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In this paper, we study the existence of symmetric homoclinic orbits for first
order and second order Hamiltonian systems with some symmetric Hamiltonian
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w xIn recent years, many authors 1]3, 5]30, 34, 36]46 have used the
variational methods to study the existence and the multiplicity of homo-
clinic orbits for Hamiltonian systems. In this paper, we will study the
existence of a symmetric homoclinic orbit for the first order symmetric
Hamiltonian system and the existence of infinitely many odd homoclinic
orbits for classical Hamiltonian systems with even potentials.

We are given a C 2 map H: R2 N ª R, and we consider the associated
system of ordinary differential equations

x t s JH X xŽ . Ž .˙
1.1Ž .

x "` s 0,Ž .

where J denotes the 2 N = 2 N matrix

0 yIJ s ž /I 0

with JU s Jy1 s yJ.
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We obtain the following results:

THEOREM 1.1. Assume H satisfies

Ž . 2Ž 2 N .H1 H g C R , R
Ž . Ž . Ž . NH2 H yp, q s H p, q , ;p, q g R
Ž . Ž .H3 H 0, 0 s 0q

Ž . YŽ .H4 H 0 s 0
Ž . 2 N Ž . XŽ .H5 'a ) 2 such that ; x g R , aH x F H x x
Ž . 2 N Ž . < < aH6 'k ) 0 such that ; x g R , H x G k x1 1

Ž . 2 N < XŽ . < < < ay1H7 'k ) 0 such that ; x g R , H x F k x .2 2

Ž . Ž .Then 1.1 has at least one homoclinic orbit x s p, q to the origin which
Ž . Ž . Ž . Ž .satisfies p yt s yp t and q yt s q t .

Remark 1. In all published papers, there is a quadratic term for the
Hamiltonian function. Here we remove this term.

Ž . Ž . Ž < < 2 . < < Ž .Remark 2. H5 implies H x s 0 x as x ª 0. H4 can be can-
celed out.

THEOREM 1.2. Assume V satisfies

Ž . 2Ž n .V1 V g C R , R ;
Ž . Ž . Ž . nV2 V yx s V x , ; x g R ;
Ž . Ž . XŽ . n � 4V3 there is a m ) 2 such that 0 - mV x F x ? V x , ; x g R _ 0 ;
Ž . YŽ .V4 V 0 s 0.

Then there are infinitely many odd homoclinic orbits for the second
order Hamiltonian system:

x q V X x s 0Ž .¨
1.2Ž .

x "` s x "` s 0.Ž . Ž .˙

2. THE PROOF OF THEOREM 1.1

1, 2Ž 2 N . 2 NLet W s W R, R be the Sobolev space of R -valued functions
defined on R:

E s x s p , q g W ¬ p yt s yp t , q yt s q t , ; t g R . 2.1� 4Ž . Ž . Ž . Ž . Ž . Ž .
Ž .The functional corresponding to the system 1.1 is defined by

` `
1f x s yJx , x dt y H x dt ; x g E. 2.2Ž . Ž . Ž . Ž .˙H H2

y` y`
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w xFollowing the ideas of 35, 31]33 , we have

Ž . Ž . 1Ž .LEMMA 2.1. Suppose H1 and H4 hold. Then f g C E, R , and
Ž .x s p, q g E is a critical point of f restricted on E if and only if it is a

1Ž n. Ž .C R,R -solution of 1.1 such that p is odd and q e¨en in t.

Ž . Ž . Ž .Proof. i By H1 and H4 , similar to the proof of Coti Zelati and
w x 1Ž .Rabinowitz 26 , f g C E, R .

Ž .ii Suppose x g E is a critical point of f on E. Then there holds

`
XyJx ? y y H x ? y dt s 0, ; y g E. 2.3Ž . Ž .Ž .˙H

y`

Ž . 1Ž 1, 2 1, 2 . Ž . Ž . Ž .By H1 , H9 g C W , W . H2 and H3 imply H9 0 s 0. By x g
1, 2Ž 2 N .W R, R and the regularity theorem on composition mappings, we

XŽ Ž .. 1, 2Ž 2 N . Ž .have u ' H x ? g W R, R and u g E; that is, u s u , u satis-1 2
fies

u yt s yu t and u yt s u t . 2.4Ž . Ž . Ž . Ž . Ž .1 1 2 2

We consider the boundary value problem of the linear system,

z t s JuŽ .˙
2.5Ž .

