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1. Introduction and main results

The nonlinear Dirac equation

3
—ihOp) = ich Y agdptp — me* By — M ()i + Gy(,¢), (1.1)

k=1

has been widely used to build relativistic models of extended particles by means of nonlinear Dirac fields,
where 1) represents the wave function of the state of an electron, ¢ denotes the speed of light, m > 0, the
mass of the electron, A is Planck’s constant and 9 = %k, ay, o, a3 and B are 4 x 4 Pauli-Dirac matrices

(in 2 x 2 blocks):
(I 0 (0 o o
ﬂ_<0 _12)7 ak_(o'k 0>a k:_172a37

0 1 0 —i 1 0
o1=\1 0)> 2=\{i o) 3= 0 —-1)"

It is not difficult to check that § and oy satisfy the following anticommutation relations

with

ooy + aqoy, = 20414,
O‘kﬁ + ,BOék = Oa
52 = 1.

Different functions G model various types of self-coupling (see [27]). Such equations arise when one seeks
for standing wave solutions of the nonlinear Dirac equation which describes the self-interaction in quantum
electrodynamics and has been used as effective theories in atomic, and gravitational physical (see [31]). A
standing wave solution of equation (1.1) is a solution of the form

P(t,x) = e_%tu(;v), EER, teR, u:R> = C4,
and u(x) solves the equation
3

—ie Z aOpu + afu+ V(z)u = Fy(x,u) (1.2)
k=1

with € = ii,a = me > 0,V (x) = M(f)% and F(z,u) = G@1) where G satisfies that G(z,e") = G(x,1).

c

In the past decades, there are many works dedicated to study the Dirac equation (1.2) with the potential and
the nonlinearity under several various hypotheses, see [2,4,10,15,17,25,32,34] and the references therein for
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the existence and multiplicity of solutions, and see [8,9,14,33] and the references therein for the concentration
of semiclassical solutions.

If the Dirac field 1) € C* of equation (1.1) interacts with a scalar field ¢ € R, then one lead to study the
following Dirac-Klein-Gordon system involving an external self-coupling:

3

iBo) + i 33 ardi = mefih = A65Y = h(, ¥),
=1

B 02¢ — h2A¢ + M¢ = 4mA(BY) - ¢

(1.3)

for (t,z) € R x R, where ag,,3,c,h,m as above and A > 0 is coupling constant, M is the mass of
the meson. System (1.3) arises in mathematical models of particle physics, especially in nonlinear topics.
This system is inspired by approximate descriptions of the external force involve only functions of fields.
The nonlinear self-coupling h(z, ), which describes a self-interaction in Quantum electrodynamics, gives
a closer description of many particles found in the real world. Various nonlinearities are considered to be
possible basis models for unified filed theories, see [18,19,22] and references therein.

System (1.3) has been studied for a long time with null external self-coupling, i.e., h = 0, and there are
some results concerning the Cauchy problem, see [3,5,6,16,24,28]). The first result on the global existence
and uniqueness of solutions of (1.3) (in one space dimension) was obtained by J.M. Chadam in [5] under
suitable assumptions. Later, J.M. Chadam and R.T. Glasset [6] obtained the existence of a global solution in
three space dimensionals. In [3], N. Bournaveas obtained low regularity solutions of the Dirac-Klein-Gordon
system by using classical Strichartz-type time-space estimates. In [16], Esteban et al. obtained infinite many
solutions by the variational arguments.

Likewise, a standing wave solution of system (1.3) is a solution of the form

{¢(t,x) = u(x)e‘i%, EcR, teR, u:R3— C*
¢ = ¢(x),

and u(x) solves the equation

3
ie > apdpu — afu + wu — ApBu = h(z,u),
k=1 (1.4)

—e2A¢ + M¢p = An\(Bu) - u,

with e = h,a = me > 0,w = %, where h satisfies that h(z,e4) = e®h(z, ). A solution u is referred to as
a bound state of (1.4) if uw — 0 as |z| — co. When ¢ is sufficiently small, bound states of (1.4) are called
semiclassical states, and an important feature of semiclassical states is their concentration as ¢ — 0. To
the best of our knowledge, there are few results concerning the concentration phenomenon of solutions to
(1.4) except for work [13]. In [13], the authors developed cutting-off technique to obtain the existence and
concentration of semiclassical solutions which seems the first one to consider the concentration behavior of
semiclassical solutions of the Dirac-Klein-Gordon system with general nonlinearity.

Motivated by the references mentioned above, in this paper we consider the following critical Dirac-Klein-
Gordon system in R3:

i 3" ondhu — aBu+ V()u — Adfu = P(a) f(fulyu + Q) ulu,
k=1 (1.5)

—&2A¢ + M¢p = 4n\(Bu) - u,

where ¢ > 0 is a small parameter, a > 0 is a constant, V, P,Q € C(R3 R) are three bounded functions,
V(x) has negative global minimum and P(z),Q(z) have positive global maximum. Note that 3 is the
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critical exponent since the relevant Sobolev embedding is Hz (R3,C*4) < L3(R?, C*). Thus, the term |u|u
has critical growth, while f(|u|)u is assumed to be subcritical.

The aim of this paper is to focus on studying how the behavior of three potentials affect the existence and
concentration of semiclassical solutions of system (1.5). Note that, in view of the presence of critical exponent
term, this makes it more difficult to study the problem. It is natural to ask how about the concentration
behavior of solutions of system (1.5) as ¢ — 07?7 As far as we know such a critical problem was not
considered before. There are some difficulties in such a problem. The first one is that (1.5) involves three
different potentials which make our problem more complicated than that of [10]. This brings a competition
between the potentials V, P and @Q: each would try to attract ground states to their minimum and maximum
points, respectively. Moreover, this makes the concentration sets more complex and we have to overcome
many difficulties, as we shall see in the following section. The second one is the presence of the nonlocal term
¢ in (1.5), and this prevent us to use the Mountain-Pass reduction technique as [1]. In order to overcome this
obstacle, we take advantage of the cut-off arguments developed by Ding and Xu in [13]. Roughly speaking,
an accurate uniformly boundedness estimate on (C).-sequences of the associate energy functional @, enables
us to introduce a new functional ®, by virtue of the cut-off technique so that ®. has the same least energy
solutions as ®. and can be dealt with more easily the influence of these nonlocal term for each A > 0 small.

In this paper, we will give an answer to the above question. First, we obtain a least energy solution
via cutting off technique for each € > 0 small enough. Next, we study the concentration behavior of these
solutions as ¢ — 0. We determine a concrete set related to the potentials V, P and @ as the concentration
position of these solutions. Roughly speaking, the least energy solutions concentrate at such points x where
V(z) is small or both P(z) and Q(z) are large. For a special case, we show that, as ¢ — 0, these least
energy solutions concentrate around such points which are both the minima points of the potential V' and
the maximum points of the potential P and Q. At last, we establish the exponential decay estimate of these
solutions.

