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Dynamic frictional contact with adhesion of a viscoelastic body and a foundation
is formulated as a hemivariational inequality. This may model the dynamics of rock
layers. The normal stress—displacement relation on the contact boundary is non-
monotone and nonconvex because of the adhesion process. A sequence of regular-
ized problems is considered, the necessary a priori estimates are obtained, and the
existence of a weak solution for the hemivariational inequality is established by
passing to the limit as the regularization parameter vanishes. ~ © 2000 Academic Press

Key Words: dynamic frictional contact; rocks; hemivariational inequality; adhe-
sion; normal compliance; viscoelastic body.

1. INTRODUCTION

The aim of this paper is to study a dynamic contact problem involving
the unilateral phenomena of coupled adhesion and friction. The setting we
employ and the result we obtain are very general, but our particular
interest lies in the frictional contact between rocks which involves adhe-
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sion or bonding. Adhesion and friction are highly nonlinear processes due
to the nonmonotone stress—strain relationship which contains vertical
jumps that correspond to abrupt stiffness changes. To accommodate such
stress—strain laws, the theory of generalized gradients of Clarke [2] has
been recently extended and applied in contact mechanics by Panagiotopou-
los [15]. This approach allows for the rigorous formulation of mathematical
models for these phenomena through variational and hemivariational
inequalities, which we use in this work.

Contact problems involving both adhesion and friction effects have been
studied mostly in special cases: in problems involving constitutive relations
with uncoupled shear and normal stress, or in problems with given normal
stress. However, interactions between normal and tangential contact forces
are often present in problems arising in applications, such as in contact of
rocks. A general static problem of frictional contact with adhesion of rocks
has been recently studied in [5]. There, a model for the process has been
developed and the existence of its weak solutions established by using the
theory of hemivariational inequalities. Here we extend their results to the
dynamic case.

In this paper we establish the existence of weak solutions for a specific
problem. However, the constitutive relation which we employ is not
convex, and this approach can be extended to other dynamic problems in
mechanics with nonmonotone and nonconvex constitutive relations.

General problems of adhesion were considered by Frémond and co-
workers in [3, 4, 16] where the model was derived from thermodynamical
considerations. Friction, however, was not taken into account. There, a
bonding field was introduced to describe the adhesion and an equation for
its evolution was derived. A one-dimensional, quasi-static, and frictionless
contact problem with adhesion, using the bonding field, has been investi-
gated in [6]. The quasi-static problem with friction and adhesion, using the
bonding field, has been modeled and investigated recently in [17, 18].

Recent results on dynamic frictional problems without adhesion can be
found in [1, 9-11, 13] and in the references therein.

We use a graph to model the contact. It describes the adhesion and
allows for interpenetration of surface asperities, as in the normal compli-
ance condition, see, e.g., [1, 7, 8, 10, 13, 19]. The graph has a vertical
segment related to the sudden debonding when all the bonds are severed.
This leads to the use of the generalized subgradient theory, since the graph
is not convex. The rest of the paper is structured as follows. The classical
model, its weak formulation, and the statement of our results are given in
Section 2. The material is assumed to be viscoelastic and linear, for the
sake of simplicity. We employ the normal compliance condition for the
compressive part of the contact, and model the adhesion with a graph
which has a vertical segment at the yield point where debonding takes
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place. In Section 3, we consider a sequence of approximate problems in
which the vertical segment in the adhesion condition is replaced with a
tilted segment. This approximation may be useful in constructing numeri-
cal algorithms for the problem. We use the recent theory of [9] to obtain
the existence of the unique solution for each approximate problem. A
priori estimates on the approximate solutions are derived in Section 4.
Using these estimates allows us to pass to the limit and obtain a solution
of the original problem.

It may be of interest to investigate the dynamic problem when the
adhesion is modeled by the bonding function, following Frémond, instead
of having one graph for contact and adhesion.

2. CLASSICAL MODEL, WEAK FORMULATION
AND RESULTS

In this section, we present the physical setting and formulate the model
as a system of differential equations and initial and boundary conditions.
Then we introduce a weak formulation, state the assumptions on the data
and our main result. Because of adhesion, the contact condition is noncon-
vex and, therefore, the problem is formulated as a hemivariational inequal-
ity (see, e.g., [14] and references therein). For the sake of simplicity, the
bulk material is assumed to be linear; the nonlinear effects arise from the
contact with the foundation.

