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dispersal, with the free boundary representing the spreading front of the species. We
prove that such kind of nonlocal and local diffusion problems has a unique global

Il\:%iigfi‘ocal diffusions solution, and then show that a spreading-vanishing dichotomy holds. Moreover,
Free boundaries criteria of spreading and vanishing, and long time behavior of solution when
Existence-uniqueness spreading happens are established for the classical Lotka-Volterra competition and
Global solution prey-predator models. Compared with free boundary problems of reaction diffusion

systems with local diffusions ([10,24,25]), with nonlocal diffusions ([9]) as well as
with nonlocal and local diffusions ([14]) (one equation is Cauchy problem and the
other one is free boundary problem), the present paper involves some new difficulties,
which should be overcome by use of new techniques. This is part I of a two part
series, where we prove the existence, uniqueness, regularity and estimates of global
solution. The spreading-vanishing dichotomy, criteria of spreading and vanishing,
and long-time behavior of solution when spreading happens will be studied in the
separate part II ([17]).

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

The spreading and vanishing of multiple species is an important content in understanding ecological
complexity. In order to study the spreading and vanishing phenomenon, many mathematical models have
been established. The logistic equation, competition and prey-predator models with local diffusions and
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free boundaries have been studied widely by many authors, please refer to, for example, [6] for the logistic
equation, [10,24], [7,11,22,23,29] for the competition models, [18,21,26,27] for the prey-predator models, and
the references therein.

It is well known that random dispersal or local diffusion describes the movements of organisms between
adjacent spatial locations. It has been increasingly recognized that the movements and interactions of
some organisms can occur between non-adjacent spatial locations. The evolution of nonlocal diffusion has
attracted a lot of attentions for both theoretically and empirically; see [1,2,15] and references therein. An
extensively used nonlocal diffusion operator to replace the local diffusion term dAw (the Laplacian operator
in RY) is given by

d(J *u—u)(t,x) :=d / J(x —y)u(t,y)dy — u(t,x)
RN

To describe the spatial spreading of species in the nonlocal diffusion processes, recently, the authors of
[4] studied the following free boundary problem of Fisher-KPP nonlocal diffusion model:

h(t)
up =d / J(x —y)u(t,y)dy — du(t,x) + f(t,z,u), t>0, g(t) <z < h(t),

g(t)

u(t,g(t)) = u(t, h(t)) =0, t>0,
h(t) oo
h'(t)=p / / J(z — y)u(t, z)dydz, t >0, (1.1)
g(t) h(t)

h(t) g(t)
gt)=—np / / J(z — y)u(t, z)dydz, t >0,

g(t) —oo

w(0,2) = uo(x), h(0) = —g(0) = ho, |z[ < ho,

where z = ¢(t) and & = h(t) are free boundaries to be determined together with u(¢,z), which is always
assumed to be identically 0 for z € R\ [g(¢), h(t)]; d, u and hg are positive constants. The kernel function
J:R — R is continuous and satisfies

(J) J(0) >0, J(z) >0, /J(a:)d:v =1, J is symmetric, and sup J < oo.
R
R

The reaction function f(t,z,u) has logistic structure. It was shown in [4] that the problem (1.1) has a
unique global solution. Furthermore, the spreading-vanishing dichotomy about free boundary problems of
local diffusive logistic equation ([6]) holds true for the nonlocal diffusive problem (1.1) when f(¢,z,u) =
f(u). However, from [4, Remark 1.4] we know that when d < f’(0), spreading happens no matter how
small hg, p and ug are. This is very different from the spreading-vanishing criteria for the local diffusion
models.

Recently, Du et al. [8] studied the semi-wave and spreading speed of the problem (1.1). They found a
threshold condition on the kernel function J such that spreading grows linearly in time exactly when this
condition holds, which is achieved by completely solving the associated semi-wave problem that determines
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this linear speed; when the kernel function violates this condition, they showed that accelerating spreading
happens.

Motivated by the papers [4] and [10,16,22,24,29] (two species local diffusion systems with common
free boundary), the authors of [9] studied the following free boundary problem of nonlocal diffusive
system

h(t)
Uit = d; / Ji(x —y)ui(t,y)dy — diu; + fi(t,x,u1,u2), t>0, g(t) <a < h(t),

g(t)

ui(t, g(t)) = ui(t, h(t)) =0, t>0,
9 h(t) oo
W)= / / Ji(z — y)u(t, z)dydz, t>0,
=gl i) (1.2)

, k(g

gt)=— Z,ui / / Ji(x — y)u;(t, z)dydz, t>0,
=gty oo

ui(0,2) = uio(x), h(0) = —g(0) = ho, || < ho,

i=1,2.

They proved the existence and uniqueness of global solution, a spreading-vanishing dichotomy and obtained
the criteria for spreading and vanishing.

Kao et al. [12] studied the competition model in which one diffusion is local and the other one is non-
local:

uy = diAu +ula — u —v), t>0, zel,

vt:dQ/J(a:—y)v(t,y)dy—d211+v(a—u—v), t>0, ze
Q

Recently, Li et al. [14] investigated the following free boundary problem

up = dy / J(xz —y)u(t,y)dy — diu+ f1(t,z,u,v), t>0, —oo <z < 00,
vy = doVge + fa(t, z,u,v), t>0, g(t) <z < h(t),
v=0, ¢'(t) = —pva, t>0, z=g(t),

v=0, KW (t)=—pu,, t>0, z=h(t),
u(0, ) = uo(z), z € R,

v(0,z) = vo(z), x € [—ho, hol,

—g(0) = h(0) = ho > 0.

Motivated by the above mentioned works, it will be interesting to study the free boundary problems
with nonlocal and local diffusions. Based on the deductions of free boundary conditions in [3] and [4], it is
reasonable to study the following free boundary problems:
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h(t)
ug = dy / J(z,y)u(t,y)dy — diu + f1(t, x,u,v), t>0, g(t) <x <h(t),
g(t)
vy = doUge + fo(t, x,u,v), t>0, g(t) <x <h(t),
u(t, g(t)) = u(t, h(t)) = v(t, g(t)) = v(t, h(t)) = 0, t>0,
) n (1.3)
W (t) = —pvg (¢, h(t)) + p / / J(x,y)u(t, z)dydz, t >0,
g(t) h(t)
h(t) g(t)
g0 = —waltg®) ~p [ [ Ieutodds oz,
g(t) —oo
u(0,2) = ug(x), v(0,2) =vo(x), h(0) = —g(0) = ho >0, |z| < hg,

where J(z,y) = J(xz —y); [—ho, ho] represents the initial population range of the species u and v; z = g(t)
and x = h(t) are the free boundaries to be determined together with u(¢, ) and v(¢, ), which are always
assumed to be identically 0 for x € R\ [g(¢), h(t)]; d; and u, p are positive constants.

