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1. Introduction

Integration over surfaces of co-dimension k embedded in an m-dimensional Euclidean space (k < m)
plays an important role in contemporary mathematics and physics. There are two basic ways of describing
smooth (m — k)-surfaces in R™. We either use a parametric definition as the image of a map z(-) : V' C
R™ % — R™, (ug,...,Um_x) + z(U1,...,Un_t), Or we use an implicit definition by means of equations
v1(z) = ... = ¢r(z) = 0. Most integration methods have been traditionally developed and used for
a parametric definition. For instance, the non-oriented integral of a function f over an (m — k)-surface
3 C R™, parametrically defined as before, is given by

/dez/f(g(g))\/detGdul...dum_k,
5 v

where G = {<3u7 [Q]a auk [§]>}j7k:14..7m—

a similar way, oriented integration over parametric surfaces can be computed by means of differential forms.

. is the so-called Gram matrix of the coordinate tangent vectors. In
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On the other hand, some methods of calculation are necessary also in the case where an (m — k)-surface
is given by means of equations. This is the case for integrals over manifolds with a group invariant structure
(homogeneous spaces) such as O(m), SO(m), U(m), SU(m), SO(m)/SO(m —k), U(m)/U(m — k), etc. They
appear in harmonic analysis [4,5,12], representation theory [7], quantum field theory and random matrix
theory [16,22], and many other fields. Integration over this kind of manifolds is normally taken with respect
to the Haar measure, i.e. the unique invariant measure on a compact Lie group. In a similar way, one uses
the induced Haar measure on cosets. In the case of implicitly defined manifolds, the Haar measure can be
written in terms of the Dirac distribution 4.

For example, the group O(m) is the m(mf_l)-dimensional manifold, embedded in the m?2-dimensional

Euclidean space, that is defined by the W equations
<£_77gk>: jk> jakzla"'am7
where vy,...,v,, € R™, () denotes the Euclidean inner product in R and 4, is the Kronecker symbol.

The Haar measure on O(m) can be written as the delta function [], ;<) <., 6({v;,v;) — djx) times the

Lebesgue measure in R™”. In a similar way, the Haar measure on U(m) can be described in terms of the
Dirac delta distribution, see e.g. [14,23].

The above distributional technique is applied not only to algebraic Lie groups (and cosets) but to more
general manifolds. For instance, in co-dimension k& = 1, we find the following formula by L. Hérmander, see
[13, Theorem 6.1.5] (although an earlier antecedent in physics can be found in [9]),

/ fds = / 5(p(@)) |0al¢)@) ]| £(z) dVs. (1)
>

]Rm

Here dV, = dx1 - - dxy, is the Euclidean m-dimensional volume element and ¥ = {z € R™ : ¢(z) = 0} is
such that the gradient 0,[¢] does not vanish on ¥. In this way, one may see the Lebesgue integral fz: fds
as a functional depending on an equation, namely ¢(z) = 0. This approach has proven to be useful when
defining integration over smooth hypersurfaces in superspace, see [3,11].

The aim of the present paper is to tackle several problems concerning invariant integration over manifolds
of arbitrary co-dimension k£ < m. Let us briefly discuss the problems and tasks that will be considered in
this paper.

As we have already mentioned, higher co-dimensional extensions of formula (1) have been used in random
matrix theory in order to compute Haar integrals over some Lie groups. Our first goal is to summarize these
ideas for the general case of implicitly defined submanifolds in R™. Given a smooth (m — k)-dimensional
manifold ¥ C R™ defined by means of k equations ¢1(z) = ... = ¢r(z) = 0, we describe the Lebesgue
integral [ dS in terms of the concentrated Dirac distribution d(¢1)...d(¢x) (see Theorem 1).

This idea allows to replace general group (or coset) integrals with Haar measure by the action of delta
distributions. As a first application, we will use this method to compute integrals over the Stiefel manifolds
SO(m)/SO(m — k). In [4], Pizzetti type formulas for these integrals were obtained. These formulas express
the Stiefel integrals as series expansions of rotation invariant operators. A different proof for the Pizzetti
formula in the case SO(m)/SO(m — 2) was derived in [5]. It turns out that the distributional approach to
invariant integration allows for an alternative proof for these formulas. In Section 4, we provide a detailed
account on this new proof which simplifies the computations and reasonings from [4,5].

Our next problem is to provide a distributional interpretation to oriented integration. To that end, we
first describe the integral of any (m — k)-differential form « over ¥ in terms of the concentrated delta
distribution as (see Theorem 3)

/a: /5(901)...5(@k)dg01...dgaka.

b R™
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Next, we consider the case a = fW,,_, where f is a smooth function on ¥ and W,,_j is the oriented
(m — k)-dimensional surface measure, see e.g. [19,20]. In this case, the above formula will provide a purely
distributional expression for the oriented integral fE SV, _k, see Proposition 3.

This distributional approach can be applied to obtain a Cauchy type formula for the tangential Dirac
operator on an (m — k)-surface. In the case where k = 0, the classical Cauchy formula for the m-dimensional
Dirac operator 9, reads as (see e.g. [6])

/ PO, G = / (FO,)G + F(8,G)) dV, @)
ocC C

where F, G are smooth Clifford-algebra-valued functions on C and C C R™ is a compact set with smooth
boundary 9C. Extensions of this formula to any co-dimension 1 < k < m were derived (by means of
differential forms) as consequences of Stokes’ theorem, see e.g. [19,20]. As we will show in Section 6, the
Cauchy formula for the tangential Dirac operator can also be obtained from our distributional perspective,
i.e. not using Stokes’ theorem. We will provide a detailed description of both methods and show how they
are linked together.

Summarizing, we deal with the following problems:

e P1: extend formula (1) to a general co-dimension k

e P2: prove Pizzetti’s formulas for Stiefel manifolds from a distributional perspective

e P3: give a distributional interpretation to invariant oriented integration

e P4: prove a Cauchy type theorem for the tangential Dirac operator using distributions.

The notion of delta distribution concentrated on a manifold of lower dimension plays an important role
in solving these problems. In this paper, we use the definition provided by Gel’fand and Shilov in [8, Ch. 3].
Their approach allows to exploit the link between generalized functions and integration of differential forms.
This approach is also useful for derivatives of distributions concentrated on a manifold, which naturally arise
when dealing with Dirac distributions on supermanifolds. This shall be considered in future work.

The paper is organized as follows. In Section 2, we provide some basic preliminaries on Clifford algebras
and differential forms. In Section 3, we describe non-oriented integration over general manifolds in terms
of distributions. To that end, we first recall some concepts related with the so-called Dirac distribution
concentrated on a manifold. Next, we show how the Lebesgue integral on a smooth (m — k)-surface can
be written as a particular action of this distribution, thus solving problem P1. In Section 4, we apply this
approach to easily compute integrals over Stiefel manifolds, providing a solution to P2. A more detailed
account on integration over SO(m)/SO(m — 2) is given in Appendix A. In Section 5, we study oriented
integration in terms of distributions, which solves P3. Finally, in Section 6, we apply this approach in order
to obtain a Cauchy formula for the tangential Dirac operator, hence solving P4.

2. Preliminaries

In this section we fix some notation and recall some necessary concepts about Clifford algebras and
differential forms that will be required in the sequel.

The real Clifford algebra R,, is the real associative algebra with generators e, ...,e,, satisfying the
defining relations eje; + ege; = —20;4, for 5,4 = 1,...,m, where d;; is the well-known Kronecker symbol.
Every element a € R,,, can be written in the form a =}~ , -, aaea, where aq € R, M := {1,...,m} and
for any multi-index A = {ji1,...,jix} € M with j; < ... < jp we put eq = e, ---¢j, and |[A| = k. Every
a € R,, admits a multivector decomposition
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a:Z[a]k, where  [a]; = Z ases.

k=0 |A|=k

Here [ : R,,, — Rgf) denotes the canonical projection of R,,, onto the space of k-vectors Rgf) = spang{ea :
J R

|A| = k}. Note that R{Y =R is the set of scalars, while the space of 1-vectors R is isomorphic to R™ via
the identification v = Z;nzl vje; = (vi,..., vm)T. When necessary, we shall use this interpretation of the

1-vector v € R&,{) as a column vector in R™.