The physical setting is depicted in Fig. 1. A viscoelastic body, the rock,
occupies (in its reference configuration) the region Q in R” (m = 2,3). Its
boundary is divided into three disjoint parts. On I', the body is clamped;
known tractions act on I'y; and on I’ the body may contact a foundation.
We assume that the foundation is soft, of the Winkler type, or is rigid but
has a layer of deformable asperities. The reference configuration is as-
sumed to be stress-free and the process isothermal.

Let fp = (fp(x,0),..., fz,.(x,1)) be the (dimensionless) density of ap-
plied body forces acting in Q and let fy, = (fy(x,0),..., fy.(x, 1)) be the

Tp

T'c
Foundation ln

FIG. 1. The physical setting; I'- is the contact surface.



90 DUMONT ET AL.

tractions applied on I'y. For the sake of simplicity, we assume that the
density of the material is constant equal to 1. Let u = (u(x, 1), ..., u,,(x, 1))
and o = (crl-j(x, t)) for i,j =1,...,m, represent the dimensionless dis-
placement vector and stress tensor, at location x and time ¢, respectively.
The equations of motion take the (dimensionless) form

w —Dive=f, inQ;. (2.1)

Here and below, i,j = 1,...,m; the repeated index convention is em-
ployed; the prime represents the time derivative; the portion of a subscript
prior to a comma indicates a component and the portion after the comma
refers to a partial derivative. We use the Kelvin—Voight stress—strain
relation

Oy = Qi+ byt in Q7. (2.2)
Here, a = (a,;,) and b = (b;;;,) are the tensors of elastic and of viscosity
coefficients, respectively. This relation holds within linearized elasticity,
and we assume small displacements and strains.

The initial conditions are

u(-,0) = u,, u'(-,0) =v, inQ. (2.3)

To describe the boundary conditions, we introduce the unit outward
normal n = (n,,...,n,) on I'. We assume that T" is Lipschitz, hence n
exists at almost every point. We then let o, = o;;n,n; and u, = u-n be
the normal components of ¢ and u on I', and let o, = o-n — o,n,
u_=u — u,n be the tangential vectors. We use the following boundary

conditions:
u=20 on Iy, (2.4)
on=fy on [. (2.5)

We turn to consider the conditions on the potential contact surface I,
which is where our main interest lies. Physically, the contact surface is
assumed to be covered with adhesive material, such as liquid glue, or there
is a weak chemical bonding between the materials. This implies that for
small tensile contact force there is resistance to separation. Let g > 0 be
the bond length, and then u, = —g denotes the maximal distance for
which bonding still holds, and let p* > 0 denote the tensile yield limit, i.e.,
the maximal tensile force that the bonds can support. For —g <u, <0,
there is tensile traction 0 < g, < p* on I.. However, when the pulling
force at a point exceeds the threshold o, = p*, the surfaces debond, the
connections snap, and the contact at the point is lost. When the normal
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traction is negative, i.e., compressive, the penetration of the body’s surface
asperities into the outer surface of the foundation takes place. This
represents a foundation with soft surface or the deformation of surface
asperities. We assume a general relationship between the normal stress
and normal displacement

_%(un7') e’@n(urw.) on 1—‘C‘ (26)
Here, for almost every x € T, the graph % (-, x) is such that

Z,(-,x) = 0on (=, —g(x)],

Z,(=8(x),x) = [-p*(x),0],

2,(+, x) is an increasing Lipschitz function on ( —g(x),0], (2.7)
£,(0,x) =0,

Z,(+, x) is an increasing Lipschitz function on [0, «).

The portion of the graph on [0, ) represents the normal compliance of the
surfaces (see, e.g., [1, 7, 8, 10, 13, 19] and references therein). The graph is
nonconvex, which leads to a hemivariational inequality formulation of the
problem.

We note that the dependence of %, on x is via g, and below we denote
2 (-, x) by #,. A possible choice of the graph, depicted in Fig. 2, is

3 if £>0,
| aé if —g(x) <¢<0,
yn(gax) - [_ag(x),()] lf§= _g(x)’ (28)
0 if §< —g(x).

Here, @ > 0 is the slope for —g(x) < ¢ < 0, and in the normal compliance
portion of the graph the penetration of the foundation is penalized with
the coefficient 1/, for & positive and small. Then, p*(x) = ag(x) is the
tensile yield limit.

The following graph has been used in [5], where the contact was between
two deformable bodies,

0 if [£]>g(x),
ag if [¢£] <g(x),
[—ag(x),0] if &= —g(x),
[0, ag(x)]  if £=g(x).

Pu(€,x) = (2.9)

Similar graphs can be found in [14] (and the references therein).
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Pnl€, )

-g(z)

0 3

T —ag(z)

FIG. 2. Normal stress—displacement relationship (2.8).