Denote by C'~(€) the Lipschitz continuous function space in Q. We assume that the initial functions
ug, vy satisfy

(uo,v0) € C'~([~ho, ho]) x W72 (—ho, ho), uo(xho) = vo(Fho) =0, ug, vo >0 in (—ho,ho) (1.4)
with p > 3. The kernel function J is supposed to satisfy
(J1) The condition (J) holds, and J € C*~(R).
It follows from (J) that there exist constants £ € (0, ho/4) and dp > 0 such that
J(x,y) > if |z—y|<Eé. (1.5)
The growth terms f; : RT x R x RT x RT — R are assumed to be continuous and satisfy

() f1(t,z,0,v) = fo(t,x,u,0) = 0, f;(t,x,u,v) is differentiable with respect to u,v € R¥, and for any
c1,c2 > 0, there exists a constant L(cy,c2) > 0 such that

|fi(t, @, u,v1) — fit, @, ug,v2)] < Lier, e2)(|ur — uz| + [vr —val), i=1,2

for all uy,us € [0,c1], v1,v2 € [0,¢2] and all (¢,x) € RT X R;

(f1) There exist ko > 0 and r > 0 such that for all v > 0 and (¢,z) € RT x R, there hold: f; (¢, z,u,v) <0
when u > kg, f1(t,z,u,v) < ru when 0 < u < ko;

(f2) For the given k > 0, there exists ©(k) > 0 such that fo(t,z,u,v) < 0 for 0 < u < k, v > O(k) and
(t,z) €e RT x R;

(f8) fiz(t,x,u,v) is continuous and for any ¢y, cy > 0, there exists a constant L*(c¢y, c2) > 0 such that

|fi(t,l‘,u,1}) - fi(ta?JvU,Uﬂ < L*(cla62)|x - y|7 1= 1; 2

for all w € [0,¢1], v € [0,c2] and all (t,z,y) € RT x R x R.
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The condition (f) implies
|f1(t7 T, U, 1})| < L(Cla c2)u, |f2(t7 Z,u, U)| < L(Cla CQ)U

for all uw € [0,¢1], v € [0,¢2] and all (¢,2) € RT x R.

Except where otherwise stated, we always assume that (f)-(£3) hold, the kernel function J satisfies (J1)
and wug, vg satisfy the condition (1.4) throughout this paper. We write ||¢, p|| < M means that ||¢]| < M,
lell < M.

Since this paper is very long, and the techniques used in the first part are rather different from those in
the second part, it is divided into two separate parts. Part I here is mainly concerned with the existence,
uniqueness, regularity and estimates of global solution. Part IT ([17]) focuses on the spreading-vanishing
dichotomy, criteria of spreading and vanishing, and long time behavior of solution when spreading happens.

Before ending this section we should mention that when this article is finished, we find that Cao et al.
([5]) studied a nonlocal diffusion Lotka-Volterra type competition model that consisting of a native species
and an invasive species in a one-dimensional habitat with free boundaries, Zhao et al. ([28]) investigated an
epidemic model with nonlocal diffusion and free boundaries.

2. Existence, uniqueness, regularity and estimates of global solution of (1.3)

For convenience, we first introduce some notations. Let L(ug) and L(.J) be the Lipschitz constants of ug
and J, respectively. Let kg, ©(-) be given in (f1), (£2). Denote

]{11 = maX{HuOHOO, /{io}, k‘g = max{||v0\|oo, @(kl)}, L= L(lﬁ,kg),

1 L |[volle=ho,ho))
L* = L* (k1 ko), ks = ORIV S
(k1,k2), ks max{ho, 2dy’ ko ’

st = SO RO ) 2ol )

2
4 LW g0 () — g D)y
=00 g2 YT am e T R e

Y= [_17 1]7 Iy = [033} X Ev R(t) = /LkS + 2(h0pk1 + /~Lk3)epk1t'

For the given T > 0, define
H” = {h e C'([0,T]) : h(0) =ho, 0 <h'(t) < R()},
G ={geC!([0,T]) : —ge H"}.
And for g € GT, h € H”, define
Dl ={(t,x) eR*: 0<t<T, g(t) <az<h(t)},
XT =XI on={0€CDyn): 0< 0 <ki, 0|,y ="10, ¢,y =0}
X7 =Xion={r€ C(B;F,h) P 0 <9<k, pf,_y =, 90’x=g(t),h(t) =0,
as well as

T T T
X7, = X7 x X7.

Please cite this article in press as: J. Wang, M. Wang, Free boundary problems with nonlocal and local diffusions I: Global
solution, J. Math. Anal. Appl. (2020), https://doi.org/10.1016/j.jmaa.2020.123974




Doctopic: Partial Differential Equations YJMAA:123974
6 J. Wang, M. Wang / J. Math. Anal. Appl. ess (seee) esesee
The following theorem is our main result in this part.

Theorem 2.1. The problem (1.3) has a unique local solution (u,v, g, h) defined on [0,T] for some 0 < T < co.
Moreover, (g,h) € GT x H”, (u,v) € XT, and

we CW=(D,,),  veWEH(DL,), (2.1)
O<u<ky, 0<v<ky in D;h, (2.2)
0 < —v,(t,h(t)), vo(t,g(t)) < ks, 0<t<T, (2.3)

where u € Cl’l_(ﬁgh) means that u is differentiable continuously in t € [0,T] and is Lipschitz continuous
in x € [g(t), h(1)].
If we further assume that

(f4) For any given 7, 1, ¢1, ¢ > 0, there exists a constant L(7,1,c1, c) such that
||f2(',x,u7’l))||0%([0’7_]) < I/(T,l,Cl,CQ) (24)

for all x € [=1,1], u € [0,c1], v € [0, cq].

Then the solution (u,v,g,h) exists globally. Moreover, for any given 7 > 0, (2.2) and (2.3) hold with T
replaced by T, and

g, h € C'T2([0,7)), we CY'7(Dyy), ve CHHe/22e((0,7) x [g(1), h(t)]).- (2.5)
For the classical competition and prey-predator models

Competition Model :  f1 =u(a —u—bv), f2=uv(l—v—cu), (2.6)

Prey-predator Model : f; = u(a —u—bv), fo=v(1—v+ cu), (2.7)

the conditions (f)—(f4) hold, where a,b, ¢ are positive constants.

Due to the presence of the nonlocal diffusion and local diffusion, the methods that solve the local diffusion
models are not applicable any more and the arguments for the nonlocal system developed in [4,9] are far
from sufficient for the present stage, the proofs of Theorem 2.1 are highly non trivial. Our approach to prove
Theorem 2.1 is based on the fixed point theorem. Some new ideas and delicate calculations are given in the
proof of Theorem 2.1.

The proof of Theorem 2.1 will be divided into several lemmas because it is too long. Throughout this
paper we use C, C’, C; and C/ to represent general constants, which may not be the same in different places.

We first state the following Maximum Principle which will be used frequently in our analysis.