z "` s 0,Ž .
Ž . 1Ž 2 n.which possesses a unique solution Z t g C R, R and is given by

t
Z t s J ? u s ds, ; t g R . 2.6Ž . Ž . Ž .H

y`

Ž . Ž .By 2.4 and 2.6 we know that

t t
Z t s Z t , Z t s y u s ds, u s dsŽ . Ž . Ž . Ž . Ž .Ž . H H1 2 2 1ž /y` y`

satisfies

Z yt s yZ t , Z yt s Z t . 2.7Ž . Ž . Ž . Ž . Ž .1 1 2 2

Ž . 1, 2Ž 2 n. 2, 2Ž 2 n.By 2.6 and u g W R, R we know Z g W R, R .
Ž .From 2.5 we obtain that for ; y g E there holds

`
X˙yJZ ? y y H x ? y dt s 0. 2.8Ž . Ž .Ž .H

y`

Ž .Combining with 2.3 yields

`
˙J x y Z ? y dt s 0, ; y g E. 2.9Ž .Ž .˙H

y`
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Ž . Ž . 2, 2Ž 2 n. 2, 2Ž 2 n.By 2.3 and 2.6 we have x g W R, R , Z g W R, R . So

˙ 1, 2 2 ny s J x y Z g W R , R . 2.10Ž . Ž .Ž .˜ ˙

Ž . Ž .Set x s x , x , Z s Z , Z ; then1 2 1 2

˙ ˙ ˙y s J x y Z s Z y x , x y Z ' y , y .Ž .˜ ˙ ˙ ˙ ˜ ˜Ž .ž /2 2 1 1 1 2

Then

y yt s yy t , y yt s y t . 2.11Ž . Ž . Ž . Ž . Ž .˜ ˜ ˜ ˜1 1 2 2

Hence y g E.˜
Ž .In 2.9 , we can set y s y to obtain˜

`
2˙< <x y Z dt s 0. 2.12Ž .˙H

y`

Hence

x t y Z t ' constant, ; t g R . 2.13Ž . Ž . Ž .

Ž . Ž .By x "` s Z "` s 0, we know

x t y Z t ' 0.Ž . Ž .

Ž . Ž . 1Ž n. Ž . Ž .Thus x t s Z t g C R, R and is a solution of 1.1 by 2.5 . Now the
w xproof of Theorem 1.1 is similar to that of Hofer and Wysocki 29 .

3. THE PROOF OF THEOREM 1.2

1, 2Ž n. Ž ` Ž < < 2 < < 2 ..1r2Let W s W R, R , which has the usual norm H q q q˙y`

which is equivalent to the norm

1r2
` 225 5 < <q s q dt q q 0 . 3.1Ž . Ž .˙Hž /y`

Ž .The functional corresponding to the system 1.2 is defined by

`
21 < <f x s x y V x dt , ; x g W . 3.2Ž . Ž . Ž .˙H 2

y`

Let

Ẽ s x g W ¬ x yt s yx t , ; t g R . 3.3� 4Ž . Ž . Ž .
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˜Then E is a closed subspace of W and, therefore, is a Hilbert space. By
Ž . Ž . Ž .x yt s yx t we have x 0 s 0. Hence we have

1r2
`

2 ˜5 5 < <x s x dt , ; x g E. 3.4Ž .˙Hž /y`

w xFollowing the ideas of 31]33, 35 , we have
1 ˜Ž . Ž . Ž . Ž .LEMMA 3.1. Suppose V1 , V2 , and V4 hold. Then f g C E, R , and

˜ ˜x g E is a critical point of f restricted on E if and only if it is an odd
2Ž n. Ž .C R, R -solution of 1.2 .

1 ˜Ž . Ž . Ž . w x Ž .Proof. i By V1 , V4 , and 26 , we know f g C E, R .