We note that a different approach to modeling adhesion can be found in
[3, 4] (see also the references therein) where a new dependent variable, the
bonding function, which describes the ratio of active bonds at each point on
the surface, was introduced. A differential equation for this variable was
derived from a virtual power argument. The steady problem was analyzed
in [16].

We turn to the tangential frictional contact condition. The usual
Coulomb friction law is

lo.| < pla, | on g,

u o,
Wt = — = ———
|| mla,|

Here u is the friction coefficient. By convention, ¢, = 0 when there is no
contact (g, = 0) and u/, remains undetermined. In the case of adhesion,
this condition needs to be modified, since when ¢, is positive the body is
pulled away from the foundation and we assume that there is no friction.
Therefore, we use the following friction law:

lo.| < pu(=a,),  onlg,

u [0
W#0ando, <0 = —= = (2.10)

When the tangential stress is less than the limiting value u(—a,),, the
boundary sticks to the foundation: the part of the boundary where it takes
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place is called the stick zone; when the tangential stress reaches its limiting
value, the boundary slips: this is the so-called slip zone. The slip is opposite
to the shear stress o.

The classical formulation of the dynamic viscoelastic frictional contact
problem with adhesion is to find a function u such that (2.1)-(2.6) and
(2.10) hold.

It is well known that, generally, there are no classical solutions for the
problem because of the regularity ceiling related to possible jumps in the
velocity. Therefore, we turn to the weak or variational formulation of the
problem. To this end we introduce the following Hilbert spaces:

E={weH'(Q)":w=0o0nT,}, (2.11)
V={neH'(Q):n=00nT,UTly}, (2.12)

H=1*Q), H"=(L*Q)", E=L*0,T;E),

(2.13)
V =L*0,T;V).

Below, we use || ||z and |- ||}, to denote the norms of E and V, respec-
tively, and |- |5 and |- |g» denote the norms of H and H™. Also, { -, )
denotes the duality pairing between E’ and E, or V' and V, where the
meaning is evident from the context.

We now describe the assumptions on the data.

The coefficients of elasticity and viscosity satisfy

o] el
a;i € L°(Q), b € L°(Q2),
Aijk1 = Bjikt> Aijk1 = Akiij» Aijki = Bijik>
|2

Qi Xij Xea = 4l X for all symmetric tensors x = ( x;;); (2.14)

bijkl = bjikl’ bijkl = bklij7 bijkl = bijlk?

b1 Xij Xe1 = @3] )(ijl2 for all symmetric tensors x = ( x;;)-

Here «; and «, are positive constants.
The body forces satisty

fzEl. (2.15)
The friction coefficient satisfies
u: I = (0, + ) and O0<p, <p<p* a.e.on ., (2.16)

where w, and p* are constants.
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The boundary and initial data satisfy
fy € L20,T:(L(Ty))"); (2.17)
u, €k, vy €EH™. (2.18)

We conclude this section with a brief description of a hemivariational
formulation of the problem, similar to the one in [5]. For almost every
x € T, let B,(-, x) be the function given by

Bn( gax) =’-@n( g’x) if §¢ )
B.(—g(x),x) = 0.

The graph of B is the one depicted in Fig. 2, but without the vertical
segment at x = —g. Let ¢,(-, x) be the function ¢, (&, x) = [§ B,(s, x) ds
for ¢ € R. We define the functional ®,: L'(T.) —> R as

D,(2) = fr @u(2(x), x) dT,

where dI" denotes the surface measure on I'.. This definition makes sense
only when ¢,(z(-), ) € L'(T.), and ®, is a Lipschitz continuous function,
but is not necessarily convex.

Now, we may write the contact condition (2.6) as

—0, € dd,(u,) on I,

where d®, represents the generalized subdifferential of ®, in the sense of
Clarke (see, e.g., [14]). For this reason, the problem is formulated as a
hemivariational inequality.

The generalized subdifferential in the sense of Clarke is a generalization
of the usual subdifferential of a convex function. The latter is the set of all
subgradients of the convex function at each point: when the function is
differentiable at a point, its subdifferential contains only the gradient, and
when it is not differentiable, the subdifferential contains the slopes of all
the supporting lines (i.e., the lines which lie below the graph and touch it
at the point only). In the case of a nonconvex function, the generalized
subdifferential may contain vertical finite segments, too.

Let ¢;(n; z) = ulnllz| and define the functional @, by

D, (m; 2) =fr ¢r(n;2) dl,
C

provided the integral exists. Then, we may rewrite the friction condition
(2.10) as

—op € 9D, (0y5ur) on I,
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where 9,®,(n; z) is the subdifferential of ®, with respect to its second
variable. Since @, is convex, this is the usual subdifferential.

