G), E(Q)) is a locally finite weighted connected graph, we have that [V(G),dg, (m$)] is a
metric random walk space. Furthermore, it is not difficult to see that the measure v defined as

va(A) =Y d., ACV(G)

z€A

is an invariant and reversible measure for this random walk.

From a metric measure space (X,d,u) we can obtain a metric random walk space, the so called e-
step random walk associated to u, as follows. Assume that balls in X have finite measure and that
Supp(p) = X. Given € > 0, the e-step random walk on X, starting at point z, consists in randomly
jumping in the ball of radius € around x, with probability proportional to u; namely

e . PEB(,€)
o wB(ze)

Note that p is an invariant and reversible measure for the metric random walk space [X, d, m*€].
Given a metric random walk space [X,d, m] with invariant and reversible measure v for m, and given
a v-measurable set Q C X with v(Q) > 0, if we define, for x € Q,

mi(A) == /dm,(y) + / dm,(y) | 6.(A) for every Borel set A C Q,
A X\Q

we have that [Q2,d, m®] is a metric random walk space and it is easy to see that vL_( is reversible for

mf.

Given a metric random walk space [X, d, m], geometrically we may think of m, as a replacement for the

notion of balls around z, while in probabilistic terms we can rather think of these data as defining a Markov

chain whose transition probability from x to y in n steps is

dm"(y) := / dm. (y)dm3" " (z) (1.2)
zeX
where m! = m,. Note that m:" = mi " smy for any r € X.

Observe that

[ twinzw = [ [ twin.) | dne 0.

yeX z€X yeX

Please cite this article in press as: J.M. Mazén et al., The heat flow on metric random walk spaces, J. Math. Anal. Appl.
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Thus, inductively,

[amrw= [ [ dme) | am e = [ dmieone) <1,

yeX zeX yeX zeX

Hence, [X,d, m*"] is also a metric random walk space. Moreover, if v is invariant and reversible for m, then
v is also invariant and reversible for m*™.

Definition 1.3. Let [X,d, m] be a metric random walk space. We say that [X,d, m] has the strong-Feller
property if

Myo(A) = lim my,, (A) for every Borel set A C X

n—-+00

whenever z,, — ¢ as n — +oo in (X, d).

Note that the examples of metric random walk spaces given in Example 1.2 have the strong-Feller
property.

In [38] we study the concepts of m-perimeter and m-mean curvature associated with a metric random

walk space [X, d, m] with invariant and reversible measure v with respect to m. For this aim, we introduce
the notion of nonlocal interaction between two r-measurable subsets A and B of X as

Lm(A,B) := A/ B/ dmg(y)dv(z).

For L,,(A, B) < 400, by the reversibility assumption on v, we have that
L., (A,B) = L, (B, A).
We then define the concept of m-perimeter of a v-measurable subset £ C X as
P,.(E)=L,(E,X\E)= / / dmg(y)dv(z).
E X\E

If v(E) < 400, we have
P, (E)=v(E) - //dmm(y)dl/(x). (1.3)
E E
It is easy to see that, on account of the reversibility of v,
1
Pn(B) =5 Xe(y) — XE(@)|dm. (y)dv(z).
X X

In the particular case of a graph [V (G),dg, m%], the definition of perimeter of a set E C V(G) is given

by

|OE| := Z Way-
z€EE,yeV\E

Please cite this article in press as: J.M. Mazén et al., The heat flow on metric random walk spaces, J. Math. Anal. Appl.
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Then, we have that
|OE| = P,,c(E) forall E C V(G). (1.4)

In [38], we also introduce the m-total variation of a function v : X — R as

V()= [ [ 1uw) ~ ute)ldm. )@

X X

and we prove the following Coarea formula. Note that
P, (E) =TV, (Xg).

Theorem 1.4. ([38, Theorem 2.7]) For any u € L*(X,v), let Ey(u) :=={x € X : u(x) >t}. Then

+oo
TV (u) = /Pm(Et(u))dt.

—00

Let £ C X be v-measurable. For a point x € X we define the m-mean curvature of OF at x as

Hp (o) i= [ (eps) = Xe())dma(y) =1 -2 [ dma (o).

X E

Note that Hjj(x) can be computed for every & € X, not only for points in OF. Furthermore, for a v-
integrable set F,

[Hssiave) = [ 1=z [ amaw) | dvw) =(m) -2 [ [ am.yavio)
E E E FE FE

hence, having in mind (1.3), we obtain that
/HgLE(x)dl/(x) =2P,(E) - v(E). (1.5)

1.2. Ollivier-Ricci curvature

Let (X,d) be a Polish metric space and M™(X) the set of positive Radon measures on X. Fix p,v €
M (X) satisfying the mass balance condition

H(X) = v(X). (L6)
The Monge-Kantorovich problem is the minimization problem

mind [ d(eg)dr(ay) s v € M) ¢
XxX

where II(u, v) := {Radon measures v in X x X : wmo#y = p, mi#y = v}, with 7 (x,y) = 2 + a(y — x) for
a € {0,1}.

Please cite this article in press as: J.M. Mazén et al., The heat flow on metric random walk spaces, J. Math. Anal. Appl.
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For 1 < p < oo, the p- Wasserstein distance between p, v is defined as

d . : .
Wp (,LL, V) T min / d(xv y)p d")/(l‘, y) e € H(,uv V)
XxX

The Monge-Kantorovich problem has a dual formulation that can be stated in this case as follows (see
for instance [53, Theorem 1.14]).

Kantorovich-Rubinstein’s Theorem. Let p,v € MT(X) be two measures satisfying the mass balance condi-
tion (1.6). Then,

W(u,v) = sup /ud(u—l/) su € Kg(X)
b'e

sup /ud(ufz/) u e Kg(X)NL>(X,v)
X

where
KgX) ={u: X =R : |uly) —u(z)| <dy,x)}.

In [42] Y. Ollivier gives the following definition of coarse Ricci curvature that we will call Ollivier-Ricci
curvature.

Definition 1.5 (//2]). On a given metric random walk space [X, d, m], for any two distinct points z,y € X,
the Ollivier-Ricci curvature of [X,d,m] along (z,y) is defined as

d
() o= 1 — U )

d(z,y)

The Ollivier-Ricci curvature of [X,d, m] is defined by
K 1= I’;nefx Em (2, 9).

T FyY

We will write k(z,y) instead of K, (2,y), and kK = K, if the context allows no confusion.

In the case that (X, d, i) is a smooth complete Riemannian manifold, if (m#-€) is the e-step random walk
associated to p given in Example 1.2 (4), then it is proved in [48] (see also [42]) that Ku.c(x,y) gives back
the ordinary Ricci curvature when € — 0, up to scaling by €.

Example 1.6. Let [RY,d,m”] be the metric random walk space given in Example 1.2 (1). Let us see that
k(z,y) = 0. Given 2,y € RN, z # y, by Kantorovich-Rubinstein’s Theorem, we have

Wld(mi,m;) = sup /u(z)(J(x —2) = J(y—2))dz : u € KyRY)

RN
Please cite this article in press as: J.M. Mazén et al., The heat flow on metric random walk spaces, J. Math. Anal. Appl.
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= sup /(u(x +2) —u(y +2))J(2)dz : u € Kq(RY)
RN

Now, for u € K4(RY), we have

/ (u(z + 2) — uly + 2))7(z) dz < | — 3.

RN

Thus, Wi(m;,m;) <[l — y||. On the other hand, taking u(z) := (20-9) e have u € Kq(RY), hence

le—yll *
Witmd,m) > [ (u(e +2) =~ uly + 2)J(2) d = [lo = o],
RN
Therefore,
Wi (my,my) = llz —yl,
and, consequently, x(x,y) = 0.

Example 1.7. Let [V (G), dg, (m$)] be the metric random walk space associated to the locally finite weighted
discrete graph G = (V(G), E(G)) given in Example 1.2 (3) and let Ng(z) = {z € V(G) : z ~ z} for
x € V(G). Then, the Ollivier-Ricci curvature along (z,y) € E(G) is

WS (my, my)
=1— 1 X Y
wle 1) Ia(@.y)

where

d
W€ (mg, my) = inf g E p(z1, z2)da(z1, 22),
pneA
Z1~T zZ2~Y

being A the set of all matrices with entries indexed by Ng(z) X Ng(y) such that p(z1,22) > 0 and

w, w
Z (21, z2) = ;Zl, Z (21, 22) = %’ for (21,22) € Na(z) x Na(y).

Zo~Yy zZ1~x Y

There is an extensive literature about Ollivier-Ricei curvature on discrete graphs (see for instance, [12],
[10], [17], [27], [29], [32], [42], [43], [44] and [45]).

2. The heat flow on metric random walk spaces
2.1. The heat flow

Let [X,d, m] be a metric random walk space with invariant measure v for m. For a function u : X — R
we define its nonlocal gradient Vu : X x X — R as

Vu(z,y) :=uly) —u(z) Vz,ye X,

and for a function z : X x X — R, its m-divergence div,,z : X — R is defined as

Please cite this article in press as: J.M. Mazén et al., The heat flow on metric random walk spaces, J. Math. Anal. Appl.
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. 1
(div,)@) = 5 [ (o) — oty 2)dm. )
X

The averaging operator on [X,d, m| (see, for example, [42]) is defined as

- / F@)dma(y)
X

when this expression has sense, and the Laplace operator as A, == M,, — I, i.e.,
2= [ 1wima(w) - 1) = [(1) = F@)dma ).
X X

Note that

A f(z) = divi (V f)(2)

and (M,,)" = M, for n € N.

Due to the invariance of v for the random walk m, both operators are well defined from L!(X,v) to
LY(X,v), IMpflli < |Ifllh and [|Anflli < ||f]l1- Moreover, they send functions which are bounded by
C > 0 into functions bounded by C. Observe that the invariance of v can be rewritten the following

property:

/Amf(m)dz/(a:) —0 VfeI'(X,v). (2.1)

In the case of the weighted discrete graph G with the random walk defined in the Example 1.2 (3), the
above operator is the graph Laplacian studied by many authors (see e.g. [21], [9], [10], [29]).
By Jensen’s inequality, we have that, for f € L?(X,v) N LY (X,v),

2

Mo f 1220 = / / f@dma(y) | dua)

//f Y (y)du(a /f (@) = 1112 (x)-

Therefore, M, and A,, are linear operators in L?(X,v) with domain
D(M,,) = D(A,) = L*(X,v) N L' (X, v).