3
For notational convenience, writing o = (a1, ag,a3) and a -V = > a0k, we reread system (1.5) as
k=1

iea- Vu — afu+ V(z)u — ApBu = P(z) f(Ju|)u + Q(z)|ulu,
—&2A¢+ Mo = 4x\(Bu) - u

To state our main results, we need the following assumptions on the nonlinear self-coupling:

(f1) f(0)=0,f e CHR,[0,00)), f(t) >0 for t > 0, and there exist p € (2,3),c; > 0 such that
() <ci(1+tP72) for all t > 0;

(f2) there exist o > 2 and ¢y > 0 such that F(t) > cot® for all t > 0, where F(t fo s)sds.

Clearly, the power function f(t) = t9=2 for ¢t > 0 satisfies assumptions (f;)-(f2), where 2 < ¢ < p. Set

Sic” AN
R, := | —9
( 6y >

where S denotes the Sobolev embedding constant: S|ul2 < |Vul3 for all u € H'(R3,R) and + is the least
energy of the following subcritical equation (which exists, see [8] for a similar argument)
i~ Vu —afu = |ul”2u

and ¢g is defined in assumption (f2).
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Remark 1.1. Note that, (f1) implies that for each € > 0, there is C. > 0 such that
f(t) <e+CtP™2 and F(t) < et? + CtP, YVt >0, (1.6)
and
F(t)>0 and E(t):= f(t)t? —2F(t) >0, Vt>O0. (1.7)
We need some notations to help us to determine the concentration set of solutions. Set

Viin := min V(z), Vipax := sup V(z), V:i={r € R*:V(z) = Viuin}, Vio := liminf V(2), (1.8)

z€eR3 z€R3 |z]—00
Puin := inf P(z), Ppax = max P(z), P:={zx € R®: P(z) = Ppax}, Ps := limsup P(z), (1.9)
zeR3 z€R3 || — 00

Qmin = zienﬂ£3 Q(2), Qmax = max Q(x), Q:={rcR?®:Q(z) = Quax}, Qo :=limsupQ(z), (1.10)

|z|— o0

Vo :=minV Py = P(x). 1.11
o:=minV(z), FPg:=maxP(z) (1.11)

Moreover, we assume that V(z) < 0, Vipin € (—a, 0], Pmin > 0, Qmin > 0, and

(A1) Pg > Py and there exists xp € Cp such that V(zp) < V() for |z| > R with R > 0 sufficiently large,
where Cp :={z € Q: P(xz) = Po}.

We set
Hp={xelCp:V(x)<V(zp)}U{x e Q\Cp:V(z) < V(zp)}U{x ¢ Q: P(x) > Pg or V(z) < V(zp)}.
Remark 1.2.

(1) Obviously, zp € Hp and then Hp is non-empty and bounded by (1.8)-(1.11).
(2) fPNQ#D, we can set V(zp) = én#rrwlg V(z) and
x

Hp={zePnNQ:V(z)=V(zp)}U{z ¢PNQ:V(z)<V(xzp)}

In particular, if P(z) = Q(x) or Q(x) is a constant function, we can let V(zp) = mi7r31 V(z) and
S

Hp={zeP:V(@)=V(zp)}U{z¢P:V(z)<V(zp)},

which is just the case in [10].

(3) TVNPNQ#D, we can set V(xp) = me]l}lfljl})lﬂg‘/(x) and

Hp={zeVNPNQ:V(z)=V(xp)},

which implies that Hp =V NP N Q.

Define

Qg = (—

12—50
Pa )2(%)2(072)’ aq = (%) (L)Q(Qmax)g(a,m.
o0 a

Now we state our main results as follows.
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Theorem 1.1. Assume that (f1)-(f2) and (Ay) hold, and if 2 < 0 < 2 with ag < R, or 2 < o < 3 with
a1 < Ry. Then there exists A\g > 0 such that given A € (0, Ao], for any & > 0 small:

(i) The system (1.5) has a least energy solution we.
(ii) |we| possesses a mazimum point x. such that, up to a subsequence, . — xp as ¢ — 0,
iii% dist(ze,Hp) =0, and v.(z) := w.(ex + z.) converges in H' (R, C*) to a least energy solution of

ia - Vu—afu+ V(zg)u — ApBu = P(xo) f(Ju])u + Q(zo)|u|u,
—A¢p+ Mo = 4nA(fu) - u.

In particular if VNPNQ # 0, then lin%) dist(ze, VNPNQ) =0, and up to a subsequence, v. converges
e—
in HY(R3,C*) to a least energy solution of

io - Vu — afu + Vipint — Appu = Pmaxf('“l)u + Qmax|u|ua
—Ad+ Mo = 4n\(Bu) - u.

(#i1) There are positive constants Cy,Cy independent of € such that
—2|z—m | 3
lwe(z)] < Cre™ = =l Vo € R”.

This paper is organized as follows. In section 2, we present some preliminary notions on the Dirac
operator, introduce the modified functional by cutting approach and give some basic results which will be
used later. In section 3, we prove the existence of least energy solutions of system (1.5) for small € > 0. In
section 4, we study the concentration phenomenon and convergence of least energy solutions. In section 5,
we prove the exponential decay of solutions. Finally, we give the proof of Theorem 1.1.

Notation. Throughout this paper, we make use of the following notations.

For any R > 0 and for any # € R3, Br(x) denotes the ball of radius R centered at z;
| - |4 denotes the usual norm of the space LI(R3,C*),1 < ¢ < oc;
on(1)(0s(1)) denotes 0,(1)(0:(1)) — 0 as n — oo(e — 0);

4

e u - v denotes the scalar product in C* of v and v, i.e., u-v = Y w;v;;
i=1
Cor Ci(i=1,2,---) are some positive constants may change from line to line.

2. The functional-analytic setting and preliminary results
2.1. The functional-analytic setting
For convenience, let
Hy:=ia-V —ap

denotes the Dirac operator. It is well known that Hy is a selfadjoint operator on L?(R3,C*) with domain
D(Hy) = HY(R3,C*%), then by [2, Lemma 3.3(b)], we know that

o(Hp) = 0.(Ho) =R\ (—a,a)
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where o(Hp) and o.(Hy) denote the spectrum and continuous spectrum of operator Hy. Thus the space
L?(R3,C*) possesses the orthogonal decomposition:

L’=L"®L", u=u +u"

so that Hy is negative definite on L™ and positive definite on L™. Let |Hy| denote the absolute value of Hy
and |Ho|2 denote its square root. Define E := D(|Hp|2) = H2 be the Hilbert space with the inner product

(u,v) = R(| Hol? u, | Ho|2v) 2

and the induced norm ||u|| = (u,u)z, where R stands for the real part of a complex number. Since o(Hp) =
R\ (—a,a), one has

alul? < ||lu|)?, for allu € E. (2.1)
Note that this norm is equivalent to the usual H %—norm, hence E embeds continuously into LI(R3, C*) for
all ¢ € [2,3] and compactly into L] (R3,C*) for all ¢ € [1,3). That is, there exists constant 7, > 0 such
that

[ulqg < Tqllu||, for all u € E. (2.2)
Moreover, it is clear that E possesses the following decomposition

E=E"@®E", where EY¥ =ENL*

which is decomposition orthogonal with respect to inner products (-,)2 and (-, -). Furthermore, from [14,
Proposition 2.1], this decomposition induces of E also a natural decomposition of L(R?,C%), hence there
is ¢4 > 0 such that

cq|ui|g <|ulg forallue E. (2.3)

Recall that by the Lax-Milgram theorem, we know that for every u € H'(R3,C*), there exists a unique
¢ € HY(R3,R) such that —A¢, + M ¢, = 4w\(Bu) - u and ¢, can be repressed by

Making the change of variable z — ez, we can rewrite the system (1.5) as the following equivalent system

ia-Vu —afu+ V(ex)u — Apfu = P(ex) f(|u))u + Q(ez) |ulu,
—A¢p+ Mo =4nA(fu) - u.