3. WEAK FORM OF THE PROBLEM

In this section, we derive an abstract form of the problem. To that end
let p™: R — R be the function defined by
Z(§) if£>0,
+ — n
P(E) =1, if £ < 0.

It is Lipschitz continuous and monotone increasing, and there exists a
constant K > 0 such that

lpT (&) —p (&) <KIE — &l for £, ¢, € R. (3.1)
Thus, (2.10) can be written as
v, —o,
ol wpt(u,)’
where v, = .. Similarly, for almost every x € T, let p~(-,x): R = R be
the graph

o < upt(u,), v, %0

T

(3.2)

) 0 if £> 0,
p (&%) = P(E,x) if £<0.

As usual, derivation of the abstract problem involves integration by
parts. Let w € E and v = u’, then we integrate by parts in the balance of
momentum equation (2.1); taking into account (2.4)—(2.6), we obtain

AT/;]v’~wdxdt

=fonrCurN(UT+ ann)-wdrdz—[OTfna:dexdt
+f0TfoB-wdxdt+f0TfFNfN-de‘dt

ef()TfFC—@n(un,x)n-wndrdt
+f0TfrcaT-wTdrdt+fOTerwadrdt

—fOTfQo:dexdt+f0TfoB'wdxdt.
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Now, it follows from (3.2) that regardless of whether w_ # 0 or not, there
exists an element z € L” (0, T; L*(T-)™) such that

ATA(:UT‘wTdth= _LTLCMP+(un)Z'wTdF’ (33)

and

fOTfrCz-w, dl < LT/;C(lvT +w.|—lv.])dT. (3.4)

Thus, there exists z € L* (0, T; L*(T'.)") satisfying (3.4) such that

/;)Tfﬂv’ “wdxdt + '/;)T'[Fcf@n(un’x)n “w, dT dt
NPT

+f0T/Qg;dexdt9 f(]TerfN.wchdt+ f()TfoB'Wd’Cdf- (3.5)

Therefore, using (2.2), we define the viscosity, elasticity, and normal
compliance operators A, B, P*: E — E’, respectively, by

<Au, w> = '/’Qaijkluk’lwi’j dx, (3.6)

(Bu,w) = fﬂbl—jkluk’,wi’jdx, (3.7)

(P*(u),w) = [ p*(u,)w,dT, (3.8)
e

for all u, w € E. It follows from (2.14) that there exists n > 0 such that,
for all u € E,

(Au,uy > n(||u||?5 - |u|%1M), (3.9)
(Bu,uy > n(llullz — lulfn). (3.10)

We note that the operators A, B, and P* extend, in a natural way, to
operators defined on [ into E'. With a slight abuse of notation, we use
below the same symbol to denote both the original operators and their
extensions.

Next, let f € E’ be given by

(fowde =f0TfoB-wdxdt+f0TfFfN-wdl“dt. (3.11)
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Finally, let 22(E’) be the set of all subsets of E’'. We consider the friction

operator Q mapping E into & (E'), defined as follows: v* € Q(v) C E'
means that there exists z € L0, T; L*(T-)™) satisfying

[" [ zwpdrar< [T [ (lop +wil = lo ) dTdr,  (3.12)
0 ’re 0 ’re
such that
wowy = [1[ wp(w)z wpdld  WweE.  (3.13)
0 ’re

We have now all the ingredients needed to state the weak formulation
of the problem and our main result in this work.

THEOREM 3.1. Let (2.7), (2.14)—(2.18) hold. Then there exists a triplet
(€&, u, v} such that

¢e(0,T;L*(T,)), veE v eF, (3.14)
E(x,t) €p (u,(x,t),x) ae.onl, X (0,T), (3.15)
v' +Bv+Au + P (u) + A5 ¢+ Q(v) of, (3.16)
u(t) =uy+ ['v(s)ds  ae.re(0,T), (3.17)

0
v(0) = v,. (3.18)

Here, v, is the map from E into L*(T.) defined by y,u = u,, v} is its
adjoint map, and

Aj§=f()Tj;Cyn*§dth.

We note that ¢ represents the tension due to adhesion, P* represents
the compressive part of the normal contact traction, and Q represents the
friction.