˜ ˜Ž .ii Suppose x g E is a critical point of f on E. Then there holds

`
X ˜xy y V x ? y dt s 0, ; y g E. 3.5Ž . Ž .Ž .˙̇H

y`

Ž . XŽ Ž . . Ž n. Ž . XBy V1 , we have w ' V x ? , t g C R, R . Furthermore, by V1 , V g
1Ž n . 1, 2Ž n. Ž . XŽ .C R = R, R and x g W R, R . By V2 , we have V 0 s 0. So

by the regular theorem about the composition mapping we have w g
1, 2Ž n.W R, R .
The boundary value problem of the linear system

q q w s 0¨
3.6Ž .

q "` s q "` s 0Ž . Ž .˙

2Ž n.possesses a unique solution Q g C R, R and

S S
Q̈ t dt s yw t dt , ;S, S g R 3.7Ž . Ž . Ž .H H 1

S S1 1

S˙ ˙Q S y Q S s y w t dt , ;S, S g R . 3.8Ž . Ž . Ž . Ž .H1 1
S1

Ž . S Ž .Because lim Q S s 0, so H w t dt exists andt ªy` 1 y`1

S ˙y w t dt s Q S 3.9Ž . Ž . Ž .H
y`

t S
y W t dt ds s Q t y Q t , ; t , t g R . 3.10Ž . Ž . Ž . Ž .H H 1 1ž /t y`1
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Ž . t Ž S Ž . .Because lim Q t s 0, so yH H w t dt ds exists andt ªy` 1 y` y`1

t S
Q t s y w t dt ds. 3.11Ž . Ž . Ž .H H

y` y`

2Ž n.So Q g C R, R .
˙ ˜Ž . Ž .Since w is odd, so is Q. By Q "` s Q "` s 0, we know Q g E.

˜Ž .From 3.6 we obtain that for ; y g E there holds

`
XQ̇y y V x ? y dt s 0. 3.12Ž . Ž .˙Ž .H

y`

Ž .Combining with 3.5 yields

`
˙ ˜x y Q ? y dt s 0, ; y g E. 3.13Ž .˙ ˙Ž .H

y`

Ž . Ž .Letting y s x y Q, by the fact x 0 s Q 0 s 0 we obtain

< <t ˙ ˙' 2< < 5 5x t y Q t F x s y Q s ds F t x y Q s 0, ; t g R .Ž . Ž . Ž . Ž .˙ ˙H L
0

3.14Ž .
2Ž n. Ž . Ž .Thus x s Q g C R, R and is a solution of 1.2 by 3.6 .

Now the proof of Theorem 1.2 follows from Lemma 3.1 and the
w xarguments of Coti Zelati-Rabinowitz 26 .
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Ž . Ž .Unï . Ser. I Mat. Mekh. 6 1992 , 34]41 in Russian .
15. S. V. Bolotin, ‘‘Homoclinic Orbits to an Invariant Tori of Hamiltonian Systems,’’ CARR

Reports in Mathematical Physics, No. 27, L’Aquila, Italy, 1993.
16. S. V. Bolotin, Variational criteria for non integrability and chaos in Hamiltonian systems,

in ‘‘Hamiltonian Systems: Integrability and Chaotic Behavior,’’ Kluwer Academic, Dor-
drechtrNorwell, MA, 1994.

17. S. V. Bolotin and V. V. Kozlov, Libration in systems with many degrees of freedom, Prikl.
Ž .Mat. Mekh. 42, No. 2 1978 , 245]250; English translation in J. Appl. Math. Mech. 42,

Ž .No. 2 1978 , 256]261.
18. S. V. Bolotin and P. Negrini, Variational criterion for nonintegrability of a double

pendulum, preprint.
19. B. Buffoni, Infinitely many large amplitude homoclinic orbits for a class of autonomous

Hamiltonian systems, J. Differential Equations, to appear.
20. B. Buffoni and E. Sere, A global condition for quasi random behavior in a class of

conservative systems, preprint.
21. P. Caldiroli and C. De Coster, Multiple homoclinics for a class of singular Hamiltonian

Ž .systems, J. Math. Anal. Appl. 211 1997 , 556]573.
22. P. Caldiroli and L. Jeanjean, Homoclinics and heteroclinics for a class of conservative

singular Hamiltonian systems, J. Differential Equations, to appear.
23. P. Caldiroli and M. Nolasco, Multiple homoclinic solutions for a class of autonomous

singular systems in R2, Ann. Inst. H. Poincare Anal. Non Lineaire, to appear.´ ´
24. K. Cieliebak and E. Sere, Pseudo-holomorphic curves and multiplicity of homoclinic

orbits, preprint.
25. V. Coti Zelati, I. Ekeland, and E. Sere, A variational approach to homoclinic orbits in