(2.4)

If u is a solution of the system (2.4), then w(x) := u(%) is a solution of the system (1.5). Thus, to study the
system (1.5), it suffices to study the system (2.4).
On E, we define the energy functional ®. corresponding to system (2.4) by

1 _ 1
Bl = | = G+ 5 [ ViEn)luPde - Na(w) - V(o)

R3

1
2
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for u = ut +u~ € E, where

Na(u) = %/¢u~(6u)udaz— — // [(Bu)u |$_ " Puju }(y)e*m‘z*yldagdy,
R3

R3xR3

and
U, (u) = /P(sx) (Ju])dz + = /Q ex)|uldz.
RS
It follows by standard arguments that ®. € C?(E,R). Also, for any u,v € E, one has
O (u)v = (ut —u",v) + ﬂ?/ V(ex)u - vdx — N3 (u)v — ¥L(u)v,
R3

where

N (u)v = )\/d)u - R(Bu)vdx.

Moreover, it is proved that critical points of ®. are weak solutions of system (2.4) in [13, Lemma 2.1].
2.2. Technical results

In this subsection, we shall introduce some preliminary lemmas. Firstly, we give some properties of ¢,
the proof can be found in [13], so we omit it here.

Lemma 2.1. For any u,v € H'(R3,C*), one has

(i) ¢u: E— HY(R3,R) is continuous and maps bounded sets into bounded sets;

(i1) [ @ulli < 4mAS™2[uls - [ulz < CAl[u]|? or |[gullm < 4“5’%\”@ < CAJJull?;
(#3i) Ny is non-negative and weakly sequentially lower semi-continuous. Moreover, Ny vanishes only when

(Bu)u =0 a.e. in R3.
(tv) there hold
[Na(w)] < STIN[ulle < ON?||ul|*,
5
INX(w)o] < 4mSTIN a3 - [ulz - o]z < OXlul®[lv]l,
N3 (w)[v, v]] < CN?[Ju]?|[v],

where

1
2
o]l = (/|Vv|2+Mv2d:c> . ve H'(R%R),
RS

and

N (u)[o, o] = 222 // e (%[(6u)v](x)§)‘t[(ﬁu)v](y)>dxdy+A?R / bu - (B)vdz.

-yl
Ri}
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In what following, set R™ := [0, 00) and define for any u € E* \ {0},
E,=E ®R"u.
The following Lemma implies that the functional ®. possesses the link structure.
Lemma 2.2. The functional ®. possess the following properties:
(i) There exist 1 > 0 and p > 0, both independent of €, such that ®.[g+ > 0 and ®.|g+ > p, where
Bf :={ue E":|ju|| <r},S}t:={ue E":|u||=r};
(ii) For any e € ET \ {0}, there exist R = R, > and C = C. > 0, both independent of €, such that, for all

e >0, there hold ®.(u) <0 for all u € E. \ Bg and max ®.(E,.) < C.

Proof. (i) For any u € E, it follows from (1.6) and Lemma 2.1(iv), for € > 0 small enough, that

®.(u) =yl + 5 [ VeEnluds - Nau) - ola)

R3
a—|V
> O WVl ue - oxju)t — cug — cuul
a
an|v
> W 2 exugt — o,

which, jointly with p > 2, yields ().
(i7) Take e € ET \ {0}, by (2.3) and Lemma 2.1(ii4), for u = se + v € E,, one has

1 1 1
B.(u) = g lsel = 51ol? + 5 [ VieoluPds - Naw) - ¥.ta)

RS
a+ V]

v .
o 82H6||2 _a | |oo ||U||2 _ QmmCS

2a 3 s*lel3,

IN

and so complete the proof of (i¢). O

Recall that a sequence {u,} C E is called to be a (PS).sequence for functional & € C'(E,R) if
O (uy,) — cand @' (uy,) — 0, and is called to be (C').-sequence for @ if ®(u,) — c and (1+||u,||) P’ (un) — 0.
It is clear that if {u,} is a (PS).-sequence with {||u,||} bounded, then it is also a (C).-sequence. Below we
are going to study (C).-sequences for ®..

Lemma 2.3. For every pair of constants ci,ca > 0, there exist constants Ay > 0 and A = A(cy,c2) > 0 such
that, for any A € (0,\1] and u € E with

[@c(u)| <c1 and  jull - [@L(u)]| < ¢z,
we have
Jull < A.

Proof. Without loss of generality, we may assume that |lul| > 1. It follows from (1.7) and Lemma 2.1(4i4)
that
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1+ ey > P (u) — %Cblg(u)u = Nx(u) + /P(sm)ﬁ'(|u|)dx + é/Q(ex)\uF’dm > Qrgin \u|§ (2.5)
R3 R3
that is,
6(c1 + 1
s < (2L (2.6

Therefore, (1.6), (2.6) and Lemma 2.1(7v) imply that

co > ®L(u)(ut —u) = |Jul* + %/V(Em)zr (ut —u)dr — Ni(u)(ut —u™)

- %/P(sx)f(\ubu (ut —u”)dz — %/Q(sxﬂu\u (ut —u”)dz
R3 R3

> WVl e am= 323 uls - ot s — el — Colul} — Caful}
> ¢ 'V‘“n 2= 2 g — g -

> & Wlee e - 38— cypupy - ul s, - o

> & W e 2 25 a2 — g - cuc

where we have used the fact that ﬁ €(2,3) and E — Lo (R3,C*%). Thus, we obtain that

a— |Vl ArS—1C?
o= Vi lul® < Cllul| + —=—=172
2a a

ull?, (2.7)
which implies that there exist Ay > 0 and A = A(cy, ¢2) > 0 such that, for A € (0, \{]

[[ull < A.
This completes the proof. O

Lemma 2.3 has an immediate consequence which implies the boundedness of a (C').-sequence:

Corollary 2.1. Let {u$} is the corresponding (C)._-sequence for ®.. If there exists C > 0 such that |c.| < C
for all e, then we have (up to a subsequence)

[[uz || < A,
where A found in Lemma 2.3 and the pair c; = C and co = 1.
2.8. Cut-off arguments

The functional ®. contains the non-local term N, which is not convex on E. Thus, Mountain-Pass
reduction technique could not be applied to functional ®.. In order to overcome this difficulty, we will adopt
the cut-off the non-local term argument of [13] to find critical point, and eventually shown to be a least
energy solution of the original system.
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Now fix A > 0 to be the constant found in Lemma 2.3 and the pair of the constants ¢; = C,, and c2 =1,
where C,, is the constant in Lemma 2.2 with ¢y € ET \ {0} being fixed. Denote T' = (A + 1)? and let
n : [0,00) — [0, 1] be a smooth function with n(¢t) =1if 0 <t <T,n(t) =0if ¢t > T+ 1, max|n'(¢t)| <2 and
[ (t)] < 2. Define T'y : E — R as T'x(u) = n(||lu|*) Na(u). Then we have T'y € C*(E,R) and T'y vanishes
for all u with ||u|| > v/T + 1.