4. APPROXIMATE PROBLEM

In this section, we consider a regularized version of the problem where
the vertical segment of the adhesion part in the graph £, is replaced by
segments with decreasing slopes. We use the results of [9] to show that
each one of the approximate problems has a unique solution.
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Let 6> 0 and let p; (-, x): R = R be, for p*(x) = ag(x) and almost
every x € I, the piecewise linear approximation of p~(-, x) given by

~(£.x) = —spH(x)(E+g(x) +8) if —5-g(x) <&< —g(x),
Patss P (&,x) otherwise.

Thus p; (-, x) = p~(+, x) except on the interval [ -8 — g(x), —g(x)], where
p5 (-, x) is a linear function. Clearly, p; is Lipschitz continuous and there
exists Kz > 0 such that

|ps (€1,%) —ps (&2, 0)| <Kilé — &I VE,6 R, (41)
where K5 — © as 6 —» 0*. The function £?(¢&, x) and the modified part

ps are depicted in Fig. 3.
We associate with the function p; the operator Py : E — E’, given by

(P (w),w) = [ pa (,(x), x)w,(x) T, (42)

for all u,w € E. The operator P; extends naturally to an operator from E
into [E'.

The following nonlinear evolution inclusion is the abstract form of the
approximate problem.

PiE )

—6—g(@) —9(=)

Vﬂ :

T —ag(z)

FIG. 3. The approximate function #2(&, x).
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PROBLEM . Find a pair {uz,v;} such that

vselk, v;(0)=v,, viel, (4.3)
vy + Bvs + Aug + P (us) + Py (us) + O(vy) = f, (4.4)
us(1) =y + ['vy(s)ds  ae.1e(0,7T). (4.5)

0

We now establish the existence of the solution {ug, v} of the approxi-
mate problem %, for each 6 > 0, and obtain a priori estimates indepen-
dent of 4.

We remark that the approximate problem has some interest on its own.
It has better mathematical properties than the idealized problem, and,
indeed, the solution is more regular and is unique. For this reason it may
be used as a basis for numerical approximations of the problem.

To prove the existence and uniqueness of the solution for Problem
(4.3)-(4.5), we need the following two results due to Lions [12] and Simon
[20], respectively.

THEOREM 4.1. Letp >1,q > 1, and let W C U C Y be Banach spaces
with compact inclusion map i: W — U and continuous inclusion map i: U —
Y. Then the set

Sg={ueLr0,T;W): u' €L0,T;Y),
el e, 7wy + el Lo, 7,7y < R},
is precompact in L*(0,T; U).

THEOREM 4.2. Let g > 1 and W, U, and Y be as in Theorem 4.1. Then
the set

Spr = {u: lew(H)llw + llu'll oo, 7,v) <R, t € [0, T]},
is precompact in C(0,T; U).

In order to use Theorems 4.1 and 4.2, we introduce a Banach space U
such that E C U, the embedding E — U is compact, and the trace map
U — L*(T.)™ is continuous. We denote by || - |l the norm on U.

For technical reasons, we change the independent variable and use
y(t)e™ = v(t), for A > 0. Then, Problem (4.3)—(4.5) written in terms of y is

yek  y0)=v,, y €L, (4.6)
Yy + Ay + By + e *Au + e P (u) + eOP; (u)
+e'0Q(eMy) a1, (4.7)

u(t) =ug+ [(v(s)ds ae.re(0,T). (4.8)
0



100 DUMONT ET AL.

We define the Banach space X, endowed with the norm || - |lx, as follows:

X={yebky elt'}, lyllx=Ilyle+lylle- (4.9)
Let also 22(X’) be the set of all subsets of the dual space X'.

PROPOSITION 4.3. The operator Q,: X = P(X') defined by Q,(y) =
e *OQ(eVy) is pseudomonotone and bounded.

The proof of this proposition is accomplished through the following
lemmas.

LEMMA 4.4. If v* — v weakly in X, then v* — v in L*(0, T; (L*(T . )™).

Proof. If v* fails to converge to v in L?(0, T; L*(T.)™), there exist an
&> 0 and a subsequence, still denoted by v,, such that [[v* — vll;20. 7.0y
> &. Then we can extract a further subsequence such that v* — w
strongly in L*(0, T; U), for some w. But the weak convergence of v* to v
in X implies the weak convergence of v* to v in L?(0,T;U). Hence
w = v, which contradicts the assumption that [[v* — vll;20 7.0y > &.