The Clifford product of two vectors v, w € RS,}L) may be written as vw = v - w + v A w where

m
1
vow=-(vw+wv) =— E vjwj, and vAw = E(yw—wy) = E (vjwe — vew;)ejeq,
j=1 Jj<t

are the so-called dot and wedge products respectively. Note that v-w = —(v, w) € R where (-, -) denotes the
Euclidean inner product in R™ while v A w € ]R{g). Furthermore, for v,,...,v; € Rg,];) we define the wedge

(or Grassmann) product in terms of the Clifford product by

1
O A A= Z SEN(T) V(1) ** Un(r) € R
" weSym(k)

Among the most important properties of the wedge product we have

. Qﬂ"(l) AR /\yﬂ'(k) zsgn(ﬂ—)yl A... /\ka
° [Q1"'Qk]kzyl/\.../\yk;

o if {vy,...,v;} is a set of orthogonal vectors, then v; A ... Av, = v« Vy;
e v; A... Ay, =0 if and only if the vectors vy, ..., v, are linearly dependent.
We shall also make use of the so-called Gram matriz of the vectors v, ...,v, € R™, which is defined as
(v1,01)  (u1,29) (v1, vg)
Vg, 1) (Uz,0) Vg, Ug,)

(g 01)  (Urova) oo (U 0k)

of
where M = (v;|vy]...|vy) is the matrix whose columns are given by the vectors v; while M" = | :

o
is the transpose of M. The Gram determinant is the determinant of G(vy,...,v;) and can be expressed in
terms of the wedge product of vectors by

det G(vy,...,v;) = |lvg Ao Awg|l?, (3)

where || - || denotes the Euclidean norm in R,, defined by ||al|?> = 3" ,c,, a4 for a € R,,,. This determinant
coincides with the square of the volume of the parallelepiped spanned by the vectors vy, ..., v;.

For v € R%) and a € Rgﬁ) we set va = [valg_1 + [valg+1 = v-a+ v A a, where

v-a=[valp_1 = %(ya — (-1)*aw), and vAa=[valkyr = %(ya + (=1)*aw).
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Furthermore, for a € ]Rgf) and b € R%), k < ¢, we have
ab = [abl¢—k, + [able—py2 + - - - + [ableyr—2 + [ab]etr. (4)
We thus define the dot and wedge product of multivectors as
a-b=[abl,_y, and  a Ab=[ab]etr.

They satisfy the following properties, see e.g. [6,18].

k

¥ olal; and b e R with k < €. Then

Proposition 1. Let v,v,,...,v; € R%), a=>3"

)
ii) [able—x = [[a]xb],_; and [ablerr = [[a]kb], 45
i) (vy A Avg)b=lug bl =vy - Uy (o (Y - D) -2 0));
w) (g A Ao) Ao = [y -y By = vy A (g A (- (g, AD) ).

The variable (z1,...,Z,) in R™ is usually identified with the vector variable z = Z;’;l x;e;. In general,
we consider R,,-valued functions of the vector variable z, i.e. functions of the form f(z) =" ,,, fa(z)ea
where the f4’s are R-valued functions. In that way, given a function space F = C*(R™), C’OO(Q), etc. we
obtain the corresponding space of Clifford-valued functions F ® R,,.

Throughout this paper we will use the so-called Dirac operator (or gradient) defined as

Oy = €10y, + -+ €m0y, .

Null solutions of the Dirac operator are called monogenic functions. The monogenic function theory con-
stitutes a natural and successful extension of classical complex analysis to higher dimensions. As the Dirac
operator factorizes the Laplace operator:

m

AQZ _ai = Zaip
'

monogenicity also constitutes a refinement of harmonicity. Standard references on this setting are [2,6,10].

We now recall some basic ideas on the theory of differential forms. For a more complete treatment see e.g.
[8,19,21] and the references therein. We denote by Ax(C°°(€2)) the space of differential forms of k-th degree
(or k-forms) on the open set @ C R™. Given the coordinate system (z1, . .., Ty, ), elements in A, (C*(2)) can
be written as o =}, 4y @a(z) dza where aa(z) € C*(Q) and day = duj, -~ dxj, for A = {j1,..., j}
with 1 < j; < ... < jx < m. Here the coordinate differentials dx;’s satisfy the anticommutation rule
dzjdx, = —dxjdz;. The exterior derivative d : Ap(C®(Q)) = Ap11(C°°(Q)) can be written in these
coordinates as d = Y7 | dx 0,

Orientability and integration over manifolds are of crucial importance in this paper. Let V' C  be
a neighborhood of dimension k < m defined as the image of a diffeomorphism z(-) : V/ ¢ R¥ — V
where u = (u1,...,ug) — z(u1,...,ux). The local coordinate system uw = (uq,...,u;) is said to define an
orientation in V. The same orientation is defined by any other local coordinate system v = (vq,...,v;) as
long as the corresponding Jacobian J (';_‘) is positive. It is also possible to give V' the opposite orientation by
considering any local coordinate system w = (w1, ..., wy) such that J(ﬁ) < 0.

Let a(z) € Ap(C>(2)) with compact support on V, i.e. suppa NV is compact. Then the integral of
over V equipped with the orientation given by w1, ..., ux is defined by
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Jom [ 3 antaw) g (54 dur--du, 6
J

v A=k

where J (&;) =J (xqillﬁik) is the Jacobian that appears automatically from the chain rule. The integral
fv « is defined uniquely up to a sign, which is determined by the orientation of V.

In general, a k-dimensional manifold cannot be fully parametrized by an open subset of R*, but such a
parametrization is always possible locally. A smooth manifold ¥ is called orientable if in a neighborhood of
any point of X it is possible to define the orientation consistently, i.e. in such a way that the coordinates
in intersecting neighborhoods define the same orientation in the intersection. It is possible to integrate
compactly supported differential forms over general smooth orientable manifolds. This integral can be
defined as a finite sum of integrals (5) over local parametrizations. We refer the reader to [21, Ch. 6] for a

detailed account on this procedure.
3. Concentrated delta distribution and non-oriented integration

In this section we describe general non-oriented integration over submanifolds embedded in R™ in terms
of the Dirac distribution. To that end, we first recall some basic notions related to the delta distribution
concentrated on manifolds of dimension less than m imbedded in R™ (m > 1), see [8, Ch. 3] for more
details. This distribution plays an essential role in computing integrals over implicitly defined surfaces, as
it will be shown in the next sections.

8.1. The delta distribution concentrated on manifolds

Let us consider an (m — k)-surface ¥ C R™ defined by means of k equations of the form

w1(x1,. ., xm) =0, wo(x1, o xm) =0, ..., @r(x1,...,2m) =0,

where the so-called defining phase functions 1,..., e € C°(R™) are independent, i.e.

Ogle1] Aot ANOglpk] #0 on X

The previous condition means that, at any point of X, there is a k-blade orthogonal to ¥ and therefore a
(m — k)-dimensional tangent plane. In particular, it can be proved that the following properties hold as well.

o The vectors 0z[p1], ..., Oz[¢k] are linearly independent on every point of .

Oz, [p1] -+ Oa,, [1]
e The matrix has rank k on every point of X.
Ouy k] - On,,[0k]
e dp1...dpr #0on X.
e In an m-dimensional neighborhood U of any point of 3, there exists a C'*°-local coordinate system in
which the first k coordinates are u; = 1, ..., uxy = ¢, and the remaining ugy1, ..., U, can be choosen
so that J (%) > 0.
Remark 3.1. The last property implies that ¥ is an oriented (m—k)-surface. Indeed, this property shows how
to introduce local coordinate systems ug41, ..., U, in the neighborhood of any point of ¥ with a consistent
orientation. This way of choosing the coordinate system wug1,...,u,, determines what we shall call the
orientation of ¥ defined by the ordered k-tuple (1, ..., pk).
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In virtue of the last property above, for any test function ¢ € C°°(R™) with support in U one has

[ aten-seno@av = [ au)- o) vlu) dus - du,

where 9 (u) = gb(g(g))J(i) It is thus natural to define d(p1) - - d(¢x) as

(5(<P1)-~-5(<Pk)a¢)=/5(w1)-~-5(wk)¢(z)d‘/=/w(Ow.-,O,ukﬂ,...,um)dukﬂ~--dum. (6)

This last integral is taken over the surface X, which is why the generalized function 6(p1)...d(px) is said
to be concentrated on this surface.

The definition given in formula (6) can be rewritten in terms of differential forms. Observe that, in the
neighborhood U, the map (ug41,...,%m) — 2(0,...,0, %11, ..., Un) provides a parametrization for the
surface X. Thus the integral in equation (6) can be written as fEmU ¢w where w = J(ﬁ) dugyq - . duy, is an
(m — k)-differential form uniquely determined on the surface X by the relation (see [8, Ch. 3])

dpy ...dppw =dV. (7

Finally, the generalized function d(¢1)...d(¢x) can be redefined by
(3(g1).... / (1), d(p)odV = / bw. (®)

where the orientation of ¥ is defined by the ordered k-tuple (o1, ..., ¢k), see Remark 3.1.
3.2. Distributions and non-oriented integration over (m — k)-surfaces

The goal of this section is to describe non-oriented integration of functions over the (m — k)-dimensional
surface ¥ = {z € R™ : p1(x) = ... = pr(z) = 0} in terms of the generalized function d(¢1)...d(py) defined
in (8). In order to do so, we state first the following classic result from linear algebra. As in the previous

1)

section, we abuse of the notation v € RY to denote the corresponding column vector in R™.