Consider the modified functional

be) = 5 (I =l I2) + 5 [ Vien)luPde - a(u) - Wew)
R3

By definition, ®.|p, = ®., where By := {u € E : ||ju|| < V/T}. Clearly, 0 < T'y(u) < Ny(u) and for any
u,v € FE

T (w)v = 20’ (||| *) N () (w, v) + n([|ul|*) N3 (uw)o.

Similar to Lemma 2.3, we have the following boundedness Lemma (with A being taken in Lemma 2.3
and large if necessary).

Lemma 2.4. There exists Ao > 0 such that, for each X € (0, A2], if u € E satisfies
0<®.(u) <Ce and |ul - [2L(uw)l| <1,
then we have ||u|| < A +1, and consequently ®.(u) = ®.(u).
Proof. We repeat the arguments of Lemma 2.3. If ||ul|? > T'+1 then 'y (u) = 0. So, as proved in Lemma 2.3,

we obtain that ||u]| < C for some C' > 0 and get |ju|| < C < A+ 1, a contradiction. Thus we assume that
|lul> < T + 1. Then, using Lemma 2.1(iv), there is A > 0 (such as Ay = —L1—) such that, for any

(113
A€ (Oa AQ]

[’ () [l Na(u)] < 7o X2[|ull® < ro A (T + 1) < o, (2.8)
where ro > 0 independent of T'. Similar to (2.5), we get

Cuy 12 (a(alP) + o/ () [l N 0) + [ Ple)(ul)d + 5 [ Qlewfulde = Pl
R3

6
R3
which, jointly with (2.8), yields

6(Cey +1+10)

Qmin = C’l '

lul <

Similar to (2.7), for any A € (0, Ag], we get

a— V] _ _ ~
@ Ve 2 < ) oo — )N )+ )V ) ar* — o7+ C + €
< CN||ul® + CNHJul|* + CCy

< Ry

which implies that
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QCLRO

—— < A+1
oL =t th

flul| <

where Ry > 0 is a constant independent of T". The proof is complete. O

Under Lemma 2.4, to prove our main results, it suffices to study ®. and get its critical points with critical
value in [0, C¢,]. This will be done via a series of arguments. Firstly, a similar argument of Lemma 2.2 yields

Lemma 2.5. &, possesses the linking structure, and the constants found in Lemma 2.2 are independent of «.
Define the following minimax value (see [26,30])

= inf o .
= e oy o P )

As a consequence of Lemma 2.4 and Lemma 2.5, one has

Lemma 2.6. p < ¢, < Cy,. Moreover, if c. is critical point values for &)E, then it is also critical values for
D,

In order to get more information on c., motivated by [1], we consider, for a fixed v € ET, the map
¢y : E7 — R defined by

du (V) = P (u+ ).

Observe that, for any v,w € E~,

o) 0] = [l + [ Vien)fuwlds - T (u-+ o), u] = W2+ ), u)
J
< =Vl 2 ), ] — ), ],
where
U (u + v)[w, w] = /P(ex) [%?R(u +o,w))* + f(lu+ U|)|w|2] dx
J
+/Q(sx) {(WTJ—W +lu+ v||w|2} dz > 0
2
and

D5+ ) [w, w] = (40" (Jlu+v)*)|(u + v, w)|* + 20 (Ju+ v]|*) [w]|*) Na(u + v)
+4n (lu+v]1*) (w + v, w) Ny (u+ v)w + 9 (fJu+ 0]|*)NY (u + v)[w, w].

Combining Lemma 2.1(iv) yields

a— V]|

P+ o), w]] < CNul? < 2=

Jlw|?

for A € (0, Ag], where A3 is suitably chosen. Therefore, for each A\ € (0, A3], we deduce
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7 a — |V|OO 2
< - .
o (v)[w,w] < 9m ||wl|
Additionally, we find

buv) < T2 uf? - )2,

Therefore, there is a unique h. : ET — E~ such that

¢du(he(u)) = max ¢y (v).

veEE~

It is clear that, for all v € B~

0= ¢, (he(u))v =—(he(u),v) + %/V(ex)(u + he(u))vdr — T\ (u + he(u))v — UL(u + he(u))v

and
Define I, : ET — R by

and let
N :={u € E*\ {0} : I.(u)u = 0}.
By a similar argument (see [1,11,13]), one has

Lemma 2.7. For any u € E* \ {0}, there is a unique t. = t-(u) > 0 such that t-u € N and t. < T, for

some constant T, > 0 (independent of €). Moreover, c. = inj\f[ I (u).
uENe

Next we estimate the regularities of critical points of ®.. Let % := {u € E : ®(u) = 0} be the critical
set of ®.. It is easy to see that if 7 \ {0} # () then

= inf @
c uE?liI”:\{O} E(U)

(see an argument of [11]). Using the same argument as in [21] or [12, Lemma 3.19], one obtains the following
Lemma.

Lemma 2.8. Let u be a weak solution to the system (1.5). Then u € ﬂq>2VVlOC N L>(R3,CY).
2.4. The autonomous problem

In order to prove our main results, we will make use of the autonomous problem. Precisely, for any
€ (—a,0],v € [Pooy Pmax)s T € [Qmin, @max), we consider the following constant coefficient system

{m -V — aBu + pu — ApBu = v f(jul)u + 7|ufu, (2.9)

—Ap+ Mo =4xA(Bu) - u
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As before, we consider the modified functional

~ 1
Fooel) = 5 = ™ )+ [ uPde = Taw) = Hor (o),

where
Hyo(u) = y/F(|u|)dx + §/|u|3dx.
R3 R3

And define

Fwr  BEY = B G (@t Fur (W) = max Jyr (u+v),

JHVT : E+ — Ra J,uVT(u) - \itl/‘r(u_F /um’(u))a
Myyr ={u e ET\{0}: T} (w)u = 0}.

Similar to Lemma 2.7, for each u € E™ \ {0}, there is a unique ¢ = t(u) > 0 such that tu € .#),,; and

Yoor = 0 (@)= inf  max e (1),

Lemma 2.9. For any p € (—a,0],v € [Poo, Pmax)sT € [Qmins @max]- If 2 < 0 < % with ag < Ry or
1?)2 <o < 3 with oy < R,. Then there holds

S5 a+ [4\3
Sy

0 <vur <
Moreover, system (2.9) has a least energy solution u such that Jyur (1) = Y- -
Proof. Note that, by the min-max scheme, we deduce
Yorr < Y (0) (2.10)
where v, (o) is the least energy of the following equation

ia - Vu — aBu + pu = covlul” ?u.