LEMMA 4.5. If y* — y weakly in X, then
p+(uﬁ) - p*(u,) inLZ(O,T;LZ(FC)). (4.10)

Proof. Tt follows from (3.1) that

lp*(uy) —p*(u,)| < Kluj — u,. (4.11)
Now,

t
k(1) — w, ()2 < /0 0E(5) = 0,(8) 2y ds

t
= fo eM1yi(s) = yu(s)ry) ds,
and using the Jensen inequality, we obtain
T [T
Ity = w0, rir2en < o[ [T15() =2y dsdr, (4:12)

where C;, is a positive constant which depends on 7" and A. We deduce
from Lemma 4.4 that yf —y, strongly in L*(0,T; L*(T.)), and this to-
gether with (4.11) and (4.12) yield the result.

LEMMA 4.6. Let y* >y weakly in X and z* — z weak* in L*(0,T;
LAT.)"). Then

fOTfFC“f(“ﬁ)Zk ~&dldr — /OTfFC,wp*(un)z EdUde, (4.13)

forall £ € L*(0,T; LX(T.)™).
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Proof. We argue by contradiction. Let & > 0. If (4.13) does not hold,

then there exist & € L*(0,T; L*(T-)™) and two sequences {y*} and {z*}
such that y* — y weakly in X, zX - z weak* in L*(0, T; L*(T-)™) and

>2¢e. (4.14)

r + k k. _ T . '
[ me )zt garan— [T ()2 gara

Since L*(0, T; L*(T-)™) is dense in L°(0, T; L*(T',)™), we may assume that
(4.14) holds for some ¢ € L™(0,T; L*(T.)") with & in place of 2¢. How-
ever, it follows from Lemma 4.5 that

ATj;Cup+(uﬁ)zk‘§dth —>/

0

Tf wp*(u,)z- Edl dt,
T

and so (4.14) cannot hold for all k. This contradiction proves the lemma.

Proof of Proposition 43. 1t is clear that Q, is bounded, and it is
straightforward to show that Q,(y) is convex. We now show that Q,(y) is
closed. Let W be a weakly open set in X’ and let W, = ¢*). Assume that
y* =y weakly in X, Q,(y) € W, and let (y*)* € Q,(y*)\ W for all k.
Then v* — v weakly in X, W, is a weakly open set in X’ containing Q(v),
and (v%)* = e*(y*)* € Q") \ W, for all k. Next, let {z*} be a sequence
in L*(0,T; L*(T.)™), satisfying (3.12) and (3.13), such that, possibly for a
subsequence, zX — z weak* in L™(0, T; L*(T,.)™). It follows from Lemma
4.4 that z satisfies (3.12). Now, we obtain from Lemma 4.6 that (v%)* — p*
weakly in E’, and thus

(v*,w) = fT/ wp(u,)z-wpdl'dt, weeE.
0 ’re

Then, by the definition of Q, we obtain that v* € Q(v) € W,. This is a
contradiction to the assumption that (v%)* & W,, for all k. Hence Q(v¥) c
W, for all sufficiently large k. This argument also shows that Q,(y) is
closed.

It remains to verify the limit condition for pseudomonotone operators.
To that end, assume that y* — y weakly in X and let (y*)* € Q,(y%), for
all k. We show that if w € X, then

lim inf ((y*)*, y* —w) = y*(w),y = wd y*(w) € O(y)-
We choose a subsequence y* (which depends on w) such that

klim ((yF)s, y* —w) = li;ninf((yk)*,yk —w).
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Let (0%)* = e*(y*)* € Q(v*) and let z*¥ € L0, T; L*(T-)™) be a related
function satisfying (3.12) and (3.13), for all k. We extract a further
subsequence, if necessary, such that

¥ =z weak*in L7(0,T; L*(T)").

Then z satisfies (3.12) by Lemma 4.4. It follows from Lemma 4.6 that if we
define y*(w) by

rw), by = [* [ e up* (u,)z by dldr,
0 ‘T,
for b € [E, we obtain
lim inf {(y*)*, y* — w)
k— o

= lim (Y )*, y* —w)

k— o

lim /OTfrce-Wf(uﬁ)z" (3h —wr)drdr,

T
[ [ e upT(u,)z (v — wy) dT di,
0 ‘I

= y(w),y —w).
This completes the proof of Proposition 4.3
LeEMMA 4.7. If v* — v weakly in X, then P*(u*) — P*(u) in E'.
Proof. Let w € E. Using (3.1), we obtain

[<P* (u*) = P* (u),w)|

IA

KfOTfF luk — | lw,| dT dt,
C

1/2

1/2
K[OT(/FCW,'; —u dF) (frclw”|2 dF) dt,

< K”Mﬁ - un“Lz((],T;LZ(FC))“w“[E-

IA

Thus,
I1P*(u*) — P (u)ller < Kllyu* — yulli20,7; 12cr oy,

and the desired result follows from Lemma 4.4.
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It is easy to check that for each A > 0, the operator y — e *Au is
monotone. In fact,