Lemma 1. Let M, M~! € GL(m) be written in terms of their row and column vectors respectively, i.e.

of
M= |, and MU= (.. fw,,).
v,
If the basis vectors vy,...,v,, € R™ satisfy (v],v,ﬁ_p) =0forj=1,...;kand 0l =1,...,m — k, then the

following properties hold

i) (Wi, wip) =0,j=1,....k L=1,....m—k,
i) |det M| = flug A Avgllllogga Ao A
ii) log Ao Aggllllwy A Al =1 log g A Ay ey A Ay, || =1

mll,

Sketch of the proof. Geometrically, property ii) states that the volume of a parallelepiped formed by
two orthogonal frames equals the product of the volumes of the parallelepipeds corresponding to each
frame. It easily follows from the identity (det M)? = det(MM7) and the block diagonal form of MM7T
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due to the orthogonality of the subspaces span{v,,...,v,} and span{v,,...,v,,}. Similarly, the identity
MM~' =1,, immediately implies that (M _1)T M~ has also a block diagonal form, yielding property 7).
Finally, property iii) is a direct consequence of the identity 1., = MM7T (M _1)T M~! and the property
(3) of the Gram determinant.

We also need the following result from differential geometry (see e.g. [15]) which allows to locally split
coordinate systems in ¥ into tangent and normal directions. In combination with the previous result, this
leads to a factorization of the corresponding Jacobian that will be needed in the sequel.

Lemma 2. Let X C R™ be a (m—k )-surface defined by means of the independent phase functions o1, ..., pr €
C>*(R™) as before. Then, in an m-dimensional neighborhood U of any point of X, we can choose a C*-
coordinate system uy = Q1, ..., U = Pk, Uk41,---,Um Such that J( ) >0 and

(Ou[5], Olunel) =0, on  UNX, (9)
forj=1,...;kandf=1,...,m —k.

The combined use of the Lemmas 1 and 2 allows to prove the following result. As before, we consider an
open region () C R™.

Theorem 1. Let ¥ C Q be a (m—k )-surface defined by means of the independent phase functions 1, ..., pr €
C>(R™). Then for any function f € C* (), with supp f N'X compact, we have

f

R/ 5(%),..5(%)de=/ [0:lo1] A~ Adlon]l a;
- 5

where dS is the (m — k)-dimensional Fuclidean surface measure on 3. In consequence, the following formula
for mon-oriented integration over ¥ holds

/ fds = / 5(01) ... 6(px) [Balr] A . ABulirlll £ V- (10)
b

R'm,

Remark 3.2. Theorem 1 is a generalization to higher codimensions of Theorem 6.1.5 in [13].

Proof. Lemma 2 allows us to choose, in an m-dimensional neighborhood U of a fixed but arbitrary point
of 3, a smooth coordinate system w1 = @1, ..., Uy = @k, Ugt1,--., Uy, With J(f) > 0 and such that the
orthogonality condition (9) holds. This means that the coordinate axes of ukﬂ:. ., Uy, are orthogonal to
the ones of ¢1,..., k. This coordinate system automatically provides a parametrization for the surface

U N'Y by means of the map (defined in some open set of R™~*) given by

2() : (uk+1a~~'7um) _>§(07"‘703uk+17"'aum)'

Then the (m — k)-dimensional volume element dS on U N X is given by dS = vdet G dugy1 . . . duy,, where
G = G (Oupys (2], - .., Ou,, [z]) is the Gram matrix of the vectors Oy, ,[z], ..., 0y, [z]. Thus, in virtue of (3),

uk+1[
we have

dS = ||0us [Z] A - A Oy, [2]|| dttpgr - . Aty

On the other hand, let w be the (m — k)-differential form defined in (7) associated to 6(¢1)...d(pr). We
know from (7) that w = J()dug1 . . . dup,. We also recall that

z
U.
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O [ur]"
x u
J(‘) = det (O, [2]] - - - |0, [2]) , and J(‘) = det )
u x
a a ag[um]T
where the vectors Oy, [z] = (9y,[21],. .., 0y, [zm])T and dpu;]" = (0a, [ujl, ..., s, [u;]) represent column

and row vectors respectively. Using the orthogonality condition (9) and Lemma 1 we obtain

[ s T |
[0z[ur] Ao AOgfug]ll

J(i) - J(i)_l = 0zfua] A A B fur] | 1B fursa] A A B[]l T =

Finally, for any ¢ € C5°(U) we obtain

/5(<p1)...5(<pk)¢dV: / dw = / J(i)qﬁdukﬂ...dum
J u

Uunx Uunx

dUk+1 N dum

_ / 5 0urss[2] A - A B, (2]

10 [ur] A A O[]

unx
¢
- ds,
/ 10u[e1] A A Dun]l
Uunx

which proves the theorem. O

Non-oriented integration over (m — k)-surfaces, as described in formula (10), requires only a set of
k equations defining the surface instead of a parametrization of it. This provides a useful approach for
computing integrals over surfaces in which the parametrization constitutes a difficult issue. In particular,
it allows to integrate over some compact Lie groups and coset spaces by replacing the Haar measure by
the action of delta distributions. This will be illustrated in the next section where we integrate over Stiefel
manifolds. In addition, this approach provides a suitable integration method over supermanifolds, which are
mostly defined in an algebraic way. For more details on the case of co-dimension k£ = 1, we refer the reader
to [3,11]. The case of higher co-dimensions in superspace shall be regarded in future works.

As it is expected, the generalized function 6(p1)...5(¢k) [|0=[€1] A ... A Ix[pk]|| does not change when
we change the equations describing X. In order to study how 6(¢1) ... d(pr) and 9z [p1]A. .. Ady[pk] change,
let us transform the equations 1 = ... =@ =0to ¥ = ... = ¢, = 0 where

k
Ye(z) = Zae,j(@%(@, (=1,... k.

Here the functions oy ; € C*°(R™) are such that the matrix they form is nonsingular, i.e. det{cy ;} # 0
for every x € R™. Obviously both sets of equations define the same manifold . If det{ay ;} > 0, the
ordered k-tuple (¢1,...,1x) defines the same orientation of ¥ as (¢1,...,¢x). Otherwise, these k-tuples
define opposite orientations, see Remark 3.1.

The new differential form @ associated to (¢1,...,1) is given by di); ... dr @ = dV. On the surface X,
the differentials diy can be written as diyy = Zle (0 jdoj + @jdoy ;) = Z?:l ay,j dpj. Then

v = dpr . = (3 ardps) o (D anydey) & = det{ar } dgr . diy &,

which yields @ = 7 w. Hence the relation between 5(tp1)...0(¢x) and d(p1)...0(px) is given by

1
det{ay,;
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= w = sgn (det{ay ¢ w = d
(5(6) - 5(60),0) = / 68 = sgm (detfa ) / ey = (300000, Tty )

where the orientation of ¥ in the first integral is defined by (¢1,...,%%), while the orientation in the
second integral is defined by (g1, ..., ¢x). This justifies the appearance of the absolute value || det{ay ;}|| =
sgn (det{oy ;})det{oy ;}, where sgn (det{ay ;}) = £1 is the sign of det{ay, ;}. We then obtain

3(p1) .- ()

S(r) .. 0() = [det{ae,}|[

On the surface ¥ we also have 9, [¢] = Z?Zl ay,j Oz[p;]. Therefore,

k k
Ou[r) Ao AOu[r] = | D an;0ulos) | Ao A DY any Bulps] | = det{an;} Oulin] Ao A okl
j=1 j=1

In this way, we have obtained the following result.

Proposition 2. Let ¥ C R™ be a (m — k)-surface defined by means of the independent phase functions
©1y-- 0k € CO(R™) and let 1y = Z?Zl a0, £=1,...,k, be new functions such that ay ; € C°(R™)
and det{ay ;j} # 0 for every x € R™. We then have

8(thr) - 6(n) Dult] Ao A Ouhi] = sgn (det{ap;}) 0(o1) ... 6(r) Dulpr] Ao A D[]

and

6(v1) -+ 0(k) [Oe[ha]l A A Ox[thrlll = 0(pn) - 0( k) [10u[r] A~ A Du[pr]ll -

4. Pizzetti formulae for Stiefel manifolds

In this section we direct our attention towards some applications of the above description of integration
over (m — k)-surfaces in terms of the action of delta distributions. In particular, we use formula (10) to
derive an alternative proof of the so-called Pizzetti formula for real Stiefel Manifolds St(m, k) of any order
0 <k <m, see [4].