Moreover, in the case v(X) < +oo, M,, and A,, are bounded linear operators in L?(X,v) satisfying
IMy] <1 and |Ay,] < 2.
If the invariant measure v is reversible, the following integration by parts formula is straightforward:

[ 1@ ang@iva) = =5 [ (70) - F@)lo0) - g(@)dm.(w)iv(a) (22)

XxX

for f,g € L?*(X,v)N LY(X,v).
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In L?(X,v) we consider the symmetric form given by

/ Vf(x,y)Vg(z,y)dm,(y)dv(z),
XxX

DN =

Emlfrg) = — / £ () A g (@)dv(z) =

with domain for both variables D(&,,) = L?(X,v) N L*(X,v), which is a linear and dense subspace of
L?(X,v).

Recall the definition of generalized product v ® m, (see, for instance, [2, Definition 2.2.7]), which is
defined as the measure in X x X such that

[ stendvome = [ | [ owpin | e

XxX X X

for every bounded Borel function g with supp(g) C A x B, A, B CC X. In the previous definition we need
to assume that the map x — m,(E) is v-measurable for any Borel set E € B(X). Note that we can write

Enlli9) =5 [ VI0) ol ) o m)a.p)
XxX

Theorem 2.1. Let [X,d,m] be a metric random walk space with invariant and reversible measure v for m.
Then, —A,, is a non-negative self-adjoint operator in L?(X,v) with associated closed symmetric form &,,,
which, moreover, is a Markovian form.

Proof. For f € D(A,,), by the integration by parts formula (2.2), we have

[ H@-ann@dvia) = En(s.) 2 0.

Also, as a consequence of (2.2), we have that —A,, is a self-adjoint operator in L?(X,v).
To prove the closedness of &,,, consider f, € D(E,,) such that

En(fn— frs fn— fx) = 0, when n,k — oo,
and
I fn = fellz2(x,,y = 0, when n,k — oco.

Since f,, — f in L?(X,v), we can assume that there exists a v-null set N such that f,(z) — f(z) for all z €
X\N. Then, (fu(2)—fa(y))? = (f(2)—f(y))? forall (z,y) € (X\N)x(X\N) = (XxX)\[(NxX)U(XxN)].
Now, since v is invariant, we have

v @ ma([(V x X) U (X x N)]) = / / dma(y) | dv(z) + / / Xov (y)dma(y) | di(z)

N X X X

=v(N)+ /XN(y)dV(y) =2v(N) = 0.
b

Then, by Fatou’s Lemma we have
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1
lin En(fo = o= £) =l 5 [ (V= Hla)Pdlv e m) e
XxX

Therefore, &, is closed. Moreover, for every 1-Lipschitz map 7 : R — R with n(0) = 0, we have

5m(770f77)°f)§5m(f7f) forevernyD(c‘,’m),

and, hence, &, satisfies the Markov property. O

By Theorem 2.1, as a consequence of the theory developed in [24, Chapter 1], we have that if (T]"):>0
is the strongly continuous semigroup associated with &,,, then (T7");>¢ is a positivity preserving (i.e.,
T/ f > 0 if f > 0) Markovian semigroup (i.e., 0 < T/"f < 1 v-a.e. whenever f € L?(X,v), 0 < f <1
v-a.e.). Moreover, A,, is the infinitesimal generator of (7}");>¢, that is

T f
Ap f = lim 2 v D(A,,).
f=lm=-—, f e D(An)

From now on we denote A= := T/™ and we call {e!®m : ¢t > 0} the heat flow on the metric random
walk space [X,d, m] with invariant and reversible measure v for m. For every ug € L?(X,v), u(t) := e'®muq
is the unique solution of the heat equation

du(t) = Apu(t) for every t € (0, +00), 2.3
u(0) = wo, .

in the sense that u € C([0, +00) : L?(X,v)) N C*((0,+o0) : L2(X,v)) and verifies (2.3), or equivalently,

Z—?(t, x) = /(u(t)(y) —u(t)(x))dmy(y) for every t > 0 and v-a.e. x € X,
u(0) = up.

By the Hille-Yosida exponential formula we have that

11"
e®myug = lim [(I - EAm> ] UQ-
n—-+oo n

As a consequence of (2.1), if v(X) < 400, we have that the semigroup (e*Am);>o conserves the mass. In
fact

and, therefore,

/ B (2)dv(z) = / o () dv(z). (2.4)

X X
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Associated with &, we define the energy functional
Hm(f) = gm(fv f)7
that is, H,, : L2(X,v) — [0, +00] is defined as

3 [ U@ f@)Pdmdv) i f e LX) N LX),
M) =1 “xux

400 else.

We denote
D(Hp,) = LA*(X,v) N LY(X,v).

Note that, for f € D(H,,), we have

Hon(f) = — / (@) A f (@)dv ().

X

Remark 2.2. It is easy to see that the functional H,, is convex and, moreover, with a proof similar to the
proof of closedness in Theorem 2.1, we get that the functional H,, is closed and lower semi-continuous in
L?(X,v). Now, it is not difficult to see that 9H,, = —A,,. Consequently, —A,, is a maximal monotone
operator in L?(X,v). We can also consider the heat flow in L!(X,v). Indeed, if we define in L*(X,v) the
operator A as Au =v <= v(z) = —Apu(z) for all x € X, then A is a completely accretive operator. In
fact, let

P:={qe C®R) : 0<q <1, supp(q’) is compact and 0 ¢ supp(q)}.

Given f € L'(X,v), and ¢ € P, applying (2.2), we have

1
[ar@ar@avo) =5 [ @U@ - @) - fe)dnly)dv(z) o,
X XxX
Then, by [11, Proposition 2.2], we have that A is a completely accretive operator. Moreover, 5‘7{le (o) _ A,

thus A is m-completely accretive in L' (X, v). Therefore, A generates a Co-semigroup (S(t))>0 in L' (X, v)
(see [15]) such that S(t)f = e!An f for all f € LY(X,v) N L*(X,v), verifying

1S (t)uollLr(x,0) < lJuollzr(xp) VYuo € LP(X,v) N Ll(X, v), 1<p<+oo. (2.5)

In the case that v(X) < oo, we have that S(t) is an extension to L'(X, ) of the heat flow e/2m in L?(X,v),
that we will denote equally.

Example 2.3.
(1) Consider the metric random walk space [X,d, m¥] associated with the Markov kernel K (see Exam-

ple 1.2 (2)) and assume that the stationary probability measure 7 is reversible. Then, the Laplacian
A, x is given by
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yeX

Aprc f () := /f(y)dmf(y) —f(x) =Y K(@y)fly) - fl@) VfeL*(X,m).
X

Consequently, u(t) := e!®mK uq is the solution of the equation

du
BT = > K(zy)ut)(y) — u(t)(z) on (0,400),
yeX
u(0) = ug.
Therefore, et®nk = e!E=1) is the heat semigroup on X with respect to the geometry determined by
the Markov kernel K. In the case that X is a finite set, we have

o0
t" K™
B r — GHE=D) _ ot Z .
n!

n=0

If we consider the metric random walk space [RY,d, m”’], being m’ = (m7) the random walk defined
in Example 1.2 (1), we have that, for the invariant measure v = £V the Laplacian is given by

Br (@)= [ (£0) = Fa)) (o = )i

RN

Then we have that u(t) := e!®m7 uq is the solution of the J-nonlocal heat equation

Tt = [ - @)@ - yde n B x (0,400)
RN (2.6)
u(0) = wp.

In the case that Q is a closed bounded subset of RY, if we consider the metric random walk space
[Q, d, m”%Y], being m”? = (m”)% (see Example 1.2 (5)), that is

X

ml(A) = /J(m —y)dy + / J(x — 2)dz | do, for every Borel set A C €,
A R"\Q

we have that

Apro f(z) = / (F(y) — F(@))dm 2 (y) = / J(& —y) () — f(x))dy.

Q

Then we have that u(t) := e/®m’2uq is the solution of the homogeneous Neumann problem for the
J-nonlocal heat equation:

Dy ey = / (u(t)(y) — u(t) (£)] (& —y)dz in (0,+00) x 2,
J (2.7)

See [4] for a comprehensive study of problems (2.6) and (2.7).
Observe that, in general, for a bounded set Q C X, and by using m®, we have that u(t) := e'®m2ug is
the solution of
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Tt = [ - uo@)dm.() i ©0,+00) x 2

that, like (2.7), is an homogeneous Neumann problem for the m-heat equation.

In [37], it is shown, by means of the Fourier transform, that if D C RY has £V-finite measure, then

eBm? X p (2 tZ/J* x—y dy— (2.8)

n=07,
In the next result we generalize (2.8) for general metric random walk spaces. We use the notation introduced
n (1.2).
Theorem 2.4. Let [X,d,m] be a metric random walk space with invariant and reversible measure v. Let

up € L*(X,v) N LY(X,v). Then,

etPmyg(z) = et uo(as)—i—Z/uo(y)dm;"( L _tZ/uo Ydmi" (y (2.9)
n=1% n=0%

where /uo(y)dmf;o(y) = ug(x).
X
In particular, for D C X with v(D) < +o00, we have

n

> t
etArxp(z) = et | Xp(a +Z/dm*" v =€7tzm;n(D)_
n=0

where m:°(D) = Xp(x).

Proof. We define

o0

o) = {u@) + Y- [ wolg)ams" )

=1X

Note that, since ug € L'(X,v), then ug € L*(X,m:") for v-a.e. z € X and every n € N, and

/ Z ! uoy)dm3" (v) f:!du(x)—i) )Z [wotwam )| Gavte)

X
tn k
< Z//WO ‘dm*n )dv(z Z/|UO ‘dl/ T <e ||UOHL1(V .
=0y X Ok
Let
k m
felw) =Y /w(y)dmi”(y) o

n=0 X
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then 0 < fi(x) < frp1(z) < co and [ frdv < €'||uglL1(,y for every k € N so we may apply monotone
convergence to get that

. *n "
[3° | [ wntwyim )| Sviz) < oz

x =0k
thus the function
o0

ers 3| f o)

belongs to L'(X,v) and, consequently, is finite v-a.e. Note that the same is true for the function

MZ/\uo ) dm3 (o)

nOX

From this we get that u(z,t) is well defined and also the uniform convergence of the series for ¢ in compact
subsets of [0, +00). Hence,

n_

du —t *n
(@) =—u Z/Uo )dm; )(n—l)

n= 1X
Therefore, to prove (2.9), we only need to show that

ni

_tZ/uo Ydmi" (y )(n— ;i /u(z,t)dmg;(z).

an

9

Now, by induction it is easy to see that

[ wtwanir) = [ / wo(y)dm: @D (y) | dma(2).
X

X
Thus,
Y [z =S [ / ) | o)
n=1% n=1ly
_ / —tz/uo Jdm= ) (y )ﬁ dm(z >=/u<z,t>dmz<z>a
2E€X n=1x X

where we have interchanged the series and integral applying the dominated convergence Theorem because

3 [ulin D) < et [ ualan D) = e

an an

and F belongs to L'(X,v), thus to L (X, m,) for v-a.e. v € X. O
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2.2. Infinite speed of propagation and ergodicity

In this section we study the infinite speed of propagation of the heat flow (emm)tzo, that is, if it holds
that

e®myy >0 forallt >0 whenever 0<ug e LQ(X7 v), ug Z 0.