Lemma 2.2 (Mazimum Principle [}, Lemma 2.2]). Assume that J satisfies (J) and d is a positive constant,
and (r,n) € GT x HT. Suppose that 1, 1; € C(E;T) and fulfill, for some o € L™ (D%ﬂw),

r(t)
v d / J(@, gt y)dy — dip + o, (t,x) € DT,

n(t)
Y(t,n(t) >0, ¥(t,r(t)) >0, 0<t<T,

Please cite this article in press as: J. Wang, M. Wang, Free boundary problems with nonlocal and local diffusions I: Global
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Then ¥ > 0 on Dl Moreover, if (0,z) # 0 in [—hg, ho|, then 1 > 0 in DT .
777T n)T

Lemma 2.3. For any T > 0 and (g,h) € GT x H”, the problem

h(t)
ug = dp / J(I‘, y)u(t7y)dy —dyu + fl(t,x,u,v), (tvm) € D;:ha

9t (2.8)
vt = doUgy + fa(t, z,u,v), (t,z) € D;h,
u(t,g(t)) = u(t, h(t)) = v(t,g(t)) =v(t,h(t) =0, 0<t<T,

u(0,z) = uo(z), v(0,z) = vo(x), |z] < ho

admits a unique solution (ugh,vgn) € XgTJL, and (ugn,vg,n) satisfies (2.2) and (2.3). Moreover, vy}, €

WyA(DE).
Proof. Step 1: For & € X§ with 0 < s <T, consider the following initial-boundary value problem

Uy = d?”zm + f?(tvxa 71,’[)), (t,l’) € D;,ha
v(t, g(t)) =v(t,h(t)) =0, 0<t<s, (2.9)
’U(O,JJ)Z’U()(Z), |‘T| ShO

Let z(t,y) = v(t, z(t,y)), w(t,y) = a(t,x(¢t,y)). It follows from (2.9) that
Zt = d2€(t)zyy + C(t7y)zy + f;(t,y,’lz],Z), O < t S Sa |y‘ < 1a
2(t,£1) =0, 0<t<s, (2.10)
2(0,y) = vo(hoy) =: 20(y), lyl <1,

where f5(t,y,w,z) = fa(t, z(t,y), @, z). Note that (g,h) € Gy, s x Hp, s, we have £ € C([0, s]), ¢ € C(IL,)
and

€0 Lo 0,5) < 1/RGs  [I<] Lo,y < 2R(s)/ho < 2R(T) /ho.

It is easy to see that w € C(Ils) and 0 < w < ky. Notice that z¢(y) € VCI)/%(E) By the upper and lower
solutions method and L? theory ([13, Ch. III, Theorem 6.1]) we can show that the problem (2.10) has a
unique solution z € W, *(Il,), and z € C*/2(II,) by the embedding theorem. Moreover, 0 < z < ky in II,
by the weak maximum principle. Hence, the problem (2.9) admits a unique solution v € X3.

Step 2: For 0 < s < T, let v be the unique solution of (2.9) and consider

h(t)
Uy = di / ‘](‘Tv y)u(ta y)dy —diu+ fl(t7 Z,u, ’U), (ta I) € D;,hv

g(t) (2.11)
u(t, g(t)) = u(t, h(t)) =0, 0<t<s,
U(O,.’E) = UO(x)v |$| < hg.

Thanks to [4, Lemma 2.3], this problem admits a unique solution w which satisfies 0 < u < ky for (¢,z) €
[0, 5] x (g(t),h(t)). It is easily seen that u € X§. Define a mapping Fs : X§ — X§ by

Fst = u.

If Fsti = 1, then (@, v) solves (2.8) in D; ;.

Please cite this article in press as: J. Wang, M. Wang, Free boundary problems with nonlocal and local diffusions I: Global
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Step 3: We shall prove that F, has a fixed point in X7 provided s small enough. Evidently, X{ is a closed

bounded subset of C’(ﬁ;h). Let @1, 2 € X7 and u; = F,t; with ¢ = 1,2. Let v; be the unique solution of
(2.9) with @;. Then (u;, v;) € X*®. Notice that u; satisfies

h(t)
Uit = dl / J(%y)uz(t»y)dy - dlui + fl(taxvuiavi>7 tw <t S S, g(t) <z < h(t)7
g(t)
ui(te, v) = Uo(x), g(s) <z < h(s),
where
teg if @€ g(s), —ho), © = g(tsg),
0. 2l > ho, g lg(s ) (ta,g)
ﬂo(.]f) = tx = 0 if |l‘| S ho,
ug(w), |z < ho,

tyn if @ € (ho, h(s)], = h(tyn).

Let @4 = 41 — 19, u = U1 — us and v = v; — v2, we have

h(t)
w4+ a(t,x)u = dy / J(z,y)u(t,y)dy + b(t, 2)v, t, <t <s, g(t) <z < h(t), (2.12)
o '
u(te, z) =0, g(s) <lz| < h(s),

where

a(t,z) =dy — /flvu(t,.'lhug + (w1 —u2)T,v9)dT,

b(t,z) = /fl,v(t,x,ul,w + (v1 —vg)7)dT.

Recall (f), there holds that ||a,b||ecc < di + L =: L;. It follows from (2.12) that, for = € (g(t), h(t)) and
t, <t <s,
t h(1)
u(t,z) = e~ e AT / eliy atrar [ g / J(z,y)u(l,y)dy + b(l, z)v(l, z) | dl.

ta g(D)

Due to (g(t), h(t)) C (g(s),h(s)) for t, <t < s, this implies that
|u(t,x)| < e2ls leUHC(E;h)S + L1 / |’U(l,£ﬂ)|dl . (213)
i

Note that v satisfies

v = doVgs + ao(t, z)v + bg(t,x)ﬁ, (t,z) € D,
u(t,g(t)) = v(t, h(t)) = 0<t<s,
v(0,7) =0, || < ho,

Please cite this article in press as: J. Wang, M. Wang, Free boundary problems with nonlocal and local diffusions I: Global
solution, J. Math. Anal. Appl. (2020), https://doi.org/10.1016/j.jmaa.2020.123974




Doctopic: Partial Differential Equations YJMAA:123974

J. Wang, M. Wang / J. Math. Anal. Appl. sss (seee) esesee 9

where

1
ag(t,z) = /fz,v(t,x,@hw + (v1 — vo)7)dT,
0

1
bo(t, .Z‘) = /f?,u(t, T, U + (’111 — 122)7’, ’UQ)dT.
0

Clearly, |lag, bollco < L. Let

w(t7 y) = ﬂ(t,x(t, y))’ Z(tvy) = U(t’x(t7y))7 &o(t,y) = ao(t,x(t,y)), bO(ta y) = bO(ta a:(t,y)).

It is easy to see that Z satisfies

Zp = do§(t)Zyy + C(t,y) 2y + @0Z + bow, 0<t<s, [yl <1,
(6,1 =0, 0<i<s,
0,) =0, bi<1

Thanks to the parabolic LP theory, one can obtain that, with p > 3 and « =1 — 3/p,

IZllwp2 @,y < Cl@llea, = Cllalem: ,)-

Using the arguments in the proof of [19, Theorem 1.1] we have
2, Zlcarmaqny < Clelwrag < CClalowm: ). (2.14)

where C’ is independent of s~1, and [-] is the Holder semi-norm. It follows from Z(0,y) = 0 that

cie ()
12|l Lo (1,) < [2]Ca/z,a(ns)so‘/2. Thus we have, for t, <t <s<1,

t S
[t < [ el < sl < sCClillem;
0

.