The Stiefel manifold St(m, k) is the set of all orthonormal k-frames in R™ (m > 1), i.e. the set of ordered
k-tuples of orthonormal vectors in R™. If we write a k-frame as a matrix M of k column vectors in R™ we
have

St(m, k) :== {M € R™* . MTM = 1,},
which is equivalent to
St(m, k) :={(@y,-.,2;) € R™)" 2 (&j,0) = 50, jil = 1,...,k}.

k(k+1)
2

Thus St(m, k) is a compact (mk - -dimensional manifold embedded in R™*. The orthogonal group

O(m) acts transitively on St(m, k) and, when k < m, the special orthogonal group SO(m) also acts transi-
tively on this manifold. Then it follows that St(m, k) can be seen as a homogeneous space

St(m, k) = O(m)/O(m — k)
~S0(m)/SO(m—k) (if k< m).
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When k = m or k = m — 1, it is easily seen that St(m, k) is diffeomorphic to the corresponding classical
groups St(m,m) = O(m) and St(m, m — 1) = SO(m) respectively.
Now let us examine integration over Stiefel manifolds of any order.

Integration over St(m,1) = S™~! Clearly, the Stiefel manifold of first order coincides with the unit sphere
S™=1 in R™ since a 1-frame is nothing but a unit vector. Pizzetti’s formula provides a method to compute
integrals over S™~! by acting with a certain power series of the Laplacian operator on the integrand, see
[17]. For any polynomial P : R™ — C, this formula reads as

> 27 /2
/ P(@) dS@ = kZ:O 22kk!r(k er/Z) (AgP) (0) = (I)m(Al)[P] g:O’ (11>

S§m—1

m J%_l(izl/Z)
where @ (2) = (2m) % vt

the renormalized Bessel function ®,,(z), involves only natural powers of the argument z.

and J, is the Bessel function of first kind. This power series, defined by

Integration over St(m,2) The Stiefel manifold of order 2 is defined as

St(m,2) = {(z,y) € R™): |zl = |yl = 1. (z,y) = 0}.

The integral over St(m,2) can be interpreted as the integral over the (m — 1)-dimensional sphere S™~!
with respect to z and the integral over the (m — 2)-dimensional subsphere Ssz with respect to y, that is
perpendicular to z € S™~1. Then for any polynomial P(x, y) : R™ x R™ — C one has

/ P(z,y) S, = / / P(z,y)dS, | dS.. (12)

St(m,2) §m—1 m-2

Let us compute first the innermost integral for any fixed x € S™~!. Observe that the (m — 2)-surface ST*2
is defined by the pair of smooth functions ¢1(y) = ||y[| — 1 and ¢2(y) = (z,y). The gradients of these phase
functions satisfy the following identity on S''~?

Thus, according to formula (10), we have

lz Ayl _ Nzl ly]

= = |zf| = 1.
I I

Byler] A 9y fiea]| =

/ P(z,y)dS, = / 5(lyll — V(2. ) Pz, y) dV,

ST72 Rm™

Let us consider now the coordinate transformation u = My where M € SO(m) is a rotation matrix
whose first row is given by the unit vector z € S™~1, i.e. the first component of u is u; = (z, y). Under this
transformation, the above integral transforms into

/ P(z,y)dS, = / S(lull = 1)6(ur) P(z, M~ u) duy ... du,,

m—2 Rm™
SL

= / S((u2 + - +u2)Y2 = 1) Pz, M1 (0,ug, ..., um)T) duy ... duy,.
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The last expression coincides with the integral over the sphere S™~2 C R™~! with respect to the vector
(uz,...,Un). Thus applying Pizzetti’s formula (11) over this sphere yields

/ P(2,)dSy = (A — 2Pz, M~ w)|,_,
S

= B (A, — (2,0,)) P(z,y)|

DI, (13)

where we have used the identities A, = A, and 0y, = (z,9,) = >_j, x;0,,. Substituting (13) into (12)
and applying Pizzetti’s formula for z € S™~! we obtain

[ P@wdSuy = 0n(Ba) o 0ua(d, - (2.0)Pa )|, (149
St(m,2)

In this way, we have obtained a Pizzetti formula for St(m,2) by consecutively applying Pizzetti’s formula
for the unit spheres in R™ and R™~!. The above formula can be stated in a more explicit way where the
action of the vector variable z is not present anymore, see [4,5]. This connection is explicitly established in
Appendix A.

Integration over St(m, k) The same idea can be followed to integrate over the surface

St(m, k) = {(zy,....z;) € R™" : (z;,2,) = 60, 0 =1,... Kk}

In this case, the integral of a polynomial P(z{,...,z;) : R™ x --- x R™ — C is given by

St(m,k) §m—1 S§m—2 Sm—k

P(gl,...,gk)dSlw,,)wk:/ / /P@l,...,gk)dS’gk co.dSg, | dSy,, (15)

where z; € S™=J and S™~J denotes the (m — j)-dimensional unit sphere in R™ that is perpendicular to
Zy,...,Z;_;. As in the previous case, each of these k integrals can be computed by means of spherical
Pizzetti’s formulas.

Let us illustrate this procedure by computing the innermost integral, provided that the orthonormal
(k — 1)-frame (z;,...,2;_1) € St(m,k — 1) has been fixed. The (m — k)-surface S™* is defined by the

independent phase functions

o1(zg) = llzgll = 1, palzy) = (@, 2p)s - wrlzy) = (@p_1,2p)s

whose gradients satisfy H(‘?E[gol] A A 8g[<pk}H = lznnzll H&H"'lekl\ =1 on S™*. Thus

/ P(ay,.. 1) dSy, = / S(llzpll — D6y, 2)) -+ 62y 1)) Py, - 2y) Vi,
Sm—k R™

As before, we consider u = Mz, where the first k¥ — 1 rows of the matrix M € SO(m) are given now
by the orthonormal vectors z,...,2;_;. This means that the first £ — 1 components of the vector u are
uj = (z;,z;), j = 1,...,k — 1. Effectuating this change of variables in the above integral we obtain
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P(xy,...,zp)dS,,
_ / Sl = 1)8(ur) - - - 6(u) Play, - 2y y, M~ w) dus - duny,

= / S((u2 + - +u2 )Y = D)P(zy,. ..,z 1, MY, ...,0,up, ... um)T) dug . . . diyy,,

Rm—k+1

where the last integral is taken over the sphere S™~* ¢ R™~**1 with respect to the vector (uy,...,un).
Then Pizzetti’s formula (11) yields

Ug—1

P(zy,...,24)dSz, = Pr_py1 (AE - 831 - =0 ) P(zy,..., 251, Mﬁlg)’u_o

S§m—k
= Bt (De, = (21,0007 = = (1,002 ) Play, o),

Repeating the same procedure for the other (k — 1) iterated integrals in (15) we obtain the following result
in terms of the composition of k spherical Pizzetti formulas in dimensions m,m —1,...,m — k + 1.

Theorem 2 (Pizzetti formula for St(m, k)). For any polynomial P(z,...,x;) : R™ x .-+ x R™ — C it holds
that

k j—1
/ P(xy,...,24)dS;, .« H m— _7+1< j—Z<£é:5xj>2> [P]

St(m, k) =1

5. Distributions and oriented integration over (m — k)-surfaces

In this section we describe oriented integration over the (m — k) surface ¥ in terms of the distribution
0(p1) ...0(pk). To that end, we start by studying integration of general differential forms in A,,,_(C*°())
where 2 C R™ is an open set that contains 3.

Theorem 3. Let 3 C Q be a (m—k)-surface defined by means of the independent phase functions 1, ...,k €
C*(R™) and let o € Ay (C*°(Q)) with suppax NE compact. Then

/a = /6 (p1)...0(p)dpr ... doy .

Remark 5.1. Observe that dip; .. .dyy o is a differential form of maximum degree m, i.e. it can be written
as dpy ...dpra = fdV where f € C(Q) is such that supp f N ¥ is compact. Then the integral in the
right-hand side is well-defined in the sense of (8).