(e OA(u' — u?), y' —y*)

1 d
— E/;)Te_”‘E(A(ul —u?),u' —u?)dt
1
= Ee*“T<A(u1(T) —u*(T)),u’(T) —u*(T))
+ )\/T(A(u1 —u?),u' —utye *Mdr. (4.15)
0

Next, y* -y weakly in X if and only if v* — v weakly in X and Lemma
4.7 implies that the operator y — ¢ *©P*(u) is completely continuous.
Similar considerations show that the operator y — e *“P; (u) is com-
pletely continuous. Thus, if we let

Sy = Ay + By + e *OAu + e P (u) + e P (u)
+ eiA(')Q(e’\(')y), (4.106)

then & is a sum of pseudomonotone bounded operators. Consequently,
&, X - 2(X') is pseudomonotone and bounded. The last three terms of
(4.16) have the property that if v* is either equal to or an element of any
one of these terms, then

Kv*, yXl < Cllylly + C,

where C is a constant independent of y and A. Therefore, using the

inequality, || Yz < ellyllz + C.l ylI3», which results from the compactness

of the embedding of E into U, choosing & small enough, and then

choosing A large enough, we find in addition that % is coercive. Thus, by

the existence theorem of [9], we conclude that the system (4.6)—(4.8) has a

solution, and consequently, there exists a solution of Problem (4.3)-(4.5).
We have the following theorem.

THEOREM 4.8. For each & > 0, there exists a unique solution of Problem
P

Proof. Tt remains to verify the uniqueness. Assume that v' and v’
solve Problem Z;. Let u'(t) =u, + [jv'(s)ds, let (v')* € O(v'), and
denote by z' the element of L*(0,7; L*(T.)™) that satisfies (3.12) and
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(3.13), for i = 1,2. From (3.13) we obtain
jt<(vl)* —(@*)* 0! —vids
0
> [*[ (up*(ub)z' = up* (u2)z®)(vh — v})dlds
0 ’I, " n
> fof frcﬂzl(p+(u}1) —p+(uﬁ)) (v — v3)dTds
t
+ F(up)(z! = 2%) - (v} — v}) dT ds. 4.17
fofrc“p (u)(z' = 22) - (vh—v2)dlds.  (4.17)

Using (3.12) for z! and z?%, we find that the last term on the right-hand
side is nonnegative. Therefore,

[
> —cf’nul(s) — u2(s)llylle'(s) — v2(s)lly ds,
0

where C is a constant which may depend on z', u, T, and K. Using the
definitions of u' and u?, in terms of v' and v?, we may write

f0<(v1)* — (0¥, 0" —vids > —c[o lo'(s) — v2(s)llE ds. (4.18)

From (4.4), (4.15), (4.18), (3.9), (3.10), and after adjusting the constant C to
depend on &, we obtain that

%wl(z) —v2(t) [ + n/ot(llvl(s) —v2(9)lE — o' (s) — v?(s)lzm) ds
= C['le'(s) = v3(s)lli ds < 0. (4.19)
0

Using the inequality llully < ellullg + C.lluly» for & such that 0 < & < 7,
we find

0(0) = 02 (O)fige + [ (5) — 0(s)] s

< C['10'(s) = v3(s)lhm ds,
0
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where C depends on 7, &, z!, u, T, and K. Then, by Gronwall’s inequality
we find that v' = v?, which proves the uniqueness of the solution, and
therefore, the theorem.

5. ESTIMATES AND THE LIMIT

In this section, we prove Theorem 3.1. To that end, we establish
estimates on the solutions of the approximate problems % leading to the
following theorem.

THEOREM 5.1.  There exists a constant, C, independent of &, such that

o5 (£)13m + [O’nvs(s)ni- ds + llus ()13 + fr ®(uy,(-,1))dl < C. (5.1)

Proof. To simplify the notation, we omit the subscript & in this proof.
We apply (4.4) to v and integrate from 0 to z. We consider the resulting
nonlinear terms first,

fot<P+(u)7v> ds = /(‘)ffrvp+(un(x,s))vn(x,s) dl' ds
= fr‘/;p+(un(x,S))vn(x,s) dsdT

= [ (u,(x,0)) = D(up, (%)) T,
C
where @ is the indefinite integral of p*, i.e., d®/dt = p*. Therefore,
[P (u),wyds = [ ®(u,(1,x))dT = C. (5.2)
0 Te