We will see that this property is equivalent to a connectedness property of the space, to the ergodicity of
the m-Laplacian A,, and to the ergodicity of the measure v.
Let [X, d,m] be a metric random walk space with invariant measure v. For a v measurable set D, we set

N ={xe X : m™(D)=0, ¥n € N}.
For n € N, we also define
Hp, ={r e X : m}"(D) > 0},
and

HpY = U HE, = {x € X : m}"(D) > 0 for some n € N}.

Note that N7} and H}} are disjoint and
X =NjyUHJ].
Observe also that N7y, Hy, and HJ) are v-measurable.
Proposition 2.5. Let [X,d, m] be a metric random walk space with invariant measure v. For a v-measurable

set D, if N # 0 then:
1.

my"(HEy) =0 for every x € Ny andn € N,
my"(Ny) =1 for every x € Ny and n € N.
2. If v(X) < 400 or v is reversible, then

my " (Hpy) =1 for v-almost every x € Hfy, and for alln € N.
(2.10)
my"(Npy) =0 for v-almost every x € Hfy, and for alln € N.

Consequently, for every x € Ny and v-a.e. y € Hpy we have myLm,, i.e. my and my are mutually
singular.

Proof. 1: Suppose that m:*(H) > 0 for some x € N3 and k € N, then, since H}} = UnHJy,, there exists
n € N such that mz* (Hpy,,) > 0 but in that case we have

mi k) (D) = / m:"(D)dm**(z) > / m:"(D)dm**(z) > 0

zeX zEHg)n

Please cite this article in press as: J.M. Mazén et al., The heat flow on metric random walk spaces, J. Math. Anal. Appl.
(2019), https://doi.org/10.1016/j.jmaa.2019.123645




Doctopic: Partial Differential Equations YJMAA:123645

J.M. Mazén et al. / J. Math. Anal. Appl. ess (sees) seeeee 19

since m}"(D) > 0 for ever z € Hj},, and this contradicts that x € N7J. The second statement in 1. is then
immediate.
2: Fix n € N. Using statement 1. we have that for any finite v-measurable set A,

v(ANHE) /m*” ANHE)dv(z /m*" ANHE)dv(zx) (2.11)

H m

because m*"(H}) = 0 for every z € NJJ.
If v(H}) is finite, by (2.11),

v(HY) = /m;"(Hg)dV(x) Vn e N,

m
HE

and, therefore,

my"(Hp) =1 for v almost every x € Hpy, and for all n € N.

o0
On the other hand, if v(H}') is not finite, since the space is o-finite, we have that Hp = U Hp N By,

with B; open and 0 < v(Bj) < +00. Now, by (2.11) and using reversibility of v,

v(Hy NBj) = / my(Hpy N Bj)dv(z / my"(Hp)dv(z);
HPY HDPNB;
thus
mi"(Hp) =1 for v-almost every x € HY N B;.
Consequently,

m;"(Hp) =1 for v almost every x € Hpy, and for all n € N.
The second statement in 2 then follows. O

Proposition 2.6. Let [X, d, m] be a metric random walk space with invariant measure v such that v(X) < +oo
or v is reversible. For a v-measurable set D, we have that, for every n € N and for any finite v-measurable
set A,

AnHg) = [ m(dve),
Hm

and

v(ANNR) = /m;"(A)dV(x).

m
Np

Proof. If N} = () the result follows trivially, so let us suppose that N2 # 0. By (2.11), and using Proposi-
tion 2.5, we have that, for any finite v-measurable set A,
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v(ANHEY) = /m;"(AOHTD")dV(x): /m*"(A)du(x)

xT

m m
H D H D

since

mi(A) = mi" (AN HE) +mi" (AN NE) = mi"(An HE)
for v-a.e. x € HY and every n € N. Similarly, one proves the other statement. O

We have the following corollary.

Corollary 2.7. Let [ X, d, m] be a metric random walk space with invariant measure v such that v(X) < 400
or v is reversible. For any v-measurable set D, we have that

v(Np 0 D) = 0.

Consequently, if v(D) > 0, D C HY up to a v-null set; therefore, for v-a.e. x € D there existsn = n(z) € N
such that m:"(D) > 0.

Proof. If D is finite, from Proposition 2.6,

v(Np ND)= / m."(D)dv(z) = 0.
Ng

If D is not finite, then D = U D N By, with B; open and 0 < v(Bj) < +o0o. Then,

j=1
v(Np'ND) <> v(NpNnDNB).
j=1
Now, from Proposition 2.6, (N N D N Bj) / my" (DN Bj)dv(x / m, (x) =0, thus

N’VTL
V(NP ND)=0. O

Definition 2.8. A metric random walk space [X,d,m] with invariant measure v is called random-walk-
connected or m-connected if for any D C X with 0 < v(D) < 400 we have that v(N7) = 0.

A metric random walk space [X,d,m] with invariant measure v is called weakly-m-connected if for any
open set D C X with 0 < v(D) < 400 we have that v(N}}) = 0.

Theorem 2.9. Let [X,d, m] be a metric random walk space with invariant and reversible measure v.

tAm Ug > 0

1. The space is m-connected if, and only if, for any non-null 0 < ug € L?*(X,v), we have e
v-a.e. for allt > 0.
2. The space is weakly-m-connected if, and only if, for any non-null 0 < uy € L*(X,v) N C(X), we have

etAmyg > 0 v-a.e. for all t > 0.
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Proof. (1, =): Given a non-null 0 < uy € L*(X,v), there exist D C X with 0 < v(D) < +oco and a > 0,
such that ug > aXp. Therefore, by Theorem 2.4,

eBmuyg(z) > ae®mXp(z) = ae th*” — >0 for v-a.e. x € X.

Indeed, if z € X \ NJJ we have that z € HJY, so there exists n € N such that m*"(D) > 0. Then, since
v(N) =0, we conclude.
(1, «<): Take D C X with 0 < v(D) < 400, we have that

T”XD )=e" Zm*" —>0 for v-a.e. z € X.
Moreover, since m*° = ¢, and m*"(D) = 0 for every x € N% and n > 1, we get
S " t
e Zm:"(D)m =e ‘Xp(z) forze NJ,

thus
Xp(x) >0 for v-a.e. x € Npj.

Hence, by Corollary 2.7, v(N}') = 0.

The proof of (2, =) is similar. (2, <): Take D C X open with 0 < v(D) < 400, since v is regular there
exists a K C D compact with v(K) > 0. By Urysohn’s lemma we may find a continuous function 0 < ug <1
such that ug =0 on X \ D and up = 1 on K, thus up < Xp. Hence

et Zm — > eBmug(z) >0 for v-a.e. .

So we conclude as before. O
Remark 2.10. In the preceding proof, when NJJ = ), we obtain that in fact
tA

emug(x) >0 forall z € X and for all ¢ > 0.

We will say that the metric random walk space is strong m-connected when this happens for any non-null
0 < wg € L3(X,v), and weakly strong m-connected if it holds for any 0 < uy € L*(X,v) N C(X).

The following result gives a characterization of m-connectedness in terms of the m-interaction of sets.

Proposition 2.11. Let [X,d,m] be a metric random walk space with reversible measure v. The following
statements are equivalent:

1. X is m-connected.
2. If A, B C X are v-measurable non v-null sets such that AU B = X, then L,,(A,B) >0

Proof. 1 = 2: Assume that X is m-connected and let A, B be as in statement 2. If

0=Lo(4,8) = [ [ dm.(wivio)
A B
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then

mg(B) =0 forallz € A\ Ny, v(Ny) =0.

Now, since v is invariant for m,

— (V) = /mi(Nl)dV(x),

X

and, consequently, there exists No C X, v(N3) = 0, such that
mm(Nl) =0 Vze X\N2

Hence, for z € A\ (N1 U Ny),

!XB y)dm*2(y =/ /XB ydm(y) | dme(z)
[ meBram. ) = [ (B + [ m(B)dn(:)
X

A B
~—_— ——
=0, since x € A\ N

| maByima @)+ [ me(Bdm.(z) =0
Ny

A\N1

=0, since z € A\ N; =0, since z ¢ N

Working as above, we find N3 C X, v(N3) = 0, such that
mI<N1 UNQ) =0 Vze X\Ng.

Hence, for € A\ (N1 U N2 U N3), we have that

mi(B) = / X (y)dm3 (y) = / / X (y)dm2(y) | dm.(2)

/m*2 Ydmg (2 /m*2 Ydm(z /m*2 Ydm(z)

=0, since z € A\ (N; U Ny)

< [ mE@ame)+ [ mEEdn) o

A\(N1UN2) N1UN>2

=0, since z € A\ (N; U Ns) =0, since z ¢ N3

Inductively, we obtain that

my*(B) =0 for v-a.e. x € A and every n € N.

T

Consequently,
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ACNg

up to a v-null set, which is a contradiction.
2 = 1: Assume that statement 2 holds. If X is not m-connected, then there exists a v-measurable set
D C X,0< v(D) < 400, such that ¥(N7') > 0. Moreover, by Corollary 2.7, D C H}y. Hence, we have that

v(NB) >0, v(HE) >0and X = NFUHP,
thus, by the hypothesis, L,, (N7, Hfy) > 0, which is a contradiction. O

Observe that the metric random walk space given in Example 1.2 (1) is m-connected. This space has
Ollivier-Ricci curvature equal to zero. In the next result we see that metric random walk spaces with positive
Ollivier-Ricci curvature are m-connected. We will also see that connected graphs are always m-connected
in Theorem 2.15.

Theorem 2.12. Let [X,d,m] be a metric random walk space with finite invariant measure v. Assume that
the Ollivier-Ricci curvature x satisfies & > 0. Then, [X,d, m] with v is m-connected and weakly strong
m-connected.