Inserting this into (2.13) gives
2L1s ~
lu(t, )| < e (d15||UHC(E;h) JFLlC/CSHUHC(E;,h))'
Taking s small enough such that
dyse?ts <1/2,  L1C'Cse*ls < 1/4.

Then ||“||C(ﬁ; 3 < %Hﬁ”C(ﬁ; .)- The contraction mapping theorem shows that F; has a unique fixed point

u in X5. Let z be the unique solution of (2.10) with @(t,y) replaced by w(t,y) = u(t, z(t,y)).

Step 4: The local existence and uniqueness of solution (u, v) of (2.8). From the above analysis, the function
o(t,z) = 2(t,y(t, x)) solves (2.9) with @ replaced by u and v € X3. Hence, (u,v) € Xj , solves (2.8) with
T replaced by s. Moreover, from the above arguments we know that any solution (U, V) of (2.8) in (0, s]
satisfies (U, V) € Xj . Hence, (u,v) is the unique solution of (2.8) in (0, s].
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Step 5: We finally show that the unique solution (u,v) of (2.8) can be extended to D;h. It is clear that
u(s,z) € C([g(s),h(s)]), 0 < wu(s,z) < ki, 0 <wv(s,x) < ke and

u(s,9(s)) = uls, h(s)) = v(s, g(s)) = v(s, g(s)) = 0.

Same as the above, let z(t,y) = v(t,z(t,y)), w(t,y) = u(t, z(t,y)). Since 20(y) = vo(hoy) € W7 (X) and
p > 3, where ¥ = [—1, 1], applying the LP theory to (2.10) and the uniqueness of weak solution, we have

z € Wh2(Il,) — CUFe)/21Fe(IL,). And so z(s,-) € VCE/%(E) Note that in the above Steps 1,2,3 we only

used ug € C([—ho, ko)), 20(y) € W3(2) without using ug € C*~([—ho, ho]) and z € WZ(X). We can apply
the above Steps 1,2,3 to (2.8) but with initial time ¢ = 0 replaced by ¢t = s to get an § > s and a unique
(i, 2) which satisfies

ho(t
utfdl/ (z,y)a(t,y)dy — dia + f1(t,z,0,0), s<t<s, g(t) <z <h(t),
©)

ﬁ(mg(t a(t, h(t)) =0, s<t<s,
a(s,x) = u(s, ), g9(s) <z < h(s),
and
2 = dob(t)2yy + C(t,y)2y + f5(ty,w,2), s<t<s, |yl <1,
2(t,+1) =0, s<t<s,
2(s,y) = v(s, z(s,9)), lyl <1

as well as 4,0 € C([s,s] x [g(t),h(t)]), where 0(t,z(t,y)) = 2(t,y), w(t,y) = a(t,x(t,y)). Set u(t,x) =

a(t,x), 2(t,y) = 2(t,y) for t € [5,5],9(t) < x < h(t), ly| < 1. Clearly, u € C(D, ) solves (2.11) with
(s,v) replaced by (8,v), where v(t,z) = z(t,y(t,x)); z is a weak solution of (2.10) with (s, @) replaced by
(8,w), where w(t,y) = u(t, z(t,y)). Therefore (u,v) € X7 , and solves (2.8) in (0, 5]. Applying the L? theory
to (2.10) with (s,@) replaced by (5,w) and the uniqueness of weak solution, we have z € W,?(Ilg) —

C(+a)/21+e(T] ). Hence, 2(5,-) € V?@(E) From the arguments in the above Steps 1,2,3 we see that 5
depends only on d;, k;, ho, i = 1, 2. By repeating this process finitely many times, the solution (u,v) will be
uniquely extended to DI, and (u,v) € X7,

Thanks to Lemma 2. 2 we have u > 0 in Dg n- And, it follows from the parabolic maximum principle for
the strong solution that v > 0 in D ,,. Hence, we get (2.2). Since v > 0 in D], and v(t, h(t)) = v(t, g(t)) = 0,
we have v, (¢, h(t)) < 0 and v, (¢, g(t)) > 0 (see the proof of [20, Theorem 1.1, pp. 2597]). Recall 0 < v < ko
and fo(t,x,u,v) < Lv. By using the similar arguments in the proof of [25, Lemma 2.1] (cf. [19, Lemma 2.1]),
one can easily show that

1 L |lvglle(=ho,
0 < —ug(t, h(t)),vs(t, g(t)) < max{ho R W — ks.

This implies (2.3). In view of (1.4) and the parabolic LP theory we have v € WI}Q(D;}’?,I) for all p > 1. The
proof is complete. O

According to Lemma 2.3, for any 7' > 0 and (g, h) € GT x H”, there exists a unique (u,v) = (ugn,vg.1) €
X7 ), that solves (2.8), and (2.2) holds. For 0 < ¢ < T define the mapping

g(g7 h) = (g’ }Nl)
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by
t h(1)
h(t) = ho / o (T, h(7))dT + ,0/ / u(T, z)dydadr,
0 g(r) h(r)
t h(r)g(r)
g(t :—ho—,u/vag dT—p/// u(r, z)dydxdr.
0 g(r) —o0

We shall show that G maps a suitable closed subset I'r of GT x HT into itself and is a contraction mapping
provided T sufficiently small.

Lemma 2.4. There exists a closed subset T C GT x H” such that G(I't) C I'r.
Proof. Let (g,h) € GT x H”. Then g, h € C*([0,T]) and for 0 < t < T,

h(t) oo
R (1) = —pos (6, h(0)) + p / / J(, y)u(t, 2)dyda,

g(t) h(t)
h(t) g(t)

g'(t) = —pua(t, g(t) // (x,y)u(t, v)dydz.

g(t) —o©
It follows that
h(t)| oo g(t)

() = GO = —pfos(t, h(t)) — valt ()] + p / / + / J(, y)u(t, 2)dyd. (2.15)

g(t) [p(t) —oo

Taking

_ 8,LL]€3

. €
0 <ep < min {s, 0
pk1

(2uks + k1 M)

€0
. M =2ho+ -2, 0<Tp<
} 0+4 0= 7

such that h(Ty) — g(To) < M. Let R = pks + pki M. Then, due to (2.2), (2.3) and (2.15), we have
[h(t) — §(1)]" < 2pks + pka [R(To) — g(To)] < 2uks + pkr M.
This implies
h(t) = G(t) < 2ho + t(2uks + pki M) < M, ¢ € [0,Tp). (2.16)
Similarly, we can show that
R'(t) <R, —§(t)<R, te[0,Ty. (2.17)
It is easily verified that

h(t) S [ho, ho + Eo/4}7 g(t) S [—ho — 60/4, —ho], te [O,To]. (218)
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Since (u,v) solves (2.8), due to (f)-(f2) and (2.2) we have

u > —diu — Lu, (t,x) € D;“h,
u(t, g(t)) = u(t,h(t)) =0, 0<t<Ty,
u(0,2) = ug(x), |z| < ho,

which implies that

u(t,z) > e~ DDy, () > e~ (AFDToy (1), t e (0,Tp], |z| < ho.