(2.10), jointly with [10, Lemma 4.6], that is

2(3—0)

=2
V(o) < (a+p) 72 (cov) =27

we get

3
2(3=0) —2 S22 a+p
Vpwr < (@+p) 772 (cov) 727 <

Next, we show 7, is attained. Let {u,} be a (C),,, -sequence. By the statements in Lemma 2.4, {u, }

is bounded in E. Next, we claim that there exists a sequence {y,} C R? and R,§ > 0 such that

/|un|2d:v >4, neN. (2.11)
R3
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Otherwise, by Lion’s concentration principle [23], one has
u, — 0 in L"(R3 C*) for 2 < r < 3.

Thus, it follows from (1.6) that

/F(\un|)d:z:%0, /f(|un|)\un|2dx%0asnﬁoo.

R3 R3

Moreover, by Lemma 2.1(iv), we can obtain
Ta(un) < S7 1IN up|ls — 0 asn — oo,
5

Note that

jum—(un) = jpm—(un) -

~;LVT (un)ur,

= Nyx(upn) +v

%\ N | =

Therefore, (2.12)-(2.13) imply that

6 vT
/|un|3dx = ’Y% + On(l)'
R3

Similarly, we also have

||un||2 + %/uun(uj{ —u, )dx = %/T|un|un(u: —u, )dz + o,(1).
R3 R3

This, jointly with the fact S2|u|2 < ||lul|? (see [2]), we get

a+ 2 _ 1
Pl < 8 unlalut = il [ unPda)* + 0 (1)
R3

2 1 _ 1
<735} fun ot — ug( / g [Pdz) ¥ + 0, (1)

R3
2 1 9 1
< 73872 ||ug| (G’YIWT)S +on(1),

which implies

Fjun))dz + %/|un|3da:.
R3

15

(2.12)

(2.13)

(2.14)

a contradiction. Let v, (x) = up(x + yp), then {v,} is bounded in E by the boundedness of {u,} and, up
to a subsequence, we assume that v,, — v in E. By (2.11), we see that v # 0 and it is easy to check that

7!
j’ﬁu}f

(v) = 0,Jy,,.(v) = Yur. This completes the proof. 0
Lemma 2.10. Let u € 4, be such that J,,.(u) = Y. Then

gé%i jul/T(w) = J;wr(u)-
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Proof. Clearly, since v+ _#(u) € E,,

J,LLVT (U) = jul/'r (u + /HVT (U)) < 1{;%35{ j;UJT (u)

Moreover, for any w = v + su € F,,

max Jur () < max Jus (su+ 7 (s) = max Jur (s1) = Jywr (u).

Therefore, max Twr (W) = Jyr (u). O

The following Lemma describes a comparison between the least energy values for different parameters
w1, v and 7, which will plays an important role in proving the existence result in Section 3.

Lemma 2.11. Let p; € (—a,0],v; € [Poo, Pmax) and 7j € [Qmin, Qmax),J = 1,2, with p1 < po, 11 > v and
T1 > To. Then Yumr < Vusvars- In particular, if one of inequalities is strict, then Yy, vir < Yusvors -

Proof. Let u be a least energy solution of juwwz and set e = u*. Then

Yuavars = ¥7lt2V27'2 (U) = weag,i \7M2V2T2 (w)

Let ug € E. be such that J,,,,, (uo) = max Jiynm, (w). One has
wek,.

Yuavars = jH2V272 (’LL) > jH2V2Tz (’LL())

= - T — T
= T (w0) + P22 [ oz + (1 = va) [ F(luolde + 2572 [ uofds

2
R3 R3 RS

2 'Ymuln .

Thus, we complete the proof. O
3. Existence of least energy solutions

In the section, we will prove the existence of least energy solutions to system (2.4). Observing that given
any zp € Cp, we set V(z) = V(z + ap), P(z) = P(x + zp) and Q(z) = Q(x + zp). Clearly, if a(x) is a
solution of

io- Vi — aft+ V(ex)i — A\pBa = P(ex) f(|a])a + Q(ex)|d|a,
—Ad+ M¢ = 4n\(B0) - 1,

then u(z) = @(z — xp) solves (2.4). Thus, without loss of generality, we may assume that
xzp =0 € Cp,
s0
Q(0) = Qmax, P(0) = Pg and vy := V(0) < V(z) for all |z| > R. (3.1)

Lemma 3.1. lim sup c: < Yoo PoQuuas -
e—0
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Proof. Denote V¥ (z) = max{u,V(ex)}, P’(x) = min{v, P(ex)} and QI (x) = min{r, Q(ex)}, where u €
(—a,0] and v, T are two positive constants. Define the auxiliary functional as follows:

FUUT 1 1 — 1 7
827 () =g || = [P+ 5 [ VE@Pde - Taw)
R3

/P” F(|ul) d:c——/QT )|ul*dz,

which implies that J,,,(u) < ®#7(u), and thus 7,,, < ¢*7, where ¢#7 is the least energy of ®7. By
definition, one has VVwin () — V(0) = vy, PPmex(z) — P(0) = Pg, Q%m*<(z) — Q(0) = Qmax on bounded
sets of z as ¢ — 0. Set V2(z) = V(ex) — vy, P2(z) = Pg — P(ex) and Q%(x) = Qmax — Q(¢z). Then

Be(0) = Fuy e (W) + 5 [ VE@IuPdo+ [ P2 F(fulde + / Qaufdr.  (32)

R3 R3

Let u be a least energy solution of 7, PoQumax Dy Lemma 2.9, that is, Tveo PoQuax (1) = Yoo PoQumax and let
e = ut. Clearly, € € MyyPoQuars Fv0PoQmax(€) = U~ and JyyPoQras (€) = Yoo PoQuax- There is a unique
t. > 0 such that t.e € N and one has

ce < I.(tce). (3.3)

By Lemma 2. 7 t. is bounded. Hence, without loss of generality we can assume t. — ¢y as ¢ — 0.
Let £(t) = ®.(w. + tv.), one has £(1) = ®_(u.), £(0) = ®_(w,.) and £'(0) = 0, where

Ue =t + _ZooPoQuax (tc€), We =tce + he(tee), ve = ue — we.