Proof. Under the hypothesis k > —oo, recall that x < 1 by definition, Y. Ollivier in [42, Proposition 20]
proves the following W7 contraction property:
Let [X,d, m] be a metric random walk space. Then, for any two probability distributions, u and i,

W s m*™, @ «m*™) < (1 — k)" W, i1). (2.12)

Hence, under the hypothesis £ > 0, Y. Ollivier in [42, Corollary 21] proves that the invariant measure v
(exists and) is unique up to a multiplicative constant, and that, for v such that v(X) = 1, the following
hold:

(2) Wi+ m* ™, v) < (1 —g)"Wi(u,v) VneN, Yu e P(X),
2.13
Wi (82, ms) ( :

(i) Wimyv) < (1= r) =2

Vn €N, Vz € X.
So we will suppose, without loss of generality, that v(X) = 1. By (2.13) and [54, Theorem 6.9], we have that

pxm™ — v weakly as measures, Yu € P(X),
(2.14)
m," — v weakly as measures, for every x € X.

Let us now see that the space is m-connected if £ > 0. Take D C X with 0 < v(D) < 400 and suppose
that v(N3') > 0. By Proposition 2.7, we have v(H7}) > 0. Let

1 m
W= Z/(HB)VLHD € P(X),
and
e L LLNg eP(x)
S0 L |

Now, by Proposition 2.6,
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*n
poxm™" = p,

and

/ *n __ 1
poEm =yl

but then, by (2.12), we get
wh (,U/7 M/) =W (/14 * m*n7 MI * m*n) < (1 - K)nwl (IU/7 MI)

which is only possible if Wi (u, p') = 0 since 1 — k < 1. Hence,

o=,
and this implies 1 = p/(N7') = u(NZ') = 0 which gives a contradiction. Therefore, v(N7') = 0 so the space
is m-connected.
If D is open and v(D) > 0 then NI = (. Indeed, for z € NJ}, by (2.14), we have

0 <v(D) <liminfm}"(D)=0. O
n

Remark 2.13. In [28], it is shown that uniqueness of the invariant probability measure implies its ergodicity.
Consequently, Theorem 2.12 follows from [42, Corollary 21] (see Theorem 2.19 for the relation between
ergodicity and m-connectedness). We have presented the result for the sake of completeness and using the
framework of m-connectedness.

Note that, in the previous result, a condition involving the random walk and the metric on the ambient
space yields the m-connectedness of the metric random walk space, which is, a priori, unrelated to the
metric.

Proposition 2.14. Let [X, d, m| be a metric random walk space with invariant measure v such that suppv = X
and either v(X) < +00, or v is reversible. Suppose further that [X,d, m| has the strong-Feller property and
(X,d) is connected, then [X,d, m| with v is strong m-connected.

Proof. Recall that, since [X, d, m] has the strong-Feller property, [X,d, m*¥] also has this property for any
k € N. Take D with 0 < v(D) < 4o00. Let us see first that H})' is open or, equivalently, that N} is closed;
indeed, if we have (z,,) C N such that lim,, oz, = 2 € X then
miF(D) = lim m**(D)=0
n—00 "

for any k € N, thus z € Nj.

On the other hand, if m,(H}) < 1 for some z € H}Y, since [X, d, m| has the strong-Feller property, there
exists 7 > 0 such that m,(H}}) < 1 for every y € B,(x) C H}}. Therefore, by (2.10), v(B,(z)) = 0, which
is a contradiction since suppv = X. Hence,

my(Hp) =1 if and only if, =€ HJ.
Then, given (z,,) C H such that lim,, . ¥, = z € X, we have
my(HpY) = lim m,, (HY) =1,
n—oo

so x € HJy. Therefore, H}} is also closed and then, since X is connected, we have that X = H}}, which
implies that N = (. O
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Theorem 2.15. Let [V (G),dg,(m$)] be the metric random walk space associated with the locally finite
weighted connected graph G = (V(Q), E(Q)). Then [V(G),dg, m®] with vg is strong m-connected.

Proof. Take D C V(G) with vg(D) > 0, and let us see that NEG = (). Suppose that there exists y € NELG,
this implies that

m):"(D)=0 VneN. 2.15
Y
Now, given x € D, there is a path of length m, {x, z1,29,...,2m-1,y}, x ~ 21 ~ 29 ~ -+~ 2,1 ~ gy, and
then
G\*n Wyzm—1Wzm—12m—2 " Wzyz; Wz
T > 0,
( ) ({ }> dydszldszz e d22d21

which is in contradiction with (2.15). O

The next examples show that there is no relation between m-connectedness and classical connectedness,
i.e., there are connected metric random walk spaces that are not m-connected and, conversely, there are
m~connected metric random walk spaces that are not connected.

Example 2.16. Take ([0, 1], d) with d the Euclidean distance and let C be the Cantor set. Let u be the Cantor
distribution, that is, the probability measure whose cumulative distribution function F(z) = u([0, z)) is the
Cantor function. We have that p is singular with respect to the Lebesgue measure and its support is the
Cantor set. We denote 1 := £11[0, 1] and define the random walk

n if ze€0,1]\C,
My 1=
I if zeC.
Then, v = n + w is invariant and reversible. Indeed,

| [ twimwiaw = [ [ sy / £ ) du(y)dp(z) =
(0,1) (0,1)

(0,1)\C (0,1) C

C
/f dy+/f iut) = [ vty

(0,1)

Similarly, we prove that v is reversible.
On the other hand, m*"™ = m, for any = € (0,1) and n € N. In fact, if x € C, we have

[ iz = [ | [ swin = [ [ f@dnw) | )

yeX z€(0,1) y€0,1) z€(0,1) y€(0,1)
- [ | [ twanw |de = [ | [ @) | e = [ foam.)
zeC y€(0,1) zeC yeC X

and the proof for x € (0,1) \ C is similar.
Consequently, m*"(C') = 0 for every z € (0,1) \ C and for every n € N, so that v(NZ) > v((0,1)\ C) =
1> 0 and, therefore, the space [(0,1),d, m] is not m-connected.
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For z,y € (0,1), z # y, if x,y € C, or z,y € (0,1) \ C, then Wy(my, m,) = 0 and hence k(z,y) =
1; otherwise, if 2 € C and y € (0,1) \ C then Wi(mg,my) = Wi(un,n). Hence k(z,y) = 1 — %
Consequently, since k = ir;f k(z,y) and k(z,y) =1 if z,y € C or z,y € (0,1) \ C, we get

z#y

k= inf <I—M> = —00.
zeCy¢C |LI) — y|

Example 2.17. Let § := (] — 00,0l U [%, 400 D x R¥~1 and consider the metric random walk space

[, d,m”}] with d the Euclidean distance and J(z) = mXBl(O) (see Example (1.2) (1)). It is easy
to see that this space with reversible and invariant measure v = LL . is m-connected, but (€, d) is not
connected. Let us see that its Ollivier-Ricci curvature x is negative. Indeed, take x = (—%70, ..,0) € Q,
and y = (2,0,...,0) € Q. Then, we have that u(zy,zs,...2x) = —x1 is a Kantorovich potential for the

transport of m;/ to m;), consequently

Wl(m‘]’Q7 mJ’Q) > /u(z) (dmiﬂ(z) - de’Q(z))

= /u(z) (dmi(z) — dmj(z)) + / dmi(z) u(x)

Q RN\Q

= [ ue) (@)~ dmf@) + [ (ula) - u(@)dmi ()

RN RN\Q

> d(z,y).

Therefore, the Ollivier-Ricci curvature of [, d, m”*]

k<k(z,y)=1- i)

For Q) = (] - oo,O} U [2, +ooD x RN=1 neither [, d,m”] with v = LL_Q is m-connected, nor (2, d)
is connected. As above, we can prove that its Ollivier-Ricci curvature is negative.

In a similar way we have that, for Q@ = RN\ (0,2)", [Q,d, m”*] with v = LL_Q is m-connected, (£, d)
is connected and its Ollivier-Ricci curvature is k¥ < 0.

We will now relate the m-connectedness property with other known concepts in the literature. Let us
begin with the concept of ergodicity (see, for example, [28]).

Definition 2.18. Let [X, d, m] be a metric random walk space with invariant probability measure v. A Borel
set B C X is said to be invariant with respect to the random walk m if m,(B) = 1 whenever z is in B.

The invariant probability measure v is said to be ergodic if v(B) = 0 or v(B) = 1 for every invariant set
B with respect to the random walk m.
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Theorem 2.19. Let [X,d, m] be a metric random walk space with invariant probability measure v. Then, the
following assertions are equivalent:

(i) [X,d, m] with v is m-connected.
(ii) v s ergodic.

Proof. (i) = (ii). If v is not ergodic, there exists an invariant set B with respect to the random walk m
such that 0 < v(B) < 1. However, note that B is also invariant with respect to m*2. Indeed,

m*(B) = /mz(B)dmw(z) > /mz(B)dmw(z) =m,(B)=1
X B

for every x € B. Inductively, we obtain that, in fact, B is invariant for m*™, for every n € N. Therefore,
since

v(B) = /m;"(B)dV(x) > /m;"(B)dv(a:) =v(B) foreveryn €N,
X B

we obtain that m}"(B) = 0 for every n € N and v-a.e. ¢ € X \ B. Therefore, X \ B C N} v-a.e., thus
v(NE) > 0 and, consequently, [X, d, m] with v is not m-connected.

(i) = (i). Let D C X be a v-measurable set with v(D) > 0. By Proposition 2.5 we have that N
is invariant with respect to the random walk m. Then, since v is ergodic, we have that v(N}}) = 0 or
v(N) = 1. Now, since v(D) > 0, by Corollary 2.7, we have that v(N}}) = 0 and, consequently, [X,d, m]
with v is m-connected. O

Following Bakry, Gentil and Ledoux [7], we give the following definition.

Definition 2.20. Let [X, d, m] be a metric random walk space with invariant measure v. We say that A,, is
ergodic if, for u € Dom(A,,), A, u = 0 implies that u is constant (being this constant 0 if v is not finite).

Theorem 2.21. Let [X,d, m] be a metric random walk space with finite invariant measure v. Then,
A, is ergodic < [X,d,m] is random walk connected.