Proof. It is enough to prove this result in an m-dimensional neighborhood U of any point of ¥ and to
assume that a is compactly supported on U NX. Let us consider a local coordinate system in U of the form
UL = Q1, ..oy Uk = Phy Uk1, - - Uy such that J(%) > 0, see Remark 3.1. When we write the differential
form « in this coordinate system we get

k
a=¢dugys ... dug, + Zﬁj dej,

Jj=1
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where ¢ € C*°(U) has compact support on U NX and B; € Ay—p—1(C(U)). Therefore we can write
fUmE o= fUmE ¢ dugy1 ... du,. Now we recall that the differential form w defined in (7) can be written as
w = J(5)dugy1 . .. duy,. From the definition of §(¢1) ... (k) in (8) we obtain

/a: /¢J<i) wz/6(@1)...5(<pk)¢J(i>_ldV.

Uunx Uunx Rm™

-1

Finally, since dV = J(%) doy ...dog dugyy ... duy,, we get

/a: /5(@1)...6(@k)d4p1...d<pk (pdugsy ... .duy,) = /5(@1)...5(g0k)d<p1...dcpka,
Rm™

Uunx R™

which proves the theorem. 0O

Definition 1. The oriented (m — k)-surface element in R™ is defined by the differential form

Uk = Z (—l)é(A) eadrypa = Z (—1)€(M\B) exm\B drp,
|Al=k |B|=m—k

where as before M :={1,...,m}, A= {j1,...,js} C M with j1 < ... <jrand £(A) = (j1 — 1)+ (j2 —2) +
...+ (jx — k) is the integer satisfying

dV = (_1)€(A)dxAdxM\Aa and EM = (—l)e(A)eAeM\A.

Remark 5.2. Observe that ¥,,_j is a k-vector valued (m — k)-differential form, i.e. an element of the space
A, (C°(R™)) @RE) . The algebra of Clifford-valued differential forms is a tensor product of two algebras,
whence it is also an algebra and the multiplication into it is the combination of the Clifford and the outer
multiplication of differential forms. Here the imaginary Clifford units e; commute with the real coordinate
differentials dx;. When integrating on the smooth manifold ¥, the factors e4 in W¥,,_; allow to recover the
k-blade that is normal to ¥. In particular, ¥,, = dV and when k£ = 1 we can write

U1 =Y (=1 lejda; = n(z) dS,

j=1

where d/aa =dxi...drj1dxjq1 ... d2y,, n(z) is the normal vector to ¥ at the point & € ¥ and dS is the
Euclidean surface measure on X..

The element ¥,,_j is used in the following definition of oriented integration over (m — k)-surfaces.

Definition 2. The oriented integral of a function f € C*°(Q) over the (m — k)-surface X is given by
/flllmfk - / 5(()01) .. .5<ka) d(pl e d(pk f\I/m,k.
b R™

The second integral in the above definition directly follows from Theorem 3. This expression can be
rewritten in a purely distributional way on account of the following result.
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Proposition 3. The following identity holds
dpy...dog Vy—k = (’)£[<p1] VAN Aag[tpk] dV. (16)

In consequence, the oriented integral in Definition 2 can be written as

[eni= [aten)..onael n... nodalsav = gj:;’jﬁ;;; ngjj”fds. (17)
¥ R™ > o o

Remark 5.3. The second equality in formula (17) states that the oriented integral of f over ¥ is the Lebesgue

integral of the function f multiplied by the unit k-blade ”gﬂiﬂﬁ ﬁgﬁzi}” that is normal to . This

constitutes a generalization to higher co-dimensions of the case where k = 1, see Remark 5.2.

Proof. We compute

m m

dey...dpp Vo, = Zazj[%]dxj Z&cj[%]dwg‘ Uk
j=1

(]

Oalpr] A v ANOalor)) gdza | | D0 (1) P eadapa
|A|=k |Al=k

= Y Quler] Ao N Oslen]) 4 ea (1) W dzadzpn a
|Al=Fk

= 8£[<p1] VANV ai[gﬂk] dV,
which proves formula (16). Formula (17) is a direct consequence of Theorem 1. O

In a similar way to the non-oriented case, formula (17) describes oriented integration over (m— k)-surfaces
by means only of delta distributions of the & defining phase functions. Moreover, Proposition 2 ensures that
the generalized function 6(p1)...0(¢k) Ox[w1] A ... A Oyg[pr] does not depend on the choice of the defining
k-tuple (o1, -..,¢k) as long as the orientation of 3 is preserved.

In the works [19,20], the (m — k)-surface element was given in terms of the vector differential dz =
Z;.”:l ejdx;. In fact, one has the following relation.

Lemma 3. The following identity holds

dg)™Fk
Em_)— IR

k(k+1)
2 m—k €M -

Proof. The equalities ep; = (—1)*Weepna and €4 = (—1)k<k2+1) yield eppa = (—1)Z(A)+k(k;l)eAeM.

Thus,

m—k
% - Z eanadryna = (-1) Z (~1)* Peadrana | enr = (-1)

|Al=k |A|=k

k(k+1) k(k+1)
2 2

m—k€ep. O

Proposition 3 can also be proven by examining the above relation between ¥,,_; and dz. In order to do
so, we need the following lemma.
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Lemma 4. Let ¢ € C>°(R™). Then

(dz)* (dz)*!
Oulel - == = —de oy
Proof. Observe that 9, ] - 2 — d,, [¢ld ~39 d Th
roof. Observe that d,[¢] - T Z (] xA(ereA)fZ Ej[go]z zaejes. Then
1<j<m j=1 A3j
A=k
dz)* = dz)F—1
oulel- B = S0, [olday Y deageagy = —de Y depen = —dp SE
k! J=1 A>j |Bl=k—1 (k—1)!

We are now able to obtain the following version of Proposition 3.

Proposition 4. Let o1, ..., pr € C°(R™) be independent phase functions. Then

m—k

(dz)™

Ozlpr] Ao A Ozlik] 77_1! =(-1)

deq ... doy %

k(k+1)
32

Proof. Since (di),m

form. Then, by Proposition 1 44i) and Lemma 4, we get

ool A Adilol - B oo (- (ade - ) )

= dVep, the product 9z [p1]A. .. A0z [pk] WD gives an (m—k)-vector valued differential

m/!

m!
——auforl- (- aulenal - (a1 (or ) )
T m—k
= (—1)*dppdpr—1 .. .dp, %

k(k+1) (dx)m*k
=(-1) = .. —
(1) dpr ... doy (m —F)] 0

Remark 5.4. As previously announced, Proposition 4 is equivalent to formula (16). Indeed, by Lemma 3 we
obtain

Bk +1) )"k

d
(—=1) = d@l...dwkﬁ:dtpl...dcpkq/mkeM.

Thus dey ... dpk Vom_i ear = Ogl1] A .. AOg[or] L5 = 0,01 A ... Ag[pr] dV enr.

m! z

6. Cauchy formulae for the tangential Dirac operator

As an application of the previous approach, in this section we prove a Cauchy-type theorem for the
tangential Dirac operator on an (m — k)-surface. As before, we consider an open set @ C R™.

In the case where k = 0, the classical Cauchy formula (2) can be rewritten using distributions as follows.
Let C = {z € R™ : ¢(z) < 0} where the phase function ¢ € C*°(R™) is such that J,[¢] # 0 on
0C = {z € R™ : p(z) = 0}. Then the surface integral [,, can be written in distributional terms using
Proposition 3, while the domain integral [, ¢ can be written as the action of the Heaviside distribution
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L ¢<0,
H(-¢) =
0 ¢>0.
This way we can rewrite the Cauchy formula (2) as
/ 5(0)Bl] G AV = /H 0,)G + F(9,G)) d (18)
Rm

Our goal is to obtain a version of formula (18) in any co-dimension 1 < k < m. To that end, we need to
integrate over a compact (m — k)-surface namely ¥ NC and over its boundary X N9C. As before, ¥ C Qis a
(m — k)-surface defined by means of independent phase functions ¢1, ..., ¢, € C°(R™), and we shall also
assume that 0[] AOz[p1]A... ADx[pk] # 0 on ZNAC. We will illustrate two different methods for proving
a Cauchy formula for the tangential Dirac operator on ¥ N C. The first method is purely distributional,
while the second one uses differential forms and Stokes’ theorem.

6.1. The distributional approach

We start by noticing that the distribution H(—¢) §(¢1) . .. (k) Ox[@1]A. . . ADy[¢k] has compact support.
Then for any R-valued function f € C*°()) we have

[ 2.l H=)8(00). 30 Bulir] A A Bulgn]) aV =0, (19)

The Cauchy formula follows after working out the integrand in the previous formula and taking the (k+1)-
vector part. In order to do so, we need first the following technical lemma.

Lemma 5. The (k + 1)-vector part of 0y [0(¢1) ... 0(pr) Oxler] A ... A Ozlpk]] vanishes.