This combined with (1.5) and (2.18) allows us to derive

h(t) oo Wty R+
o [ [rewutaie=p [ [ s
g(t) h(t) h(t) =5 h(t)
ho hot+F
> pe(hHTo J (2, y)uo(z)dydz
ho—=2 ho+=2
ho
> %05 pe (a+L)To uo(x)dx
ho - 20
=: pcy, t € (0,Tp)
Similarly,
h(t) g(t) —ho+
—p / / J(z, y)u(t, x)dydz < —%Oéope_(dﬁL)TO / up(z)dz =: —pcj.
g(t) = —ho
Thus, by (2.3),
H(t) > peo, §(1) < —pesy t€[0,To) (2.19)

Moreover, by the definitions of R, R(t) and the choice of £g, we know that
R < pks + 2(hopky + pks) < pks + 2(hopki + pks)e? ' = R(t)

for all ¢ € [0, Tp]. Noticing that
£0
2

ho hot
pco < pe~ (it )T / / (, y)uo(x)dydx < phoky,

70 j
4 4
one has
pco, pcy < phoky < R < R(t), t€[0,Ty).
For 0 < T < Ty, we define
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Iy ={(g,h) € GT x HT : pcg < W (t) <R, —R < ¢'(t) < —pcs, WT) - g(T) < M}.
It follows from the above analysis that G(T'r) C T'r. O
In the following we show that G is a contraction mapping on I'y when T is small.
Lemma 2.5. The mapping G is contraction on I'r when T is small.
Proof. For (g;,h;) € T'r with 0 < T < min{Ty, 1}, let

UD_Z;JLzu Ui = Ug; h;y Vi = Vg, h;s g(gzvhz) = (gzaﬁz)v 1= 1727

_ T
Qr = D917h1

U=muy —U2, Vv=v1 —02, g=4g1— g2, h:hl_h27 §=§1—§]2, iL:iLl_iZQ'

Note that (u;,v;) € XgT“hi. By Lemma 2.3, v; € Wpl’Q(DgThhi) with p > 3. Make the zero extension of w;,v;
in ([0,T] xR)\ DL, for i=1,2. Tt is easy to see that

[P ()] < plora(t, hi(t) = vaa(t, ha(t))]

Bt oo ha(t) oo
vo| [ [ sewuntaiwi - [ [ sy
g1(t) hai(t) g2(t) ha(t)
=t p1(t) + pda(t). (2.20)
Step 1: The estimation of ¢1(t). It follows from (2.8) that, for ¢ = 1,2,
Vit = dQUi,a:x +f2(t,x,’l,ti,’l]7;), (t7.’1}) S D;,hi7
v;(0,2) =0, |z| < ho.
Fori=1,2, let
1
zi(t,y) = 5l(hi(t) = i)y + hi(t) + gi()],
and define
wi(t, y) = ui(tv xi(ta y)), Zi(tv y) = Ui<t7 xi(tv y)), fQi(t7 Y, u, U) = f2(t’ xi(tv y)a u, U)
for t € [0,T], y € ¥ and u,v € RT. Then (2.21) turns into
Zit = d?fi(t)zi,yy + ci(t7y)zi,y + fé(tvyawzﬁ zi)7 0<t S T7 |y‘ < 1a

2(0,y) = vo(hoy) =: 20(y), lyl <1,

where &;(t) and (;(t,y) are the same as £(t) and ((¢,y) in there g, h are replaced by g;, h;. Making use of
(9i, hi) € T'p and (2.2), we have

€l o< o,ry) < 1/B3, NGl b upy < 2R/ho,  [1£3] Loy < Co (2.23)
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for i = 1,2, where Cj depends only on ki, k2. By the parabolic LP theory, z; € WI}’Q(HT) and
sz:”w;»?(nT) <C. (2.24)
Same as (2.14) we have [z, zi’y]ca/z,a(HT) < C4, where C; is independent of 7', This implies
Iziyllemr) < 120@)lloe) + CiT? < |z)llow) + Cr-

Extend z;(t,y) = 0 for |y| > 1. Then z;, € L*([0,T] x R) and

Iziyll L= (o, 11xR) < 20 llo(s) + C1 i= Co. (2.25)

Let z =21 — 20, w=w1 —wa, £ =& — & and ¢ = (3 — (a. It follows from (2.22) that

— d2&1(t)2yy — Gi(t,y)2y —alt,y)z
= dgf( )zgw +C(t y)z2y +0(t,y) +e(t,y)w, 0<t<T, |y <1, (2.26)
2(t,+1) = 0<t<T, ’
2(0,y) = 07 lyl <1,
where
1
/f t y7w1722+(21_22) )dTv
0
b(t7 y) = f21(t7 Y, wy, Z2) - f22(t7 Y, wy, 22)’
1
c(t,y) = /f (t,y, w2 + (w1 — wa)T, 22)dT.
0
Note that (g;, h;) € I'r. It follows that
A R+ A
€1l Lo (0,7)) < hng% hlleqor, €@z < —5—Ig: hllero,m)
with A = hg + &0/4, and
la; ellzoemzy < Ly bl qyy < L g, hlloqo,r)-
Recall (2.23), (2.24), applying the parabolic L? theory to (2.26), one can obtain
Izl gy < Ca(llg, hllerqo,my + lwlloarr)),
where Cs depends on hg, R, k1, k2, k3, £0. Same as (2.14), one has
[Zerza(y) + [Zy)carzayy < Calllg, hllerqom + lwllcar), (2.27)
where Cy > 0 is independent of T~!. We claim that, for 7' small enough,
lwllems) < Cllullc@yy + I9: Plogo,r)- (2.28)
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Because the proof of (2.28) is very long, it will be treated as a separate lemma (Lemma 2.6). It follows from
(2.27) and (2.28) that

(2] carza(ig) + [Zylcerzamgy < Cs(llg, bllerqo.ry + lullo@n) (2.29)

noticing z,(0,1) = 0. One has, by (2.29),
2y (t, Dleqo.a < CsT*(llg, hllerqo.ry + el o@y)- (2.30)

As h(0) = g(0) = 0, it is easy to see that
Ih(@®)| < W lleomy < tbllorqorns 9] < tllgllero,r)- (2.31)

As v 5 (t, hi(2)) = }fft)y—_(;l(l), i = 1,2, it follows from (2.3) that |z9,(¢,1)| < ksM/2 := B. Making use of

(2.30) and (2.31) we have

$1(t) = |v1,2(t, h1(t)) — v2,2(¢, ha(t))]