Here and below, C denotes a generic constant which is independent of 6.
Then,

f(:(Pg(u),v) ds = ftfr‘pg(un(x),x)vn(x) dr ds,

0

\

> —C— [l ds. (5.3)
0

Next, we consider the term involving Q(v). Let v* be the element of Q(v)
for which equality occurs in (4.4), and let z € L*(0,T; L*(I'.)") be the
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function satisfying (3.12) and (3.13); then
/t<v*,v> ds = ftf wpt(u,)z vy dlds.
0 0 /e

It follows from (3.12) that ||zl =0, 7; #r.ym) < 1. Since p™ is Lipschitz and
equals zero at ¢ = 0, we obtain that

[ <, vyds = =C [ lullyllelly ds. (5.4)
0 0

From estimates (5.2)—(5.4), (4.4), and (2.14), it results that
l|v(t)|2 "t a ftllv(s)llz ds + a0l - c/’uvn2 ds
2 " : 0 £ 2 E 0 v
+ [ ®(u,(1,%)) = D(ug,(x)) dT = C [ llu(s)IF ds
I, 0

a
<C+ cfo‘w(s)ﬁ,m ds + 7‘|u(t)|zm, (5.5)

where «; and «, are the positive constants appearing in (2.14). On the
other hand, we have

() im < €+ [(lo(s)lim ds, (5.6)
0

and
[la(s)llf ds < € + [ [ llo(r)Ily dras. (5.7)
0 0 -0

Using now Gronwall’s inequality, it follows from (5.5)—(5.7) that

()5 + /0’||u(s)||2E ds + lu(t)|% +/F ®(u,(t,x))dl

—C[ el ds < C. (5.8)
0

Finally, we use the compactness of the embedding of E into U and apply
Gronwall’s inequality again and obtain (5.1) from (5.8).

We use estimate (5.1) to pass to the limit when & — 0 and thus obtain
the existence of a solution for problem (3.15)—(3.18).

For each 8> 0, let {ugs,v;} denote the unique solution of Problem
(4.4)—(4.5). Using the estimate (5.1), (4.4), and the boundedness of the
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operators, Theorems 4.1 and 4.2 imply that there exists a subsequence of
{us,vs} such that

vy —> v’ weakly in E’, (5.9)

Vs> v weakly in E, (5.10)

u,—>u strongly in C(0,T;U), (5.11)

U5 = U, strongly in L*(T. X (0,7)), (5.12)
U,s(x,t) > u,(x,t) ae.in I, X (0,7), (5.13)
vs > v strongly in L*(0,T;U), (5.14)

s (Uus,,*) = & weak* in L*(T X (0,7)).  (5.15)

Let v} denote the element of Q(v;) which yields equality in (4.4); thus,
vy + Bvs + Aug + P (us) + Py (uy) +vi =f,

and let z; € L™(0,T; L*(I'.)") be the function in the definition of Q(v;),
(3.12), and (3.13). Furthermore, we may also assume that

2, >z weak*in L7(0,T; L*(T.)"). (5.16)
Using (5.11), (5.16), and the definition of Q(v;) in (3.13), we conclude that
v - v* weakly in E’,

where
<v*,w>=fT/ uwp (u,)z-wydl dt, w e E,
0o 't

and thus, v* € Q(v). On the other hand, we obtain from (5.11) and (3.1)
that

P*(us) = P (u) strongly in E'.
Let now K be the set
K={¢eL* (I x(0,T)):0=>¢(x,1) > —p*(x)a.e.on . x (0,T)}.

K is a closed and convex subset of L*(I'. X (0, 7)), and from the definition
of the function pjy, it follows that p; (u;,, ) € K, for each 8. Therefore,
we obtain from (5.15) that ¢ € K. Using (4.2), we have for w € E,

(Py (uz),w) = /OT/F ps (g, (x,1), x)w,(x,1) dT dt,
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and using (5.15), we obtain that

(P5 (ug),w) — [OT/F £(x, t)w,(x,1) dT dr.

Let us consider now &(x, ¢). Suppose first that (x,¢) is a point at which
u,(x,t) # —g(x) and is also a point where ug,(x,¢) = u,(x,t). Then
ps (u,(x,0),x) = p~(u,(x,1), x) for all § sufficiently small. By the continu-
ity of p~(x,-) at such points, p; (us,(x,1),x) = p~(u,(x, 1), x). Conse-
quently, if such points comprise a set S of positive measure, then for

al

most every point in S, p~(u,(x,1), x) = £(x,1). On the other hand, the

observation that ¢ lies in K implies that even if u,(x,1) = —g(x),
&(x, 1) € p~(u,(x,1), x) almost everywhere. This completes the proof of
Theorem 3.1.
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