Thus, £(1 fo t)¢" (t)dt. This implies that
1
. (w.) — / (1 =)@ (w. + tv.)[ve, ve]dt

0

1

1 2 1 2 1
= §||UE|| —5 V(ex)|ve|*dx + | (1 — )T (we + tve)[ve, ve]dt (3.4)
R3 0

1
+/ (1 =)0 (we + tve)[ve, ve|dt.
0

Similarly,

~ - 1 V)
Fon o 12) = Foy o) = =5 [vel + 2 [ Jofde
R3

1 1
/ (1t F// — tve ) [ve, ve]d / PQanx( e — tue)[ve, ve]dt.
0 0

Thus, (3.4) and (3.5) imply that
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(DE (wa) - éa (uE) - (jUOPQQmax (we) - ijPQQmax (U'E))

1
1
— ol = 5 [ (V(ea) + vo)uc P + / T (e + #0.) o, ve]de

R3 (3.6)
1 1
+ /tHPQQmaX (we + tve)[ve, ve|dt —|—/ (1 — )9 (we + tve)[ve, ve|dt.
0 0
On the other hand,
~ ~ ~ ~ 1
éf(ws) - @5(’&5) = ‘Z)OPQQmax(ws) - jUOPQQmaX (uf) + 5 / ‘/EO(I)(leF - |U€|2)df17
1R3 (3.7)
+ /PEO(JJ)(F(WED = F(juel))dz + 3 /QS(I)(WEP — |uc|*)da
R3 R3
By a direct computation, we deduce
[ VR@wl? - e = [VE@e.Pde ~ 2R [VE@u. - veds (3.8)
R3 R3 R3
and
1
/Peo(ﬂ?)(FﬂweD = F(lue]))dz + 5 /Qg(x)(|ws|3 — |uc|*)da
R3 R3
= [ Pl o+ [ QR v )
R3 R3 '
1 1
—|—/ (1 -t)Hp,o,... (ue — tv:)[ve, ve]d / O (ue — tv:)[ve, ve]dt.
0 0

It follows from (3.6)-(3.9) that

1 1
[|ve ] */V(€$)|U5|2d$+/rl We + tve ) [ve, Ve dt+/\ll" We + tve)[ve, ve]dt
0 0

= %[/VO( Yue - vsdx+/P F(ue|)ue - vsdx+/Qg(x)|u€|us~vsdx .
R R3

R3 3

Note that

a— |Vl
U (we + tve)[ve,ve] > 0 and |TX(we + tv:)[ve, ve]| < %Hvsﬂ2

we deduce that
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2|V|—HUEH S 3& / D(Z’)Ug'vgdx / ( ) (|u |)u y dx /Q (m)‘u |u y
R3

R3 R3

< / VO @) e - ez + / PO @) f (o o] - o + / Q@) ? - ] dx
R3 R3 R3

(3.10)
e / (IVO(@)| + B2 (@) ue] - [veldez + C / (1P ()] + 1Q0(a)]) e 2 - v
R3 R3
<ol [ (v + 1P el ) loda + ([ (P20 + Q2D uskde) o
R3 R3

Since t. — tg and e is exponentially decaying, we have for ¢ = 2, 3,

lim sup / |ue|?dx = 0,

T—00
|z|>r

which implies that

[e@i+ 1R @) e = ( [+ [ )02+ 1P2@) el

R3 lz|<r  |z|>r
2
< / (VO(@)| + [P (@)])?|ue Pde + C / e[
|z|<r |z|>r
= o.(1).

Similarly,

3
2

/ (IP2(@)] + Q@) ¥ jue Pz = 0:(1).

R3
Thus by (3.10) one has [|v.||*> — 0, that is, h-(t.€) = _ZusPoQumax (to€). Consequently,
0 2 0 L 0 3
/Vs (x)|we]*dz — 0 and /P6 () F(|we|)dz + g/Qs(:EﬂwE\ dz — 0
R3 R3 R3

as € — 0. This, together with (3.2), shows

(I)a(we) = jUUPQQmax (we) + 06(1) = ki'UOPQQmax (ua) + 08(1)7

that is
I (tee) = JuyPoQuax (to€) + 0-(1)
as € — 0. Then, since
oo PoQua (to€) < max To0PoQuax (V) = T PoQuuas (€) = Voo Po Quua

we obtain by (3.3)
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lim Sup Ce S hm Sup IE (tae) = JUOPQQmax (toe) S ’yUDPQQmax'
e—0 e—0

This completes the proof. O

Next we only truncate the functional V(z) and P(z) with 1 = vy and v € (P, Pg) and consider the
truncated energy functional

Z vov 1 1 — 1 v, v 1
B (w) = gl P = Gl P+ 5 [V @luPde - Taw) ~ [ PX@F(ul)ds - 5 [ Qulenlulds
RS R3 R3

As before define correspondingly hto” : Bt — E—, I%" : Et — R, N" %" and so on.
We have an important lower bound for the least energy ¢Zo.

Lemma 3.2. ¢2°% > 7y00Quax -

Proof. Since V() > vy, PY(z) < v,Q(ex) < Qmax, from the characterization of the value v,y,0,,.., We
know that

inf max 5”0” u) > inf max Jy.» U
wEE+\{O}u€E(w) € ( ) w€E+\{0}u€E’(w) 0 Qmax( )

which gives

" 2 YoorQunax-
This completes the proof. O
Lemma 3.3. c. is attained at some non-trivial ue for small € > 0.

Proof. Let {w,} C M. be a minimization sequence: I (w,) — c.. By the Ekeland variational principle we
can assume that {w,} is a (PS)._-sequence for I. on E*. Then u,, = w, + h.(w,) is a (PS)._-sequence
for ®. on E. It is clear that {u,} is bounded, hence is a (C)._ -sequence. Assume that u, — u. in E and
then é'(us) = 0. If u. # 0, it is easy to check that &Ds(us) = ¢.. Next we show that u. # 0 for small € > 0.
Assume by contradiction that there exists a sequence ¢; — 0 such that u., = 0, then u,, — 0 in F, and
thus u, — 0 in L] (R3,C*) for r € [1,3) and u,(z) — 0 a.e. in z € R3.

By (A1), choose v € (P, Pg) and consider the auxiliary functional @g;?”, where vg is defined in (3.1).
Let ¢,, > 0 be such that t,,w,, € ./\7;’]9”. Then {t,} is bounded and one may assume ¢, — to for some tg > 0
as n — oo. Remark that B;’j”(tnwn) — 0in F and fzgj’”(tnwn) — 0in L} (R3,C*) for g € [1,3). By (44)
again, the set O, := {z € R3 : V(ex) < vo} is bounded. Thus,

/ (V;jo (z) — V(ejm))|thw, + fzg;’”(tnwn)\de = / (vo — V(gj@)) [tnwn + ﬁg?”(tnwn)\Qda: =o0,(1). (3.11)
Similarly, since the set {z € R®: P(ex) > v} is bounded and f is subcritical growth, we have
/ (P(gjz) — P (2)) F(|tnwn + Bgf”(tnwnﬂ)dx = o, (1). (3.12)

R3

Therefore, by (3.11)-(3.12) and &, (tpwy, + h20¥ (thwy)) < Ic; (wy), one has
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v < 197 (twy) = DU (tawn + BV (tyw,))

. _ 1 _
= @, (thwn + h¥ (thwn)) + 5 / (V;;O (z) — V(gj)) [tyw, + hg?lf(tnwn)de
]R3

+ [ (Pleya) = P @) Pl + R ()
RS

1 -
< LG+ [ (V200 = Viea)) ftawn + 2 (o) Pds
R3
+ [ (Plesa) = P @) Pl + 2 (tywn) o

R3
= IEJ' (wn) + On(1)7

which implies that 29" < ¢, as n — 0o. Note that ¢2% > 7y,0Q ., i view of Lemma 3.2. Hence, we get

VoorQuax < Ce; -

In virtue of Lemma 3.1, letting ¢; — 0 yields

TovQumax < Voo Po Qumax -

Applying Lemma 2.11 and the fact that v < Pg yield a contradiction. Therefore, c. is attained at some u.
for smalle > 0. O

4. Concentration and convergence of least energy solutions

This section is devoted to the concentration behavior of the least energy solutions u. as € — 0. We will
prove the following results.