Proof. Observe that

a@ [5(%01) cee 5(%01«) a&[‘ﬂl] ATREA 8&[8%]]
=0(p1) .- 0(pr) Ox [Oulpr] Ao A O[]l + 02 [6(1) - .. 6 (k)] Oulpr] A - A Oilior]

k
=03(¢1) .- 0(pr) Ox [Oulp1] Ao A Orfipi]] +Z5(<p1)~-5'(<Pj)---5(%)5@[%]%[%} Ao A Og[pk]

where [0:[p;]0z[p1] A .. A Oxlor]lyyy = Oulps] AOz[pr] Ao AOs[pr] = 0. Thus the (k + 1)-vector part of
9z [6(p1) - - 6(pk) O [901] A RE

5(p1) - 0( k) [On [Bulon] Ao A Bulr]l] -

Now we recall that the action of the Dirac operator on a product of R,,-valued functions is given by
6 [FG] = 04[F|G + 0;[FG] where the overdot notation indicates the action of the partial derivatives, i.e.
3 [FG] 2]:1 e;F0,,[G]. Using this idea we compute

[0 [uli] A S 32 outerl n--- 0ol nasle

j=1 k+1
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k
=S o, [adel Aautail A BT n0dad ||
j=1 k+1
where Z means that the symbol z is suppressed. Note that 5 [¢;] Az [@1]A. [(p]] NOg[px] is the k-vector

part corresponding the Clifford product Ogz[¢;]0z[p1] ... Ozl@;] . .. Oxler]. Thus, in virtue of Proposition 1

i1), we obtain

k O o} —
[0z [Dzlpr] A - A Oxliow] ]k+1 - Z(_l)j_l {@ {ai[spj]az[@l] - Ozli5] . 3&[%]”1&1
= 2 [Medoden Ao dudenl]

which implies that [0, [Ox[@1] A ... A Oxlek]] ]k+1 =0. O

Now we can proceed with our proof of a Cauchy formula. Working out the integrand in formula (19),
and taking into account that 9,[H(—p)] = —d(p)dx[¢], we get

O [f H(=¢)d(p1) - - - 0(px) Oz[ep1] A [‘Pk]]
= H(—¢)d(¢1)...0(er) Dl flOcler] A ... AOulor] — fO(9)d(01) ... 0(pr) Ou[@lOel1] A ... A Dulr]
+ fH(=¢) 0z [6(¢1) - .. 6 (¢ az[‘ﬁl]/\“' A Oz il -

Taking the (k 4 1)-vector part and applying Lemma 5 we obtain the following Cauchy formula for the
R-valued function f € C*°(Q),

/ H(- 5o Oulf1 A Duler] A . ADylipr]dV
/5 5(on) Dul] A Dulr] Ao ADulion] FAV. (20)

This result can be easily extended to R,,-valued functions by linearity. In particular, we obtain the following
Cauchy formula.

Theorem 4 (Cauchy formula). For every F,G € C*(Q) @ R,, one has

o

k o o o
Rz H(=¢) j];[lé(%) [F (5‘95/\ Aulpr] A A ﬁm[@k]> G+F (arA Oulpr] A A éhm]) G] av

k
/ H (05) F O] A ulor] A ABulon] GV, (21)
Rm™ :

where the overdot notation indicates the action of the partial derivatives, i.e. if F =% , Faea with Fy €
C>*(Q) then

F(d.n0i0e A n0ifal) = S eatulFal AdLloil Avee AOLLa
A
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and
(é; Ag[pr] A-ee A 3£[<,0k]) F =Y 0,[Fal Adulor] Ao Aulor]en.

Let us study more in detail the first order differential operator 0y A Oz[p1] A ... A Ozlpk], which is
(k + 1)-vector valued. In order to do so, we decompose the Dirac operator as

Op = Oy + Oz
where J, is the tangential part and d,1 the normal part to the surface . Given an arbitrary point w € 3,

these operators can be explicitly written as follows. In a neighborhood of w, consider a C'°°-coordinate
system as in Lemma 2, i.e.

UL = Q1yen e Uk = Phy Ukt 1y« - U,  With  (Oz[@;], Ozltrte]) = 0.
The space N = spanp{0:[¢1],...,0z[pr]} is the k-dimensional plane orthogonal to X, while the space
T = spang{0z[uk+1],-..,0z[um]} is the (m — k)-dimensional plane tangent to ¥. Let {vq,...,v;} and
{€1,-+&m_} be orthonormal bases for the spaces N and T respectively. We then have

m—k k
= Z g (g, 0x), and  Op1 = ZZJ (), 0x)
j=1 j=1
It is clear that 0,1 A Oz[@1] A ... A Oz[ex] = 0 and moreover,

O N O[] Ao A Oglpr] = Oy (Oxlpr] A ... A Ozlior]) = (—=1)* (Ozler] Ao A Olpr]) O (22)
In this way, the (k+1)-vector valued operator 0, AOz[p1]A... AOz[pk] has been decomposed as the Clifford

product of the k-vector dp[p1] A ... A0Jg[px] with the tangential Dirac operator d,). Thus formula (21) can
be rewritten as

k
/ H(—y) H d(e5) [(Fazl\) Ogle1] Ao A Dg[er] G+ (—1)’“F O[] A - A Oylk] ((%”G)] d

k
/ ) []0(e)) Foulel Adulor] A Adulor] GdV. (23)
R™ J=1

6.2. The differential form approach

The above technique for proving the Cauchy formula is purely distributional and does not involve any
differential forms. Now we shall present another method that makes use of differential forms and Stokes’
theorem. We consider the compact set C' C Q and the (m — k)-surface ¥ C Q as previously defined.

Let o € Ayyy—i—1(C°(Q)). From Stokes’ theorem in the compact surface ¥ N C we obtain

o= / da, (24)

patle) xNnC
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where the orientation in the boundary ¥ N dC' is induced by the orientation of >N C. Since we consider the
orientation of 3N C to be defined by the ordered k-tuple (¢1,...,¢k), the orientation of X N AC is defined
by (©1,--., %k ), see Remark 3.1.

Cauchy’s formula follows from working out formula (24) when substituting « = F¥,,,_;_1G with F,G €
C*(Q2) ® Ryy,. To that end, we will need the following version of Lemma 4.

Lemma 6. The following operator identity holds in C*(Q)

Op ANy = (=1)FdW,, ;.

d&)m_k N 7d (di)m,—k—l

Proof. From Lemma 4 we know that 0, - ((mfk), = k=TT By Lemma 3, this equality can be

rewritten as

O (Up_penr) = (—D)Fd W, _p_1en.
Finally, in virtue of Proposition 1 i), we obtain

(O ANpi) enr = (—1)F d 0, _i—1 e,
which proves the Lemma. O

For a given pair of functions F, G € C*°(Q) ® R,,,, the previous result yields

(—1)Fd (FWyy 1 G) = FOp AWy G+ F Oy AUy,

Therefore, by Stokes theorem we have

(z?ax AUy G+ Fdy A qu_kcoz) = (~1)* / F¥,,__1G.
xNnC ¥nocC

From Proposition 3 we know that ¥,,_, can be written as the multiplication of the Lebesgue measure on

¥ with the unit normal k-blade Hgﬁiﬂﬁ Qgﬁiﬁl\' Thus it is readily seen that (see (22))

O AWy = Oy Uiy = (=1)"Wp . Oy

Therefore,

/((Faﬂ)@m,kaﬂ—l)kF@m,k(@HG)):(—1)’€ / FV,, 4G, (25)
»nC XNnocC

The above formula exactly coincides with formula (23). Indeed, in virtue of Proposition 3, the left-hand side
of (25) can be written as

k
/ H(—QO) H (5(<pj) [(Fagu) 8£[g01] JANAN Bi[gok] G+ (—1)kF 3£[<,01] JANRAN 8£[gok] (8£HG)] dV.

Now we recall that the orientation of ¥ N JC' is defined by the ordered (k 4 1)-tuple (¢4, ..., vk, ¢). Thus
the right-hand side of (25) coincides with



A. Guzmdn Addn, F. Sommen / J. Math. Anal. Appl. 489 (2020) 124140 21

(—1)* / Fo(gr)...8(00)5(2) Dalior] A A Dsliow] A Oulig] G Ve
Rm

Finally, substituting these two expressions into (25) we obtain (23).
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Appendix A. Further examining the Pizzetti formula for St(m, 2)

The Pizzetti formula given in (14) for St(m,2) can be written in terms of distributions as

P(z,y) dSsy = (5@)0) . ®m(As) 0 oa(B, - (2,0,)%) [P]).