2D ey (1] o(t) — h(t)
TR —an D E T g e 0) — (0]
< a8 )]+ 2 ) O

thhllcr o,y + tlgllor o,
o

1
< . |2y (8, 1)| + 2|22, (¢, 1)]
0

1 B
< —GsT (g, blicr oy + lullo@yy) + a2 Lllgs Alleo,m)
0 0

< CsT**(llg, hller oy + lullo@n))- (2.32)

Step 2: The estimation of ¢2(t). Inspired by the arguments in [4,9], using (2.31) we have

hi(t) oo ha(t) oo

w)=| [ [ Jeoutadde- [ [ I
g1(t) ha(t) 92(t) ha(t)
hi(t) oo

< / / J (@, y) ult, 2)|dydz
g1(t) ha(t)

g2(t) hi(t) oo ha(t) ha(t)

" / 7+/ /+/ / J(z, y)ue(t, z)dydz

g1(t) hi(t)  ha(t) hi(t)  g2(t) hi(t)
< 3hollullc(ay) + Eillglleqory + 2killhllcqo1)
< Cr(lulle@ry +Tllgs hllero.r)- (2.33)
Step 3: The estimation of ||ul¢(q,.- Fixed (s,z) € Qr.

Case 1: z € (g1(s), h1(s)) \ (g2(s), ha(s)). In this case, either g1(s) < z < ga(s) or ha(s) < x < hi(s) and
uz(s,x) = va(s,z) = 0. For hg < ha(s) < x < hy(s), there is 0 < s1 < s such that = hy(s1). Clearly,
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ha(t) < ha(s) <z = hi(s1) < hi(s) and ¢1(t) < h1(s1) = = < hy(t) for t € [s1, s]. Hence, uz(t,z) = 0 for
t € [s1, ] and uq(s1,x) = 0. Integrating the equation of uy from s; to s gives

s hi(t)
lu(s,z)| = ui(s,z) = / dy / J(z,y)ur(t, y)dy — diur + fi(t, z,u1,v1) | dE
51 g1(t)

(S — Sl)(dl + L)k‘
(pco) "M [ha(s) = ha(s1)](d1 + L)ka
(pco) ™ (dr + L)k [ha (s) — ha(s)]

IA

IN

< Cgllh1 = halleo,m)-

When ¢1(s) < z < g2(s), by using the similar arguments, it is easy to derive that |u(s,x)| = ui(s,z) <
Csllgllc(o,s))- Therefore, |u(s,z)] < Collg, hllc(o,s)) with Cy = max{Cs, Cg}. This combined with (2.31)
allows us to derive

[u(s, z)| < CoTlg, hllcr(jo,s])- (2.34)

Case 2: z € (g2(s),ha(s)) \ (91(s), h1(s)). Parallel to the case 1 we have (2.34).
Case 3: x € (g1(s), h1(s)) N (g2(8), ha(s)). If x € (g1(t), h1(t)) N (g2(t), ha(t)) for all 0 < ¢ < s, then

ug(t, ) = ure(t, ) — uge (¢, x)
hi(t) g2(t)  ha(t)

=d / J(z,y)u(t,y)dy + di / + / J(z, y)ua(t, y)dy
g1(t) g1(t)  ha(t)
—d1u<t, l‘) + f1 (t,m,ul,vl) — fl(t,l‘,UQ,’Ug). (235)

Notice that

[fitsw,un,01) = fi(ts,uz, v9)] < L(lul + [0]),

and u(0,2) = u1(0,z) — uz(0,2) = 0. Integrating (2.35) from 0 to s yields

S

u(s, 2)| < T((2d1 + L)l[ull oy + dikill Tllsellg; Pllcqo.s) + L/ |o(t, z)|dt
0

< TCu(Julcqap) + I blergomy) + L [ lofe, )i (2.36)
0

If there is 0 < ¢t < s such that = ¢ (g1(t), h1(t)) N (g2(t), h2(t)), then we can choose the largest tog € (0,t)
such that

€ (g1(8), ha (1)) N (g2(t), ha(t)), Vto <t <s, (2.37)

and

z € (g1(t0), h1(to)) \ (92(t0), h2(to)), or z € (ga(to), ha(to)) \ (91(t0), h1(to))-
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It follows from the conclusions of Case 1 and Case 2 that |u(to, )| < Collg, hllc(p0,s))- Thus,

lu(to, z)| < Cysllg, hllciqo,s)) < CoTllg, hllc (o))

by (2.31). Note that (2.35) holds for any ¢y < t < s due to (2.37). Integrating (2.35) from ¢y to s we have

Ju(s, 2)| < Julto, z)| + T((2d1 + L) [ull ¢,y + dikall T llcllg: 2llcqo.s) +L/ |v(t, z)|dt

to

< T ([l + 9 Bllerqory) + L/ ot )| dt. (2.38)
to

Now we estimate /|v(t,x)|dt and /|v(t,x)|dt. Let
to 0

2z — hi(t) — gi(t)

vi = yi(t,z) = ) — gt i=1,2.
Then
o = (i) = gi())yi + ha(t) + 9i(2)
9 ;
and due to (2.37) we have y;(t,z) € 3. Moreover,
g1 2) = g2 2) e ito,s)) < ho%go/ﬁga hlleqom = %Hga hllco,r)- (2.39)

Clearly, z;(t,y;) = vi(t,x) for to < t < s. Note that z(0,y) = 21(0,y) — 22(0,y) = 0, we have that, for any
(ta y) € HT7

l2(t,y)| = |2(t,y) — 2(0,y)| < t**[2]carza(my)-

And so ||z]|¢(my) < TO‘/Q[Z]CQ/2,Q(HT). Thanks to (2.25), (2.29) and (2.39), it educes that

[1vtaiae = [ e - sl
to to

g/|z1<t,y1>—z2<t,y1>|dt+/\z2<t,y1>—Z2<t,y2>|dt
to to

< Tzl + / 1 — vl 2l 2 (o7 xRy
t

0
<Tlzllear) + Tlyr = v2lloto.s 22, Lo (0,71 R)
) ACs
< CT2(|lg, hller oy + lulle@y)) + =2 Tllg hllego,m
0

< Ci2T(llgs hllerqo.ry + lulle@yy)- (2.40)
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Similarly, one can find C73 > 0 such that

S

[ 1vtt.a)idt < €T (g, By + lull ). (2.1
0

Substituting the estimations (2.40) and (2.41) into (2.38) and (2.36), respectively, we have
lu(s, z)| < C1aT (g, hller o,y + lull o) (2.42)
The estimates (2.34) and (2.42) show that, for any case, the following holds:
[u(s, 2) < CLT (g, hllcr oy + lullen)-
The arbitrariness of (s,t) € Qp implies
HU||C(§T) < 20{4TH97 h||cl([0,T]) (2.43)

provided C1,T < 1/2.
Step 4: Inserting (2.43) into (2.32), (2.33) we get

pé1(t) + poa(t) < C15T%?||g, hllcr oy, VO <t <T.
This combined with (2.20) implies
I (t)] < C15T°?|lg, Bllcrqo,y, YO<t<T.
Similarly,
5/ (t)| < CreT*"?||g, hllcroryy, YO<t<T.