Proof. (=): Suppose that v(X) < +oo and [X,d,m] is not m-connected, then there exists D C X with
v(D) > 0 such that v(NJ) > 0. Recall that v(H}y) > 0. Consider the function

w(@) = Xag (2),

and note that u € L?(X,v) since v is finite. Now,

Apu(z) = / (Xars (0) — Xarg (2))dima () = mg () — X (),
X

hence, by Proposition 2.5,
Apu=0 v-ae.,

but u is not equal to a constant v-a.e., and, consequently, A,, is not ergodic.
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(<): Suppose now that [X, d, m] is m-connected and that there exists u € L?(X,v) such that A,,u =0

v-a.e. but u is not v-a.e. equal to a constant function. Then, we may find U, V' C X with positive v-measure
such that u(z) < u(y) for every z € U and y € V. Note that

— / (uy) — u(z))dmz™ ()

_ / / (u(z) — u(z))dm, (2)dm="V(y)

= /Amu(y)dm;("_l)(y) + A smonu(x)

thus

[Apenu(a)] < / A u(y)] dmi "D () + 1A, u(a)]. (2.16)

Now, using the invariance of v,

//|Amu )|dm*(" 1) y)dv(z /|Amu )| dv(z) =

X X

SO

/ |Apu(y)|dmn:"V(y) =0 for v-ae z€ X,

thus, by induction on (2.16), A«nu(x) = 0 for v-a.e. z € X and every n € N. Since [X, d, m| is m-connected
we have v(Ny') = v(X \ H{}) = 0, so there exists n € N such that v(U N Hy',,) > 0. Consequently, we get
a contradiction:

0=Hpn(u) = //Vu(x,y)Qdm;"(y)du(x) > / /Vu(m,y)zdm;”(y)du(x) >0. O

X X UNHy, V

Let [X,d, m] be a metric random walk space with invariant and reversible measure v. It is easy to see
that A,, is ergodic if, and only if, e!A= f = f for all t > 0 implies that f is constant. Moreover, we have the
following result.

Proposition 2.22. Let [X,d, m] be a metric random walk space with invariant and reversible measure v. For
every f € L*(X,v),

tlim et f = fooe{ue L*(X,v) : Ayu=0}.
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Suppose further that A,, is ergodic:

(i) If v(X) = o0, then foo = 0. 1
(i) If v(X) < +o0o, then fo = (%) )[f(w)du(x)

Proof. The first result follows from [14, Theorem 3.11]. The second part is a consequence of the ergodicity
of A, and the conservation of mass (2.4). O

When the invariant measure is a probability measure, the relation between both concepts of ergodicity,
the one for the invariant measure and the one for the Laplacian was known; see, for example, [28]. Let us

now give another characterization of the ergodicity in terms of geometric properties.

Lemma 2.23. Let [X,d,m] be a metric random walk space with invariant and reversible measure v and
assume that v(X) < +o0o. Then for every v-measurable subset D C X we have

ApXp(z)=0 <  mu(D)=Xp(x), (2.17)

and

Proof. Since

AnXp(a) = [ (Xp(s) = Xp(@)dma () = m. (D) ~ Xp(o)
X

we have that A,,Xp(x) = 0 if, and only if, Xp(x) — m, (D) = 0, and we get (2.17).
Suppose now that A, Xp = 0, then Xp(z) = m, (D), thus integrating this expression over D with respect
to v, we get

Po(D) = (D) - [ [ dmg)dv(a) <o
D D

Conversely, if P,,(D) = 0, we have

Then, on one hand,
my(D) = Xp(x) for v-a.e. x € D,

and, on the other hand, since

WD) = [ ma(D)iv(e) = [ mo(D)dv(z) + / ma(D)dv(x),

X D

we get
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/mgc(D)dV(z) =0,
DC

thus

mg (D) =Xp(x) for v-a.e. x € D°.
Therefore,

mg(D) = Xp(z) for v-ae z€ X

and, by (2.17), we get A,,,Xp = 0.
For the second equivalence, by (1.5), we have that

/ HI (2)dv () = 2P, (D) — (D),

thus P, (D) = 0 if, and only if, /H?D(x)du(x) =—v(D). O
D

Theorem 2.24. Let [X,d, m| be a metric random walk space with invariant and reversible measure v and
assume that v(X) < +oo. The following facts are equivalent:

(1) A, is ergodic;

(2) ApXp =0 for a v-measurable set D implies that Xp is constant;

(3) Pn(D) > 0 for every v-measurable set D such that 0 < v(D) < v(X);
(4) The v-mean value of the m-mean curvature of 0D in D

1
(D) /H?D(m)dy(z) > —1 for every v-measurable set D such that 0 < v(D) < v(X).
D

Proof. Obviously, (1) implies (2), and this yields (3) since P, (D) = 0 implies, by Lemma 2.23, that
ApXp = 0. Also, by Lemma 2.23, (3) implies (2). Let us now see that (2) implies (1): Suppose that A,, is
not ergodic, then the space is not m-connected and, consequently, there exists D C X with v(D) > 0 such
that 0 < v(NJ}) < 1; but, from Proposition 2.5,

AmXng (x) = me(Np') = Xnp (2) =0,

and this implies that Xz should be constant, which is a contradiction with 0 < v(Np) < v(X). The
equivalence with (4) is evident by the second equivalence in Lemma 2.23. O

3. Functional inequalities

Let [X,d, m] be a metric random walk space with invariant and reversible measure v such that v(X) <
+o0. In this section we will further assume that v(X) = 1, i.e. that v is a probability measure. Note that
we may always work with ﬁy.
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8.1. Spectral gap and Poincaré inequality

We denote the mean value of f € L*(X,v) (or the expected value of f) with respect to v by
W)= Eulf) = [ f@)iv(a).
X

Moreover, given f € L?(X,v), we denote its variance with respect to v by

1

Var,(f) := / () — vl dv(a) = / (F(2) — F()2du(y)dv(z).

X XxX

Definition 3.1. The spectral gap of —A,, is defined as

gap(—An) i mf{v”j;j{;) . J € D(Hy), Var,(f) # o}
—iuf ’Tmﬁg) . f € D(Hu), If]l2 £0, /fdv:O . (3.1)
X

Observe that, since v(X) < +o0, we have
D(Hn) = L*(X,v).
Definition 3.2. We say that [X, d, m, v| satisfies a Poincaré inequality if there exists A > 0 such that
AVar, (f) < Hm(f) forall f e L*(X,v),
or, equivalently,
122 ) < Hon(f) for all £ € L2(X, ) with v(f) = 0.
Note that, if gap(—A,,) > 0, then [X,d, m, v] satisfies a Poincaré inequality with A = gap(—A,,):
gap(—Ap)Var, (f) < Hn(f) for all f € L*(X,v),

being the spectral gap the best constant in the Poincaré inequality.
With such an inequality at hand and with a similar proof to the one done in the continuous setting (see,
for instance, [7]), we have that if gap(—A,,) > 0 then e*2mug converges to v(ug) with exponential rate

gap(—Am).
Theorem 3.3. The following statements are equivalent:
(i) There exists A > 0 such that
AVar, (f) < Hu(f)  for all f € L*(X,v).
(ii) For every f € L*(X,v)

e f = v(F)llzxm < e NI = v(Dlle2x  for all t >0
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or, equivalently, for every f € L*(X,v) with v(f) =0,
e Fllzexay < € M flle2xn  for allt > 0.
Remark 3.4. Let || — v||rv be the total variation distance:
le = vllrv = sup{|u(A) —v(A)] : AC X Borel}.
Then, for f € L?(X,v) and p; = e!®mf v, we have
e = viiey < |If = Ulr2x ) e &P AmE

Indeed, by Theorem 3.3, for any Borel set A C X,

1

2

/etAmfdy_y(A) g/\emmf—uazug /\emmf—ﬁdy <If = Ulpe(x,p) e 8P
A A X

Hence, it is of interest to elucidate when the spectral gap of —A,, is positive. In this section we will deal
with such a question.

Let H(X,v) be the subspace of L?(X,v) consisting of the functions which are orthonormal to the con-
stants, i.e.,

H(X,v)={fe€L*(X,v) : v(f) =0}.

Since the operator —A,, : H(X,v) — H(X,v) is self-adjoint and non-negative and ||A,,| < 2 (see Theo-
rem 2.1), by [15, Proposition 6.9] we have that the spectrum o(—A,,) of —A,, in H(X,v) satisfies

o(=Am) C [a, 8] C[0,2],
where
= inf {(—Apu,u)  u€ HX,v), [uls =1} € o(—Ap),
and
B = sup {(~Amu,u) : u € H(X,v), |[ullz =1} € o(—An).

If f € L?(X,v) and Var,(f) # 0, then u := f — v(f) # 0 belongs to H(X,v), so

a<7—[m( u ): Hm(u) _ Hu(f)

[ull2 lull3 - Var,(f)’

and, consequently,
gap(—A,,) = a=inf {{(—A,u,u) : ue H(X,v), ||lulla =1}. (3.2)
Therefore,

gap(—A,) >0 <= 04 o(—Ap).
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If we assume that —A,, is the sum of an invertible and a compact operator in H(X,v) (this is true,
for example, if the averaging operator M,, is compact in H(X,v)), then, if 0 € o(—A,,), by Fredholm’s
alternative Theorem, we have that there exists u € H(X,v), u # 0, such that —A,u = (I — M,,)u = 0.
Then, if [X,d, m] is m~-connected, by Theorem 2.21, A,, is ergodic so u is constant, thus u = 0 in H(X,v),
and we get a contradiction. Consequently, we have the following result.

Proposition 3.5. Let [X,d, m| be an m-connected metric random walk space with invariant-reversible prob-
ability measure v. If —A,, is the sum of an invertible operator and a compact operator in H(X,v), then
gap(—A;,) > 0.

Example 3.6.

(i) If G = (V(G), E(G)) is a finite weighted connected graph, then obviously M,,c is compact and, con-
sequently, gap(—A%) > 0. In this situation, it is well known that, for (V' (G)) = N, the spectrum of
—ALcis0< A\ <A <. <Ay-1and 0 < A =gap(—Ay,).

(ii) Another example in which —A,, is the sum of an invertible and a compact operator is [, d, m”] with
Q) a bounded domain and the kernel J satisfying: J € C(R¥ R) is nonnegative, radially symmetric
with J(0) > 0 and [ J(z)dz = 1. Indeed,

Ao f(z) = / J(x — y)dyf(z) - / J(@ — ) f(y)dy,

Q Q

where / J(x—y)dyf(x) defines an invertible operator and / J(x—y) f(y)dy defines a compact operator.
Q

Q
Hence, in this case we have (see also [4]):

gap(—A,,s.0) = inf s ue L3(Q), lull 2 (x,0) > 0, /u =0, >0.
/u(m)de a
Q

Let us point out that the condition J(0) > 0 is necessary, see [4, Remark 6.20].