Theorem 4.1. Let u. be a least energy solution of the system (2.4) given by Lemma 3.3, then for A > 0 small,
|ue| possesses a mazimum point y. such that, up to a subsequence, ey. — xo ase — 0, lir% dist(eye, Hp) =0
E—r

and v. (1) := us(x + y.) converges in H'(R3,C*) to a least energy solution of

ia - Vu—afu+ V(zo)u — ApBu = P(xo) f(|ul)u + Q(zo)|ulu,
—A¢+ Mo = 4AnA(Bu) - u.

In particular, if VNP N Q # (), then liH(lJ dist(ey, VNP N Q) =0, and up to a subsequence, v. converges
e—
in HY(R3,C*) to a least energy solution of

i - Vu — afu + Viint — ApBu = Pmaxf(|u|)u + Qmax‘u|u7
—A¢+ Mo =4n\(fu) - u.

Lemma 4.1. There exists e* > 0 such that, for all € € (0,&*), there exist {y.} C R® and R', &' > 0 such that

/ luc|?dx > &'

Brr(yl)
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Proof. Assume by contradiction that there exists a sequence €; — 0 as j — oo, such that for any R; > 0,

lim sup / |ue, [Pdz = 0.
J—00 yeR3
BRl(y)

Thus, by Lion’s concentration principle [23, Lemmal.1], we have
ue; — 0 in L"(R? C*) for 2 <r < 3,

which implies, from the boundedness of the potential function P and (1.6), that

/PE”J_ () F(|ue, |)dx — 0, /PE”J (z)f(|u5j|)|u5j|2dx —0asj— oo, (4.1)
R3 R3
for any v € (P, Pg), and
Ca(ue,) < C)\Q\usjr% —0asj— oo. (4.2)
It is not difficult to check that
L (uz,) = e, + 0y(1) and (BLYY (e, Jue, = 0,(1). (4.3)

Note that

1

B (uz;) = DU (usy) — 5 (B2) (ue, Jue, + 05(1)

[\

=Ta(ue,) + /P; (@) F(|ue, |)dz + é/@(€jx)|usj|3dff +0;(1).

RS R3
Thus, by (4.1)-(4.3), one has
/Q(ij)|u€j Pdax = 6cc; +o0;j(1).
R3
Moreover, we also have

o, P + %/VEZO (2)ue, (uF, —uZ ) = ;R/Q(gjx)mgj e, (uF, — uZ o+ 0 (1),
R3 R3

a+ vg 2 _ i
e 1P < Qe o, — o ([ Qs )+ 03(0)
]R3
2 _1 _ 1
< Qs My |-, = w2 - [ Qlesalus, Pda) + 01)
]RS

33 2 i 1o,
< Qihax S 2 [|ue, [[7(6cc,)® + 0;(1),

which implies

S% a+
a+v
liminfece, > 0

j—o0 GQ?nax a

)3. (4.4)
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Moreover, it follows from Lemma 2.11 and [10, Lemma 4.6] again that

3
2(3—0) —2 Sz a+ vy
Yo PoQmax < V00 PooQmax < YvoPoo (U) < (a + UO) 72 (COPOO) =2y < 602 (

max

)3

a

which is a contradiction with Lemma 3.1 and (4.4). O
Let {y.} C R? is maximum point of |u.|, that is
[us(ye)| = max fuc(2)], € € (0,€7).
We claim that there exists 6y > 0 (independent of €) such that
|ue(ye)| > 0o, uniformly for all € € (0,£%).

Assume by contradiction that |us(y:)| — 0 as ¢ — 0. We deduce from Lemma 4.1 that

0<d < / |ue|?dr < Clue(y:)]? — 0 as e — 0.

Brr(yl)

This is a contradiction. So it follows from the above claim that there exists R > R’ > 0 and § > 0 such that

/ |ue|?dx > 6.

BR(ys)
Set ve () := ue(x + ye ), then v, satisfies
io - Ve — afv. + Ve(x)ve — Ay, Pre = P.(z) f(Jve))ve + Qc(2)|veve, (4.5)
with energy
1 +112 Lo 1 ¥ 2
u(02) = 3l = Sz 1P+ 5 [ Ve@lvelPde —Ta(we)
R3
N 1 A 3
= | Fe@)F(jve)dz - 3 | Qe(@)[ve|"dz
R3 R3

_Ty(0) 4+ /Pg(x)ﬁ’(|v5|)d:c—|— %/Qe(xﬂvg\?'da:
R3 R3
= ée(UE) %(i)/g(us)us = és(us) = Ce¢,

where V.(z) = V(e(z 4 y.)), P-(2) = P(e(x + ) and Q.(2) = Q(e(z +y.)). We may assume v, — u in E,
and v. — w in L} (R3,C?) for r € [1,3) with u # 0.

By the boundedness of V, P and @, without loss of generality, we may assume that V(ey.) — Vo, P(ey:) —
Py and Q(eys) = Qo as € — 0.
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Lemma 4.2. u is a least energy solution of
i Vu — afu+ Vou — Ay fu = Po f(|ul)u + Qolu|u. (4.6)
Proof. By (4.5), for any ¢ € C§°(R3,C*), there holds that
0= gl_r)r(l) R [ (ia- Vv, —aBue + Ve(z)ve — Aoy, e — Do) f(|ve])ve — Qs(x)|vg|vg) - dx. (4.7
R3

Since V, P, @ are all continuous and bounded, one has
%/VE( )V @dx—)%/vou pdzx, 3?/ F(ve])ve - gpdx—)?}%/Pof (Ju])u - dz,
3

and

%/Qg(x)|vs|vs - pdr — %/Q0|u|u - pdx,
R3 R3

which combined with (4.7) imply that
ia - Vu — afu+ Vou — Apyfu = Po f(u])u + Qolulu,

this is, u solves (4.6) with energy
- 1 1 1
TvoPoQo (1) = §||U+H2 - §||U_H2 +5V / |u?dz — Tx(u) — Po/ (Jul)dx — == / |ul*dz
R3 R3
_ 1.,
= jVoPoQo (u) - _jVDPOQO(u)U
:FA(u)—&—PO/ (lu]) dm—l——/|u|3dx
R3
2 YWoPoQo-
By Fatou’s Lemma and the proof of Lemma 3.1, we have
I QO 3
WoPoQo = Fk(u) + Fo F‘(|u|)daj + F ‘u| dz
R3 R

N A 1 A .
< thmf |:F)\(U€) + /Ps(x)F(|v€|)dm + 5 /Qs(z)|vs|3d4
R3 R3 (4.8)
= lim inf & (ve)
e—0
< lim sup P, (u.)
e—0

< YWoPoQo-

Consequently,

;li% 86(1]5) = gg% Ce = jVOPOQD (u) = Mo PoQo- (49)
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Thus, v is a least energy solution of the system (4.6). O
Lemma 4.3. {ey.} is bounded.