Moreover, as §(0) = h(0) = 0, it is easy to deduce that

- = o 1
13(t), h(t)|lcr o) < 2(Cis + Cr6) T2, hllerom) < 5”97 Rl e o,
when T is small. Hence, G is a contraction mapping on I'p when T is small. O
Lemma 2.6. The estimate (2.28) holds.

Proof. To save space, let’s assume d; = 1 here. For the fixed (7,y) € I, we set

1 .
i = 2i(1,y) = S[(hi(7) = gi(T))y + 9i(7) + hi(7)], i=1,2.
Then, w;(7,y) = wi(7,2;), 2; € [g:(7), hi(7)]. The direct calculation yields

o1y = (120) = 3)(01(7) = 92(r) | (w2 = o)) () = () )

ha () — g2(7) ha(7) — g2(7)

which combined with the definition of I'r and (2.18) implies
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MEQ 360
1 — T2 S S — < ho.
| | 4hg 4

Hence, one of the following four cases must happen:

x1,%2 € [—ho, hi(T)]; x1,22 € [ho, ha(T)]; @1,22 € [91(7), ho; 1,22 € [g2(T), ho.

Without loss of generality we may suppose that hy(7) > ha(7) and z1, 29 € [—hg, h1(7)]. For other cases,
one can handle by the same way. Similar to Step 3 in the proof of Lemma 2.3, for this fixed 7 and any
€ [91(7), h1(7)], we define

Tz,g1 if z€ [gl(T)’ —ho), T = gl(Tx,sh)a
Tz = <0 if |z| < ho,

Tx,hy if ze (h()»hl(T)]v T = hl(TI’hl)’

As x; € [—hg, hi(T)], we have T, = Ty, p, Or T, =0, and 0 < 7, < 7,4 =1,2. It is easy to get

lwi(7,y) — wa (7, y)| < ur (7, 21) — ur (7, 22)| + [u1 (7, 22) — uz(7, z2)|

< u(r,21) = w7, 22)| + |Julle@y)- (2.45)

We estimate |u1 (7, 1) — u1 (7, 22)|. Integrating the differential equation of u; from 7, to 7 gives

T [ hi(s)
’LLl(T,‘T) :ul(Txax)+ / J(:c,y)ul(s,y)dyful(s,x)+f1(s,:£,u1,vl) dS.
T 91(s)

Denote 7; = 74,, © = 1,2. Then 7; depends on x;. Without loss of generality we assume 71 > 72. Thus, for
T1 S t S T,

t hi(s)
ua(t0) = wa(t )] < Jur(r ) — wa(rzza) + [ [ 17G00) = Taslur (s, v)dyds
71 g1(s)
71 h1(s) t
[ [ enratadus + [ untsm) - s elds
T2 g1(s) T1

T1

T1
+ / w (s, w2)ds + / (5, 0, (5, 22), 01 (5, 22))|dyds

T2 T2
t

+/|f1(5,$1,U1(5,I1),U1(S,I1)) — f1(s, 22, u1 (s, 22), v1 (s, 22))|dyds.

T1
It follows from the conditions (f) and (£f3) that
| f1(s, w2, u1 (s, 22), v1(s, 32))| < Llua(s, x2)| < Lk,

|f1(8,$1,ul(5,1’1),01(8,.%1)) - fl(S,.’Eg,ul(S,$2>,’U1(S, xQ))|

< L¥|ey — x| + L(ua (s, 21) — wa(s,22)] + |vi(s, 1) — vi(s, 22)]).
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As g;, h; satisfy (2.16), i.e., hi(7) — gi(7) < M in [0, T}, using the condition (J1) we have

|u1(t,x1) — ul(t, CL'Q)| S |U1(T1,$1) — Ul(TQ,$2)| + TklML(J)|£L'1 — SCQ‘ + kl"Tl — 7'2|
+TJur (-, 21) — i (-, 22) || (fry47) + K1l — T2

+Lki|m — 72| + TL* |2y — w2| + T'LlJux (-, 21) — ui (-, 22)[le ()
t
+L/|v1(s,x1) — v1(s, z2)|ds

T1
t
< |ui(m,21) — ug (12, x2)| + L/ |vi(s, 1) — v1(s, x2)|ds

T1
+C (T|zy — @2| + |11 — 72| + Tlua (- 21) — ur (-, 22) |l e(ir ) (2.46)
for all 7y <t < 7. From (2.44), one has

M
< =

X1 —x
|1 2|_2h0

g, hllcqo,)- (2.47)

In the following we estimate |7 — 72| and |uy (71, 21) — u1 (72, x2)|.
Case 1: 7; > 0 for 4 = 1,2. In this case, it is clear that uy(71,21) = u1(72,22) = 0. On the other hand,
since (g1, h1) € I'p, we have b} > pco in [0, 7], and so

|71 — 72| < (pco) Hha(m1) — ha(m2)| = (pco) w1 — 22l

Case 2: 71 > 0 and 72 = 0. Then x5 € [—hg, ho|, 1 > ho, u1(m1,21) = 0. Let L(ug) be the Lipschitz
constant of ug. It follows that

71— 72| = |71 = 0] < (peo) ~ha(r1) = ha(0)] = (pco) " Har — ho| < (pco) ™ a1 — a2l
u1 (71, @1) — w1 (72, 22)| = [0 = uo(22)| = |uo(ho) — uo(w2)| < L(uo)lho — ®2| < L(uo)|x1 — 2.
Case 3: 71 = 19 = 0, i.e., 1,22 € [—hg, ho]. Then |1, — 72| =0, and
[ur (71, 1) — wi (72, 22)| = |uo(z1) — uo(z2)| < Luo)|ze — 1]
In a word,

|71 — To| + Jur (11, 21) — ua (72, 22)| < [(pco) ™" + L(uo)]|z1 — 22|. (2.48)

t
. 2zi — g1(1) — M (7)
N timat — ds. Let y; = . Th i) = vi(T ).
ow we estimate /|v1(s,x1) v1(s, z2)|ds. Let y ) = 91 07) en z1(7,y;) = vi1(7, ;)

T1
Similar to the derivation of (2.40) we have

t t
/ o (5, 21) — v1 (s, 2)|ds = / 2105, 1) — 21 (5, )| s

T1 1
< Tly1 — y2l - |21yl Lo 0,11 xR)

S T017|.Ct31 — .732‘.
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Substituting this and (2.48) into (2.46) and using (2.47), it yields that, for 7y <t < 7,

lus (t,21) — w1 (t, 22)| < Cis(llg: hlleqo,r) + Tlua (- 21) — ur (- 22) e m ) -

Thus we have

1 (- 1) — wr (-, 22) e,y < Crs(lg, Rlleqo,ry + Tllui (s 21) — ui (- z2) |l e(r,m)

Taking T small such that C13T < 1/2, then

[u(7, 1) — u(r, 22)| < flur (-, 21) — ur (s 22)[lo((r 7)) < 2C1sll9, bllo)-
Substituting this into (2.45) and by the arbitrariness of (,y) € IIr, we get (2.28) immediately. O