As a consequence of a result by Miclo [40], we have that gap(—A,,) > 0 if A,, is ergodic and M,, is
hyperbounded, that is, if there exists p > 2 such that M,, is bounded from L?(X,v) to LP(X,v). If we have
that m, < v, i.e., m, = f,v with f, € L'(X,v), and we assume that

/ 1l (@) = K < o0, (3.3)
X

then, for u € L?(X,v), by the Cauchy-Schwarz inequality, we have that

P

Ml = [ Mute) (o) = / / it / [ fwavty)| avio)

X

< Nl ) / A
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hence
1
[Mpull, < K#{lullL2(x,)-
Therefore, M,, is hyperbounded and, consequently, we have the following result about the spectral gap.
Proposition 3.7. If A, is ergodic and (3.3) holds, then gap(—A,,) > 0.

In the next example we see that there exist metric random walk spaces for which the Poincaré inequality
does not hold.

Example 3.8. Let V(G) = {x3,24,25...,2, ...} be a weighted linear graph with

1 1 1

- ﬁ? Wrspi1,83n42 =

ﬁu Wazpi2,@3n43 — 3

w13ml’3n+1 7?,3 ’

for n > 1, and let

_n if 2 =23,41, %3042
fn(@) = { 0 else.

Note that v(X) < +oo (we avoid its normalization for simplicity). Now,

MHn(f) = / / () — fuy))2dma (y)dv(z)
X X

= dgy, /(fn (73n) — fn(y))2dmxan (y) + dx3n+1 (fn(®3041) — fn(y))Qdmxan (v)

—

X
+dl‘3n+2 /(fn ($3n+2) - fn (y))zdml‘anrz (y) + dx3n+3 /(fn(x?m-‘r?)) - f’rl (y))Qdmx3n+3 (y)
X

X
= a5 a5 . 4
— dw . n2 n + dm ; Tl2 n + dw . n2 n + dw ; TL2 n S
: d13n i disn,+1 e d13n+2 s d13n+3 n
However, we have
1 1 2 1
/fn(x)d’/(x) = n(dﬂﬂan+1 + dmn+2) =2n (ﬁ =+ E) = E (1 + E) s
X

thus

where we use the notation

Therefore,
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O(n?) if x=ux3p41,x
_ 2 _ - n+1; L3n+2;
(Fn(@) = ¥(fn)) { O #) otherwise.
Finally,
~ /1 -
Var, (1) = [(n(0) = v Par(e) =0 () 5 de+ Oy + )
X THATIn4+1,L3n+2

~ /1 ~ L (1 1 ~
Consequently, [V(G), dg, (m.),v] does not satisfy a Poincaré inequality for any A > 0.

In general, since H,,(f) = — [y f(@)Anf(x)dv(z), if Ayf = 0 then H,,(f) = 0 and, therefore, if
[X,d, m, V] satisfies a Poincaré inequality, we have that f is constant:

flz) = /f(z)du(z) v —ae.
b's

Consequently, we get the following result.
Proposition 3.9. If [X,d, m,v| satisfies a Poincaré inequality we have that A, is ergodic.

Example 3.8 shows that the reverse implication does not hold in general.
3.2. Isoperimetric inequality

Recall that, for a v-measurable set D C X,

Po(D) = [ [ dima(w)iv@) = TVin (0).
D X\D
The Poincaré inequality, if given only for characteristic functions, implies that there exists A > 0 such that
Av(D)(1—v(D)) < Pyp(D) for every v—measurable set D, (3.4)
(observe that this also implies the ergodicity of A,,, as we have seen in Theorem 2.24). Hence, since
min{z,1 — 2} < 2z(1 —z) < 2min{z,1 —z} for 0 <z <1,

inequality (3.4) implies the following isoperimetric inequality (see [2, Theorem 3.46]):
2
min{v(D),1 - v(D)} < XPm(D) for every v—measurable set D; (3.5)

and, conversely, the isoperimetric inequality (3.5) implies

A
5 v(D)(1 —v(D)) < P,(D) for every v—measurable set D.

Definition 3.10. If there exists A > 0 satisfying (3.5), we say that [X,d,m,v] satisfies an isoperimetric
inequality.
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3.3. Cheeger inequality

In a weighted graph G = (V(G), E(G)) the Cheeger constant is defined as

inf 19D]
pcv(@) min{vg(D),vq(V(G)\ D)}’

hg =

where

|0D| := Z Way-

z€D,yeV\D

In [18] (see also [9]), the following relation between the Cheeger constant and the first positive eigenvalue
A1(G) of the graph Laplacian A,,¢ is proved:
h2
7G < M(G) < 2he. (3.6)
The previous inequality appeared in [16], and can be traced back to the paper by Polya and Szego [46].
Let [X,d,m] be a metric random walk space with invariant and reversible probability measure v. We
define its Cheeger constant as

B (D)
min{v(D),v(X \ D)}

hm(X)::inf{ : DCX,O<1/(D)<1},

or, equivalently,

P (D)
v(D)
Having in mind (1.4), we have that this definition is consistent with the definition on graphs. Note that, if

hm(X) > 0, then h,,(X) is the best constant in the isoperimetric inequality (3.5).
We will now give a variational characterization of the Cheeger constant which generalizes the one obtained

hm(X):inf{ :DCX,0<V(D)<%}.

in [51] for the particular case of finite graphs. Recall that, given a function v : X — R, p € R is a median
of u with respect to a measure v if

v(X).

N =

v(X), v({zeX : u(x)>p}) <

| =

v({z € X 1 u(z) <pp) <
We denote by med, (u) the set of all medians of w. It is easy to see that
pemed,(u) <= —v({u=p}) <v(fzeX : u@)>ph) —v{re X : ul@) <p}) <v({u=np}),
from where it follows that

0 € med, (u) <= 3¢ € sign(u) such that /§($)dl/(l‘) =0,
b'e

where
1 if u(x) >0,
sign(u)(z) := < —1 if u(x) <0,
[~1,1] if =0
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Let
AP(X) :=inf {TV,,(u) : Jluli =1, 0 € med,(u)}. (3.7

Theorem 3.11. If [ X, d, m| is a metric random walk space with invariant and reversible probability measure v,
then

Proof. If D C X, 0 < (D) < 1, then 0 € med, (Xp). Thus,

AP(X) < TV, (1/(1D)><D) — i PalD)

and, therefore,
AT (X) < by (X).

Now, for the other inequality, let v € L' (X, v) such that |jul|; = 1 and 0 € med, (u). Since 0 € med, (u), by
the Coarea formula (Theorem 1.4), and having in mind that the set {¢ € R : v({u =t}) > 0} is countable,
we have

+o0 +oo 0
TV (u) = /Pm(Et(u))dt: /Pm(Et(u))dtJr /Pm(X\Et(u))dt
—co 0 —o00
+00 0
tho()/ (Et(u))dt—i-hm(X)/V(X\Et(u))dt
0 —00

Therefore, taking the infimum in u, we get \7"(X) > h,,(X). O

Following [18] and using Theorem 3.11, in the next result we see that the Cheeger inequality (3.6) also
holds in our context.

Theorem 3.12. Let [X,d, m] be a metric random walk space with invariant and reversible probability mea-
sure v. The following Cheeger inequality holds

h2
77” < gap(—An) < 2h,,.

Proof. Let (f,) C D(Hy,), with v(f,) = 0, such that

lim Hon(fn)

= gap(—An).
n—oo | full3

If we take p,, € med,(f,), we have
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(f) = / / fuly) — (&) — 1)) 2dma (y)dv(z)
X X
- / / [(Fa(9) = i) — (Fa@) = i)™ — (@) — fin)™ — (@) — n)")]? dima ()i (z)
X X
- / / ((Fa) = pn)* = (@) = ) )2 di () ()

+// (Falt) = 1)~ = (Fulz) — ) ")” dim (y) o)

X X

2 / / (Fa) = pn)* = Fnl@) = 1)) (P (W) = i)™ — (@) — pn)”) dima(y)dir(z) -

X X

Now, an easy calculation gives
[ [ () = ) = (Fl@) = 12)) ((Ga0) = 1) = () = )" e ()() 2 0,
X X

On the other hand, since v(f,) = 0, we have

[ @) < [(hu@) - i)

Therefore,
// (Fa) = 1)t = (Fn) = pin) ) dim () ()
||f || S "
nli [(fn() ) () + / (@) — ) Pli(z)
// (Fal) = 1n)~ = (Fnl) = pn)™)? din () ()

Having in mind that

atb > min g,é for every a,b,c,d € RT,
d c'd

and

/ () — ) Par(z) + / [(fu(@) — ) Pli(z) > 0,
X

X

we can assume, without loss of generality, that
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J16@) = ) Pava) >0,
X
and that

// Fa®) = 10)* = (@) = 1)) dima(y)d(2)
X X

anuz - / [(fu() — i) *]2d0()

X

By the Cauchy-Schwartz inequality, we have

/ / () = )2 [(Fa(2) — ) 2] dis ) ()

~ [ [l = (@) = ) [Fal0) = )+ () = )] ()

X X

1
2

< (// ((fn(y) *:“n)Jr — (fn(x) Nn)Jr)zdmx(y)dl/(x)) 0%

X X

« ( / / + (fulz) - un>+)2dmw<y>du<x>)

Now, by the invariance of v,

/ / (fuly o) = o))’ dma)r(e) < 4 [ (o) = o) P,

X

1
2

Thus

000 = T2 = (@) — )P )
2,0 | 48

Ifall3 = / (fu(@) = i) 20 (2)

X

Then, since 0 € med, ([(fn — tn)F]?), by Theorem 3.11, we get

2Hm (fn)
1£n113

> hy(X)?,

and, consequently, taking limits as n — oo, we obtain

h2
Tm < gap(_Am)'
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To prove the other inequality we can assume that gap(—A4,,) > 0. Now, by (3.5), we have

2
min{v(D),1 - v(D)} < P,(D) forallDC X, 0<v(D) <1,

~ gap(—An)
from where it follows that gap(—A,,) < 2h,(X). O
Let A C X with v(A) = 1 and u

4P,,(A). Hence, since ||ully = ||ull2
consequence of Theorem 3.11.

X4 — Xx\a- It is easy to see that TV, (u) = 2P,,,(A) and Hp,(u) =
1, v(u) = 0 and 0 € med,(u), we obtain the following result as a

Corollary 3.13. Let [X,d, m] be a metric random walk space with invariant and reversible probability mea-
sure v. Let A C X with v(A) = § and u= X4 — Xx\a. Then,

1. hp(X) = PV"(L%‘) <= u=Xa— Xx\4 15 a minimizer of (3.7).
2. w is a minimizer of (3.7) and gap(—A,) = 2h,(X) <= wu is a minimizer of (3.1).