Proof. Suppose to the contrary that, up to a subsequence, |ey.| — co. Since P(0) = Pg and vy = V(0) <
V(z) for all |z| > R, we deduce that Py > Pg and vy < Vp. So it follows from Lemma 2.11 that vy, p,q, >

’Y'UO PQ Qmax "
However, by (4.6) and Lemma 3.1, ¢ = Y, P,Qo < YvoPoQumaxs Which is a contradiction. Therefore, {ey. }
is bounded. O

After extracting a subsequence, we may assume ey. — o as ¢ — 0, then Vg = V(zg), Py = P(z0) and

Qo = Q(xo).

Lemma 4.4. lim dist(ey., Hp) = 0.
e—0

Proof. It suffices to show that xg € Hp. We argue by contradiction, if xg ¢ Hp, then it is easy to check
that Vv (20)P(20)Q(x0) > YvoPoQmax PY (A1) and Lemma 2.11. Therefore, by Lemma 3.1, we have

lim ce = v (20) P(20)Q(20) > Voo PoQumax = 1 Ce,
which is absurd. O
Lemma 4.5. v. — u in H'(R3, C*).

Proof. By (4.8), it is easy to check that

e—0

lim | Q.(x)|vePdz = Qo [ |uldx. (4.10)
/ /

By the decay of u and Qg(ar) — Qo on bounded sets of x as € — 0, one has

lin}) Qg(x)\u|3dx:Qo/|u|3dx. (4.11)
E—r
RS RS

It follows from (4.10)-(4.11) and the Brezis-Lieb lemma that v. — wu in L3(R3,C*). Hence, using the

interpolation inequality and the boundedness of v. in E yields v. — u in L(R3,C*) for ¢ € (2, 3]. Denote
ze = ve — u. The scalar product of (4.5) and (4.6) with z., respectively, we get

(Ve, 2e) + §)“E/f/,5(ﬂc)v6 - zedx = 0:(1), (4.12)
R3
and
(u, ze) + RV /u - zedx = 0:(1). (4.13)
R3
Note that
lim %(/‘Z(x)u - zedx — Vj /u - zedz) = 0. (4.14)
e—0

R3 R3
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Hence, (4.12)-(4.14) imply that

22 + / V. (2)|2 2 = 0.(1),
R3

and then we get v. — u in E, and the arguments in [13, Lemma 4.3] show that v. — u in H*(R3, C*). This
completes the proof. O

Proof of Theorem 4.1. By Lemma 4.1-Lemma 4.5 above, one can obtains the conclusions of Theo-
rem 4.1. 0O

5. Decay estimate
In this section, we estimate the exponential decay properties of solutions. Let £; — 0 and v, be a solution

given by Theorem 4.1. For simplicity of notations, we denote v.; and y., by v; and y;, respectively.
Let Z., denote the set of all solutions of the following system

io- Vu — afu+ Ve, (2)u — ApBu = P. (z) f(Jul)u + Qe () |ulu,
—A¢+ Mo = 4dn\(pu) - u.

For u € %, , similar to Lemma 2.8, we see that u € L>(R3,C*). We rewrite (5.1) as
Du = aBu— V., (z)u+ Apufu + Po (z) f (Jul)u + Qc, () |ulu.
Acting the operator D on the two sides and noting that D? = —A, we get
2 ) X R 2
Bu=(a+260) u (P @) + Qe @l - V)
= DB = D P (@) (ul) + Qe @)l = Vo)

Now define

%I’ if u=#£0,
sgn u =
0, if u=20.

By Kato’s inequality [7], there holds
Alu| > R[Au(sgn u)].

Note that

A

R[D(P., (x) f(|ul) + Q, (x)|u| — Vz, (x))u(sgn u)] =0,

we obtain

2

2
Al > (amsu) ful — (ﬁsj<x>f<|u|>+c?€j<x>|u|—mx)) ul— DOG| . (52)
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Choosing « € [%, 2], it follows from Holder inequality and u € L>°(R3,C*) that, for any x € R3

ool 3| 1220, <, gy [ L,
e

|z —y] |z —y]
|z—y|>1 |[z—y|<1
<A () Pdy + Aluuloo / u@)l
|z —y|
lz—y|>1 |[z—y|<1
1 F
N B )
|[z—y|>1 lz—y|<1
< \C

for some C' > 0, where we have used the fact that %5 € [2,3]. Similarly, we also have
|D(¢u)(z)| < AC, for any = € R.

So, it follows from (5.2) that there exist constants M > 0 and Ay € (0, min{A;, A2, A3, A*}) such that, for
any A € (0, \4]

Alu| > —M]ul.

It then follows from the sub-solution estimate [20,29] that

()| < Co / fu(y)|dy (5.3)

Bl(a:)

where Cj independent of x and .
Lemma 5.1. |v;(z)| = 0 as |z| = oo uniformly in j € N.

Proof. Assume by contradiction that the conclusion of the Lemma does not hold. Then, it follows from
(5.3) that there exist ¥ > 0 and x; € R? with |z;| — oo such that

Pl <Co [ lu@lds

Bi(z;)
Since v; — u in E, one obtains
%
real [ lwwpa)
Bi(z;)
1 1
2 2
< Co(/ lvj — u|2dx) + C’o( / |u(x)|2dx> -0
R3 Bi(z;)

as j — oo, a contradiction. O



28 Y. Ding et al. / J. Math. Anal. Appl. 488 (2020) 124092

Lemma 5.2. There exists C' > 0 such that

lvj(z)| < Ce®l2l vz e R®

uniformly in j € N, where & = %
Proof. It follows from (5.2), Lemma 5.1 and the boundedness of ¢, and D(¢,,) that there exist A\g € (0, \4]
and R > 0 such that, for any A € (0, \o]

Alv;| > |vj| = @?|v;| for all |x| > R ,j € N.

(@ —[Vl]s)?
4

Let I'(x) = I'(z,0) be a fundamental solution to —A + @? (see [29]). Using the uniform boundedness, one

may choose I so that |v;(z)| < @?T'(y) holds on |z| = R, all j € N. Let z; = |v;| — @*I". Then

Azj = Alv;| — 0 AT > & (Jv;| — ©°T) = wz;.

By the maximum principle we can conclude that z;(x) <0 on |z| > R. It is well known that there is C’ > 0
such that T'(z) < C'e~®*l on |z| > 1. We see that

jv(z)] < Ce®I]
for all z € R? and all j € N. This completes the proof. O

Proof of Theorem 1.1. Define w;(z) := uj(Eij)7 then w; is a least energy solution of system (1.5) and z; :=
€;y; is a maximum point of |w;|, and by Theorem 4.1, we know that the Theorem 1.1(¢), (4¢) hold. Moreover,
one has

wilx)] = lu; £ = |v. E — Y S Ce_wlaij_yjl = Ce_gj‘m_ajyjl = Ce_%lx_xj‘,
|w; ()] = | J(El LAY Yj
J J

Thus, the proof of Theorem 1.1 is completed. O
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