Proof of Theorem 2.1. Step 1: Local existence and uniqueness. By Lemma 2.4 and Lemma 2.5 we see that
G(T'r) C T'r and G is a contraction mapping on I'r when T is small. The Contraction Mapping Theorem

~

shows that problem (1.3) admits a unique solution (4,9, g, h) with (g, B) € I'r. This solution is the unique
solution of (1.3) if we can prove that (g,h) € 'y holds for any solution (u,v,g,h) of (1.3) defined for

~

t € (0,T]. Moreover, from the above arguments we see that (i, 9, g, h) satisfies (2.2) and (2.3).
Let (u,v,g,h) be an arbitrary solution of (1.3) defined in (0, 7. It follows that

h(t) oo

W) = st h®) +p [ [ S gputtopdyda,
g(t) h(t)
h(t) g(t)

g0 = u(teg) =p [ [ et oy

g(t) =0

It is easy to see from the above discussions that (2.2) and (2.3) hold. And hence

[h(t) = g(8)]" < 2uks + pk1(h(t) — g(t)); 0 < —g'(t), h'(t) < pks + pk1(h(t) — g(t))-
The first inequality in the above implies h(t) — g(t) < 2[ho + pks/(pk1)]e?*t. So we have

[1(t) — g(t)]" < ks + 2(pkho + pks )™,
0 < h'(t),—g'(t) < pks + 2(pkiho + pks)eP*t = R(t).
Therefore,
h(t) — g(t) < 2ho + t (2uks + 2(pk1ho + pkz)e”™"), VO <t <T.

Shrink T small enough such that T'[2uks + 2(pkiho + pks)e?*T] < eg/4. Then h(t) — g(t)

t € [0,T]. Furthermore, by using the proofs of (2.17) and (2.19), one can show that pcy < h'(t)
~R < g (t) < —pci in (0,T]. Thus (g,h) € Tp.

< M for
< R and

Step 2: Global existence and uniqueness. Assume that (2.4) holds. From Step 1, we know that the system
(1.3) admits a unique solution (u, v, g, h) in some interval (0, 7.
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Let z(t,y) = v(t,z(t,y)) and consider the problem

2t :d2€(t)'zyy+<(tay)zy+f2*(t,vaaz)a 0<t<T, |y‘ <1,
2(t,£1) = 0, 0<t<T, (2.49)
2(0,y) = vo(hoy) =: 20(y), ly| <1,

where w(t,y) = u(t,z(t,y)), f5t,y,w,2) = folt,z(t,y),w, 2). As z(y) € WE(E), same as the above,
z € Wh3(Ilp) < CUFe)/214([] 7). Then v, € Ca/gva(ﬁzh). This combined with the assumptions (f) and
(f3) implies that the function F (¢, z,u) = f1(t, 2, u,v(t, z)) is differentiable with respect to z. Note that u
satisfies

h(t)
Uy = dl / J(l‘,y)u(t,y)dy - dlu + fl(t7x7u?v(tvx))7 tw <t S T? g(t) <z < h(t)?
g(t)
U(tr,IL’) = ﬂO(x)v g(T) <z< h(T)a

where

tz,g it z€lg(T),—ho), z= g(tz7g)a
B O, |l‘| > ho, .
tio(z) = ty =<0 if |z| < ho,

uo(z), |z| < hg, )
ten i x € (ho, M(T)], © = h(tsn).
View G(t,z) = fgh(it)) J(x,y)u(t,y)dy as a known function. Then for t € [0,T], t,,uo(x) and G(t,z) are
Lipschitz continuous in x € [g(t), h(t)]. Using the continuous dependence of the solution with respect to
the parameters we can show that for ¢ € [0,T], u(¢,z) is Lipschitz continuous in = € [g(¢), h(t)]. Clearly,
uy € C’(ﬁ;h). This implies u € Cl’l_(ﬁ;h) and hence w € CH!~(Tl7).
It is easy to see that the function

h(t) oo
/ J(x,y)u(t, x)dydx

g(t) h(t)

of t is differentiable. So h/(t) € C*/2([0,T]) as v.(t, h(t)) € C*/%([0,T]). Similarly, ¢’(t) € C*/2([0,T]). Set
Fy(t,y,2z) = f5(t,y,w(t,y), z). Then, by using (f4) (or (2.4)), there hold

£€C(0.T)), (), Fal-y -y 2) € C2 (M),

By the interior Schauder theory we have z € C't®/22+e([¢,T] x ¥) with 0 < ¢ < T, which implies
o(T, ) € C*(g(T), h(T))).

Recall that (T, z) is Lipschitz continuous in = € [¢(T"), h(T")]. We can take (u(T,z),v(T,x)) as an initial
function and [g(T'), h(T)] as the initial habitat and then use Step 1 to extend the solution from ¢ = T to
some 7" > T. Assume that (0,7Tp) is the maximal existence interval of (u, v, g, h) obtained by such extension
process. We shall prove that Ty = co. Assume on the contrary that Ty < co.

Since b/, —¢" > 0 in (0,7p), we can define h(Tp) = tlir%] h(t) and g(Tp) = tlir%)g(t). By the above

arguments,

hTo) — 9(To) < 2ho + To (2uks + 2(pkiho + pks)e” 1 70).
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In view of 0 < —vg (¢, h(t)),vs(t,g(t)) < k3,0 < u < k1,0 < v < kg for t € (0,Tp), h',g" € L>=((0,Tp)).
Making use of Sobolev embedding theorem: W1 ((0,Ty)) — C([0,Tp]), we have g,h € C([0,Tp]) with
9(To), h(Tp) defined as above. It follows from the parabolic L? theory and Sobolev embedding theorem that
v e Clta)/ 271“‘“(5;‘2). These facts show that the first differential equation holds for 0 <t < Tp. Similar

to the above, u € Cl’l_(bioh), g, b € C*/2([0,Tp)). Consider the problem (2.49) with T' replaced by Tp.
Same as above, we can show that (2.49) has a unique solution z € W}2(Ilg,) N C1H/22F e ([e, Ty] x %).
Consequently, v(Tp, ) € C?*([g(To), h(T0)]).

Due to u(t,h(t)) = v(t,h(t)) = 0 in [0,Tp), it is easy to see that u(To, h(Tp)) = v(To, h(Tp)) = 0.
Moreover, by the parabolic maximum principle and Lemma 2.2 we have u(Tp,x) > 0,v(Tp,z) > 0 for

z € (9(To), h(Tv)).
Therefore, we may treat (u(To,z),v(Tp,z)) as an initial function and [g(Tp), h(Tp)] as the initial habitat

A

and apply Step 1 to show that the solution of (1.3) can be extended to some (0,7) with 7 > Tj. This
contradicts the definition of Ty. Hence, Ty = oo.

It follows from the above arguments that (g,h) € GT x H”, (u,v) € X;h, and (u,v, g, h) satisfies (2.2),
(2.3) and (2.5). The proof is end. O
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