St(m,2)

where 0(x) = 0(21) - 0(¥m) and §(y) = 6(y1) - - - 6(ym) are the delta distributions for the vector variables
z and y respectively. This can be written as a recursive action first with respect to z and then with respect
to y as follows

Plz,y)dS., (0@), (8(2), Om(By) 0 @poa(A, — (2.9,)%) [P]) )

St(m,2)
= (50 (Pn(A)B@)] Pnsr(A, — (2,0,)), P)). (26)

The innermost action with respect to z in (26) follows from the definition of derivatives of distributions
(integration by parts). This gives rise to the action on P of the distribution ®,,(A,)[d(z)] multiplied with
the function ®,,_1(A, — (z,9,)?). The resulting distribution in the vector variable z € R™

Py (Az)[6(2)] (I)mfl(Ag —(z, 8g>2) (27)

can be expressed in a more explicit form depending only on differential operators with constant coefficients.
To that end, we first need the following lemma.

Lemma 7. Let R, Q € R{z1, ..., 2] be polynomials and R(0z), Q(0z) € R[Dyy, - .., 0y,,] be the corresponding
Fischer duals, i.e. R(0y) is the differential operator which one gets by formally replacing all variables z; in
the polynomial R(x) by 0.,. Then the following identity holds in the distributional sense

R(9:)[0(2)] Q(z) = (Q(=02)[R]) (9) [6(z)]-

Proof. It is enough to prove this result in the case where R and @ are polynomials in one variable z, i.e.
m = 1. Consider R = 27 and Q = z*. Then

0, k> j,

(_1>k (jz!k)! 5('j_k) (‘T)a k < ]

This coincides with the action on §(z) of the Fischer dual of the polynomial (—1)*0%[z7] = Q(—0,)[R],
which proves the result. O
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On account of the above lemma, the distribution in (27) coincides with the action on d(z) of the Fischer
dual of the polynomial

S(z,y) = P (llyl® = {0z, 1)) [@m(llz])]-

27Tk/2

If we denote c; 1 = TGk

we may write

Zcem Ll = @)Y Bll2]?) = 3 oS (28)
=0
where
Y4
So = (> — (00 9)?) @ (l2]?) = S (-1 (f) 1912 (0, ) [ @2l
§=0
= ZZ ( )ckﬂmnynw-ﬂ (0, ) [|lz|2K+2] . (29)

In order to compute (9y,y)* [[|z]|***27] we need the following results.

Lemma 8. Let B = — (g/\g)2 = [lz?|lyll* — (z,y)*. Then

Y
it) (0s,y)? [llz HQ(’““)] Ak +1) [(k + 3) llylPllzl?* = kBlz)**].

Proof. ) It is clear that (9, y)[B] = [[yl|*(0z, v) [I|z1?] — (0x, ) [ )] = 2llyl*(z, y) — 2]lylI*(z, y) = 0.
i1) Observe that

(0o.9) [Il2lPS40] = D7 w50, [lalPS0 ] = 20k + 1) 3 gy | = 20k + 1) )
Then,
(0,92 12l = 20k +1) (0, [ (2, ) 2l |
=2(k+1) [(0e,9) [(z, 9] llzl** + (2, 9) (e, ) [12]|**]]

= 2k + 1) [yl 2l + 2k{z, )] 250
Substitution of (z,y)? = ||z||?|ly||* — B into the previous formula yields the desired result. O

Lemma 9. The following identity holds for j,k € N U {0}

mm(],k) 1
k+j Lk+j—r+3) . _
2j 2k+251 _ 2 2(y T)Br 2(k—r)
Oy 121™) = T S (0 (1) e @

Proof. We proceed by induction over j € N U {0} provided that k € N U {0} is arbitrary. The initial case
j = 0 can be trivially proved to be true. Now assume formula (30) to be true for some j € NU {0} and any
k € N U {0}. Let us prove that (30) also holds for j + 1.
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It is easily seen that (9, y)¥ 2 [||z||***22] = (8, y)*(Dx, y)¥ [||z||**+D+%]. Using the induction hy-
pothesis for the pair (j,k + 1) and Lemma 8 we have

2j+2 2k+2j+2
(0, ) 2|l ]

min(j,k+1)

49(k+1+ j)! ANTh+1+5—r+3) o 2 P11 12041 —
_ 2w lT): 1) I= B8, (k+1-7)]
T(k+ 14 1) ;:0 =17(7 CESE llyll (0, y)? [l ]

From now on, we assume j < k and therefore min(j, k + 1) = j. The proof in the cases where j > k runs
along similar lines. We recall from Lemma 8 that

(O, ) [l PFH072) = 4k — v+ 1) [ = 7+ 1/2) gl *®) = (k = r)Blle] 270
Then,

242 242542
(O, ) 2|12 ]

P41+ ) N+ —r+3) 1) o .
EEARUERREIE o /Y () 2) (k — 4 1/2) ]P0 B2

I(k+32) ~ r (k—r)!

A (414 )1 A i \NT(k+j—r+2) o

_ E (-1)" J J 2 Hy||2(1—r+l)BT||$H2(k—r)
Fk+3) = r—1 (k—r)! < =

_ ALk 414 ) (

J
2(5+1) 1,12k 2(j—r+1) 2(k—r) _ i+11),,.12(k—j5—1)
Tt d) OollylIPH Nl + D (O + Ayl B2l 4 Ay B PR )

r=1

where 0, = (—1)" ) Llktj—r+3) E—r+1L)and \. = (-1)" J w.l\/[oreover one has
2

r (k—r)! r—1 (k—r)!
9T+>\r:(_1>rﬂf‘(k+j—r+%) k—r+1 k+j—r+3
(k—mr)! rlG=r)  (r=DIG+1-7)!
1)y Pk+j—r+3)G+D(k+3)
B I (k—r)! rli(j+1—r)!
1\ (j+1\Dk+j—r+32)
= —]_ T k — .
v (3) (1)
Finally, since 6y = (k + %) F(]Hk;jf%) and A\j41 = (—1)7T! (k + %) (E(_kjt%l))!, we conclude

4 . P+ 14 )R j+IN\T(k+j—7+3) .

2542 2k+2j+2] _ Y 2 2(j+1-r) gr 2(k—r)
O a7 = RISy () R 2,
which completes the proof. O

Going back to (29), we obtain the following results when substituting formula (30).

l oo
(e » , )
) N (A R M R e

oo min(j,k) . : . . 1
NAYS Y(E+HTE+j—r+3) _ -
— -1 j+r ) 2 2(¢ ’I“)B’l“ 2(k—r)
5 Y 0 () () esram ™ g 1y e I B
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min(

o , :
Z é m/2€| ( DI T(k+j—r+35)  |zf?*" BT ” y|[2¢=")
2 — NG -Th+5+2) (k—r)!

[eS)
k=0

3

7%“““ 4 20 a0 B B e é IT(k+j—r+1) (31)
7k:0 e 4’“1" k+3) (k=) j:T j—r)'I‘(k—i—J—i- )
On the other hand, it can be easily verified that
¢ DIT(k+j—r+13) (—1)T (k+ 3) 1 m
= 2 Fi(k+=,r— 6k —;1
; e NG-—MTh+i+2)  C—nTh+r+2)? 1( Ty AT
)T (k+3) 0+ =2t

T =T+ DT (k4 0+ 2)

where o F(a,b;c;z) = Zjo 0 (a)i(b)’ 2) denotes the hypergeometric function with parameters a,b,c¢ € R in

L ) =0, .
the variable z and (¢); = { . j is the so-called rising Pochhammer symbol, see
alg+1)--(g+j—1), j>0,

[1]. The last equality in (32) is obtained using the Gauss theorem for hypergeometric functions that yields

(see [1])

1 m I'(
2F1<k‘+277' g,k‘""l“"‘Q, ) F(

Substituting (32) into (31) we obtain

oo min(4,k)

Se=3 3 2 2UT(+ L) |20 BT [y
B ~ 4FD(r4 25T (k+£+%) (k—r)! ¢l (—r)"~

Substituting this into (28) yields

o0 mln(@ k}) m m—1

22 B P

> 2wz 272
= m— S — — .
z,9) Zc& 1oe= k;) ZO D+ 0+ )T+ 21) (k—r)! I ((—1)!

2

The above sum cam be rewritten in terms of the subindex s = k + /¢ as

||£||2(k—r) E Hg”Z(sfkfr)
Tfl) (k—r)! 7! (s—k—r)!