Bringing together all the above results we have:

Theorem 3.14. Let [X,d, m] be a metric random walk space with invariant and reversible probability mea-
sure v. The following statements are equivalent:

(1) [X,d,m,V] satzsﬁes a Poincaré inequality,

(2) gap(—An) >

(3) [X,d,m,V] satzsﬁes an isoperimetric inequality,
(4) hp(X) > 0.

Example 3.15. It is well known, (see for instance [18]) that for finite graphs G, h,,(G) > 0 if, and only if, G
is connected. This result is not true for infinite graphs. In fact, the graph of the Example 3.8 is connected
and its Cheeger constant is zero since its spectral gap is zero.

8.4. Spectral gap and curvature

Since &, admits a Carré du champ T' (see [7]) defined by
1
L(f,9)(@) = 5 (An(f9)(@) = f(@)Ang(x) — g(@)Anf(x)) forallz € X and f.g € L(X.v),
we can study the Bakry-Emery curvature-dimension condition in this context. We will study its relation

with the spectral gap.
According to Bakry and Emery [6], we define the Ricci curvature operator I'y by iterating T':

Ca(f,9) = 5 (Anl(f9) = T Amg) - T(An.g).

which is well defined for f,g € L*(X,v). We will write, for f € L?*(X,v),

DU =T( 1) = 38l ~ fAn]

and
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Pa(f) = Talf, 1) = S AuT(F) = T(F, A f).

It is easy to see that

N(f.9)e) = 5 [ V@) Voein.()  and (@) =5 [ 94 Fdn. ).
X X
Consequently,
[r 9 @) = Enlfig) and [ T(H@dv(a) = Hal). (3.8)
X X

Furthermore, by (2.1) and (3.8), we get

Jrathrdy =3 [(@nr() =200, 808) dv = = [ (80 ) dv = ~Enf A,
X

X X

thus

/rg(f) dv = /(Amf)2 dv. (3.9)

Definition 3.16. The operator A,, satisfies the Bakry-Emery curvature-dimension condition BE(K,n) for
n € (1,400) and K € R if

Lo(f) 2 ~(Anf)’ + KT(f) V[ e L(X,v).

S|

The constant n is the dimension of the operator A,,, and K is the lower bound of the Ricci curvature of
the operator A,,. If there exists K € R such that

Uo(f) > KT(f) VfeL*(X,v),
then it is said that the operator A,, satisfies the Bakry-Emery curvature-dimension condition BE(K, o0).

Observe that if A,, satisfies the Bakry-Emery curvature-dimension condition BE(K,n) then it also
satisfies the Bakry-Emery curvature-dimension condition BE(K,m) for m > n.

This definition is motivated by the well known fact that on a complete n-dimensional Riemannian man-
ifold (M, g), the Laplace-Beltrami operator A, satisfies BE(K, n) if, and only if, the Ricci curvature of the
Riemannian manifold is bounded from below by K (see, for example, [7, Appendix C.6]).

The use of the Bakry-Emery curvature-dimension condition as a possible definition of a Ricci curvature
bound in Markov chains was first considered in 1998 [49]. Now, this concept of Ricci curvature in the discrete
setting has been frequently used since the work by Lin and Yau [32] (see [30] and the references therein).

Integrating the Bakry-Emery curvature-dimension condition BE(K,n) we have

1 2 4 V.
/Fg(f)duzg/(Amf) d +K!F(f)d

X X

Now, by (3.8) and (3.9), this inequality can be rewritten as
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J@nprarz L [(@ngf s KH.0)

X X
or, equivalently, as

n

Kt < [(BnfPan (3.10)
X

n

Similarly, integrating the Bakry-Emery curvature-dimension condition BE(K,o0) we have

Kton(F) < [ (AP . (3.11)

X

We call the inequalities (3.10) and (3.11) the integrated Bakry-Emery curvature-dimension conditions,
and denote them by IBFE(K,n) and IBE(K, ), respectively.

Theorem 3.17. Let [X,d, m| be a metric random walk space with invariant-reversible probability measure v.
Assume that A, is ergodic. Then

gap(—A,,) = sup{/\ >0 : M (f) < /(—Amf)de/ Vf e L*(X, 1/)}
X

Proof. By (3.2) we know that gap(—A,,) = a. Set

A= sup{)\ZO : /\H7,L(f)§/(—Amf)2dV Vf€L2(X,V)}.
b

Let (Px)x>0 be the spectral projection of the self-adjoint and positive operator —A,, : H(X,v) - H(X,v).
By the spectral Theorem [47, Theorem VIII. 6], we have

B
Hon(f) = (— A f. f) = / APy f)

[0

B
/ (A fV2dv = (~ D fy — A f) = / Nd(Pyf, ).

X
Hence, since A2 > a\, we have that

B
/ (~Anf)dy > a / A(Pyf. ) = ot (F),

X o

and we get o < A. Finally, let us see that a > A. Since o € o(A,,), given € > 0, there exists 0 # f €
Range(P,+) and, consequently, P\f = f for A > a + €. Then, having in mind the ergodicity of A,,, we
have

a+e a+e

0< / (— A f)2d = / Nd(Prf, f) < (a+ ) / M{Pf. ) = (0 -+ Y Hon(f) < (0 + 26 Hon(f).

X
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This implies that « 4+ 2¢ does not belong to the set

{)\ >0 My (f) < /(—Amf)de vfe LQ(X,V)},

X

thus A < a + 2¢. Therefore, since € > 0 was arbitrary, we have
A<a. O

Consequently, on account of Theorem 3.17, we can rewrite the Poincaré inequality via the integrated
Bakry-Emery curvature-dimension condition (see [7, Theorem 4.8.4], see also [8, Theorem 2.1]):

Theorem 3.18. Let [X,d, m] be a metric random walk space with invariant-reversible probability measure v.
Assume that A, is ergodic. Then,

(1) A, satisfies an integrated Bakry-Emery curvature-dimension condition IBE(K,n) with K > 0 if, and
only if, a Poincaré inequality with constant K =5 is satisfied.

(2) A, satisfies an integrated Bakry-Emery curvature-dimension condition IBE(K, c0) with K > 0 if, and
only if, a Poincaré inequality with constant K is satisfied.

Therefore, if A, satisfies the Bakry-Emery curvature-dimension condition BE(K,n) with K > 0, we have

gap(~A,,) > K ——. (3.12)

n—1
In the case that A, satisfies the Bakry-Emery curvature-dimension condition BE(K,o00) with K > 0, we
have

gap(—A,,) > K. (3.13)

In the next example we will see that, in general, the integrated Bakry-Emery curvature-dimension con-
dition IBE(K,n) with K > 0 does not imply the Bakry-Emery curvature-dimension condition BE(K,n)
with K > 0.

Example 3.19. Consider the weighted linear graph G with vertex set V(G) = {a,b,c} and where the only
non-zero weights are wq, = wp . = 1, and let A := A c. A simple calculation gives

P()(@) = 5(70) ~ f(@)* = 3 (Af(a))?
PP = 3 (F(B) — F(0) = 5(AF()?,
D) = 300 = F@) + 10 - FOF = 1 (AF@) + (AF)2) = 5 (@) + D).
Moreover,
Ca(f)(@) = 5(AFO) + S(Af(@)* + Af@AF(e) (3.14)
and
Fa()(0) = S(AF@)* + 2(ASE) + TAT @A), (3.15)
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Having in mind (3.14) and (3.15), the BE(K,n) condition

Do(f) = —(Af)? + KT(f) VfeL*(X,v)

SN

on a or ¢ holds true if, and only if,

1 5 1 2
ZyQ + ng + §:cy > ExQ + Ka? Vr,y € R. (3.16)

Now, since (3.16) is true for z = 0, (3.16) holds if, and only if,
1,2 5,2 1 2.2
inf Y gt sy — S .
x#0,y 2

K <

Moreover, taking y = Ax, we obtain that the following inequality must be satisfied

5)
4

2

1 1
Kginf(—)\Q-i- +—)\——):1——.
A \4 2 n n

In fact, it is easy to see that (3.16) is true for any K <1— 2.
On the other hand, we have that

Da(f)(b) = 3 (AF()? + T (1)),

and it is easy to see that

(Af(b)* + KT (f)(b) foralln>1, K <1— %

S|

La(f)(b) >

Therefore, we have that this graph Laplacian satisfies the Bakry-Emery curvature-dimension condition
2
BE(1——,n for any n > 1,
n

being K =1 — % the best constant for a fixed n > 1.

Now, it is easy to see that gap(—A) = 1 thus, by Theorem 3.18, we have that A satisfies the integrated
Bakry-Emery curvature-dimension condition IBE(K,n) with K =1 — % >1- %

Note that A satisfies the Bakry-Emery curvature-dimension condition BE (1,00) and hence, in this ex-
ample, the bound in (3.13) is sharp but there is a gap in the bound (3.12).

Remark 3.20. For a metric random walk space [X, d, m] with invariant and reversible probability measure v,
Y. Ollivier in [42, Corollary 31], under the assumption that

[ [ atw2ram.am@iv) < o, (3.17)

proves that if the Ollivier-Ricci curvature k., is positive and the space is ergodic, then [X, d, m,v] satisfies
the Poincaré inequality

kmVar, (f) < Hn(f) forall f e L*(X,v),

and, consequently,
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Rm S gap<_Am)
Observe that, in fact, the ergodicity follows from the positivity of k,, (Theorem 2.12).
3.5. Transport inequalities

Given a metric random walk space [X,d, m| we define, for x € X,

Oa) i= 5 (WH(0m))* = 5 [ dlay)*dm. (o),

X

N | =
N~

and

O, := esssup O(x).
reX

Since O(z) < 3 (diam(supp(m,))?, if diam(X) is finite then we have ©,, < 1 (diam(X))?. Observe that

1
Tl = sup 5 [ (£0) = F6)Pdma(y) < Ol iy (315)
Given a metric measure space (X, d, 1) as in Example 1.2 (4), if m#€ is the e-step random walk associated
to u, that is
mh© = nlB(z,€) for z € X,
w(B(z,€))
then
Ly

@mu,e S 56 .