Ž .Hamiltonian systems, Math. Ann. 288 1990 , 133]160.
26. V. Coti Zelati and P. H. Rabinowitz, Homoclinic orbits for second order hamiltonian

Ž .systems possessing superquadratic potentials, J. Amer. Math. Soc. 4 1991 , 693]727.
27. F. Giannoni, On the existence of homoclinic orbits on Riemannian manifolds, preprint.
28. F. Giannoni and P. H. Rabinowitz, On the multiplicity of homoclinic orbits on Rieman-

nian manifolds for a class of second order Hamiltonian systems, Nonlinear Differential
Ž .Equations and Appl. 1 1993 , 1]46.

29. H. Hofer and K. Wysocki, First order elliptic systems and the existence of homoclinic
Ž .orbits in Hamiltonian systems, Math. Ann. 288 1990 , 483]503.

30. V. V. Kozlov, Calculus of variations in large and classical mechanics, Uspekhi Mat. Nauk
Ž . Ž .40 1985 , 33]60; English translation in Russian Math. Sur̈ eys 40 1985 , 37]71.

31. Y. Long, The minimal period problem of periodic solutions for autonomous super
Ž .quadratic second order Hamiltonian system, J. Differential Equations 11 1994 , 147]174.

32. Y. Long, The minimal period problem of classical Hamiltonian systems with even
Ž .potentials, Ann. Inst. H. Poincare Anal. Non Lineaire 10 1993 , 605]626.´ ´



NOTE652

33. Y. Long, Nonlinear oscillations for classical Hamiltonian systems with bi-even sub-
Ž .quadratic potentials, Nonlinear Anal. 211 1995 , 1665]1671.

34. P. Montecchiari, M. Nolasco, and S. Terracini, Multiplicity of homoclinics for a class of
time recurrent second order Hamiltonian systems, preprint.

35. P. H. Rabinowitz, On the existence of periodic solutions for a class of symmetric
Ž .Hamiltonian systems, Nonlinear Anal. 11 1987 , 559]611.

36. P. H. Rabinowitz, Homocliniz orbits for a class of Hamiltonian systems, Proc. Roy. Soc.
Ž .Edinburgh Sect. A 114 1990 , 33]38.

37. P. H. Rabinowitz, Homoclinic and heteroclinic orbits for a class of Hamiltonian systems,
Ž .in ‘‘Calculus of Variations and PDE1’’ 1992 .

38. P. H. Rabinowitz, Homoclinics for a singular Hamiltonian system, in ‘‘Geometric Analysis
Ž .and the Calculus of Variations’’ J. Jost, Ed. , International Press.

39. P. H. Rabinowitz, Homoclinics for an almost periodically forced Hamiltonian system,
Topol. Methods Nonlinear Anal., to appear.

40. P. H. Rabinowitz, Multibump solutions for an almost periodically forced singular Hamil-
Ž .tonian system, Electron J. Differential Equations 12 1995 .

41. P. H. Rabinowitz and K. Tanaka, Some results on connecting orbits for a class of
Ž .Hamiltonian systems, Math. Z. 206 1991 , 473]499.

42. E. Sere, Existence of infinitely many homoclinics in Hamiltonian systems, Math. Z. 209
Ž .1992 , 27]42.

43. E. Sere, Looking for the Bernoulli shift, Ann. Inst. H. Poincare Anal. Non Lineaire 10´ ´
Ž .1993 , 561]590.

44. K. Tanaka, Homoclinic orbits for a singular second order Hamiltonian system, Ann. Inst.
Ž .H. Poincare Anal. Non Lineaire 7 1990 , 427]438.´ ´

45. K. Tanaka, A note on the existence of multiple homoclinic orbits for a perturbed radial
Ž .potential, Nonlinear Differential Equations Appl. 1 1994 , 149]162.

46. K. Tanaka, Homoclinic orbits in a first order superquadratic Hamiltonian system:
Ž .Convergence of subharmonic orbits, J. Differential Equations 94 1991 , 315]339.


	2. THE PROOF OF THEOREM 1.1
	3. THE PROOF OF THEOREM 1.2
	REFERENCES