=
||
i[e
M)
M\
q
HE
: :1“
+ I\J
3

S ’I:Ok‘:r
—if iy b - el
S AT+ )Tt o)\ (=)l (s —k—7)!
_iLZJ 27‘(7; 27'(' 2 As—2r  pr

45T(s + 2)T(r + 21) (s —2r)! 7l

where A = [[z]|* + [lyl|* and B = [[z]?[|ly[|* — (z.»)*.
Finally, using our first relation (26) and Lemma 7, we rewrite the Pizzetti formula (14) as follows.
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Theorem 5 (Pizzetti formula for St(m,2)). For any polynomial P(z,y) : R™ x R™ — C it holds that

P(g, g) dSQ,g = S(@E, 8g) [P”!fg
St(m,2) -
s 3]
~ TI'(3) T("F) A B
— A Ay : ST
1;@ LT(s+53)I(r —‘) G2 2=0
o

with A = Ay + Ay, B = Az Ay — (0, 8E> and A; ”J//Q the surface area of the (j — 1) dimensional unit

sphere ST1.

References

[1] G.E. Andrews, R. Askey, R. Roy, Special Functions, Encyclopedia of Mathematics and Its Applications, vol. 71, Cambridge
University Press, Cambridge, 1999.

[2] F. Brackx, R. Delanghe, F. Sommen, Clifford Analysis, Research Notes in Mathematics, vol. 76, Pitman (Advanced
Publishing Program), Boston, MA, 1982.

[3] K. Coulembier, H. De Bie, F. Sommen, Integration in superspace using distribution theory, J. Phys. A 42 (39) (2009)
395206, 23.

[4] K. Coulembier, M. Kieburg, Pizzetti formulae for Stiefel manifolds and applications, Lett. Math. Phys. 105 (10) (2015)
1333-1376.

[5] H. De Bie, D. Eelbode, M. Roels, The harmonic transvector algebra in two vector variables, J. Algebra 473 (2017) 247-282.

[6] R. Delanghe, F. Sommen, V. Soucek, Clifford Algebra and Spinor-Valued Functions: A Function Theory for the Dirac Op-
erator, Mathematics and Its Applications, vol. 53, Kluwer Academic Publishers Group, Dordrecht, 1992, Related REDUCE
software by F. Brackx and D. Constales, with 1 IBM-PC floppy disk (3.5 inch).

[7] S.S. Gelbart, A theory of Stiefel harmonics, Trans. Am. Math. Soc. 192 (1974) 29-50.

[8] LM. Gel'fand, G.E. Shilov, Generalized Functions, vol. I: Properties and Operations, Translated by Eugene Saletan,
Academic Press, New York-London, 1964.

[9] J.W. Gibbs, Elementary Principles in Statistical Mechanics: Developed with Especial Reference to the Rational Foundation
of Thermodynamics, Dover Publications, Inc., New York, 1960.

[10] J.E. Gilbert, M.A.M. Murray, Clifford Algebras and Dirac Operators in Harmonic Analysis, Cambridge Studies in Advanced
Mathematics, vol. 26, Cambridge University Press, Cambridge, 1991.

[11] A. Guzmén Adén, F. Sommen, Distributions and integration in superspace, J. Math. Phys. 59 (7) (2018) 073507, 25.

[12] Harish-Chandra, Differential operators on a semisimple Lie algebra, Am. J. Math. 79 (1957) 87-120.

[13] L. Hérmander, The Analysis of Linear Partial Differential Operators. I: Distribution Theory and Fourier Analysis, Clas-
sics in Mathematics, Springer-Verlag, Berlin, 2003, Reprint of the second (1990) edition, Springer, Berlin, MR1065993
(91m:35001a).

[14] M. Kieburg, A.B.J. Kuijlaars, D. Stivigny, Singular value statistics of matrix products with truncated unitary matrices,
Int. Math. Res. Not. 11 (2016) 3392-3424.

[15] J.M. Lee, Introduction to Smooth Manifolds, second edition, Graduate Texts in Mathematics, vol. 218, Springer, New
York, 2013.

[16] H. Leutwyler, A. Smilga, Spectrum of Dirac operator and role of winding number in QCD, Phys. Rev. D 46 (12) (1992)
5607-5632.

[17] P. Pizzetti, Sulla media dei valori che una funzione dei punti dello spazio assume alla superficie di una sfera, Rend. Lincei
18 (1909) 182-185.

[18] I. Sabadini, F. Sommen, Clifford analysis on the space of vectors, bivectors and [-vectors, in: Advances in Analysis and
Geometry, in: Trends Math., Birkhauser, Basel, 2004, pp. 161-185.

[19] I. Sabadini, F. Sommen, Differential forms and Clifford analysis, in: Modern Trends in Hypercomplex Analysis, in: Trends
Math., Birkhduser/Springer, Cham, 2016, pp. 247-263.

[20] F. Sommen, Monogenic differential calculus, Trans. Am. Math. Soc. 326 (2) (1991) 613-632.

[21] L.W. Tu, An Introduction to Manifolds, second edition, Universitext, Springer, New York, 2011.

[22] J.J.M. Verbaarschot, I. Zahed, Random matrix theory and three-dimensional QCD, Phys. Rev. Lett. 73 (17) (1994)
2288-2291.

[23] K. Zyczkowski, H.-J. Sommers, Induced measures in the space of mixed quantum states, J. Phys. A 34 (35) (2001)
7111-7125, Quantum information and computation.


http://refhub.elsevier.com/S0022-247X(20)30302-4/bib001616E5576F95F24BC6DAD27C5F3F8Es1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib001616E5576F95F24BC6DAD27C5F3F8Es1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib6A5EBF786B593AF88312BA159314302Es1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib6A5EBF786B593AF88312BA159314302Es1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib5224048ED13336C6DECC437C3963CB42s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib5224048ED13336C6DECC437C3963CB42s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib16613AE446E54E9CF7A9FFEF8FD570FCs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib16613AE446E54E9CF7A9FFEF8FD570FCs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib44713CC638924C80E5F7B871C7338EBFs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib8A42953A1FDEC05A497EFD5C5D17D662s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib8A42953A1FDEC05A497EFD5C5D17D662s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib8A42953A1FDEC05A497EFD5C5D17D662s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib24BA580B0280A4F558DA4147CF47793Fs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib617B250F477EA390A7DDFB23D7751DAEs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib617B250F477EA390A7DDFB23D7751DAEs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib8AAE91DD50527038D23EE9D098EBE473s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib8AAE91DD50527038D23EE9D098EBE473s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibF5EA275402DE9283C837A9EFB4EA4930s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibF5EA275402DE9283C837A9EFB4EA4930s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib21289C2680E0EC39256AE7473B183067s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib5892764350FC38D5EC3619E893962DBAs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibCB2AF18EEA73FE7D75D9C99CCDC3B6E5s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibCB2AF18EEA73FE7D75D9C99CCDC3B6E5s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibCB2AF18EEA73FE7D75D9C99CCDC3B6E5s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib1189C89CF7EED000A4EB9A9A76215CDCs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib1189C89CF7EED000A4EB9A9A76215CDCs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibE674C02ABC6B33D19A3E373C55D21E2Es1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibE674C02ABC6B33D19A3E373C55D21E2Es1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibA0545800357016CF64E0668FF13A04C9s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibA0545800357016CF64E0668FF13A04C9s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib8F27893C949A2DB225F229CD0153F2BAs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib8F27893C949A2DB225F229CD0153F2BAs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib3343DAD6CEB0155C749F81E1FDF36C41s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib3343DAD6CEB0155C749F81E1FDF36C41s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibE6D2E76B0034E017094B3D41A75C3BA6s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibE6D2E76B0034E017094B3D41A75C3BA6s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibE2476469282D99E7236E8D08C5CDA26Cs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bibE6338520FAF625F5CC03CAEA61DC8BCBs1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib40873C608CBBEFF63AD9B3F56E433354s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib40873C608CBBEFF63AD9B3F56E433354s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib770763D1C717564923BC125E653C7F55s1
http://refhub.elsevier.com/S0022-247X(20)30302-4/bib770763D1C717564923BC125E653C7F55s1

	Pizzetti and Cauchy formulae for higher dimensional surfaces: A distributional approach
	1 Introduction
	2 Preliminaries
	3 Concentrated delta distribution and non-oriented integration
	3.1 The delta distribution concentrated on manifolds
	3.2 Distributions and non-oriented integration over (m−k)-surfaces

	4 Pizzetti formulae for Stiefel manifolds
	5 Distributions and oriented integration over (m−k)-surfaces
	6 Cauchy formulae for the tangential Dirac operator
	6.1 The distributional approach
	6.2 The differential form approach

	Acknowledgments
	Appendix A Further examining the Pizzetti formula for St(m,2)
	References