Let J,,(x) be the jump of the random walk at x:
T () := W (05, my) = /d(my)dmz(y).
X

In the particular case of the metric random walk space associated to a locally finite discrete graph
[V(G),dg, mC], we have

Jmc(a;):di > wey <1,

T y~a, y£n
thus
1 1 1
O(x) = 5 Jme (2) = T > wgy < 5
Ty, TAY
In the case of the metric random walk space [Q, |||, m”’] (see Example 2.3 (2)), with J(z) = \Br—1(0)|XBr(0)’

a simple computation gives
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N
O(z) < —r%
(2) = 2(N +2)

It is well known that in the case of diffusion semigroups the Bakry-Emery curvature-dimension condition
BE(K, o) of its generator is characterized by gradient estimates on the semigroup (see for instance [5] or
[7]). The same characterization is also true for weighted discrete graphs (see for instance [30] and [25]).
With a similar proof we have that in the general context of metric random walk spaces this characterization
is also true.

Theorem 3.21. Let [X,d, m] be a metric random walk space with invariant-reversible probability measure v
and let (T)) >0 = (e'®™) ¢ be the heat semigroup. Then, A, satisfies the Bakry-Emery curvature-dimension
condition BE(K,00) with K > 0 if, and only if,

D(T,f) < e 2KUT,(T(f)) Vt>0, VfeL*(X,v). (3.19)
Proof. Fix ¢t > 0. For s € [0,t), we define the function
g(s,2) = e FTU(D(T, s f))(x), =€ X.

The same computations as in [30] show that

%9 (5,2) = 26T, (0o(Tiof) — KT (T f) (&),

Then, if A,, satisfies the Bakry—Emery curvature-dimension condition BE(K, co) with K > 0, we have that

%(s,x) > 0 which is equivalent to (3.19). On the other hand, if (3.19) holds, we have %(O,x) > 0, which

is equivalent to
Lo(Tif) — KL(Tf) = 0.
Then, letting ¢t — 0, we get I'y(f) — KT'(f) > 0. O

The Fisher-Donsker-Varadhan information of a probability measure p on X with respect to v is defined
by

+o00, otherwise.

Observe that

D(L,) ={p:p=fv, f € L'(X,v)"}

since /f € L*(X,v) = D(Hum) whenever f € L*(X,v)*. Here, we use the notation LP(X,v)* := {f €
LP(X,v) : f>0 v—ae.}.

In the next result we show that the Bakry-Emery curvature-dimension condition BE (K,00) with K >0
implies a transport-information inequality, result that was obtained for the particular case of Markov chains
in discrete spaces in [23].

Theorem 3.22. Let [X,d, m] be a metric random walk space with invariant-reversible probability measure v,
and assume that ©,, is finite. If A, satisfies the Bakry-Emery curvature-dimension condition BE(K, 00)
with K > 0, then v satisfies the transport-information inequality
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Wi(u,v) < /1, (i), for all probability measures u < v. (3.20)

Nﬁ

Proof. Let i be a probability measure p < v, and set = fv. By the Kantorovich-Rubinstein Theorem we
have that

X

Wi(p,v) = sup {/g(m)(f(x) —Ddv(z) : ||gllrip <1land g bounded} .

Let T} = et®™ be the heat semigroup. Given g € L>(X,v) with ||g||r;, < 1, having in mind Proposi-
tion 2.22, we have

X
- / Em(Tig, f)dt = / )[ I(Tig, f)(@)dv(x)dt

Now, using the Cauchy-Schwartz inequality, the reversibility of the measure v and that

(V@) + VF()? <2(f@) + f(y),

we have

(%!F ) ( /(/ (Tig)(y) — (Trg)()) dmz(y)) f(l')dl/(x))

X

Then, applying Theorem 3.21, we get
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Nf=

/ 4 / P (T0) (@) f(@)dv(z) | dt
X

0
< (2Hn(V)’ / e / T,(D(9)) (@) f (@)dv(w) | .
0 X

Now, by (3.18) and (2.5), we have

IT:(T(9) (@) < ITe(T(@)lloe < IT(9)]loc < Om-

Hence
/g(x)(f(:c)—l)dz/(ac) < (2%,”(\/}))5/ e_QKtGm/f(x)dy(m) it < @ (Z’Hm(\/f))%

Finally, taking the supremum over all bounden functions g with ||g|/z:p < 1 we get (3.20). O

Remark 3.23. If v satisfies a transport-information inequality

Wi, v) < M/ 2Hm (V) forall p= fu, (3.21)

then v is ergodic. In fact, if v is not ergodic, then by Theorem 2.24 there exists D C X with 0 < v(D) < 1
such that A,,Xp = 0. Now, if p := ﬁXDV, then p # v and, therefore, by (3.21), we get H,,(Xp) > 0,
which is a contradiction with A,,Xp = 0.

As a consequence of the previous Remark and Theorem 3.22, we have that the positivity of the Bakry-
Emery curvature-dimension condition implies ergodicity of A,,,, then, by Theorem 3.18, we have the following
result.

Theorem 3.24. Let [X,d, m] be a metric random walk space with invariant-reversible probability measure v,
and assume that ©,, is finite. Then:
If A, satisfies the Bakry-Emery curvature-dimension condition BE(K,n) with K > 0, we have

n
—Ap) > K .
gap( )2 K—

In the case that A,, satisfies the Bakry-Emery curvature-dimension condition BE(K, o) with K > 0,
we have

gap(—A,,) > K.
The relative entropy of 0 < p € M(X) with respect to v is defined by
/flogfdy —v(f)log (I/(f)) if u=fv, f>0, flogf e LY(X,v),

X
400, otherwise,

Ent, (p) :=

with the usual convention that f(x)log f(z) =0 if f(x) =0.
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The next result shows that a transport-information inequality implies a transport-entropy inequality and,
therefore, normal concentration (see for example [13,31]).

Theorem 3.25. Let [X,d,m] be a metric random walk space with invariant-reversible probability measure v

and assume that ©,, is finite and that there exists some g € X such that [ d(z,z)dv(z) < oo. Then the

transport-information inequality

1
Wi(p,v) < ?\/L,(u), for all probability measures p < v, (3.22)

implies the transport-entropy inequality

Wit(p,v) <

V20,
[(? Ent, (1), for all probability measures p < v. (3.23)

Proof. By [13, Theorem 1.3], inequality (3.23) is equivalent to

/eAf(m)du(x) < e)‘Q@, (3.24)

X

for every bounded function f on X with || f||z;p <1 and v(f) =0, and all A € R.
Given f € L*°(X,v) with || f||zip <1 and v(f) =0, we define the function

AN = /ekf(x)dy(x),
X
and the probabilities

= dv.
Y=oy

By the Kantorovich-Rubinstein Theorem and the assumption (3.22), we have

1080 = 5755 [ F)eN vt = [ () din@) = dvla)) < W) <
X X

1 V2 1
2Hm < We”) =% /F( A(/\)e’\f> (x)dv(zx)

V2 i
= % /ﬁl“ (eT) (x)dv(z).
b

Now, since 1 — % < loga for a > 1, having in mind the reversibility of v, we have

<

==

/ P (g)(2)du(x) < / ¢ (2)T(log g)(x)du(x),

X X

and, consequently, by (3.18), we get
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4 log(A(N)) < V2 /ﬁe)‘f@)f‘ <¥> (x)dv(z) = A /Al erM@T (f) (z)dv(z)
X

A
- Z () @i (o) < Y22

Then, integrating we get (3.24). O

In the next example we see that, in general, a transport-entropy inequality does not imply transport-
information inequality.

Example 3.26. Let Q@ = [~1,0] U [2,3] and consider the metric random walk space [, d, m”%] with d
the Euclidean distance in R and J(z) = £X[_1,1) (see Example (1.2) (5)). An invariant and reversible

JQ

probability measure for m”** is v := %Ell_Q. By the Gaussian integrability criterion [19, Theorem 2.3]

v satisfies a transport-entropy inequality. However, v does not satisfy a transport-information inequality,
since if v satisfies a transport-information inequality, then v must be ergodic (see Remark 3.23). Now it is
easy to see that [0, d, m”%] is not m-connected and then by Theorem 2.19, v is not ergodic.

By Theorems 2.12 and 2.19, we have that the metric random walk space [€2, d, m”*}] of the above example
has non-positive Ollivier-Ricci curvature. In the next theorem we will see that, under positive Ollivier-Ricci
curvature, a transport-information inequality holds. First we need the following result.

Lemma 3.27. Let [X,d, m] be a metric random walk space with invariant-reversible probability measure v.
Then, if f € L*(X,v) with ||f||Lip < 1, we have ||e!®m f||Lip < e trm.

Proof. By [42, Proposition 25], we have that
B (nt) = Kman 4 Kot — Kmen Kppet VY, 1 € N
where K,,»1 = k,,. Hence,
1—Kmon <(1—Kp)® VneN. (3.25)

By Theorem 2.4 and (3.25), we have

— = *n *n "
A f(a) — B f(y)] = |e tZ/f(Z)(dng (2) = dmy"(2))
n:OX :
— S *n *n L — S " — S ntn
<e! ZWfl(mx , Ty, )E =et Z(l - mm*n)d(ac,y)a <e! Z(l — Km) Ed(x,y)
n=0 n=0 n=0

= e tet=rmm)d(z ) = e~ md(x, y),
from where it follows that ||e!A™ f||1;, < e tm. O

Theorem 3.28. Let [X,d, m] be a metric random walk space with invariant-reversible probability measure v,
and assume that ©,, is finite. If k,,, > 0 then the following transport-information inequality holds:

V20,,
VI (1), for all probability measures pn < v.
K
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Proof. Let T} = ¢!®m be the heat semigroup and p = fv be a probability measure in X. We use, as in the
proof of Theorem 3.22, the Kantorovich-Rubinstein Theorem. Let g € L>(X,v) with | g||r;p < 1. Having
in mind Lemma 3.27, we have

[s@)s@ - vavie) = - [ 5 [ @o)@)f@iv@iie = - [ [ AnTig)@)se)dvia)ar
X 0 X 0 X

- [5 [ (@90 - @@ - f@)im. i)

XxX
< [12glny [ dwwlf) - Fe)dm.(o)dv(a)de
0 XxX

< / e [ )l ) - Sl (y)dviz)ds

XxX

2/£m / d(x, y)|f(y) = f()ldme (y)dv(z)

XxX

[ d@Viw) - Vi@ (V) + V@) .

2bim
XxX
g%x/ﬂmw})\l / ®(z,y) (VW) + V@) )dmm )dv ().
XxX

Now, using reversibility of v,

| @) (Viw + Viw) dmdviz)

XxX

= [ e (2@ +260) - (VW) - VF@) ) dimalivia)

XxX

<2 / P (2,9) (F(@) + [(9)) dma (y)dv(z) < 86,

XxX

Therefore, we get

[ 5@ - Davte) < 2O L (V).

Km
X
S0, taking the supremum over the functions g,

Wi(n,v) <

V2O ot (V) = V2O L,
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